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Under the null of valid specification, pre-tests cannot

make post-test inference liberal*

Clément de Chaisemartin' Xavier D’Haultfoeuillet

Abstract

Consider a parameter of interest, which can be consistently estimated under some
conditions. Suppose also that we can at least partly test these conditions with specifica-
tion tests. We consider the common practice of conducting inference on the parameter
of interest conditional on not rejecting these tests. We show that if the tested con-
ditions hold, conditional inference is valid, though possibly conservative. This holds
generally, without imposing any assumption on the asymptotic dependence between

the estimator of the parameter of interest and the specification test.

1 Introduction

Let By denote a parameter of interest. Let 3 denote an estimator of [y, which is consistent
and asymptotically normal if the probability distribution generating the data, P, belongs
to some set Py. Finally, assume that the null hypothesis of valid specification, i.e. Py € Py,
is partly testable. In this paper, we consider the common practice of reporting 3 and a
confidence interval for 3, only if a pre-test that Py € Py is not rejected. One may wonder if
pre-testing distorts inference. This note shows that under the null that Py € Py, conditional
on not rejecting the pre-test the probability that 5y belongs to its confidence interval (CI)
is at least as large as the CI’s nominal level. Therefore, conditional inference is valid, albeit

possibly conservative. This result holds under general conditions. In particular, no restriction
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on the asymptotic dependence between B and the pre-tests is needed. The main condition
on the pre-tests is that they need to be convex functionals. This holds for finite-dimensional
F-tests, and for infinite-dimensional tests based on empirical processes such as (weighted)
Kolmogorov-Smirnov or Cramer-von Mises tests. For finite-dimensional test statistics, our
result is a direct application of the Gaussian correlation inequality (Royen, 2014). For

infinite-dimensional ones, we rely on an approximation before applying this inequality.

Our result is relevant for statistical methods using observational data to study cause-and-
effect relations. All those methods have to rely on an identifying assumption to recover
treated units’ unobserved counterfactual outcome, and researchers typically start by con-
ducting specification tests to establish the credibility of that assumption. Specification tests
can be continuity tests in a regression discontinuity design (RDD) study, balancing tests in
an instrumental variable (IV) study, or pre-trends tests in a difference-in-difference (DID)
study, to name a few examples. Our result applies to all those tests, and it implies that un-
der the null of valid specification (parallel trends in DID, continuity in RDD, balancedness
in IV...), inference conditional on those pre-tests is at worst conservative, but can never be

liberal.

Inference conditional on not rejecting a specification pre-test has received some attention
in the DID literature. There, our result implies that under the null of parallel trends,
inference conditional on not rejecting a pre-trends test is at worst conservative, but can
never be liberal, irrespective of the correlation structure between the DID and pre-trends
estimators. This complements Propositions 1 and 4 in Roth (2022), which respectively show
that under parallel trends, the DID estimator remains conditionally unbiased, and that its
variance conditional on passing a centro-symmetric pre-test is smaller than the unconditional
variance.! Our result also has implications for the comparison of the various DID estimators
that have been proposed in binary and staggered designs with heterogeneous treatment effects
(see, e.g., Callaway and Sant’Anna, 2021; Sun and Abraham, 2021; Borusyak et al., 2024).
Borusyak et al. (2024) show, under some assumptions, that under the null of parallel trends
their estimator leads to exact inference conditional on not rejecting a pre-trends test, which
they view as an advantage over other estimators. Actually, our result implies that under
the null of no pre-trends, all heterogeneity-robust estimators lead to exact or conservative

inference conditional on not rejecting a pre-trends test.

ITogether, these results do not imply that confidence intervals based on the unconditional variance are

liberal, because the estimator’s conditional distribution is non-normal.



The consequences of pre-testing under the null is a distinct issue from a few other questions
that have been studied in the literature. A first is how to perform inference post model
selection (see, e.g. Leeb and Potscher, 2005, 2006). This is a distinct question because in our
setting, there may be no estimation taking place when the pre-test is rejected. To understand
this, consider a simple model selection set-up with two nested models. Then, the goal of the
pre-test is to determine which of the two models will be used to estimate the coefficients on
the variables included in the sparser model. The negative results in that literature are under
local alternatives, where the true model is the richer one. Then, pre-testing can lead to liberal
inference. Instead, under the null that the true model is the sparser one, our result implies
that pre-testing cannot make inference liberal, and we also show in Appendix A that this
positive result holds uniformly. Our result complements several other positive results in that
literature, which have considered cases, such as nested linear models, where the estimator of
the sparse model is asymptotically independent of the pre-test, so that conditional inference
is exact under the null (see, e.g. Proposition 3.1 in Leeb and Potscher, 2003). Instead, our
result does not need to impose conditions ensuring asymptotic independence, but it only

guarantees conservative inference.

A second distinct question from ours is about the power of pre-tests, which has been notably
investigated by Roth (2022) in the context of DID estimation. There, he finds that in many
of the applications he revisits in his simulations, such tests could fail to detect sizeable

differential trends.

A third distinct issue, also related to inference post model selection, is about the effect
of pre-testing on B when the pre-test is incorrectly not rejected. In particular, does pre-
testing lead to a larger bias and size distortion than not pre-testing and always using B?
In the DID example, Roth (2022) conducts simulations tailored to 12 published articles in
economics, assuming that the parallel-trends assumption does not hold due to differential
linear trends that have 50% chances of being detected by a pre-trends test. Column 3 of
his Table 3 shows that for 10 articles, the bias of 3 conditional on wrongly not-rejecting the
pre-trends test is larger than the unconditional bias. However, there are only two articles
where the conditional bias is more than 20% larger than the unconditional one, and there
are also two articles where the conditional bias is lower. Moreover, the pre-trends test still
correctly leads the analyst to not use the DID estimator 50% of the time, which can also
lead to a bias reduction if they then use a less-biased estimator instead. Overall, while our

result gives a justification for pre-testing under the null, our reading of the simulations in



Roth (2022) is that in DID studies, pre-testing is rarely very harmful under the alternative.
To our knowledge, no study has investigated whether pre-testing can be harmful under the
alternative in other contexts, such as regression discontinuity designs, instrumental variable
studies, or generalized method of moments estimation. Doing so is an interesting avenue for

future research.

2 Set-up and examples

We are interested in a parameter S, € RP. We use an estimator B , which is consistent and
asymptotically normal if the probability distribution generating the data, P, belongs to some
set Py. Finally, we assume that the null hypothesis of valid specification, i.e. P € Py, has

testable implications. We now review several instances where those conditions are met.

Example 1 (Difference-in-differences, DID) We have a panel data set with T > 2 pe-
riods. Some units (the “treated”) receive a binary treatment at a period ty > 2, whereas other
units (“the controls”) do not. We are interested in Py, the average treatment effect on the
treated after treatment occurs. [y could also be the vector of average treatment effects at tg,
to+ 1, ..., T. In this example, the null hypothesis of valid specification, i.e. P € Py, is that
the average counterfactual outcome evolutions without treatment of treated and control units
are the same at all periods. Under that parallel-trends assumption, [y can be consistently
estimated by B, the usual DID estimator. This parallel trends assumption also has ty — 2
testable tmplications: it implies that 6y, a vector of DID estimands comparing the average
outcome evolutions of treated and control units from ty — 1 to tg — 2, from to — 1 to ty — 3,

ey and from tog — 1 to 1, is equal to 0.

Example 2 (Regression discontinuity designs, RDD) To simplify the discusssion, we
focus on sharp RDD. We are interested in the effect of a binary treatment, where treat-
ment occurs if and only if a running variable X is above a threshold, 0 say. The param-
eter of interest is Sy = E[Y (1) — Y(0)|X = 0], with Y(d) denoting the potential out-
come under treatment value d. If for all d x — E[Y(d)|X = x| is continuous at 0,
Bo = lim, o E[Y|X = ] — limyo E[Y|X = z], which can be estimated by the difference
of two nonparametric estimators (Hahn et al., 2001). Two usual specification tests are a
test of continuity of the density of X at 0 (McCrary, 2008), and a test that predetermined

variables W have continuous means at the threshold. In this example, the null hypothesis
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of valid specification could for instance be Conditions 1b and 2b in Lee (2008), which imply
both the RD identifying assumption (x — E[Y(d)|X = x] continuous at 0) and the null
hypotheses of the two specification tests.

Example 3 (Instrumental variables, IV) We seek to estimate (g, the local average treat-
ment effect of an endogenous binary treatment D on an outcome Y, using a binary instru-
mental variable Z. In this example, the null hypothesis of wvalid specification is that the
instrument is independent of potential outcomes and treatments, is excluded from the out-
come equation, and has a monotonic effect on the treatment. Under those assumptions, [y is
equal to the Wald estimand (Imbens and Angrist, 1994). Kitagawa (2015) shows that those

assumptions have a testable implication:
PY <y D=dZ=d) —PY <y D=1-d|Z=d) >0, (1)

for any y in the support of Y and d € {0,1}. If Y is continuously distributed, the null of
valid specification has infinitely many testable implications, which we can for instance test
using the variance-weighted Kolmogorov-Smirnov test statistic proposed in Kitagawa (2015).
In 1V studies, researchers sometimes also test that some pre-determined covariates W are
mean-independent of the instrument, a testable implication of a stronger null where Z is also

assumed to be independent of the covariates.

Example 4 (Generalized method of moments) We are interested in fy € RP, which
satisfies the moment conditions E[g(U, By)] = 0, where U denotes an observed random vector,
and g(u, B) € R, ¢ > p. The moment conditions identify 5y, and if ¢ > p, the moment
conditions are testable, using a standard J-test (Sargan, 1958; Hansen, 1982).

Example 5 (Linear regressions with a non-binary, uncounfounded treatment) Let
D be a non-binary treatment whose support D C R includes 0, let Y(d) (resp. Y) de-
note the potential outcome corresponding to d € D (resp. the observed outcome), and let
S = (Y =Y(0))/D denote units’ potential outcome slope, between a treatment of zero and
their actual treatment. We are interested in By = E[S]. Researchers sometimes use j3, the
coefficient on D in a linear regression of Y on D, to estimate By. In this example, the null
hypothesis of valid specification is that Y (0) and S are mean-independent of D. Then, 3 is
consistent for By. The null hypothesis has the following testable implication:

E[Y|D] = (a0 + D) = 0, (2)

25 should be understood as Y’(0) if D = 0.




where g = EY| — BoE[D]. In settings where the treatment did not exist before the study
period, and where one has access to outcome data Y_1 for a prior period, one can placebo
test that Y (0) is mean-independent of D, for instance by regressing Y_1 on D. Furthermore,
Theorem 1 in de Chaisemartin et al. (2024) shows that under the maintained assumption that
Y (0) is mean-independent of D, (2) implies that S is mean-independent of D. Accordingly,
de Chaisemartin et al. (2024) argue that one may report B when a placebo test that Y (0) is
mean-independent of D and a test of (2) are not rejected. If D is continuously distributed, the
null of valid specification has infinitely many testable implications, which we can for instance
test using the Kolmogorov-Smirnov or Cramér-von Mises test of linearity of E[Y | D] proposed

in Stute (1997) and Stute et al. (1998).3

In order to encompass all the examples above, we consider the following two alternative as-
sumptions. In Assumption 2, we allow for test statistics that are functionals of the empirical

measure; some of our terminology and notation reflects this.

Assumption 1

1. We observe a sample (U;)i=1.. n of identically distributed random vectors (U; € R”)
with probability distribution Py(A) := P(Uy € A) for all Borel set A C RF.

2. If Py € Py, we have,
S—1/2 (5 S—1/2 (5 d I, i
(5577 (B = 50) . 26 (8- 05)) == N {0, :
Yy Yoo
where I, is the identity matriz of size p, X192 15 a matriz of size p X q and ZA]B (resp. S0
and Yog) is symmetric positive of size p X p (resp. q X q).

3. If Py € Py, we have 6y = 0.

4. We consider J specification tests of Hy : Py € Py based on the statistics (1, ..., Tyn) €
RY that satisfy, under Hy,

Tin =T; (S57%6) + op(1). (3)

3 Another example is Angelini et al. (2024), who develop, in the context of proxy-SVARSs, a pre-test of the
null hypothesis of instrument relevance. This pre-test is asymptotically independent of the main estimators,
thus leading to valid conditional inference. Our results show that other pre-tests could also lead to valid

albeit possibly conservative inference, even if asymptotic independence does not hold.



Moreover, T; is convexr on R? and satisfies Tj(—x) = T;(x) > 0 for all x € R? and
T;(0) = 0. The critical region of the j-th test is {1}, > qjn}, where q;, is a random

variable satisfying q;n £, q; > 0.

Assumption 2

1. We observe a sample (U;)i=1,. n of i.i.d. random vectors with probability distribution
Py(A) := P(U, € A) for all Borel set A.

2. If Py € Py, we have
Vi (B = Bo) =723 (U;) + op(1), (4)
=1

where E[Y(Uy)] =0 and E|||v(Uy)]]?] < oo and V ((Uy)) is nonsingular.

3. If Py € Py, we have Pf := E[f(Uy)] = 0 for all f € F, a Donsker class of real-valued

functions.*

4. We consider J specification tests of Hy : Py € Py based on the statistics (11, ..., Tyn) €
RY that satisfy, under Hy,

Tjn = Tj(n'* ) + op(1), (5)

where P, denotes the empirical measure of U, indexed by F. Moreover, T; is convex
and satisfies Tj(—P) = T;(P) > 0 and T;(0) = 0.° Also, T} is continuous with respect
to the uniform norm ||P||r := sup;cr|Pf|. The critical region of the j-th test is

{T;n > qjn}, where q;, is a random variable satisfying q; L q; > 0.

We first discuss the common aspects of Assumptions 1 and 2. First, we do not restrict in
either of them the asymptotic dependence of 3 and the test statistics (1%, ..., Ty,). Second,
we assume in both cases that B is consistent for Sy if Py € Py, but we only test implications
of Py € Py, rather than Py € Py itself. Also, it could be that 3 is actually consistent
for By under a weaker condition than Py € Py. This flexibility is important because the

tested conditions are sometimes stronger than necessary to have that § is consistent, see for

4For the definition of a Donsker class, see, e.g., Van der Vaart and Wellner (2023), p.130.
SFormally, T} is defined on £°(F), the set of bounded functions from F to R, and in (5), n'/2P, is seen

as an element of (>°(F).



instance Examples 1 and 2. Third, the J different tests in Point 4 of Assumptions 1 and 2
reflect the fact that one often considers different specification tests, rather than a single test.
Fourth, in both assumptions the functions 77, ..., Ty in the specification tests are convex and
symmetric around zero. This condition is important to obtain our main result. It is typically
satisfied in practice: all the examples below meet these requirements. Finally, the condition
g; > 0 at the end of Assumptions 1 and 2 simply ensures that the threshold of the test is not
at the boundary of the support of the asymptotic distribution of 7}, under H,. Note that
we do not require the specification tests to be consistent or that they reach their nominal

level asymptotically.

Now, let us discuss the differences between Assumption 1 and Assumption 2 and how they
complement each other. On the one hand, Assumption 1 allows for estimators converging

1/2 "as is the case in the RDD example, and it also allows for non-

at rates lower than n
independent (though identically distributed) variables, thus including the case of stationary
time series. Such cases are ruled out in Assumption 2.° On the other hand, the specification
tests in Assumption 1 are based on a finite-dimensional estimand 6#y. This is not the case
in Assumption 2, where the class F in Point 3 may be infinite and even uncountable. The
continuity condition in Point 4 of Assumption 2 is important in this potentially infinite-

dimensional setup, to apply the continuous mapping theorem.

We now review five examples of specification tests. The first two fall under Assumption 1,

while the last three fall under Assumption 2.

Specification Test 1 (DID) In the DID example, for all t € {1,....,tyg — 2} 0, is a DID
estimator t periods prior to treatment, and H = (gl,...,gto_g). Then, a so-called F-test
for pre-trends corresponds to the case where J = 1, S is a consistent estimator of the
asymptotic variance of 0, Ty(z) = 2z, Ty,, = Tl(fle_l/zg), and q1, s the quantile of a
chi-squared distribution with q degrees of freedom. Similarly, the so-called “Sup-t” test pro-
posed by Montiel Olea and Plagborg-Moller (2019) corresponds to the case where J = 1,
S is as before, for all (xy,...,x4_s) € RO™2 Ty (21, ..., 24_3) = max(|z1], ..., |2ey—2|), Tin =
T (51/2971,1, ...,§t0_2/§]97t0_27t0_2> with igm denoting the jth diagonal element of ig, and
Q1. 15 the quantile of the max of ty — 2 normally distributed variables with mean 0 and

variance Xg.

SHowever, our result under Assumption 2 would go through as long as we can establish the weak conver-

gence of the empirical process n'/ 2(P, — Py), indexed by F, to a Gaussian process.



Specification Test 2 (RDD) To test the continuity of the density of X at 0, one uses
6, = lim, o fx(x) — lim,4 fx(z), with fx a nonparametric (e.g., kernel) estimator of fx.
To test that a predetermined scalar variable W has a continuous mean at the threshold, one
uses Oy = limgyo E[W|X = z] — limg E[W|X = 2|, with E[W|X = z| a nonparametric
(e.g., local linear) estimator of E[W|X = x]. Then, 0 = (61,05)'. One may conduct the
two specification tests separately, without adjusting for multiple testing. Then, J = 2, ig ]
diagonal with j-th diagonal term equal to a consistent estimator of the asymptotic variance
of éj, Tj(v) = vhxy, Ty, = Tj(ig_lpé\) and q;,, is the quantile of a chi-squared distribution
with one degree of freedom.

Specification Test 3 (Weighted Kolmogorov-Smirnov test statistics) Such test statis-
tics correspond to T1(P) = supsczw(f)|Pf| for some Donsker clas F. This includes for
instance the test statistic of Kitagawa (2015), used in Ezample 3, and where F is the set of

intervals of the real line.” If we assume that for all f € F, 0 < w < w(f) <w < oo, then T}

satisfies the restrictions in Point 4 of Assumption 2. To see that it is continuous, fir P and
d > 0 and let Q be such that ||P — Q|| < 6. Let f* be such that w(f*)|Pf*| > T1(P) — 6.
Then,

T1(P) = Ti(Q) < w(fI)IPf[ —w(f)IQS |+ 6
<w f}elgl(P - Q)N+
<(w+1)4d.
By considering f** be such that w(f*)|Qf**| > T1(Q) — 6, we obtain the same inequality for
T1(Q) — T\ (P). Hence, |T1(P) — T\ (Q)| < (W + 1) &, which implies that T is continuous.

Specification Test 4 (Generalized Cramer-von Mises statistic) Let us assume that
F is in bijection with X C R*, so that any f can be indexed by x € R¥; accordingly, we
denote it by f.. Let u denote a probability measure on X. Then the statistics corresponds to
Ti(P) = [(Pf.)*du(x). Ty satisfies the restrictions in Point 4 of Assumption 2. To see that
it 1is continuous, fir P and 6 > 0 and let Q be such that |P — Q|| < 6. Then,

< (IPllx+ 1Ql») 1P - QllF
< 2||IPllF+4d)0.

In his case, T1,, = sup ez wy(f)|Pf| for a random w,(-), but w, converges uniformly to some deter-

ministic w, so (5) holds in his context.



As a result,

T(P) =~ T(@)| < [ (P = (QPLPldu(z) < CIIP|5+6) o,
which implies that Ty is continuous.

Specification Test 5 (Kolmogorov-Smirnov test statistics with nuisance parameters)
In some cases, the restrictions Pf = 0 hold for f € F,,, where ny is unknown but can be
consistently estimated by 1. In Example 5, for instance, ny = (oo, Bo), Fy = {farn : (y,d) —
1{d < d'}(y —m —md), d € D} and 7 is the OLS estimator in the regression of Y on
X = (1,D). In such cases, Assumption 2 can still hold under reqularity conditions, pro-
vided that we replace F,, by another appropriate class. To see this, consider Example 5 again,
with a Kolmogorov-Smirnov test statistic (the same reasoning applies to a Cramér-von Mises

test statistic). Then Ty, = n"/2supyep |0(d)|, with
N 1
0(d) == — > 1{D; < d} (Y — X7).
"=

By a uniform law of large numbers on > ;_y 1{D; < d} X;/n and standard results on regres-

stons, we obtain
. 1~
Vi (6(d) = 6(d)) == T [1{D; < d} + E[1{D < d} X'|E[XX']' Xi] (Yi=X/no)+op(1),
i=1
where the op(1) is uniform over d € D. Let us define

F i Fo: () os [100 5 €+ BI1D < @) XTBLCXT 1,0 (- 00— o)
d e D}.

Note that we still have Pf = 0 for all f € F, and like Fa, F is Donsker. Moreover, by
continuity of the supremum functional, Ty, = Ti(P) + op(1), with Ty(P) = sup,_z|Pf|.
Hence, Point 3 of Assumption 2 and the restrictions on T, in Point 4 of that assumption

hold with F = F. To obtain similar results in other, potentially more complicated setups,
see for instance Chapter 13 in Van der Vaart and Wellner (2023).

3 Results

Our first result gives a control on the asymptotic probability that the properly normalized

estimator of interest belongs to a convex set, conditional on not rejecting the specification
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tests.

Theorem 1 Suppose that Py € Py. Then, for any conver set C' that is symmetric around

the origin,
1. If Assumption 1 holds,

lim P[5, (B = 60) € C|Tin < quy oo Ton < qin] > P(Z1 € C),

n—o0

where Z; ~ N (0, 1,).

2. If Assumption 2 holds,

lim P [n(B = 50) € C|Tin < un oo Trn < 4sa] = P(Z2 € C), (6)

where Zy ~ N(0,V (¢)).8

Heuristically, the proof of the first point goes as follows. First, by convexity and symmetry
of the (T});j=1...s, the event {T1,, < qin,...,Tsn < qsn} is equivalent, if we neglect the
remainder term in (5), to 3, 29 € ¢, for some convex set C’ that is symmetric around the

origin. Second, as
(557 (3= f) 25" (0= )

is asymptotically normal, under the null of valid specification we have that
(251/2 (B B 50) 729_1/2@

is asymptotically normal, with a centered Gaussian distribution p. Finally, for any convex

set C' symmetric around the origin,

P32 (8- 5) € .5 0 e C)
=P (S5 (B = 50),5,%0) € (C xR N (R” x C"))
~u((C x RY) N (R? x C))
>u(C x RY) x u(RP x C)
~P (557 (8- 8) € C) x P (570 e C).

8 Assumption 2 does not guarantee that the test statistics T;» are measurable. If not, the result holds
replacing P on the left-hand side of (6) by the outer probability P* (see, e.g. Van der Vaart and Wellner,
2023, p.6). The same remark applies to Corollary 1 below.
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The key step in the proof, the inequality, follows from the Gaussian correlation inequality
(Royen, 2014), which states that for any centered Gaussian distribution g on RX and two

convex sets E and F' that are symmetric about the origin,
W(ENF) = u(B)u(F).

The first point of Theorem 1 follows from dividing both sides of the previous display by
P (ie_ 129 ¢ C’), the probability that the specification test is not rejected. The second
point of Theorem 1 follows from the same tools, but also from the approximation of the limit

distribution of T;(n'/2P,) by a convex function of a finite-dimensional Gaussian measure.

We now turn to the implications of Theorem 1 for (conditional) inference on fy. Let V= EAJB
if Assumption 1 holds; otherwise, let V' denote an estimator of V(¢)(U;))/n. We consider the
usual F-test of Sy = by with test statistic F,(bg) := (B — bo)’V_l(B — bp) and critical region
{F,(by) > q1-a(p)}, with ¢1_o(p) the quantile of order 1 — « of a chi-squared distribution

with p degrees of freedom. We also consider the standard confidence region
CRia={beR": (B—b)V ' (B-b) < q1a(p)}.

Corollary 1 Suppose that either Assumption 1 or Assumption 2 holds, Py € Py and, if
Assumption 2 holds, nV =5 V(4(Uy)). Then:

1. If 50 = bO; hmn—)oo P (Fn(b()) > QI—a<p>|T1,n S QI,na "‘JTJJL S QJ,n) S Q.
2. limn—mo P (ﬁ() € CRl—a|T1,n S din, -‘-7TJ,n S QJ,n> Z 1—oa.

Hence, under Assumption 2 and provided that Py € Py, conditional on accepting specifica-
tion tests the usual F-tests and confidence regions are asymptotically conservative. In the
common case of inference on a single coefficient (p = 1), this implies that two-sided tests

and confidence intervals on 3, are asymptotically conservative.

On the other hand, Corollary 1 does not provide guarantees for one-sided tests and confi-
dence intervals. It turns out, however, that we can obtain such guarantees by the following

consequence of the Gaussian correlation inequality.’

Lemma 1 Let pu denote a mean zero Gaussian measure on R K = (—o0,a] x R? with
a>0and L = R x C where C C RY is convexr and symmetric around the origin. Then
(KN L) > u(K)u(L). The same result holds with K = [—a,c0) x RY.

9We thank Fedor Petrov for giving us the proof of this result.
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In this unidimensional case (p = 1), we define the test statistic T} (by) := (3 — by)/V/2
and the critical region {T,,(bo) > 21}, with z;_, the quantile of order 1 — « of a standard
normal distribution (of course, the same result would hold with instead the critical region

{T.(by) < za}). Accordingly, we consider the unilateral confidence interval
CIl_a = (—OO, B + ‘71/221_,1].

Proposition 1 Suppose that o € (0,1/2], p = 1 and the assumptions in Corollary 1 hold.
Then:

1. If 50 = bO; hmn—>00 P (Tn(bO) > Zl—a(p)lTl,n S d1,n, -"7TJ,n S QJ,n) S .

2. hmn—mo P (50 € 011—a|T1,n < q1,n;s ~'7TJ,n < QJ,n) >1—a.
So far, we have considered pointwise results, where the distribution P; does not depend on
n, the sample size. In Appendix A, we consider a setup where P may vary with the sample

size. We show, under a suitable adaptation of Assumption 1, that the same results as above

hold, but now uniformly over Py.
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A Uniform result

We consider here a setting where the probability distribution of the data changes with the
sample size; accordingly, we denote it by Py instead of Py. In this setup, Assumption 3 is
the exact counterpart of Assumption 1. Note that we emphasize the dependence of the true

parameters in Py, by denoting them now by 8(Py,) and 0(Py,,).

Assumption 3

1. For each n > 1, we observe a sample (Uy;i)i=1,. n of identically distributed random

-----

vectors (U, ; € R¥) with probability distribution Py, (A) := P(U,, € A) for all Borel
set A C R,
2. For any sequence (Py, )n>1 with Py, € Py for alln > 1, we have

oty o (o )
212 222

where we use the same notation on matrices as in Assumption 1.
3. If Py, € Py, we have 0(Py,) = 0.

4. We consider J specification tests of Hy : Py, € Py based on the statistics (T4, ..., Ty,) €
RY that satisfy, under Hy,

Tin =Ty (35%0) + op(1),
and Tj satisfies the same restrictions as in Assumption 1. The critical region of the

Jj-th test is {1}, > qjn}, where the random variables g;,, satisfy q; SN q; > 0.

Theorem 2 Suppose that Assumption 3 holds and Py, € Py for all n > 1. Then, for any

convex set C' that is symmetric around the origin,

lim P [S5"% (B = 8(Py,)) € C|Tin < quas oo Tan < qsa] > P(Z1 € C),

n—o0

where Zy ~ N(0,1,). Moreover,

lim sup sup P (FH(B(PUTJ) > QI—a(p)|T1,n S diny s TJ,n S qJ,TL) S «, (7)
n—oo Py, €Py
liminf inf P(8(Py,)) € CRi—a|Tin < qiny s Tin < qun) > 1—a. (8)

n—oo PUne’PO
Finally, if p =1 (7) (resp. (8)) also holds true with T,,(B(Py,)) instead of F,,(5(Py,)) (resp.
Cl_, instead of CRy_,).
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The first part of Theorem 2 establishes that Point 1 of Theorem 1 holds along any sequence
(Py, )n>1 so long as Py, € Py. The second and third results are similar to those of Corollary

1, but now hold uniformly over P,.

B Proofs
B.1 Theorem 1

Point 2

We begin by the proof of Point 2 as this is more complicated case. Let us define Z,, :=
\/H(B — o), Ty, == max;_y__j[Tjn — qjn) and T(P) := max,—y__;[T;(P) — g;]. T is convex

and continuous, as the maximum of J convex and continuous functionals. Moreover,
P(Z,eC.Tin<qn, s Lin <qin) =P(Z,€C,T, <0).
By Points 3 and 4 of Assumption 2,
(Zus ) = (Guto, T(nY2(P, — P)) + 0p(1). (9)

Let G = FU {4y, ...,9%}. As union of Donsker classes, G is Donsker (see Van der Vaart
and Wellner, 2023, p.136). Hence, the empirical process G, := n'/?(P, — P) indexed by G
is asymptotically Gaussian; we denote by G its limit. By (9) and the continuous mapping

theorem,
(Za, T) 5 (G, T(G)).

Let 0A denote the boundary of the set A. The boundary of C' x (—o0, 0] satisfies
I(C x (—00,0]) = (C x (—o0,0]) U (C x {0}). (10)

Moreover, since C' is convex, OC' has Lebesgue measure zero (see, e.g. Lang, 1986, p.90).
Since V(¢ (U7)) is nonsingular, the distribution of G is absolutely continuous with respect
to the Lebesgue measure. Hence, P(Gy € 0C') = 0. By Theorem 11.1 and Problem 11.3 in
Davydov et al. (1998) and continuity of 7', the cumulative distribution function H of T'(G)

is strictly increasing on (rg,00), with 7y := infpeeo(r) T(P) = max;—y,. s —q; < 0. Hence,

,,,,,

H is continuous at 0, H(0) > 0 and P(T(G) = 0) = 0. Hence, in view of (10),
P((Gy, T(G)) € 9(C x (=00,0])) = 0.

17



Thus, by Portmanteau’s lemma (see, e.g., Lemma 18.9 in van der Vaart, 2000),

lim P*(Z, € C,T, <0) = P(Gy € C,T(G) <0),

n—0o0

where P* denotes the outer probability. Similarly, lim, ., P*(T,, < 0) = P(T(G) < 0) =
H(0) > 0. Hence,

lim P*(Z, € C|T, < 0) = P(Gy € C|T(G) < 0). (11)

n—oo

Now, fix ¢ > 0. By continuity of T', there exists n > 0 such that for any H € (*(F),
|G — H|z < n implies |T(G) — T(H)| < e. Let pp(f) = P[(f — Pf)}*/?. Since F is
totally bounded (see Van der Vaart and Wellner, 2023, pp. 138-139), there exist K > 1

.....

(G—=G)f|=IP(f—F—P(f= ) <pr(f—Ff)<mn

Hence, |G — G| < n, which implies |T(G) — T(G)| < e. As a result,

P(Gy € C, T(G) < —¢)

PGy e C]T(G) <0) = H(0)

We can write T(G) as T (Gfi,...,Gfx) for some convex function Tk. Let p denote the
Gaussian distribution of (G, Gfi,...,Gfx). p is a centered Gaussian distribution. Let
E=CxREK and F =R? x T~'((—00,q —¢]). Both E and F are convex. Moreover, they
are symmetric about the origin since T'(P) = T(—P). Then, by the Gaussian correlation
inequality (Royen, 2014),

PGy € C, T(G) < —&) =u(ENF)

> p(E)p(F)
= P(Z, € C)P(T(G) < —¢),

where the last equality follows by definition of Z,. Hence,

P(Gi € C|T(G) <0) >P(Z € )L (T(}G;
P(T(G

2P<ZQ < C)

>P(Zy € C)H
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Since H is continuous at 0 and £ was arbitrary, we finally obtain
PGy e C|T(G) <0) > P(Zy € O).

The result follows by combining the last display with (11).

Point 1

The begining of the proof is almost the same as that in Point 2, so we just highlight the
differences. First, since T} is a convex function on RY, it is continuous. Hence, T'(x) :=

7Tj(x) — ¢;] is continuous (and convex). Then, reasoning as above, we obtain

lim P[S,% (3= p) € C|T, < 0] = P(2, € C|T(2) <0),

where T, := max;—__j[Tj» — ¢jn] and

I, ¥
(Z, zy)~N (o [ 7 7))
g a2

The result follows directly by the Gaussian correlation inequality.

.....

B.2 Proof of Corollary 1

Point 2 follows directly from Point 1 so we focus on the latter. Suppose first that Assumption
1 holds. Let C = {x € RP: 2’x < q1_o(p)}. Then, if 5y = by,

Fubo) < ai-a(p) & 557 (5= ) € C.

Because C' is convex and symmetric around the origin, we have, by Theorem 1,

lim P [F(b0) < q1-a(p)| T < Grs s T < @]

n—oo

= lim P [$;"2 (5~ ) € C|Tin < quns o T < 012

n—oo

ZP(ZlEC):l—CY.

The result follows in this case.

Now, suppose that Assumption 2 holds. Because nV —— V(4(Uy)) and V(¢ (U,)) is non-

singular, we have, if Sy = by,

Fo(bo) = n(B — o) V(4 (U1)) " (B — Bo) + op(1).
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Let C = {z: 2V((U1)) ' < qi_o(p)}. C is convex and symmetric around the origin.
Then, by the previous display and Theorem 1,

nh_)I{.loP (Fn(bo) < q1—a<p) ‘ Tl,n S iy - TJ,n < QJ,n)

:nh_)IIolOP (\/H(B— 60) eC ‘ Tl,n S qin, ~'7TJ,n S QJ,n>
>P(Z,€C)=1-a.

The result follows.

B.3 Proof of Lemma 1

Let Ky = [—a,a] x R¥1 K = (—o00, —a] x R¥"1 and K, = [a, 00) x R*"!. By the Gaussian

correlation inequality and symmetry of g,

p(L) [(Ko) + 2p(K)] = (L)
p(L N Ko) + (LN K-) + (LN Ky
u(L)p(Ko) +2u(L N K).

v

Hence, p(L)u(Ky) > p(L N Ky). As a result,

pLNK) = p(L) — p(L 0 Ky)

B.4 Proof of Proposition 1
By applying Lemma 1 instead of the initial Gaussian correlation inequality, we obtain the

same result as Theorem 1 but with C' = (—o00, a]. Then, the same reasoning as in Corollary

1 leads to the result.
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B.5 Proof of Theorem 2

The proof the first result is exactly the same as that of Point 1 of Theorem 1. To show (7),
fix n > 0 and pick a sequence (Qy, )n>1 in Py such that for all n > 1,

P (Fn<6(QUn)) > QI—a<p)|T1,n S d1n, muTJ,n S QJ,n)
> sup P (F,(B(Pu,)) > i—a@|Tin < @ins oo Ty < qun) — 0. (12)

Py, €Po

Applying the same reasoning as that used to prove Point 1 of Corollary 1, we obtain

hm P (Fn(B(QUn)) > q1—a(p)|T1,n S q1,n7 -"7TJ,n S QJ,n) S Q.

n—oo

Combined with (12), this yields

thllp sup P (Fn(B(PUn)) > q1—a(p)|T1,n S q1,n7 ---7TJ,n S QJ,n) S o+ n.

n—oo Py, €Po

Equation (7) follows since n was arbitrary. The adaptation to T,,(5(Py,)), Equation (8) and

its adaptation to CI;_, instead of CR;_,, follow with the same reasoning.
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