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Abstract
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211, 1975) on the growth rate of random walks with stationary
increments to superadditive processes. We show that superaddi-
tive processes which remain positive after a certain time diverge
at least linearly to infinity. Our proof relies on new techniques
based on concepts from ergodic theory. Different versions of this
result are also given, generalizing Lemma 3.4 of Bougerol and
Picard (Ann. Probab., 20:1714-1730, 1992) on the contraction
property of products of random matrices. We use our results
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a class of Stochastic Recurrent Equations (SRE) with positive
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1 Introduction

Let (2,B,u,T) a measure-preserving dynamical system, i.e (2,5, u) is a
probability space and for all A € B, u(T'(A)) = u(A). A B-measurable
sequence {S),},>1 with value in (—o0, o0 is said to be superadditive if

forall n,s e N* S, +S,0T" < S, s a.s. (1.1)

A subadditive sequence is defined as the opposite of a superadditive process.
Since their introduction by Hammersley and Welsh (1965), one of the most
significant contributions to the study of subadditive stochastic processes is
the Kingman’s subadditive ergodic theorem (see Kingman (1973)). Kingman
showed that if {S),},>1 is a superadditive process and S7 is integrable then
n~1S, converges a.s. to a function S : Q — R. Moreover, 8~ is integrable
and

n—oo M,

1 1
/Sdﬂ = lim — [ S,du = supE/Sndu € (—o0, +00].

This result is a generalization of the well-known ergodic theorem of Birkhoff
for additive processes, such that for all n,s € N* §,+S8,07T" =8S,,s a.s.
For these additive processes, even if the integrability condition does not hold,
Kesten (1975) (see also Atkinson (1976)) showed that

liminfn 'S, >0 a.s on the set {S, — co,n — co}. (1.2)

This well-known result has found numerous applications in ergodic theory
and was a precursor in the study of the recurrence of stationary random
walks, see Atkinson (1976), Berbee (1981) and Schmidt (2006)). A similar
result under an integrability condition has been obtained by Bougerol and
Picard (1992, Lemma 3.4) for the product of random matrices, which char-
acterizes the case where the so-called top-Lyapunov coefficient is negative.
As in Bougerol and Picard (1992), this contraction property is often used to
establish necessary and sufficient conditions for the existence of stationary
solutions for Stochastic Recurrence Equations (SRE) in R™.

In this paper, we extend Kesten’s result to superadditive processes by
showing that a superadditive process that stays positive for a certain period
grows at least linearly to infinity. As a corollary, we deduce the lemma 3.4
of Bougerol and Picard (1992). Our results provide a characterization of the
top-Lyapunov’s exponent sign for a class of discrete-time dynamical systems.
The top-Lyapunov exponent is used to quantify the stability or instability
of a system, and is often associated with stability when it is negative. For
instance, we use our result to provide, under mild conditions, a necessary
and sufficient condition for the existence of stationary solutions of functional



GARCH models in the space of continuous functions introduced by Aue et al.
(2017) and Hérmann et al. (2013).

The rest of the paper is organized as follows. Section 2 is reserved for the
main results. The study of the existence of stationary solution of functional
GARCH models is the object of Section 3. Section 4 discusses perspectives
for future work.

2 The growth rate of superadditive processes

Let us start with some remainders and conventions. A set I € B is said to be
invariant if g (IAT-(I)) = 0. The invariant o-algebra Z, is the collection
of all such invariant sets I. It is easy to verify that for all A € B, pu(A) =1
implies that A € Z,,.

We set Sy = 0 throughout the paper. The convention that inf @ = oo
and sup ¥ = —oo is used, a sum over an empty set will be equal to zero, and
T° = idg. Pointwise convergence will be denoted by ——. For all measurable
functions Y from € to a measurable space (F, F), and all A € F and (B,C) €
B?, we say that:

YeA as on B if p{Y € A}NB)=pu(B),
CCB a.s if 10<1p a.s.

Remark that results obtained for superadditive processes can be easily
adapted for subadditive processes. Let us state our main result.

Theorem 2.1. Let {S,},>1 be a superadditive sequence and let T¢ =
sup,enin: Sn < 0}. We have

liminfn 'S, >0 a.s on {19 < oc}.

Noting that {7y < oo} = liminf{S,, > 0}, Theorem 2.1 includes Kesten’s
result for additive sequences. Unlike Kesten’s assumption that S, goes to
infinity, we only require that the process is positive for sufficiently large values
of n.

We need two technical lemmas before proving the theorem.

Lemma 2.1. Let {S,},>1 be a real valued superadditive sequence and let
To = Sup,enin: Sn < 0}. We have

liminf S, >0 a.s on {Ty < oo}. (2.1)



Proof. Let A = {liminf S,, =0, 7T¢ < oo}, it is clear that (2.1) is equivalent
to u(A) = 0. We argue by contradiction: suppose that u(A) > 0, let

V=ANn{S,+8S;0T" < 8S,;s forall n,s e N}
By countability of N2, we have
p({S, + Ss0T" < 8S,,s forall n,seN})=1,

so we have p(V') = u(A) > 0. By Birkhoft’s ergodic theorem we have

Gni=n"" Z 1y o T — g := E*(1y|Z,) a.s as n — oo.
k=1

Since E*(g) = w(V), then pu({g > 0}) = p({liminfg, > 0}) > 0 and
so {liminfg, > 0} # @. Letting w € {liminfg, > 0}, this implies that
{k: T*w) e V} is not finite, and so there is a strictly increasing sequence
of integers {ny(w)},>1 such that 7™ (w) € V. Since v’ := T™(w) € V and
V C {79 < oo}, then 7o(w') < oo. Let p(w) such that s := n, —n; >
To(w') + 1. Since s > T¢(w’) it follows that

S, (W) > 0. (2.2)

The fact that 7" (w) € V' implies that
liminf S,,(T""(w)) = 0. (2.3)

By the fact that ' € V, for all n > s,
Su(w) + Sy (T (@) = 8s() + Sy o T(W) < Sul),  (24)

It follows by (2.2)-(2.4), that liminf S, (w") > Ss(w') > 0, which contradicts
the fact that w’ € V and thus u(A) = 0. O

The second lemma gives a property on series with terms in {0,1}. Let
p > 0 and let w = {u,},>0 a sequence of elements of {0, 1}N. For all n > p,
define {v7(u)}2, a sequence of elements of {n,n —1,---,0, —oo}N by

vi(u) =n and forall k>0 v (u)=sup{r e N:r <o} ,(u)—p, u, =1}.
Define also ¢"(u) =sup{k: v;(u) > —oo} and s(u) = inf{k : sz > p},

k
where s, 1= g u;.
i=0

(2.5)



It is clear that the sequence {v}(u)}2, is decreasing and becomes —oo
eventually. Hence, the largest index & for which v}(w) is finite, denoted as
q"(u), is well-defined. Note also that

for all & < ¢"(u), v;(u)— vy, (u) >p. (2.6)

If >°,u; > p then s(u) is finite and, since {w,},>o takes values in
{0, 1}, there exists an integer n such that > ;_,u; = p, which implies that

Sl we =

Lemma 2.2. Ifliminfn='s, > 0 then
1. for alln > s(u), v, (u) < s(u),
2. liminf n™'¢"(u) > 0.

Proof. For the first part, we have s(u) + 1 > p and then

s(u)+1—p s(u) s(u) s(u)
2o we=) wes D w=ps ) u
k=0 k=s(u)+1—p+1 k=s(u)+2—p
—(p—1)=1>0.

It follows that there exists ro < s(u)+ 1 — p such that u,, = 1. Therefore, if
Vg (W) > s(w), ie s(u) +1 < vpj, (u), thenrg < n(u)( u) — p. It follows
that ro € {r € N: 7 < v}, () —p, u, = 1} and thus v, # —oc. This
contradicts the definition of ¢"(w). We thus have shown 1 To show 2, noting
that vg(w), v (w), -+, Uy, (v) is a strictly decreasing sequence of integers
with vjj(u) = n, one has

g (w) vl (u) Vi (w) (W)
Sp = Z wy, + Z wy + -+ Z uy,. (2.7)
k=v7(u)+1 k=v7 (u)+1 k=0

Since, by definition, v}, (u) is the largest index [ below v} (u) — p such that
u; = 1 then u;, = 0 for all v},,(u) < k < v}(u) — p. We thus have

v7 (u) v} (u)
Z u, = Z up < p, foralll < ¢"(u). (2.8)
k=vy | (u)+1 k=v}(u)—p+1

By the first part of the lemma we have

n(u) (’LL)

Z U, < Zuk D, - (2.9)



It follows by (2.7), (2.8) and (2.9) that s, < p(¢"(u) + 1). Therefore,
liminfn'¢"(u) > liminfn*(p~'s, — 1) = p 'liminfn~'s, > 0,
which concludes the proof. n

We are now ready to give the proof of the theorem.

Proof of Theorem 2.1. The proof does not follow that of Kesten and only
uses the ergodic theorem as an external result. Since the real valued sequence
S := {min(8S,,n)},>; is superadditive and liminf{S, > 0} = liminf{S, >
0}, and S > S then one can assume without loss of generality that S is a
real valued process. By (2.1), it suffices to prove that

liminfn 'S, >0 a.s on {liminf S, > 0}. (2.10)

Let B = {liminfn 'S, = 0, liminfS, > 0}. Since on
{liminf S,, > 0}, one has liminfn='S,, = 0 or liminfn='S, > 0 a.s.
then to show (2.10), it is equivalent to prove that u(B) = 0. We argue
by contradiction: assume that u(B) > 0. Let f = liminfn~1S,. Note that
for all w € €,

f(w) = liminf %Snﬂ(u}) > liminf SnoT(w) + Si(w) =f(T(w)), as

n—oo n

hence for alla €R, {w: foT(w)>a} C{w: f(w)>a} as. ie.

T'{f>a}) Cc{f>a} as.

Because (T ({f > a})) = w{f > a}), we  have
pw({f >at AT Y({f > a})) =0, and therefore

foralla €R, {f >a} €T, (2.11)

Let N = {f <0}. Since B C N, then p(N) > 0. Let v the probability
measure in (€2, B) given by the conditional probability given N. By Lemma
A1, (Q,B,v,T) is a measure-preserving dynamical system and since v is
absolutely continuous with respect to u then {S,},>1 is a superadditive
sequence on (2, B, v, T). Noting that {f > 0}NN ={f > 0}n{f <0} =2,
we have

v(f > 0) = u(N) " u({f > 0} A N) =0. (2.12)

Let us now show that under the condition p(B) > 0, one also has v(f > 0) >
0, which contradicts (2.12). Since {liminf S, > 0} N N = B, one has

v(liminf S,, > 0) = u(N)"*u(B) > 0
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and thus
there exists > 0 such that v(liminf S,, > n) > 0. (2.13)
Since
v(liminf S,, > n) = V(Un{égﬁ Sk >n}) = TLIL)IEO V(Igfl Sk >n),
it follows by (2.13) that

there exists p > 0 such that V<li£f Sy >n) > 0. (2.14)
Zp

For this p, let
W = {llcgf)sk > n}.
By Birkhoft’s ergodic theorem we have
By i=n"" Z lywoT" — h:=E"(lw|T,) v—a.s as n— oo.
k=1
Since EY(h) = v(W) > 0, then v({liminf h,, > 0}) = v({h > 0}) > 0. Let
U = {liminf h, >0} N{S, + Ss0T" < S,.s forall n,s e N}
By arguments already given, we have

v(U) = v({liminf h, > 0}) > 0. 2.15)

(
Let uw = {up}n>0 := {Iw 0 T"},>0, on U, ie. for all w € U, u¥ = {
T"(w)}nzo- Define {vj(w)}iZo, {¢"(w)}nzo, s(u) and {Sy}n>1 as in
with p defined in (2.14). Note that s(u) < oo and for all n > s(u), ¢"(u)
1. Remark also that n='s,, = h,, for all n and thus on U

1w
(2.5

~— O

Vv

liminf n~'s, = liminf h, > 0 (2.16)
Since v (u) = n, then on U

q"(u)-1

for all n > s(u), S, = Svf;n(u)(u) + Z (sz(u) — SUZH(U)) . (2.17)
k=0

By the first point of Lemma 2.2 one has Svijn(u)(

definition of U, for all n > s(u) and k < ¢"(u),

u) = infigs(u)<si) and by the

Supw) = Sup,yw) > Supw—vp,, @ © T on UL
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It follows by (2.17) that on U,
q"(w)—1

for all n > s(u), S, > inf (S;)+ Son(w)

w 0 TVR+1 (W (218
Aut 2 (w) (2.18)

YL
V41

Since on U for all k < ¢"(u), Uy ) =1, ie T+ ™ ¢ W and by
Eq. (2.6) v}(u) — v} (u) > p, then the definition of W implies that

for all k£ < ¢"(u), Sv’,;(u)—vg+1(u) o TVry1(W) 5 n onU.
Thus, by (2.18), one has on U

for all n > s(u), S, > inf (S;)+ng"(u).

T i<s(u)
It follows by (2.16) and the second point of Lemma 2.2, that
f =liminfn~ 'S, > nliminfn'¢"(u) >0 on U.

Thus v({f > 0}) > v(U) > 0, where the last inequality is due to (2.15).
This contradicts (2.12) and concludes the proof. O

Remark 2.1. Following the result of Theorem 2.1, we can wonder if
limsupn~ 'S, <0 a.s on liminf{S, < 0}.

However, this statement is incorrect. A simple counter-example is the super-
additive process that is identically equal to —1. A counter-ezample of non-a.s.
constant process can be constructed.'.

Theorem 2.1 could be stated in a weaker form if the set where (S),)n>1
is not always non-positive and becomes non-negative for sufficiently large
values of n is invariant. This variant result is the following:

Theorem 2.2. Let {S,}.>1 be a superadditive sequence, let T =
suppenin © Sy < 0} and let E be an invariant subset of {sup,cn Sn >
0, 7 < o0}. One has

liminfn™ 'S, >0 a.s on E. (2.19)

et {X,,}5°, a positive strictly stationary and ergodic process with a positive finite
moment and let o € (0,1). Using the inequality (a+b)® < a®+ b for all a,b > 0, we have
{S, = —(r, Xk)*}502, is superadditive. However, since the ergodic theorem implies
that n=' >}, X — EX € (0,00) a.s. asn — oo then S,, - —0co a.s. as n — oo and
limsupn =18, = limsupn~ = (n=1 Y7 X§)* =0 a.s.

8



Proof of Theorem 2.2. Note that (2.19) is equivalent to u({liminfn=1S, >
0} NE) = pu(E). Letting v = inf,en{n : S, > 0}, one has {v < oo} =
{sup,,en S» > 0} and then E C {v < 0o, 7 < 00}. Let P ={S,, + S,0T" <
Snis forall n,s € N*} and let

E'=ENPand C(E)=(T(E).
n>0

Since u(P) = 1 then P is invariant and pu(E’) = p(E). Hence E’ is also
invariant and it follows by Lemma A.2, that

W(C(E) = u(E). (2.20)

Since C(E') C E C {v < 00, T < o0}, it follows by Lemma A.2 that for all
w € C(E') one has,

S,(w) >0, Sp(w) >0 foralln >7 and T"(w) € C(E') foralln >0
and then on C(E'),
foralln >7o0T"4+v, S,(w)>8, ,0T"+S,>S,>0. (2.21)

The second last inequality comes from the fact that S,,_, o TY > 0 because
n—v>71oT"and TV € C(E') on C(E') C {7 < oo}. It follows by (2.21)
that C(E') C liminf{S,, > 0} N £ and thus, by Theorem 2.1, one has

w(C(E)) < p(liminf{S, > 0} N E) = p({liminfn™'S, > 0} N E). (2.22)

Hence, in views of (2.20) and (2.22) we have y({liminfn~=1S, >0} N E) >
w(E). Since {liminfn='S, >0} N E C E, it follows that

p({liminfn='S, >0} N E) = u(E).
This concludes the proof.

Remark 2.2. [t is clear that the condition sup,cn S, > 0 in Theorem 2.2
15 mecessary and cannot be replaced by a weaker condition. Moreover, the
mvaritance assumption cannot be weakened without adding a supplementary
condition. To illustrate this, we consider a process from Kesten (1975). Let
Q = RN, T the left shift operator and P[{(=1)"},] = P[{(=1)""1},] = 1/2.
The sequence S, ({x;},) := S0 i is an additive process. However, (Sy)n
is almost surely bounded on {sup,,cn S, > 0}Nliminf{S,, > 0} = {[(—1)"].}-
It can be observed that {[(—1)"],} is not invariant.



Remark 2.3. An interesting consequence of Theorem 2.2 is that
liminfn™'S, >0as if supS, >0 p-a.s and p(liminf{S, > 0}) =1,

neN
(2.23)
(i.eif  p({sup,en Sn > 0} Nliminf{S, > 0}) = 1). Indeed, since for all
Ae B, nA)=1 implies that A € Z,,, then (2.23) follows from Theorem

We say that 7' is ergodic if for all I € Z,,, u(I) € {0,1}.

Corollary 2.1. Let {Sy}n>1 a superadditive sequence. If T is ergodic then
liminf n=1S,, is almost surely constant in R and

liminfn 'S, >0 a.s if and only if p(liminf{S, > 0}) >0. (2.24)

Proof. For the first point, using (2.11) and the ergodicity of 7', we can
deduce that for all @ € R, the function F(a) := p(liminfn=1S, < a) takes
its values on {0, 1}. Since F'(o00) = 1, and a — F'(a) is right continuous and
non-decreasing on R, we can conclude that there exists an ag € R such that
for all @ < ag, F(a) = 0 and F(ag) = 1. Therefore, we can conclude that
p(liminfn='S, = ag) = 1, which implies that liminfn='S, = ay almost
surely.

The necessary condition in (2.24) is trivial. To show the sufficient
condition, using Theorem 2.1, we deduce that p(liminfn=1'S, > 0) =
p(liminf S, > 0) > 0. Therefore, in view of Equation (2.11) and the er-
godicity of T, it follows that y(liminfn=1S, > 0) = 1. O

In the next theorem, we state the last main result of this section. Let
A€ B with u(A) > 0. Let 7 =inf{n > 1: T" € A}. Define L by L =T7 if
7 is finite, and L = id, otherwise. Let v be the probability measure given by
the conditional probability given A. By the Poincaré recurrence theorem we
know that the set of points w of A for which 7" (w) ¢ A for all n > 1 has zero
measure. Therefore, 7 is almost surely finite under v and then L =T7 v-a.s.
We can also define the v-a.s. finite sequence of integers (7, )n>1: Tn = To L™ 1.
For alln > 0, let v,, = 22:1 Tk It is easy to see that v, is the index k£ where
T* € A for the n-th time. Therefore (v,) is v-a.s. strictly increasing and
grows to infinity. We have the following:

Theorem 2.3. Let {S, },>1 a superadditive sequence with S integrable, one
has
limn~'S, >0 v-a.s on liminf{S,, > 0}.

10



Noting that (v,) = (n : T"™ € A), Theorem 2.3 states that if S] is
integrable, then limn~'S, > 0 p-a.s on the intersection of set A and the set
where the sequence (S, : T" € A) is positive from a certain period. This
means that under the set A, the positivity condition only involves the values
of (S,,) with indices in (n: T™ € A). Note also that, under the integrability
of ST, this result is more general than Theorem 2.1, which is obtained by
taking A = €.

In Remark 2.4 below, we show that the integrability condition in Theorem
2.3 is not superfluous.

We immediately deduce the following result that extends a variant of
Kesten’s result, established by Eskin and Mirzakhani (2018, Lemma C.8),
for additive sequences to superadditive processes.

Corollary 2.2. Suppose that T is ergodic and let {S,},>1 a superadditive
sequence with ST integrable. Let A € B with u(A) > 0. If, almost surely, the
sequence (S, : T™ € A) is positive from a certain period, then

limn'S, =limn'ES,, =supn‘ES, >0 a.s. (2.25)

Proof. The first two equalities in (2.25) follows from Kingman’s subaddi-
tive ergodic theorem. To prove that limn~'S, > 0 a.s., observe that if
p({(Sy: T" € A) is positive from a certain period}) = 1, then by Theorem
2.3, p(limn='S, >0, A) = u(A) > 0. This means that y(limn='S, > 0) >
0, which implies the result by already given arguments. m

The proof of Theorem 2.3 is based on Theorem 2.1 and the following
additional result.

Lemma 2.3. We claim that: i) (2, B,v, L) is a measure-preserving dynam-
ical system and, ii)

E'r = u(Ups {T% € A})/u(A) < 0. (2.26)
Moreover, iii) (S, )n is a superadditive sequence on (2, B, v, L).

Proof. We prove i). Recall that T is almost surely finite under v and L =
T7 v-a.s. Thus, we must show that for all B € B, v(T™ € B)) = v(B). We

11



have

v(r =k, TF € B)

WE

v(T™ € B)) =

B
Il

1

:M(A)_l M(A7T1¢Aa"'7Tk_1¢A7Tk€A7Tk€B)

WE

k=1

WE

=AY WXe=1,X,=0,-, X, 1=0,X,=1,Y;, =1),

b
Il
—

where (X, Y ,,) = (140T",150T™) for alln > 0. It is clear that (X ,,, Y ;,)n>0
is a stationary sequence on (2, B, u). Therefore, it is well-known that we

can extend that sequence into the past to obtain a full stationary process
(X0, Y o )nez, see for instance Elton (1990, Lemma 1). Hence

v(T"€B) =p(A)' Y X x=1,X j1=0-,X1=0,X0=1Y,=1)

= u(A)") u(Xo=1Y,=1U{X = 1})
= u(A) (X =1,Y, =1})
= v(B).

The second equality is derived from the fact that the sets ({X =1, X 11 =
0,---, X _1 = 0})k>1 are disjoint and their union constitutes Up>1{X _ =
1}. The third equality follows from the Poincaré recurrence theorem, which
implies that {Xo =1} C Up>1{X _x = 1}. The conclusion follows.

The proof of i) (Eq. (2.26)) uses similarly arqguments. We have

E'r =Y vt k) =pA)" D> mX x=1,X 441 =0, X, =0)
k=1 k=1

= p(A) " p(Ups {X = 1})
= (Ui {T" € A})/pu(A),
because (Uisa{X = 1}) = limy a(Up_y {X g = 1}) = lim (U, {X s =
1}) = (Ui { Xy, = 1}) = (Ui {T* € A}).
To show iii), first note that,

for alln,s € N*, L™ =T and v, +vs0T"" = v,s V-a.S. (2.27)

12



Thus, by superadditivity and the fact that v is absolutely continuous with
respect to p, for all n,s € N*,

Svn + SUSOLn oL" = Svn + S'USOTUH o™
S Svn—l—vSoTUn
=S

vnis V-Q.S.

This concludes the proof. [

Proof of Theorem 2.5. By superadditivity, for all n, one has v-almost surely
S, — 8y, > Sn_v, 0T where vy, <n < vpyq. Thus

Sn = (Sn — Su,) + 8y,
> 8p_, 0T+ 8,
min  S; 0T + S,

0<i<vp41—vk

AVAN

> min S;oLF+8,, byEq (2.27).
0<i<roLk

> min —S; oLF+ S, v-as.
0<i<roLk

Since, by superadditivity S; > Zj.;}) S 0T7 v-as. forall 0 <i < 7olL"
we have —S; o LF > (Z;;ﬁ —S7 0T o Lk > —(Z]:é S oT7) o L* v-as.
Therefore,

T—1
n 'S, > —n_l(z S oTHolLF+n'S,,
=0
T—1
> —kfl(z Sy oT’)oL*+v. 1S, v-as.

J=0

The last inequality is due to the fact that vy is v-a.s. strictly increasing,
which implies that k¥ < vy < n. Under the integrablity of S7, the Kingman
ergodic theorem implies that limn~!S, exists p-a.s. Thus the limit also
exists v-a.s. Since k grows to infinity with n, it follows that

7—1
limn 'S, > —limsup k:_l(z ST oT%) o LF + limkinf U,;ilSUk v-a.s.
7=0

To conclude, it suffices to show that on liminf;{S,, > 0}, one has v-a.s :
T—1

i) limkinfv,;flsvk >0, and ii) limsup k™' () 870 T7)o L} = 0.

k =0
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Let us show 7). Since v, = Zk o 7o L* v-as., it follows by Lemma 2.3 and
the Birkhoff ergodique theorem that

h/lcm k~'vgy exists and is finite  v-a.s. (2.28)
We also have, by Lemma 2.3 and Theorem 2.1, that
limkinf k'S, >0 v-a.s on limkinf{Svk > 0}.
Therefore, the result follows:
limkinf Uit Sy, = limkinf(k_lvk+1)_1(k_ISUk) >0 v-a.s on limkinf{SUk > 0}.

Now let us turn to the proof of 4i). Since S is integrable, we have by the
Birkhoff ergodique theorem and the "absolutely continuous" argument that

limn ™! Z ST o T" exists and is finite v-a.s. (2.29)
i=1

Since v, — oo v-a.s., it follows that limy Ukl ZU" ! S| o T" exists and is
finite v-a.s. Letting f = Z; é ST oT7, it is no difficult to see that

vp—1 k=1 7—1
ZSfoTi: ST oT) oL = ZfoL’Vas

iO]O

It follows by (2.28) and (2.29) that

k—1 vp—1
li]1€n k! ; folL'= liin(k’lvk)(v,;l ; ST oT") exists and is finite v-a.s.

This implies that k= f o L* converges to 0 v-a.s., which concludes the proof.
m

The following result, which we state without proof, follows directly from
Corollary 2.1 for Point 1. and Corollary 2.2 for Point 2. through the applica-
tion of the function — log.

Corollary 2.3. Suppose that T is ergodic and let {7, }n>1 € RN be a positive
sub-multiplicative process (i.e for alln,s € N* 0 <=, . <=, xv,0T" a.s.).
Let A € B with p(A) > 0.
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1. If p(liminf,{v, < 1}) > 0, then v is almost surely constant in R and

v :=limsupn'logy, <0 a.s.

n

2. If Elog™ v, is finite and, almost surely, the sequence (v
strictly less than 1 from a certain period, then

: Th e A) s

v =limn 'log~, = limn 'Elog~, = infn 'Elog~, <0 a.s.

Recall that v is almost surely constant. The previous corollary is more
general than Lemma 3.4 of Bougerol and Picard (1992), see the next corollary.
Point 1. of Corollary 2.3 does not require any integrability condition, it
applies to all sub-multiplicative ergodic sequences and only needs its values to
be negative for n large enough. This result also enables the characterization
of the case where the top-lyapunov exponent of a class of cocycles on a
measure preserving transformation is negative.

Remark 2.4. If Elog" v, is not finite, then the conclusion of Point 2. of
Corollary 2.3 is no longer valid. Indeed, for all n, let o, = e‘luu—”1 where

(Wp)nez is a positive iid sequence such that Elntuy = oo. Consider the
measure-preserving dynamical system given by the quadruplet: R% and its
Borel o-algebra, the push-forward probability measure Py, of (w,) and the shift
operator T'. It is easy to see that the process (7, )n>1, where v, =[]}, @,
s a sub-multiplicative process. We show, in Appendix A.1, that there exists a
measurable set A with Py (A) > 0 such that the sequence (v, : T™ € A) con-
verges almost surely to 0 and on the other hand that limsup, n~'log~y, > 0.
This is because Eln™ v, = oo.

Corollary 2.4. (Bougerol and Picard, 1992, Lemma 3.4) Let {My,},>1 be
an ergodic strictly stationary sequence in the space of the d x d real ma-

trices. We suppose that E (logJr ||M0||) is finite and that, almost surely,
limy, oo || M Myp—1 - - - My|| = 0. Then

1
v := inf —E (log | M,,M,,_1 - -- M;]|) < 0.
neN n

Proof. Let ~, = log||M,M,_1---M|| for all n € N. Note that
P(liminf,{v, < 1}) = 1 if lim, 07, = 0 a.s. Since {7v,}n>1 is a
sub-multiplicative sequence, the result follows from Corollary 2.3 and the
Kingman’s subadditive ergodic theorem (see also Furstenberg and Kesten

(1960)). 0
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3 Stationarity of fGARCH models in C’

In this section, we study the existence of a stationary solution of the func-
tional GARCH models in the space of continuous functions (see Aue et al.
(2017)).

A sequence (r;:t € Z) of random elements where each random object
r is a curve (ry(u) : u € [0,1]) in C[0, 1], the space of continuous functions
on [0, 1], is called a functional GARCH process of orders (1, 1), abbreviated
by fGARCH(1, 1), if it satisfies the equations

Ty = Oy,

3.1
ol =5+ar? | + B, :5+/7t(',3)0't ((8)ds =6 +~,0_1, (3.1)

where (1, : t € Z) is a sequence of independent and identically distributed
(iid) random functions in C[0, 1], 4 is a positive function and the integral oper-
ators a and f3, Le. (ax)(u) = [ alu, s)z(s)ds and (Bz)(u) = [ B(u, s)z(s)ds
are positive, i.e. they map nonnegative functions to nonnegatlve functlon.
~,(u, s) = alu, s)n?_,(s) + B(u, s) is an element of C[0, 1]%.

By extending our considerations to include strictly stationary and ergodic
but non-id innovations, and by replacing the interval [0, 1] with an arbitrary
compact set K, we can generalize the autoregressive model with non-negative
random functional coefficients with Eq. (3.2) below to include a wide range
of conditional volatility models. Furthermore, by allowing the coefficients ¢,
a, and [ to be stochastic processes rather than constants, and by dropping
the assumption that v = a + § must be an integral operator, we can obtain
even more flexibility in our modeling approach. The model is as follows:

he = 6(m_) + v(M1) i, 32)
where the positive stochastic curve §; = § (n,) and linear operator v, = v (n,)
are measurable functions of n,.

We can see that Model (3.2) include the functional GARCH consid-
ered in (3.1). If K = {1}, we obtain the univariate class of GARCH(1, 1)
model of He and Terédsvirta (1999) and if K is finite we get the class
of multivariate-constant conditional correlation and univariate asymmet-
ric power GARCH(p,q), see the AR(1) representation of Mainassara et al.

(2022).
Across the different normed vector spaces, we will unambiguously use the
classical notation of the norm, ||-||. We recall that F' := C(K) equipped with
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the uniform norm ||z|| = sup{|z(u)|, v € K} is a Banach space. The space
of the linear endomorphisms in F' is equipped with the usual operator norm
||| = sup{||a(x)]||, [|z|| < 1}. Denoting e : K 3 u —— 1, remark that for all
positive operator «, ||af = ||ae]|. For all x € F, let infx = inf{|z(u)|, v €
K}.

The stationarity of Model (3.1) has been studied in (Aue et al., 2017,
Theorem 2.2) and in (Hoérmann et al., 2013, Theorem 2.3) when the model
is reduced to a pure functional ARCH. In both papers, they give a sufficient
condition for the existence of a stationary solution. The weakest condition
is obtained by Aue et al. (2017). They show that if

—o0 < Elog [,]| < 0, (3.3)

then Model (3.1) have a unique, strictly stationary and nonanticipative so-
lution in C[0, 1].

Contrary to the multivariate setup, to our knowledge, necessary and suf-
ficient conditions for the existence of a stationary solution of Model (3.1)
have never been established. As noted by Cerovecki et al. (2019, Remark 1),
one of the main challenges in establishing these conditions is to extend the
contraction property of random matrices to linear operators. Since we have
established this result in Corollary 2.3, we are ready to provide necessary
and sufficient conditions for the existence of a stationary solution for the
general functional GARCH models considered in (3.2). To establish theses
conditions, the following assumptions will be made.

A1l (n,) is iid.
A2 (m,) is strictly stationary and ergodic and E(log™ ||v,||) is finite.
For all £t > 0, let

7£o> = idp and ’an) =, 0 0% _p4 foralmn>1.

Consider the following assumption.
+o0
P(inf{} 7§04, ue K}=0)<1. (3.4)
k=0

Note that if P(inf{do(u), u € K} = 0) < 1 then we have (3.4). Since
we deal with volatility curves, it is not restrictive to assume that (3.4)
holds. This condition is satisfied by most commonly used volatility mod-
els and ensures that the solutions are positive on the entire curve in a non-
negligible set. Indeed, by iterating (3.2), we can see that any non-negative
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solution (h;) of (3.2) satisfies: hy > > ’yik)ét_k. Thus, (3.4) implies that
P(inf{ho(u), ve K} =0) < 1.

For all ¢t € Z, define w;, := Ek O'yt 5,5 r € [0,00]%. Note
that the sequence of continuous, positive, and non-decreasing functions
> o 'ygk)ét_k)n converges pointwise to w; a.s., even though the limit may
not be finite at some points. It is also important to note that the convergence
may not be uniform. Therefore, w; is not necessarily continuous.

Now we state the main result of this section.

Theorem 3.1. Let v = limsup, = log (|l 71)).
1. Suppose that (3.4) hold. If A1 or A2 hold and Equation (3.2) has a

positive stationary solution in F' then

<0 a.s.

2. Conversely, if E(log™ ||8o]|) < oo and v < 0 then (>, 07 Mg, k)n
converges in F to w; and (w;) is the unique (continuous, positives and
non-anticipative) stationary solution of (3.2).

Remark 3.1.

1. In views of Corollary 2.3, under A1, v is almost surely constant with
value in [—o00,00[. Under A2, the subadditive ergodic theorem implies
that

= Tim_ gl

= lim —Elog(lh ) = dim —Elog(ll'rn o) (39)

n—

— inf ~Elog(|l7,, -0 7,)).

n>1n

2. If (n,) is strictly stationary and ergodic and E(log™ ||7,||) is not finite,
the following example, in the scalar case, shows that it is possible to
have a stationary solution and at the same time v > 0. Let us take
N, = wy, 6; = 1/uy, '7t = e luy_1/uy, where (u;) is defined in Remark
2.). We have 329 Ofyt 16 ) = (L/u) Y02 e™ < 0o a.s. It is easy
to see that this process is a strictly stationary (and ergodic) solution.
However, using the arguments used in Appendix A.1, we can see that
v = limsup,, = log ’)’én) >0 and Elog™ v, = o
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For all § € C[0, 1], we can remark that if

for all uw € [0,1], 6(u) > 0, d.e. inf d(u) >0, (3.6)

u€(0,1]
then (3.4) holds. Therefore, we have the following immediate corollary.

Corollary 3.1. If Eq. (3.6) hold and A1 or A2 is verified, Model (3.1)
admits a (unique and non-anticipative) positive and strictly stationary (and
ergodic) solution in C([0,1]) if and only if

1
limsup —log([lvg 0+ ov_ppull) <0 as. (3.7)
n n

Moreover, under A2, Eq. (3.7) is equivalent to

Ellog ||y, o ovll]l <0 for some n. (3.8)

Proof. Under A2, the equivalence between equations (3.7) and (3.8) comes
from Eq. (3.5). Thus, Corollary 3.1 is a direct consequence of Theorem
3.1. ]

Since (3.8) is necessary and sufficient under A2, which does not require
the iid assumption, it is clear that this condition is weaker than the sufficient
condition, Eq. (3.3), given by Aue et al. (2017).

In order to prove Theorem 3.1, we will use the following general result.
It is used, under A1, to address the other challenge mentioned in (Cerovecki
et al., 2019, Remark 1), which consists in showing (3.21) from (3.20). Point
2. of Corollary 2.3 is used to handle this step under A2.

Lemma 3.1. Let (x,),>0 and (y,,)n>0 be real value processes. If (i) (n)n>0
is identically distributed, (ii) xn41 and o((xs, Y1), s < n) are independent
and (i11) P(xg = 0) < 1 then

Y, = 0 a.s when n — 0o on G := {x,y, — 0 a.s when n — oo}

By replacing the condition P(xy = 0) < 1 in the previous lemma by the
slightly stronger assumption that @y is not almost surely constant, we can
establish the following more general result:

Yy, — 0 a.s when n — oo on {(x,y,,) converges},

see Proposition A.1 in Appendix A.2.
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Proof of Lemma 3.1. 1t suffices to prove that

foralle >0, P <1imninf {ly,| <e}n G) = P({Z 1y, |z < 0}NG) = P(G).

n>1
Define Ge = {}_, 51 L{jzny, >} < 0o} = liminf, {|x,y,| <e}. Note that
(747) implies that
there exists > 0 such that P(|x,| > ) > 0. (3.9)

Fix ¢ and for this 4, let’s show first that for all 0 < &’ < de,

P{D 1y, 12e} < 0} NGo) =P(G2). (3.10)

n>1

Since {anl 1{|yn|28//6} < OO} C {anl 1{|yn‘25} < OO} for all & < 56, to
prove (3.10), it suffices to show that for all & < e,

P Ly, 20 < 00} NGa) = P(G). (3.11)

n>1

To prove this, we will use a conditional version of the Borel-Cantelli lemma.
Let &’ > 0. Since

20yl = 01 {zaza}ynl and Ly, oy, izet = Laaza) Ly, 2e 6}

we have
Ly, >} 2 Ljwnl=s) Ly, 276}
Define, for all n > 0, z,, = 1{\mn|25}1{\yn|26’/5}7 it follows that

Zzn<oo a.s on Gg. (3.12)

n>1

Let F, = o((xs,Y,41), s < n), for all n > 0. Since y,, is F,_i-measurable
and in view of (i7), x, and F,,_; are independent, then, also by (i), for all
n>1,

m, = E(Zn|]:n_1) = P(|£B0| 2 5)1{‘yn|25//5},

hence, by (3.9), {3251 mn < 00} = {3, 51 1y, 2780 < oo} a.s. This
result, the fact that (F,),>0 is a sequence of nondecreasing o-algebras, z,
is F,-measurable, and Theorem 1 of Chen (1978) (see also Freedman (1973,
Eq. 5 and 6)) imply that

D Ly.zessy <00 as on {) z, < oo}, (3.13)

n>1 n>1
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Equation (3.11) is a direct consequence of (3.12) and (3.13). This show
(3.10). Since (G'1/m)men is a nonincreasing sequence of sets and

G = mmzl UNZI ﬂnzN {|:cnyn| < 1/m} = ﬂmzlGl/m,
it follows by the monotone convergence theorem and (3.10) that
P(G) = nll_r}r(l)o P(G1/m)

= lim P({Z Ly 123 < oo} N Gl/m)

m—o00
n>1

=P({D_ Ljy, 2} <0} NG),

n>1

which completes the proof. O]

Proof of Theorem 3.1.

We prove 1. Let us first consider that A1 holds. For all ¢ € Z and
neN, letw,, =>7_, 7§’“>5t_k. Suppose that (3.2) has a positive stationary
solution (hy)iez in F. By iterating (3.2), it follows that for all n > 0 and ¢ €
Z, w;, < h;. Thisimplies that a.s. (w;,)n>0 is a sequence of nondecreasing
functions bounded by h;. Therefore, a.s. (w; ), converges pointwise (with
finite limit) to w;. Noting that for all n and ¢, wy = wy,—1 + '7(()n)w_n, one
has a.s.

A, P50 when n— 0o

Since
(infw_,)v e <y w_,, (3.14)
we have
(infw_,)v"e 250 when n— oo as. (3.15)

Consider that (3.4) holds. The proof relies on the following intermediate
results.

a) there exists ng > 1 such that P(inf wg,, = 0) < 1.

b) limsup(nok) " log(|7§"”l) <0 a.s,
k

¢) limsup(nok + p) " log(|[y"* ™) <0 asforallp=0,1,---ng—1
k

Let us proceed by contradiction to prove a). Suppose that

foralln > 1, infw,, =0 a.s. (3.16)
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Forall m > 1, let J3 = {u € K : wg,(u) = 0}. The sequence (wq)n>0
is continuous, positive, and non-decreasing, therefore, a.s., (J,)n>0 is a se-
quence of non-empty, non-increasing, random, compact sets. By Cantor’s
intersection theorem and Eq. (3.16), J = (),>qJn # @ a.s. The sequence
(wo . )n>1 converges pointwise to wy, and almost surely wy,, = 0 on J for
all n > 1. This implies that wy = 0 on J a.s., which contradicts equation
(3.4). This completes the proof of part a).
We now prove b). By iteration, note that for all n > 0,

ho = w1+ R . (3.17)

It follows that (’y(()n)h_n) is a sequence of nonincreasing functions, pointwise
bounded by h; and then, almost surely, it converges pointwise. Since, by
continuity, hg is almost surely bounded then limg o P(suphy < K) = 1.
It follows by (3.4) that there exists K > 0 and € > such that P(sup hy <
K, infwy > €) > 0. Noting that

'Y(()n)hfnl{suph,nSK, infw_p,>e} < (K/E) infw,n'yén)e,

it follows by (3.15) that

'y(()")h_nl{suph_ndg infw_,>e} 20 as n— oo. (3.18)

Since the ergodic theorem implies that almost surely, lisupn_, <K, infw_,>e} =
1 for an infinite number of n, it follows that the sub-sequence
('yé")h_n : Lisuph_n<K, infw_,>c} = 1) converges, almost surely, pointwise to

the limit of ('y[()n)h_n). It follows by (3.18) that this limit is 0, i.e.

Yh_y 250 when n— oo a.s. (3.19)

From this and Eq. (3.17) one has F' 5 hy = wy a.s. It follows by Dini’s
Theorem that (wy ), converges uniformly to wg a.s. Hence,

| = ||’Y(()n)w_n|| — 0 when n— o0 a.s. (3.20)

||w0 — Won

For all £ > 0, let @) = inf w_,, x5, and y,, = H’y(()nok)H. Note that (xg, y.(u))

verifies the conditions of Lemma 3.1 because of a) and the fact that (n,) is

.. . . nok . nok nok .
iid. Since infw gk |75 €ll = infw ghno 767N < 176" w o, it
follows by (3.20), and Lemma 3.1 that

||’7E)n°k)\| —0 when k— oo a.s. (3.21)
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Since (||’y[()"°k)||)k is a sub-multiplicative sequence, by (3.21) and Point 1. of
Corollary 2.3, we have

|

lim sup(ngk) log([lvo "
k

. k. _
) = limsup(—) [k~ log(|7s "IN <0 a.s.
k No

This concludes the proof of b). To prove c¢), remark by stationarity and b)
that for all p=0,1,---ng— 1, limsup,(nok)log(|7"™"||) < 0. Therefore

—-p

Y= limksup(nok +p) 1og(||fyé”°k+p) b

< lim sup(noh -+ p) ™ log([[74 ) + lim sup(nok + p) " log(1475)

= lim sup(

k n
)[(nok) " og (V"M )] < 0 a.s.
k no p

—-p

(3.22)
Noting that N = Up<p<n,—1{n0k +p: k € N}, it follows that

1 n . n
i sup ©tog [ < s (st +5) o7 ) < o
n n 0<p<no—1 k
which gives the first point under A1l.

We now prove the claim under A2. First observe that the iid assumption
is only used, in Lemma 3.1, to derive (3.21) from (3.20). Therefore, all the
results showed before (3.20) hold under A2. Hence, (3.20) implies that

1{infw,n>e}||’yén)\| — 0 when k— o0 a.s.

Therefore, the sequence (||'y(()”)|\ . infw_, > €}) converges almost surely
to 0. The result follows from arguments used in Remark 2.4 (to define the
dynamic system), Appendix A.1l (to verifies the condition of the corollary)
and Point 2. of Corollary 2.3.

We now prove 2. We have 2
I 1 Me_ ) <1i L1 + 10g* (16
imsup —log([[v" 0-all) < limsup —{ll~5"|| +log™ (|6-x])]

1
<+ limsup —~log™ (|6 [))

=v<0.

2For all non negative stationary process (X,),>1 such that EX; < oo, one has
limsup,,_,.on !X, = 0. Indeed, for all ¢ > 0, noting that the function f(t) =
P (t7'X; > €) is decreasing, we have Y >" P (n7'X, >¢) < [FP(e7'X1>t)dt =
e 'EX, < co. The convergence follows from the Borel-Cantelli lemma.
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Therefore, by Cauchy’s rule, (wq,),>1 converges absolutely almost surely.
Thus, wg € F a.s. It is easy to verify that the continuous, positive, station-
ary process (w;), is non-anticipative and satisfies (3.2). The proof of the
uniqueness is standard, see for instance (Kandji, 2023, Appendix A). This
completes the proof. O

4 Perspective

The main result of this paper extends the result of Kesten (1975) on the
growth rate of sums of stationary sequences to superadditive processes. Our
result is established under weaker conditions than those of Kesten (1975).
Using a result from Tanny (1974), Kesten show in the same paper that if
{8S,}5°, is an additive sequence, then on {S, — oo}, 0 < liminfn~'S, <
limsupn='S, = oo a.s. or limn=1S, exists and limn~!S,, > 0. An inter-
esting question that could be considered for further work is to see if this
result also generalizes to superadditive processes. That is, in which cases can
the limit superior in Theorem 2.1 be replaced by a limit.

We also provide a necessary and sufficient condition, without moment
condition, for the stability of a class of functional GARCH(1, 1) models in the
space of the continuous functions. Our results can be easily extended, in the
same space, to higher-order GARCH(p, ¢) models using the same argument.
However, since norms are not equivalent in the infinite-dimensional setting,
it would be interesting to investigate whether these conditions remain true
when considering a different space, such as LP spaces.
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Appendix: Proofs

A Appendix: Complementary Proofs

A.1 Complement to Remark 2.4

Let 6,, = ul,l' Since wug is not almost surely constant then there exists
s > 0 such that P,(dg > s) > 0. Let A = {dy > s}. It is easy to see that
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Y, 0n = % —0as.asn— 0. Thus v,,14 07" = ~,15,>s < v,0, — 0 a.s.
It follows that (v, : 7™ € A) converges almost surely to 0.

On the other hand, since v, = 32e™, then limsup, n~tlogwy, < 0 a.s.
implies that (u,e™") converges to 0 a.s. However, one has

Z Plupe™ > 1) = Z P(In* ug > n) > / P(In* ug > t)dt
0

n=0 n=0

= E(In" ug) = oo.

It follows by the second Borel-Cantelli lemma that P(lim sup{u,e ™ > 1}) =
1 and then (z,e™") does not converge to 0.

Now we compute Eln"~,. Let a real K > 0 such that P(In" u,
K) > 0. Since In"y, > InTu; — InTuyg, it follows that In"~,
In*wilys yocx — InT wolyt <. Hence EInT vy > Eln™ uP(In™ ug
K) —EInt uol, + wo<k = 00, because the second term is finite.

VANIAVARVAN

A.2 On the convergence of the product of two indepen-
dent random elements

The following result, which generalises Lemma 3.1 is of independent interest.

Proposition A.1. Let (x,)n>0 and (y,)n>0 be real value processes. If (i)
(Tn)n>0 s identically distributed, (it) T, and Fp, = o((®s, Y1), s < 1),
are independent and (ii1) xo is not almost surely constant, then

1. z,y, = 0 a.swhen n— oo on {x,y, converges}
2.y, — 0 aswhen n— oo on {x,y, converges}

3. If (x,y,,) converges in probability then the limit is 0.

Proof. For the first point, it suffices to prove that
P ({|limsup x,y,| > 0, x,y,, converges}) = 0. (A.1)

For all e > 0 and t € R, let B(t,e) := (t — €, t+¢€). Let z = limsupx,y,
and G = {x,y, converges}. Note that on G, z is finite and (x,y,,) converges
to z. We argue by contradiction: suppose that P ({|z| > 0} N G) > 0. Since
this condition implies that P (G) > 0, let P¢ be the conditional probability
given G. Noting that P(|z] > 0) > 0 we have that the support of z
under P® contains a non-zero element z,. Thus, for all € > 0 we have
PY(z € B(zp,€)) > 0 i.e.

P({z € B(z,6)} NG) > 0. (A.2)
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The condition (77) implies that the support of &y under P contains at least
two different elements x; and x5. Since 1 # x5, we can assume without loss
of generality that z; # 0. Let yo = 29/x1, and €, €, €, €3 > 0 such that

1) {zy: (z,y) € B(xa,€) X B(yo, €3)} N B(z0,€) = 2,

2) if (z,2) € B(20,€0) X B(x1,€1) then z/x € B(yo, €3). (A.3)

The point 1) in (A.3) comes from the fact that (z,y) — xy is continuous at
(22, yo) and z2yo = 2¢(x2/21) # 20. The second point is because (z,z) — z/z,
defined on B(zp,€) X B(x1,€) for e small enough, is continuous at (zg,x1).
Indeed, for 1), take ¢g > 0 and 6 > 0 such that

B(xy0,0)} N B(20,€0) = 2.
Choose €3, €3 > 0 such that

(xay) € B(x2a€2) X B<y0763)7

we have zy € B(zayo,0) and thus

{zy: (z,y) € B(x2,€2) X B(yo,€3)} N B(20,€) = 9.

Noting that this statement remains true for smaller €j, €5 and €3, let’s fix €,
and €3, and choose ¢y smaller than its previous value and take also €; such
that

(z,x) € B(z0,€) X B(xy,€).

We thus have z/x € B(yo, €3).
For i € {1, 2}, we have by the strong law of large numbers that

n! Z iz cB(,a)y — P(xo € B(21,€1)) a.s when n — oo.
k=0

Since P(xy € B(z1,61)) > 0, then P(S) = 1 where S =
k0 YiwreB(ar.e)y — 00}. We have by this result and (A.2) that P (E) > 0
where

E= Sﬂ{z c B(Zo,C(])}mG.

Since on E (x,y,,) converges to z, which is in the open set B(zp, ),
then there exists an integer N (random integer) such that if n > N, then
Y, € B(z,€). It follows by 1) (A.3) that

Z LizreB@aes), ypeByoe)} <0 a.s on k. (A4)

k>1

26



Since on S, and thus on F, x, € B(x1,€;) for infinitely many n, it follows
also that
{n: x,y, € B(z,€), €, € B(x1,€1)}

is infinite. Therefore, we have by 2) (A.3) that

Z 1(y,eBlyoes)y =00 on E. (A.5)

k>1

To arrive at a contradiction, let’s also show that

Zl{ykEB(yo,eg)} <oo a.s on K.

k>1

In views of (A.4), it is equivalent to show that

Z Ly, eByo.es)y <00 a.s on {Z zp < 0o} (A.6)

k>1 k>1

where
Zk = 1{9%63(12762)7 Y, EB(yo,e3)} — 1{$k€B(£B2,e2)1yk€B(y0,63)}'

To get this result, remark that z, is F,-measurable and since y,, is F,_1-
measurable and x,, and F,,_; are independent, then for all n > 1

m, ‘= E(Zn|.7:n_1) = P(ZL'O & B(xQ,EQ))l{yneB(y07€3)}.

It follows from the converse part of Theorem 1 of Chen (1978) that

ka<oo a.s on {sz<oo}.

k>1 k>1

Noting that

{Z m, < oo} = {Z LiyeBoes)) < oo} a.s,

k>1 k>1

by the fact that P(x¢ € B(za,€2)) > 0, (A.6) follows from the previous result.
This contradicts (A.5) since P(E) > 0, and thus we have (A.1).

The second point follows from the first point and Lemma 3.1.

For the last point, note that the convergence in probability implies con-
vergence on a sub-sequence (Zyn)Yp(n)) almost surely. Since (Tgm), Ygp(n))
checks the conditions of Proposition A.1, the result follows from the first
point. This concludes the proof. O
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A.3 Ergodic Lemmas

This results may not be new. Since we have not been able to find it in the
literature, we provide a proof.

Lemma A.1. Let I € Z, with u(I) > 0. Let v be the probability mea-
sure in (2, B) given by the conditional probability given I (i.e for all
AeB, v(A)=pI)'u(ANI)). Then (Q,B,v,T) is a measure-preserving
dynamical system, i.e.

for all A € B, v(T7(A)) = v(A),

Proof. For all I € 7, and A € B, because
p(IAT™H(I)) =0,
TUIAT Y1) =T"YI) UIAT (I) and
T ANT ) =T"YANI),

one has
uTHA)NI) = (T (A) N (TUIATH())
(@@ OUIAT D)
WP A AT D) = TN ANT)
=p(ANI).
The result follows by dividing by u(I). O

Lemma A.2. For all invariant set I, Let C(I) := (\,—, T "(I), where T° =
Idg. One has

1. C(I) eI,
2w (C(D) = (D)
3. forallw e C(I) andn >0, T"(w) € C(I).

Proof. Let show the first point. If I € Z then

p(T(DATH (1)) = (T VT (1)) = w(T>(1) N T7H(I))
= (TN D) UT) — w(TH(I)N )
=pu (TN (1)AI) =0,

and then T-!(I) € Z,. Hence, by recurrence, we show that C(I) is the
intersection of elements of the o-algebra Z,,, and thus C(I) € Z,,.
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For the second statement, using (A.7) for A = I, one has u(T~1(I) N
I) = p(I). Therefore, by doing the same operation on (\,_, 7 "(I) for
n =1,2,---, one has by recurrence and the monotone convergence theorem
that 4 (C(I)) = (1),

For the last one, note that w € C(I) is equivalent to, for all n > 0,
T"(w) € I. It follows that, w € C(I) implies that for all p > 0 and for all
n >0, T"P(w) =T"(T?(w)) € I, i.e. foralp>0, TP(w) e C(I).

]

References

Giles Atkinson. Recurrence of co-cycles and random walks. Journal of the
London Mathematical Society, 2:486—488, 1976.

Alexander Aue, Lajos Horvath, and Daniel F. Pellatt. Functional general-
ized autoregressive conditional heteroskedasticity. Journal of Time Series
Analysis, 38:3-21, 2017.

Henry Berbee. Recurrence and transience for random walks with station-
ary increments. Zeitschrift fir Wahrscheinlichkeitstheorie und Verwandte
Gebiete, 56:531-536, 1981.

Philippe Bougerol and Nico Picard. Strict stationarity of generalized autore-
gressive processes. The Annals of Probability, 20:1714 — 1730, 1992.

Clément Cerovecki, Christian Francq, Siegfried Hérmann, and Jean-Michel
Zakoian. Functional GARCH models: The quasi-likelihood approach and
its applications. Journal of econometrics, 209:353-375, 2019.

Louis H. Y. Chen. A short note on the conditional Borel-Cantelli lemma.
The Annals of Probability, 6(4):699 — 700, 1978.

John H Elton. A multiplicative ergodic theorem for lipschitz maps. Stochastic
Processes and their Applications, 34:39-47, 1990.

Alex Eskin and Maryam Mirzakhani. Invariant and stationary measures for
the action on moduli space. Publications mathématiques de U'IHES, 127:
95-324, 2018.

David Freedman. Another note on the Borel-Cantelli lemma and the strong

law, with the Poisson approximation as a by-product. The Annals of Prob-
ability, (6):910 — 925, 1973.

29



Harry Furstenberg and Harry Kesten. Products of random matrices. The
Annals of Mathematical Statistics, 31:457-469, 1960.

John M Hammersley and Dominic JA Welsh. First-passage percolation, sub-
additive processes, stochastic networks, and generalized renewal theory. In
Bernoulli 1713, Bayes 1763, Laplace 1813. 1965.

Changli He and Timo Terésvirta. Properties of moments of a family of
GARCH processes. Journal of Econometrics, 92:173-192, 1999.

Siegfried Hormann, Lajos Horvath, and Ron Reeder. A functional version of
the ARCH model. Econometric Theory, 29:267-288, 2013.

Baye Matar Kandji. Iterated function systems driven by non independent se-
quences: structure and inference. Journal of Applied Probability forthcom-
ing, 2023. URL https://crest.science/wp-content/uploads/2022/
01/2022-03. pdf.

Harry Kesten. Sums of stationary sequences cannot grow slower than linearly.
Proceedings of the American Mathematical Society, 49:205-211, 1975.

J. F. C. Kingman. Subadditive Ergodic Theory. The Annals of Probability,
1:883 — 899, 1973.

Y Boubacar Mainassara, Othman Kadmiri, and Bruno Saussereau. Estima-

tion of multivariate asymmetric power garch models. Journal of Multivari-
ate Analysis, 192:—, 2022.

Klaus Schmidt. Recurrence of cocycles and stationary random walks. Lecture
Notes-Monograph Series, pages 7884, 2006.

David Tanny. A zero-one law for stationary sequences. Zeitschrift fiir
Wahrscheinlichkeitstheorie und verwandte Gebiete, 30:139-148, 1974.

30


https://crest.science/wp-content/uploads/2022/01/2022-03.pdf
https://crest.science/wp-content/uploads/2022/01/2022-03.pdf

/CREST

CENTER FOR RESEARCH
IN ECONOMICS AND STATISTICS

/YN
’ C RE S T The Center for Research in Economics and Statistics (CREST)
: ‘ is a leading French scientific institution for advanced research
on quantitative methods applied to the social sciences.

LIRS , _ o CREST is a joint interdisciplinary unit of research and faculty
Sﬁﬂnéeé:%;Reseamh in Economics and Statistics members of CNRS, ENSAE Paris, ENSAI and the Economics

Department of Ecole Polytechnique. Its activities are located
physically in the ENSAE Paris building on the Palaiseau cam-

5 Avenue Henry Le Chatelier pus of Institut Polytechnique de Paris and secondarily on the

L 96642, Ker-Lann campus of ENSAI Rennes.
91764 Palaiseau Cedex

FRANCE

Phone: +33 (0)1 70 26 67 00 (J
Email: info@crest.science 4

® https://crest.science/ %ﬁw




	Pages de 2023-07
	Introduction
	The growth rate of superadditive processes 
	Stationarity of fGARCH models in C0
	Perspective
	Appendix: Complementary Proofs
	Complement to Remark 2.4
	On the convergence of the product of two independent random elements
	Ergodic Lemmas

	Pages de 2023-07-2

