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We propose a two-step semi-parametric estimation approach for dynamic Conditional VaR (Co-
VaR), from which other important systemic risk measures such as the Delta-CoVaR can be
derived. The CoVaR allows to define reserves for a given financial entity, in order to limit ex-
ceeding losses when a system is in distress. We assume that all financial returns in the system
follow semi-parametric GARCH-type models. Our estimation method relies on the fact that the
dynamic CoVaR is the product of the volatility of the financial entity’s return and a conditional
quantile term involving the innovations of the different returns. We show that the latter quantity
can be easily estimated from residuals of the GARCH-type models estimated by Quasi-Maximum
Likelihood (QML). The study of the asymptotic behaviour of the corresponding estimator and
the derivation of asymptotic confidence intervals for the dymanic CoVaR are the main purposes
of the paper. Our theoretical results are illustrated via Monte-Carlo experiments and real finan-
cial time series.

Keywords: conditional CoVaR and Delta-CoVaR, empirical distribution of bivariate residuals,
model-free estimation risk, multivariate risks.

1. Introduction

The study of risk has long been neglected by practitioners in the financial world, who
prefer the search for profit through the maximization of returns. The topic only comes to
the forefront during periods of major market stress - often called “crises” characterized
by a sudden and usually unanticipated loss of asset value, disturbing the long-term trend,
and whose consequences can sometimes endanger the very health of a financial institution.
However, it has long been known in the investment world that ”there’s no such thing as
a free lunch”, translating the idea that any return is in fact only the remuneration of a
proportional risk from which it is not possible to escape. The idea of seeking to optimize
the risk/return ratio is not new and has been embodied in the extensive use of the
Sharpe ratio in the financial industry, introduced by Sharpe (see Sharpe, 1994). However,
the massive losses experienced during the successive crises have refocused attention on
risks whose occurrence is rarer but whose consequences are more severe. These risks are
called ”tail risks”. This preoccupation with measuring tail risks is common to various
practitioners in the financial world, from portfolio managers to company executives in the
banking or insurance sector, and even to regulators. Therefore, much of the econometric
tools used to measure these risks are similar. The best-known measure is the VaR (Value
at Risk) which has gradually gained popularity since the 90s. This period saw the first
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2 Cantin, Francq and Zakoian

attempts to standardize the measurement of extreme risks faced by financial institutions.
The so-called ”financial” risk characterizes a loss of value (of a security, a portfolio, a
currency, etc.) and can be decomposed - for modeling purposes - into two parts: i) an
”innovation” which is an event that affects the value positively or negatively and that
cannot be predicted (this quantity is therefore considered random) and ii) the so-called
”conditional” volatility which can be estimated by statistical and econometric models.
All risk forecasting is based on the choice of a suitable volatility model (a GARCH-type
model, for example) and whether or not to make parametric assumptions about the
distribution of innovations.

This univariate approach to risk - which only focuses on the asset under consideration
and which omits its relationship with other assets - has proven unsatisfactory. This
is due to significant co-movements between assets in the same ”system”, which create
a so-called ”systemic” risk. The most obvious illustration of this risk was the global
financial crisis of 2008 and the risk that a large number of banking organizations would
collapse through contagion. There are mainly two approaches to study these risks: i)
the network approach summarized - as an example - in an OECD article by Poledna
(2020) and ii) the econometric approach of co-movement analysis - which we will adopt
- via (conditional) systemic risk measures such as CoVaR in Adrian and Brunnermeier
(2011), Delta-CoVaR in Adrian and Brunnermeier (2016), SES in Acharya et al. (2017),
SRISK in Brownlees and Engle (2017). See also Benoit et al. (2019), Banulescu et al.
(2020). Just as with VaR, it is necessary to choose a model to estimate conditional
volatility and to deal with the randomness of the innovations. Until now, most of the
literature has used fully parametric models, assuming that the distribution of innovations
is known. However, the choice of a distribution that does not fit the reality of the data
can have dramatic consequences in practice. The popular and well-known article by
journalist Felix Salmon ”The Formula that Killed Wall Street” in Salmon (2012) holds
the use of Gaussian copula as an important cause of the crisis mentioned above. Indeed,
the use of Gaussian distributions underestimated tail-risks and encouraged banks to
under-provision their capital reserves required to face periods of stress. It is in particular
to overcome this shortcoming that we propose a semi-parametric approach to estimate
conditional systemic risk measures.

In this article we focus on the estimation of the dynamic CoVaR and ACoVaR be-
tween several assets or financial entities. CoVaR stands for Conditional VaR and the
”conditional” here refers to the fact that we are interested in the VaR of a series under
the condition that the loss of one or several other series exceed their VaRs. Because
we consider dynamic VaRs (i.e. conditional on past returns) we refer to dynamic Co-
VaR. The ACoVaR is defined as the differrence between CoVars, one computed when
the variables in the conditionning set are ”in distress” and the other one when such
variables are in a "median” state. To our knowledge, no asymptotic statistical results
have been established so far for any estimator of the dynamic CoVaR and ACoVaR in a
semi-parametric framework. We propose a novel approach for estimating such quantities
in a semi-parametric framework, allowing us to obtain asymptotic results using QML
(Quasi-Maximum Likelihood) estimation.

The rest of the paper is organized as follows. Starting by considering the case of two
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Estimating conditional systemic risk measures 3

assets, Section 2 introduces the semi-parametric CoVaR and ACoVaR estimators. Its
consistency is studied in Section 3 and its asymptotic distribution is derived in Section 4.
In Section 6 we extend the setting to handle multi-assets conditioning events. Numerical
illustrations are proposed in Section 7. Proofs and complementary results are displayed
in an Appendix. Section 8 concludes.

2. Semi-parametric CoVaR and ACoVaR estimators

2.1. Dynamic CoVaR and ACoVaR

The dynamic VaR of a real process (X;) at risk level o € (0,1), denoted by VaR;* (a), is
defined as the opposite of the a-quantile of the conditional distribution of X;:

VaR;¥ (o) = —inf{z : P_1[X, < z] > a}

where P,_; denotes the historical distribution conditional on {X,,u < t}.

When () is a non-anticipative solution of a GARCH-type model of the form ¢ =
o(€t—1,€t—2,...;600)n: where (n;) is an iid(0,1) process, the conditional VaR at level « is
given by

VaRj(a) = —o(er—1,€1-2,...300)a,
where &, = inf{z : F(z) > a} is the a-quantile of the cumulative distribution function
(cdf) F of n.

For bivariate risks, related concepts are the CoVaR and ACoVaR introduced by Adrian
and Brunnermeier (2011, 2016), see also Girardi and Ergiin (2013). The dynamic CoVaR
of a process (X;) relative to a process (Y;) at risk levels o,/ € (0,1), denoted by

CoVaR;X‘Y(a, o), can be defined as

CoVaR; " (o, o) = —inf{z; : P_1[X; < 2|Y; < —VaR) ()] > o},
where P,_; now denotes the historical distribution conditional on {(X,,Y,),u < t}.

The conditional ACoVaR, of (X;) relative to (Y;) at risk levels o, o’ € (0,1) and
o/ € (0,0.5), can be defined as
ACOV&R?‘Y(Q, o,a") = CoVaRtXIY(a,o/) - CoVaRf(le (a, ')

where the latter is a "median-state” CoVaR defined by

CoVaRf(le (a, ) = —inf{z : PB_1 [ Xy < 2|V} € Ay(”)] > a},

where A;(a’) = (—VaR} (50% — o), =VaR} (50% + o).
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4 Cantin, Francq and Zakoian
2.2. Dynamic CoVaR and ACoVaR of GARCH-type processes
Let €, = (€11, ..., €mt) a vector of returns. Assume the first two components satisfy

€it = O'i(et—la €t—2,..., HSi))nit ‘= O4tMit, (2-1)

where (11¢,72¢) is an iid process with En? = 1,i = 1,2, and 0(()1),2' = 1,2, are vectors
of unknown parameters which belong to compact parameter sets 0 c R¥% for some
positive integers d;. Let d = di + do. Note that the volatility of each component may
depend on the past of all components of €;. Assume that the variables 7;; are independent
from {€;_,,u > 0}.

Our first result shows that the conditional CoVaR and ACoVaR of €1, relative to e
are proportional to the volatility of the first component. Let

F(zly) = Pl < @ |2 <y),  F2(2]A) = Pl < @ [ 120 € A]

for x € R, y € R such that P < y] # 0, and A C R a measurable set such that
Pl € A] #0.

Proposition 2.1. The conditional CoVaR and ACoVaR at levels o, o', o of the first
relative to the second component are given by

Co VaR?‘62 (o, ) = —opu(a, o), ACOVCLR?IQ (a,c ;") = —o1{u(a, o) —u(a, o)},
where
u(a, ') = inf {x :F (m | fg,)) > a} , u(a,a”) =inf {x CFA (:v | A((f,z) > a},
AB) = (éé?g_a,/,f((j/)+o_5} and {él) is the a-quantile of ni (1 =1,2).
It is worth comparing the VaR and CoVaR of €1, at level a.
Proposition 2.2. If 5 and ny have continuous distributions, we have
CoVaRgllé2 (o, ') > VaR$ (o) <= u(a, o) < £
= Pl < ulen!) [ e > €] < Flu(a, o) | €]
= Plne < €0 |2 > €7 < Pl < €0 [ < €71,

Remark 2.1. It follows that the CoVaR and VaR sample paths will not cross except if
n1+ and 19 are independent (in which case the two sample paths coincide). Intuitively, if
the variables 7);; are ”positively dependent” (for instance if there is an a.s. nondecreasing
relation between them), the CoVaR should be above the VaR. This can be formally
established in the case of positively correlated Gaussian random variables (see Appendix
A2).
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Estimating conditional systemic risk measures 5

The multiplicative forms of the conditional CoVaR and ACoVaR are crucial for our
study. They enable to decompose the risk as a product of a fixed characteristic of the
joint distribution of the innovations and the time-varying volatility of the first component,
therefore suggesting a two-step estimation method. As in Amengual et al. (2013) we will
propose a sequential estimation method but, contrary to this reference, the second step
will be nonparametric.

2.3. Semi-parametric estimation of the CoVaR and ACoVaR

Given observations €1, ..., €,, and using arbitrary initial values €; for j < 0, we define
for any 0% c @,

Git(0Y) = oy(€r—1, €19, .., €1,€0,¢1,...;0D),

which will be used as a proxy of ait(a(i)) = 0;(€—1,€—2,...,€1,€0,€E_1,...; H(i)). The
parameters 0(()1) in (2.1) can be estimated equation-by-equation using the Gaussian QML
approach (see Francq and Zakoian (2016)):

~(2

n 2
6. .
0 ' =arg min _ it 1 1og 52 (01).
n g@(i)e(-)(i) ; 5%(0(2)) gazt( )

Note that this approach does not require full specification of the dynamics of €;, nor any
assumption concerning the joint distribution of (11¢, 72t ).

Let the residuals 7;; = eit/at(éff)) fori =1,2 and t = 1,...,n. Let U,(a,a’) and
u, (o, ') the estimators of u(w, ) and u,, (o, &) respectively, such that

n
~ / . . ~
Un(a, ') = inf arg min E Pa(Mit —2)L.  _~2)
772t<£ ’
z€R =1 n,o

n
~ 7/ . . ~
u, (a,a") = inf arg min E pa(e —2)1 30
M2t n.all
zER =1 n,o

where 251231,, = (&%5_6!,,,5533%0,5}, Pa(2) = z(a — 1,40) is the usual ”check” func-
tion and 5122/ is the o/-quantile of 71,...,72,, that is the [na’]-th order statistics
of the residuals, where [z] denotes the smallest integer larger than z. Estimators of
ConaLR:llE2 (o, @) and ACOV&REI‘EQ(a, o/, a') are thus

— E1‘52 ’ ~ A(l) ~ ’

CoVaR, (a,a') =—014(0,, )un(a,a'),

1 ~ M ~
ACoVaR ' (o, !, ") = —514(0° ) (i (v, @) — @, (@, ")} (2.2)
with obvious notations.
In the next section, we show the consistency of these estimators.
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6 Cantin, Francq and Zakoian
3. Consistency results

Let the estimator of F(z|y) defined by

~

ﬁ (I|y) _ %Z?:l lﬁué%ﬁ'ztéy o H’n(xﬂy)
%Z?:l 15,,<y Gg)(y)

provided the denominator is not equal to zero. We will establish the uniform consistency
of F,(-|y).

Let K > 0 be a generic constant or random variable measurable with respect to Fy,
where F; denotes the o-algebra generated by {n;s,s < t,7 = 1,2}. Let p € (0,1). The

next first 3 conditions ensure the strong consistency of the QML estimator of 0(()”, for
1 = 1,2, while the 4th one will be used to control the difference between the innovations
and residuals.

Al;: (€) is a strictly stationary and ergodic process. The variables 7;; are independent
from {€;—.,u > 0}. Moreover, E|o;|" < oo for some r > 0.

A2;: For any real sequence (z;), the function 0 o(x1,x9,...; O(i)) is continuously
differentiable. Almost surely, Uit(O(i)) € (w, 0] for any 0 ¢ ®9 and for some
w > 0. Moreover, 0;4(85)/0:(0) = 1 a.s. iff 6@ = 6.

0t (09) — 5,,(6)] < Kp'.

A3i: Supe(i)eg(i)

A4;: For r > 0, there exists a neighborhood V(Oéi)) of 0(()i) such that

()
. Tt (90 )
E{sWg0evef)) 5. (0)

Dy () = 6;1(6")90,,(0") /00,

> < oo and ESUP9<i>e\/(9§“) HDit(a(i))” < o0, where

When an assumption is made for ¢ = 1,2 we omit the index for ease of notation. We also
introduce the following assumption, for ¢ = 1,2, which is simply denoted A5; when it
holds for all z € R.

A5;(x): For z € R, the cdf G of n;, is Lipschitz continuous in a neighborhood of z.

Theorem 3.1. Under A1-AA4,
i) If ABq1(x) and A52(y) hold for x,y € R, and if G®) (y) > 0, we have |l3n(a:|y) -
F(z|ly)| — 0 a.s.
i) If A5y and A5y (y) hold fory € R such that GP (y) > 0, we have sup,cg | Fr(z]y) —

F(z|ly)] — 0 a.s.
i) If A5y and ABy(yo) hold for yy € R such that G3 (yg) > 0, for any small enough

neighborhood V (yo) of yo we have Sup,cr yev (yq) |Fy (zly) — F(x]y)| = 0 a.s.

Next, we turn to the consistency of the empirical conditional quantile 4, («, o’). Recall
that u(a, o) = inf{z : F(x | §£¥2,)) > a}. Let ut(o,a’) = inf{z : F(z | 5&2,)) > a}. In
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Estimating conditional systemic risk measures 7

the following assumptions (which will be simply denoted A6(«,a’) when both of them
hold), we impose that the quantile function of 79; and the conditional quantile function

F~(-] 5((12,)) of m1; be right-continuous at o’ and «, respectively.

2)

al -

A6y (’): The cdf of 1y satisfies: G (y) > o/  whenever y > ¢
A62(a,d): For o,/ € (0,1) such that G(2)(§((f,)) > 0, the conditional cdf of n;, satisfies:
F(x | 55)) >« whenever x> u(a,a’).

The next assumption requires continuity of the conditional cdf with respect to the con-
ditioning event, uniformly w.r.t. the first component.

AT7(yo): The conditional cdf of 1, satisfies: sup, g |F(z|y) — F(x|yo)| — 0 when y — yo.

Theorem 3.2. Under A1-A4, A5, A52(£(2)), A6(a,a’), A7(§((12,)), if G(Q)(f((f,)) >0

we have the strong convergence “

Up (o, ) = u(a,a)  a.s.
Without Assumption A6g(a, '), we have
(

a,d)],  a.s. (3.1)

[lim inf @, (o, &), lim sup @, (o, @')] C [u(e, '), u

Now we turn to the consistency of 4, (a, a"). Recalling that u(a, o) = inf{z : F*(z |
2 2 . 2 2
(6690 6 40.5)) > @ et (o) = inf{a s (x| (65300, 600 10.5)) > @)

Theorem 3.3. Under A1-A4, A5 and, for T € {—1,1}, A52(£é?§+7a,,), A6(x,0.5+

Ta'), A7(§(2) ), if G(z)(f(()?g+Ta,,) > GO (2) ) we have the strong convergence

0.54+71a’ 0.5—7a’
U, (o, ") = u(a,a”)  a.s.
Without Assumptions A6s(a,0.5 + 7a"), we have

[liminf @, (o, @), limsup @, (o, o”")] C [u(o, @), ut (o, )] a.s. (3.2)

4. Asymptotic distributions

Obtaining the joint asymptotic distribution of %, (o, a’) and @, (a,«”) is a complex
task. Our strategy is to first derive the asymptotic distribution of an empirical cdf and
then use the delta method to get the asymptotic distribution of the inverse. The same
approach was developped in Francq and Zakoian (2022) (hereafter FZ) for the empirical
distribution of the residuals. However, the introduction of conditioning variables in the
present paper induces additional technical difficulties.
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8 Cantin, Francq and Zakoian

Before deriving the asymptotic distribution of the empirical conditional quantile
Un(a, o), we need to establish the asymptotic distribution of the empirical conditional

cdf Fy(z | y).
The assumptions below ensure the asymptotic normality of the QMLE of 0(()”, as a
consequence of the Bahadur expansion

\/ﬁ(b\ - 0 J_ Z 771t D +op(1), (4.1)

where J; = E(DyD),) and D;; = D;(6)"). Finally, let Q; = E(Dy) and Jy, =
EDy D),

B1;: 0(@ belongs to the interior of @,

B2;: There exist no non-zero € R% such that w’% =0, a.s.
B3;: The function 0% — o(xy1, 2, .. .;B(i)) has continuous second-order derivatives,

and , .
90, (67)  95,(8")

a9 20"

< Kp'.
0(hcoe

B4;: There exists a neighborhood V(O(()i)) of 08i) such that

. 4 . 2
1 9ou(0W) 1 0204(0)
E  sup @ @ OGN OrY 10k
9<i)€V(9éi)) Tt (0 ) 00 Tit (0 ) 00\ 00
i 4 i 4
. aitwii) N LTTCAl] I
Git(g ) O'z't(eo )

Moreover, k; = E(n},) < oo.

85:1(05)

B5;: All the coordinates of 590

are a.s. (strictly) positive.

B6: The vector (114, 72¢) admits a continuous density with respect to the Lebesgue
measure on R2.

It is clear that under B6, the variables 7;; admit a density, denoted ¢(*), so that Assump-
tions A5 — A7 are satisfied. In addition, we make the next assumption on the volatility
functions which entails formidable simplifications in the upcoming asymptotic results.
This assumption is satisfied by all commonly used GARCH-type models.

B7;: For any ) € 0, for any ¢ > 0, and any sequence (x;), there exists 6 such
that coy(z1, 22, .. -%9(i)) = oi(z1, 22, .. .;6’?)).
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Estimating conditional systemic risk measures 9
4.1. For the empirical conditional cdf

We first derive the asymptotic distribution of F, (2 | y). To deduce the law of the empirical
conditional quantiles, it will not be sufficient to consider the case where (x,y) is fixed, but
we need to establish a stochastic equicontinuity result (i.e. that the limiting distribution
is the same when (z,y) is replaced by a random sequence (z,,y,) tending to (z,y) in
probability).

Let H(x,y) = P{m: < x,m2: < y}. Under B6, denote by fi(- | y) (resp.fa(: | x)) the
density of 11 (resp. 72¢) conditional on 79 <y (resp. ¢ < ).

Theorem 4.1. Assume A1-A4 and B1-B6. For any sequence (x,,,y,) of random vec-
tors converging in probability to (x,y) € R2, with G (y) # 0, we have

\/ﬁ (ﬁn(xn | yn) - F('T" | yn)> IG(Q) Z{1W11<T N2t <y (x,y)}

a:f (z|y) yA(x
5 | QIJ112 iy — D1t+2\fé(2 2-]212 15, — 1) Day

G(éf)' ) fZ{ pzy —~ CP ()} +op(1),

with Az, y) = fay | 2)GD (z) — ¢@ (y)F (| y).
If in addition BT; holds for i = 1,2, we have ; J; 'Di =1 a.s. and

\/ﬁ(ﬁn(xn | yn) — F(z, | yn)) 5 N(O’Uﬂv\u)

where
o _Fl|[yp{l-F(|y}  A{zh]y)})? y> A% (z,y)
02, = 5O () + GO )}2( ~1)
zfi(x Az, xyf1(x
e a4 RIS () - 1)

with Qi(.’L‘,y) = E(n?tlnuﬁz,nztﬁy) (nzt "72t<y) (.T | y)

Remark 4.1. Tt is worth noting that under the (mild) assumptions B7; on the volatil-
ity functions, the asymptotic variance of the empirical conditional distribution function
of the residuals is model-free (i.e. independent of the volatility parameters). However, es-
timation matters: if the residuals were replaced by the (supposedly observed) innovations,
the asymptotic variance would reduce to the first term in the formula of O'il "

Remark 4.2. In the case where n1; and 19 are independent we have A(x,y) = 0 and
the asymptotic variance reduces to

_GW@{1- GV} | {ag @)
=TT GE(y) 1

(k1 = 1) +ag (@) E{n} 1y, <0 — GV (2)}.

g
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10 Cantin, Francq and Zakoian

For the sake of comparison, mnote that the asymptotic variance of

N (é%l)(xn) - G(l)(;vn)> is (see FZ, Theorem 2.2)

e
zg\V(x
02 =G0 @)1 - GO @) + T (1) 4 g0 @) B2, — GCO(@),
The two asymptotic variances, oil and o2, differ only by the presence of G®@ (y) in the
denominator of the first summand of le ,» coming from the fact that the estimator of

elS) (x,,) is based on the proportion of the observations satisfying the constraint oy < .
Note also that lim,_, aily = 02 provided limy_,o yA(z,y) = 0.

Remark 4.3. Under B7, estimating the asymptotic variance o2 Iy reduces to estimating
characteristics of the joint distribution of the innovation components 7;;. Most of them are
standard (e.g. the density ¢g(®) of the second component), and can be estimated by usual
nonparametric estimators applied to the residuals 7;;. The estimation of f;(y | z), for
1 = 1,2, is less standard but can be achieved for instance by a straightforward adaptation
of the Kernel density estimation. We provide in Appendix A a closed form formula in
the Gaussian case.

4.2. For the empirical conditional quantile u,(a, a’)

To establish the asymptotic distribution of @, (c, o), we need the following assumption.

B8: The function (z,y) — F(x | y) is of class C! in a neighborhood of (u(a, o/),fff))
and the density fi(- | 5((3)) of 1, given gy < 5&2,) is strictly positive in a neighbor-
hood of u(a, a’). Moreover, the density @ of g is strictly positive in a neighbor-

hood of & S)

Define the covariance matrix Xy of the vector

/
_ 2
T = (]lmtﬁu(oéva/)yﬂztSQQ/)’ 1772t§§((j>’ 771t> ’

To alleviate the notations, write u,, = U, (a, '), u = u(a, ).

Theorem 4.2. Let A1-A4, B1-B6 and B8 hold. We have

n

R -1 ’
\/ﬁ{un - u} = W Z_: (]lmtSu, nztﬁéf/) T ao >

1 G(l ( )f2 5 1 O / 1
fl(u|€(2/)) a/ (2 £(2) n ;{ 772t<£(2) } Q Jl Z nlt Dlt?
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Estimating conditional systemic risk measures 11
up to some op(1). With the additional assumption BTy we have,
Vi, —u} 5 N(0,0%(a,a’) = NSy A),

where

Vo1 1 G pEdw —u
N\ AE?) @ el @) 2 )

Remark 4.4. Tt is worth noticing that the sole assumption B7; (without B75) is suffi-
cient to ensure that the asymptotic distribution of %,, is model-free, that is, independent
of the volatility specifications.

Remark 4.5. Comparing the asymptotic expansion of \/n (ﬁn(xn | yn) — F(zp, | yn))

in Theorem 4.1 with that of \/n {u, — u} we note that the sum > ;' (3, — 1)Ds; no
longer appears in the latter expansion. Thus, the effect of estimation on the asymptotic
distribution of of \/n {u, — u} is only due to the estimation of the volatility of the first
component.

Remark 4.6. In the case where the two innovations n;; and 7s; are independent, u
reduces to the a—quantile 5&1) of 11¢. In this case we find that

(1) (1)
Up — (1) £ N 0, a(l_a) &a Q(ga ) k1 —1 (1)\2 '
Vi (memal) 5 ( e ey a )

where f denotes the density of 714 and o &1)) = E(nftlmt<§(1)) — «a, whereas the asymp-
totic distribution of the empirical quantile of the residuals 7 is (see FZ)

3 z: al-a) &) m-1
Vil ) N<O’ e "oy a0

Unsurprisingly, the estimator @, is asymptotically less accurate (particularly when o’
is small), as a price paid for the unnecessary inclusion of the residuals of the second

volatlity model in the estimation of 5((11). However, the difference affects only the first
term in the asymptotic variances, not the second and third terms measuring the impact
of the estimation (i.e. the use of residuals instead of innovations).

Remark 4.7. An explicit expression for X+ is
ad/(l1—ad’) ad/(l—a') &g
Yy = ad/(l—a') (1-d) Vo
O/Qa,o/ a/va,a’ R1 — 1

where 0q,o = E(n%tlmtéu(a,a/)m% <&w)—aand Voo = E(n%tm% <&w)— 1L
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12 Cantin, Francq and Zakoian

~(1
We are now in a position to derive the joint asymptotic distribution of 0;) and u
which will be used to obtain confidence intervals for the CoVaR.

Corollary 4.1. Under the assumptions of Theorem 4.2, including BT, we have'

(1) 1) ml—l - 1 -1 /
0 0 L AN Jl TJl QlA 2'1‘62
\/ﬁ< . >%N{0,E(a,a).< 1 /2‘1‘/\9 Jo! SN )

Remark 4.8. Estimating the asymptotic variance X(«,a’) requires not only esti-
mators of characteristics of the innovations distributions, but also of the matrices J
and €2, related to the volatility model of the first component ey;. Let D1t(0(1)) =

55,1 (0M)051,(0V) /06 and Dy, = Dy, <§S)> . Under Al;-A4; and B1;-B5y, it

‘IN)M(H(U) — Dlt(0(1))H < Kptug, with (u;) a positive sta-
tionary process such that Eu} < co. We deduce that

can be shown that supga)cg

~ 1~ ~ I~~~
Qq, = gZDlt — Q]_, J1n = E ZDlt‘Dlt — J1 a.s.

t=1 t=1

4.3. For the empirical conditional quantile u,, (a, a”)

Now we turn to the asymptotic distribution of the estimator @, (a, &') of u(c, @), simply
denoted u,, and u in the sequel. Define the covariance matrix ¥y of the vector

/
I
W= (771“ ]lmtﬁy-,nztGAf,),’ 177 <§(()20+a ’ ]l"72t<§(()23 o ) ’
Theorem 4.3. Under the assumptions of Theorem 4.2 we have,

Vn (@, —u)
1} : 1 § : "
Q Jl 771t Dlt =+ Af (U Oé//) \/7 {]l'r]lt<u Nas EA(Z) — 20« }

+G 1)(g){5n(0.5+a ) = 5,05 - ")} }

up to some op(l) terms, where Sy = 5825)+a,/g )( (2)+a,,) - 5(253 a,,g(z)(ﬁ(g o)
Afy(u, ") = (0.5+a") f1(u] 58?5)+a,,)—(0.5—a/’)f1(g | 50_2570[,,) and, for any o* € (0,1),
(e

*
« = .
TL( ) g(z)( 2) \/> Z 7721<§( ) T )
—
Using (4.1) and noting that E(n?, — 1)Y+ = Syes with e2 = (0,1,0)’
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Estimating conditional systemic risk measures 13
With the additional assumption B71 we have,

vn{a, -ut 5 N (0,0%(e,@”) =V'Sgv),
where

yo(n 1 GV AR W) VW AES W
27 Af '

(w, o) Afy(w o) g (5((].25)4_0‘”) " Afr(u, ) 9@ (2) )

0.5—a’’

Remark 4.9. An explicit expression for (the upper triangular part of) ¥y is

ki—1 22”00, 05+ ")V sran (05— 5
2aa (1 — 2aa) 2a0”(0.5 — & —2aa”’(0.5 /)
0.52 — (O// 2 0.52 — //( a//)
0.5% — ()2

where QS,)&,, = EMmi1,,,<ulno: € A((f,)) — « and, for any o* € (0,1), VS’)&* = E(nina <
Eor) — 1.

The joint asymptotic distribution of the estimator of 8y and the difference appearing
in (2.2) is straightforwardly deduced from Theorems 4.2 and 4.3.

Corollary 4.2. Under the assumptions of Theorem 4.2, including BT, we have

0(1) 0(1) r m—1J—1 _Jt O/ See
vl _ Yn 5N{0,2(a,d,a) = iy L 2 " 10 2pes )
tn iy U U 2 e324’“91*71 wXep

where Xg is the variance of the vector

’
P, = ) 4
t ]lnlt<u n2t<§(2)’ ]1772t§§((12/)7 t)

€3 = (0,0,1,0,0,0)/ and H = (A1,>\2,>\3 — V1, —lVg,.. .771/4)/.

5. Confidence intervals for the CoVaR

Confidence intervals (CI) for the conditional CoVAR can be deduced from the joint
asymptotic distribution of the estimator of the volatility parameter and the estimator
of u(a, a’). Caution is needed, however, in their interpretations, the conditional CoVAR
being a random variable (see Beutner, Heinemann and Smeekes (2019)). We start by
considering the Gaussian case.
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14 Cantin, Francq and Zakoian
5.1. In the Gaussian case

If the joint distribution of the innovations is known to be Gaussian, i.e. when (114, 12;)" ~
1 . . . .

N (( 8 ) , ( o f )) with unknown correlation p, more accurate estimation can be

expected from using this information. In this case, the coefficient u(a,a’) is entirely

determinated by p and will be written u, o (p). Let p,, denote the sample autocorrelation

obtained from the residuals, namely p,, = jll > MieTae. An estimator of uq o (p) is thus

Uq, o (Pr) and the following asymptotic distribution holds.

Proposition 5.1. Under the assumptions of Theorem 4.2 and BT we have,

~(1)’ / !

N (efl "0 e () — e (p)> 5N {0,5¥ (0,00}

iyt L1 = pP2Ko o (p)J7i0

where SN (o, /) = [ _ 21 ~ 2 a,a 1 i
o) ( PV =P Ko (T K2 o (p)(1=p?)

. ¢ Za.al fa/— Ue o
with Ko o (p) = % and ze o (p) = "17\/?2(’)).

By the delta method, an approximate (1 —ag)% CI for CoVaRf;ff, where ag € (0, 1),
has bounds given by
1)

11 OVt (P) £ =11 — a /2){5' sV (a,a)6 }1/2 (5.1)
Jl,nJrl n a,a’ Pn \/ﬁ 0 n4+1 ) n+1 ) .

where ®~1(u) denotes the u-quantile of the standard Gaussian distribution, u € (0, 1),

S (a, @) is a consistent estimator of ¥V (a, o), and

/ 8an /én ~ ~ a
nt+1l — [é—;zg)ua,a’(pn> Un+1(0n)] .

5.2. Using the asymptotic distribution

Kulperger and Yu (2005) showed that, in the case of standard GARCH models, a kernel
density estimator §(?) based on the residuals provides a consistent estimator of the density
g, Similarly, for y such that P(ny < y) > 0, one can estimate f;(| y) by the kernel
density estimator

-~ 1 n X — ﬁlt
hizl|y) = ——— K< >1At<12 05
’I’Lg(y)bn2(y) tzzl by (y) TSy )
where no(y) is the number of 7jo,’s for t = 1,...,n such as 1oy < y, the kernel K is a

standardized probability density and (b,) is a sequence of positive numbers satisfying
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Estimating conditional systemic risk measures 15

some regularity conditions (for our numerical illustrations we kept the default values of
the R function density()).

We do not specify particular estimators for the previous densities, but assume the
following.

B9: The estimates ﬁ(a@, fg(aﬂ) and g(? (E) strongly converge to f1(ul€), f2(&|u) and
g (€) as n — 0.
— ~(1
To obtain approximate CIs for CoVaRzlff based on CoVaR, 11 = —517n+1(9£L))ﬂ,

~

~(1) ’
we use the asymptotic joint distribution of \/5(051) - 081) ,u—u)". Under B9 and the
assumptions of Corollary 4.1, by the delta method, an approximate (1 — )% CI for
CoVaR;) J_Ef, where ag € (0,1), has bounds given by

S (0), £ (1 — ag)2) {811 5(.a)3 }1/2 (5.2)
1,n+1 n n \/’E 0 n+1 ) n+1 ) .

where (o, o) is a consistent estimator of 2(«, o), and

0pi1(0n) . - =
6ln+1 = [(—r;zg)un 0n+1(0n)] .

5.3. Bootstrapped CoVaR

Monte Carlo experiments revealed that the finite sample behaviours of the CoVaR and
ACoVaR estimators are not always well approximated by their asymptotic distributions.
To better approximate these distributions, various bootstrap procedures can be consid-
ered (see for instance Hall and Yao (2003), Pascual et al. (2006), Hidalgo and Zaffaroni
(2007), Corradi and Iglesias (2008), Shimizu (2010), Spierdijk (2016), Cavaliere et al.
(2018), Beutner et al. (2020) for references on bootstrap procedures for GARCH-type
models). It should be emphasized that caution is advised as bootstrap procedures do
not always work (see Shimizu (2013), Cavaliere et al. (2017) and references therein).
Kreiss et al. (2011) and Shimizu (2013) proposed a technique based on a single Newton-
Raphson iteration that significantly speeds up computations. We adapt this trick to our
framework, to propose the following resampling algorithm.

1. Given the observations €1,...,€,, compute the QMLE 5:) and the residuals
Tty T fori=1,2. ~
2. Independently of the observations, generate independent and H,,-distributed vec-

tors (03, m5:)’, t =1,...,n. Generate the Newton-Raphson bootstrap estimates
W A0 T
Sl 50 1 ¥2 &\
0. =0+ G S0t~ D

As noted by Beutner et al. (2020) it is useless to standardize the residuals, but it can be done.

imsart ver. 2014/10/16 file: CoVaRCDF_24jan2022.tex date: May 25, 2022



16 Cantin, Francq and Zakoian

and
a* =+ — &

na/fl U|§ tz_;{ }

U _ 1 G(”( W) fr(Ea) 1§

T o (771t_ Ma) + =—— / g€ 72{7121 A_a}

n t=1 fl(ulé-) a n t=1
where £ = 57(1231,7 & =GP, & = Hy(@,8)/6 and iy, = n~! S ® The
bootstrap estimator of CoVaRzlff( a') is CoVaR"™ = -7, n+1(5(1)*)u :

The next result establishes the validity of the resampling algorithm.

Theorem 5.1. Let A1-A4 and B1-B9 hold. For almost all realization (€;), as n — o0
we have, given (€;),

S ~(1)

\/ﬁ< Ona* *Z ) 5 N{0,5(a,a')}. (5.3)

The resampling algorithm thus provides a way to approximate the distribution in
Corollary 4.1, and any statistics depending of this distribution, without having to esti-
mate 3(«, ') directly. For instance an approximate confidence interval for the CoVaR
can be obtained by adding the following step to the algorithm.

3. Repeat B times Step 2, and denote by CoVaRj,...,CoVaR} the bootstrap es-

timates of CoVaRiLlff (o, ). An approximate 100(1 — «)% confidence interval
for CoVaR:;J:f(a, o) is [CoVang /2, CoVaR{;_, /2)] where CoVaR{,, denotes the

empirical a-quantile of the B bootstrap CoVaR estimates.

Lemma 5.1. Suppose that the assumptions of Theorem 5.1 are satisfied. Let (xn,yn)
be any sequence of random wvectors converging almost surely to some (x,y) € R%. We
have

\Hp (20, yn) — H(z,y)] - 0 and ‘é;”(yn) - G<2>(y)) S0as  (5.4)

Forall k <4, asn —
1S 51, 1; Enk1 1 5.5
n ant e <an W2 <y, = LMgdn<alyy <y @5 (5.5)

t=1

Proof of Lemma 5.1. The second convergence in (5.4) is already known (see Theorem
2.1. in Francq and Zakoian, 2022). We have

~

o yn) = Hx,y) = {Fulwn [ 92) = Fea | 9a) } G2 (5a)

3 . . " . .
It is known that, under some mild regularity conditions (see Section 11 in the supplemental document
of Francq and Zakoian (2022)), mg is exactly equal to 1, for any n
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Estimating conditional systemic risk measures 17

+ F@n | ya) {GD () = GD (o) | + H(znyn) — H(w,y).

Theorem 3.1 and the continuity of H (under B6) then entail the first convergence of
(5.4).
1)y = (1) 70D = 1, /51, (0 5=
Let m¢(0') = €11/01:(0") and 71,(0") = €1,/51,(0"), so that 71, = 714(0,, ) and
me = n1:(65"”). By A2; and A3; we have

sup n'ft(a(l)) - ﬁ]ft(a(l)) <
o ece@)

Pt\61t|k.

&=

Under A1y, there exists s < 1 such that Eles|** < oo. Thus Y_;" ; p’|er¢|" is finite almost
surely because E| Y ", pller|*|* < Elew|** Y1, p'®cc. It follows that

I~ I 5 _
n anft ~n Znﬁs(en ) +0(n 1) a.8.
t=1 t=1
By the mean value theorem

I m o a®, I o L= ank(00) (-0
— E o = — E - E —irTn /(g9 _ 9
n — nlt( n ) n Mt + n 60(1)/ n 0 )

t=1 t=1

. 1) ~(1) (1)
with 8,7 between 6, and ;. By B4, we have

Bn’ft(a(l))

sup 80(1),

W\ *

o1:(0

—k s <u(%0 D10l | = wlafy)
oWev (o) 0'")

oeMev(e") o1e(

where u; € Fy_1, (u;) stationary ergodic and Eu; < co. We thus have

1 n
~k k
- ant — Eny,  as.
t=1

for k < 4. ~

Now, note that conditional on (e;), we have + 31" ¥, = En;F where n} ~ aih.
Since G converges to GV, conditional on (&) and (z,), as n — oo the random
variable 7 1,: <z, converges in distribution to n*1,<, where n ~ G . Theorem 3.6 in
Billingsley (1999) shows that, conditional on (€;), the random variables n}* are uniformly
integrable. It follows that, conditional on (€;) and (z,,), the random variables 1" 1« <,
are also uniformly integrable. By Theorem 3.5 in Billingsley (1999), conditional on (e;)
and (z,), we then have

1 n
~k k k
n E g, <e, = Eny, ]ln:,Szn — En*ly<, as n — oo.
t=1
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18 Cantin, Francq and Zakoian

The rest of the proof follows by similar arguments. The proof of Lemma 5.1 is complete.
Proof of Theorem 5.1. In view of Remark 4.8, the consistency of (u, ) and A9, for
almost all sequence (€;) we have

S =Y Ji 4 o(1) & , =
0 -0 = ¥ c o= (ny; — D
\/ﬁ( n n ) 2\/,71 ;wt,n’ Lt n (77175 m2) 1t
and
1<
V@t —a)={A+o1)} —= Y Y17,
where

Y o =(1._ . . ~—&& 2 -y, 1. ~—a&') .
tn i, <7, i, <E Mt 25 Ay <€

Letting y; ,, = (wz,/n, Tf:n)’ , the result follows by showing that, conditional on (&),

1 ¢ r (k1 —1)J; QehSy
— i NSO X = 2 . 5.6
vt ome (G e 59
Note that, conditional on (e;), for each n the random vectors yj ,,,y5 ,,... are in-

dependent and centered, with finite second-order moments. From Lindeberg’s CLT for
triangular arrays of square integrable martingale increments, and the Wold-Cramer de-
vice, it suffices to show that for any ¢ € R+3, ¢ #£ 0,

n

= E Var (c'y;,) — e asn — oo, (5.7)
n :
t=1
and for all e > 0
1« 1ok 2
- E E ({c Yint ]l{‘c,y;n|2\/ﬁg}) —0 asn— oo (5.8)
t=1

Conditional on (€;), we have

~ —~ ~ ~ ~ ~
(mq —m3)DDy, @058 D1y (Ma—m35)Di;y @'Vaa Dt

P ~7 N s - “ 7
Vi) = | SeDy  S0E - Fe 0
) (m4 - m%)Dlt O/Qa,&’ (m4 — mg) O/Va,a/
A~ -~/ R
@VawDy, — Gd(1-d)  @Vaw  (1-a)a

—ad’ and @'Va,o =n" Y0 03,1 a.

St o —1 nooS2 9. ~—
where @'0g5.a =n"" Y, i, <al o <E

Toe <€

~(1)*
Lemma 5.1 and the consistency of 051) and (@, &) show that, for ¢ fixed and n — oo

— D N D !
Var (y;n) R (Kil 1)D~1}5D1t D1t€22‘r
E’rengt E’r
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Estimating conditional systemic risk measures 19

with Eu = Elt(Hél)). Now, the ergodic theorem implies that, for almost all sequence

(€1),

- Z (51 —1) DltD“ ElteéET S X asn— oo
2T62D1t ET

which entails (5.7).

Now we turn to the proof of (5.8). Let ¢ > 0 and ¢ = (c},c})’, with ¢; € R4 and
c2 € R3. We first show (5.8) when ¢y = 03. Given (), for some neighborhood V(Oél))
of 051) and n large enough we have

E {c’lw:n}2 1

{leizin|>
' Do\
<1 _ sup sup?c;D:(0')
su su ‘c’D (6(1>)|>O
Po(1) cv (oD SUPez1| 1t 0V (o) t21
*2 ~ 12
x E |nj7 —ma| "1 . (5.9)
*2 _ =~ Ve
|771t _m2|2 —
Supe(l)ev(sél))Supt21|c/1Dt(9(1))|

For any A > 0 there exists n 4 such that if n > n,4 then the expectation in the right-hand
side of (5.9) is bounded by

E |ni7 - ia|” 1

niE—ma|>A}

By the arguments of the proof of Lemma 5.1, this term tends to

/ s ‘xQ - 1‘2 G(l)(dx)

which is arbitrarily small when A is sufficiently large. We then obtain (5.8) for ¢ =
(€},03)". A similar argument shows (5.8) for ¢ = (0},,0,1,0)’. Now, note that

2
A Al o
E {lnl*tﬁﬁw;téf_ aq } 1{ 1 =0
for n large enough, which shows (5.8) for ¢ = (0y,,1,0,0)". By the same argument,
the convergence holds for ¢ = (0;;,,0,0,1)". We thus have shown (5.8) and the proof is
complete. O

NP
~ ~—A&a’' | >/ne
gy <, ng, <600 | 2vie |

6. Multi-asset extensions
In this section, we extend the notion of CoVaR and its estimation to handle situations
where the risks of more than two assets are considered. The dynamic multi-CoVaR (MCo-

VaR) of a process (X;) relative to a sequence of process (Yj;), j = 1,...,m at risk levels
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20 Cantin, Francq and Zakoian

a,a’; € (0,1), denoted by MCoVauRgﬂ(Yj)(a7 (o)), can be defined as
Py | X, < —MCoVaR;" " (a, (o)) 1<jzm) | () {¥ie < —VaR4(a)} | =

This definition measures the systemic risk of a firm by (the opposite of) a quantile,
conditional on the fact that all firms of the system are in distress. The levels of distress
are allowed to be firm-dependent through the introduction of different risk levels a}.
Similarly, we could define a quantile conditional on the fact that at least one firm is in
distress. More generally, denoting (a})1<¢<m by o/,

i
Pioy | X, < —~MCoVaR; " (a, o) U N {Yi < —VaRY, (@)} | = a
{J1diyc{l,..m} £=1
defines a CoVaR at level a for X, conditional on a proportion ¢/m of firms in distress
in the system.
Now let the m + 1-dimensional vector €; = (o, €1¢, - - -, €m,¢)’, Whose entries satisfy

models of the form (2.1). The following is a straightforward extension of Proposition 2.1.
To simplify notation, we simply denote (e;)f; by €.

Proposition 6.1. The conditional CoVaR at levels o, & of the first relative to a pro-
portion i/m of the other components is given by

MCo VaR:Olem (o, @) = —ogul (a, '),

where ul (o, ') is such that

i
Pl <al@a)) U (=) | =a

{j1,--di}C{1,..m} £=1
and f&j) is the a-quantile of n;¢.

Let, fori=1,...,m,

Fll(|(y;)j1,...m) = Fil(aly) = P | o < @ U M (e < w5)

{41,053 C{1,..m} £=1

for z € R, and y; €R such that the probability of the conditioning set is non zero. An
estimator of FU(z|y) is

o 7 21 L <ol U , Nizy (R5pe<vs,) ﬁ[i](x )
[z] {j1,--- Jiyc{l,..m} l le=1"lgpt =53¢ ) n Y
Fil(aly) = S e -

I T =Tl
n &t=1 U et my ﬂ@:l("iztfyiz) Gn (y)
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Estimating conditional systemic risk measures 21

provided the denominator is not equal to zero. Let Fy[f] (z]y) = %Z”)’) be similarly
defined, with residuals replaced by innovations. Y
Let @) (o, @') the estimator of u(«, @) such that
n
ﬁ%](a, o) = inf arg minz Pa (Mot — 2)1 , o
z€R 4 Uiiy,iirctn,my Ne=t (ﬁnf@n,e@;ﬂ)
where &]L; is the aj-quantile of 7;1, ..., 7, that is the [naj]-th order statistics of these

residuals. An estimator of MCOVaR,iOlEm (o, ') is thus

MCoVaR;" " (a, &) = —51,(8" )l (o, ),

with obvious notations.
We show the following extension of Theorem 3.1.

Theorem 6.1. Assume that the variables n; admit densities. Then

i) for z,y € R x R™, and if Gl(y) > 0 we have sup,cp |F\7[f] (z|y) — Fll(z|y)| — 0
a.s.
ii) For any small enough neighborhood V(y,) of y, with GU(y,) > 0 we have

SUD,epyev (yo) v (2]y) — FU(z]y)] = 0 a.s.

The strong consistency of ﬂ%](a, a’) is established in the next result.
Theorem 6.2. Under A1-A4, A5y, A5,(¢?), A6-AT7, if G (£?) > 0 we have the
strong convergence _ '
(o, o) = ull(o, @) as.

7. Numerical illustrations

7.1. Numerical computations of VaR and CoVaR

We first consider a bivariate GARCH-type model with
0% = wi + i€l T o€y + B0ty 4,j = 1,2 (7.1)

where the innovation vector follows a Gaussian distribution with p = cor(n1¢, 72¢). The
volatility of each asset is thus impacted by the past values of the other asset. Figures 1
and 2 compare the theoretical conditional VaR and CoVaR. As expected the CoVaR is
much larger than the VaR when p is positive. When p is negative, large negative returns
for eo; are in average associated with positive values for ey, leading to a CoVaR smaller
than the VaR. This is a favorable situation where a long position in asset 1 can serve
to hedge against a fall in the price of the asset 2. Figure 3 provides an illustration of
Remark 2.2, showing that the CoVaR is above or below the VaR depending on the sign
of p.
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VaR 5% vs. CoVaR (5%,10%)

10

Variables
CoVaR (5%,10%)

o

— VaR 5%

Value (in %)

Log-Returns Series 1

-5

-10

0 50 100 150 200 250
Time (Backtest Period)

Figure 1. CoVaR versus VaR for a bivariate GARCH with Gaussian innovations with correlation p =
—0.5

VaR 5% vs. CoVaR (5%,10%)

5
< Variables
&3
= 0 CoVaR (5%,10%)
] — VaR5%
g Log-Returns Series 1

0 50 100 150 200 250
Time (Backtest Period)

Figure 2. As Figure 1 but for p = 0.5

7.2. Monte Carlo experiments

In these experiments we aim at illustrating the asymptotic results in Theorems 4.1 and
4.2. In a first set of Monte Carlo experiments, we generated a GARCH model with
volatilities

o7, = 14005, 40015, | +0907, 4,
1+0.01€f,_, +0.1€5, ; +0.8507,_,

2
Oat
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Conditional Quantile vs. Quantile — Bivariate Gaussian Distribution

Variables

— u(0.05,0.1)

— u(0.05,0.3)

— u(0.05,05)
u(0.05, 0.7)
u(0.05, 0.9)

— Xi_1(0.05)

value

-2 I

-1.0 -0.5 0.0 0.5 1.0
correlation

Figure 3. Quantile .E((f,) and CoVaR u(a,a’) as a function of p for a bivariate Gaussian distribution
with correlation p

where 7, follows a Gaussian distribution with p = cor(mye,n2:) = 0.5. The
GARCH model is estimated equation by equation by QML. The empirical distri-
bution of \/ﬁ{ﬁn (u(a,o/) | 52?) —-F (u(a,a’) | 522,)>} over 1000 independent repli-
cations is displayed in Figure 4. Figure 5 displays the empirical distribution of
Vndi,(a,a’) —u(a,a’)}. The empirical results are in accordance with the asymptotic
Gaussian distributions of Theorems 4.1 and 4.2. Table 1 compares the empirical vari-

ance of \/ﬁ{ﬁn (u(0.05,0.5) | 5825)) -F (u(0.05,0.5) | 56252)} computed through 1,000
simulations of a Monte Carlo experiment with the asymptotic variance of Theorem 4.1

(evaluated by numerical integration). The latter is seen to provide a good approximation
for n large of the empirical variance.

Table 1. Empirical vs Asymptotic variance of Theorem 4.1

n=1000 n=5000 n=15000

Empirical variance 0.071 0.075 0.073
Asymptotic variance 0.074 0.074 0.074

7.3. A real data example

Figures 6 and 7 illustrate the joint behavior of the opposite of VaR and the opposite of
CoVaR on a real data example estimated using a bivariate GARCH model satisfying the
previously mentioned assumptions. The log-returns of series 1 are the log-returns of the
Goldman Sachs stock over the period 12/02/2015 to 11/24/2017 (the model has been
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Asymptotic Disrtibution of the (ecdf - cdf)
Evaluated in Empirically Estimated Values

o

0.5

0.0

Prediction Error

o 8

-1.0
|

T T T
1000 5000 15000

Sample Size

Figure 4. Empirical distribution of \/n {ﬁn (ﬂ(a, o), g((f,)) - F (ﬂ(a, a’), Eff,))} over 1000 independent

replications

calibrated on the 01/02/2004 to 11/30/2015 period) and series 2 (the “conditioning” se-
ries) consists of the log-returns of the Dow Jones over the same period. Two different risk
levels have been chosen here: o = 5% and o’ = 10%. The red dotted lines represent the
violations of the VaR(10%) of the series 2 (Dow Jones), the green dotted lines represent
the violations of the CoVaR(5%, 10%) of GS returns and the purple dotted lines represent
the joint violations of both VaR for series 2 and CoVaR for series 1. Figure 6 illustrates
the -VaR and -CoVaR of series 1 conditional on series 2 which is represented by Figure 7
- which shows the log-returns of the series 2 vs. its -VaR(10%) (the same as the one used
to calculate the CoVaR in Figure 6). We do not observe systematic correlations between
CoVaR violations for series 1 and VaR violations for series 2 which is consistent with the
design of the model. Finally, the CoVaR is well below the VaR in Figure 6 which implies
positive co-movements between the two series as we have seen in Figure 3. Indeed the
empirical correlation correlation between the two series is 0.78.

8. Concluding remarks

In this paper we proposed an econometric approach for estimating the dynamic CoVaR
and ACoVaR between financial entities in a semi-parametric GARCH-type framework.
In this setting, the dynamic CoVaR and ACoVaR take the form of a product of the
volatility of one asset times a characteristic of the joint distribution of the innovations.
The derivation of the asymptotic distribution of the QML estimator of the latter quantity
was achieved under general assumptions on the volatility processes. It allows for the
construction of asymptotic confidence intervals for the dynamic CoVaR, characterizing
the estimation risk often neglected in empirical studies. The validity of the approach
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Asymptotic Disrtibution of Gin(alpha, alpha’) — u(alpha, alpha’)

e ‘ .
w0 ' : .
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a | 0
w | | 1
[ ' | :
. 5 |
° H s
T T T
1000 5000 15000

Sample Size

Figure 5. Empirical distribution of v/n {@n(a, a’) — u(a, a’)} over 1000 independent replications.

Violations of CoVaR of Goldman Sachs vs. Dow Jones' Violations of VaR

1 Wﬁh MM(M
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L
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'
0 100 200 300 400 500
Time (Backtest Period)
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=
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|
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Variables CoVaR (5%,10%) — VaR 5% Goldman Sachs Log_Returns - Goldman Sachs

Figure 6.
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Violations of CoVaR of Goldman Sachs vs. Dow Jones' Violations of VaR
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Figure 7.

could be assessed by introducing backtests, generalizing the tests introduced for the VaR
and other risk measures (see for instance Jorion (2007)). This is left for further work.

Appendix A: The Gaussian case

A.1. Computation of f; in the Gaussian case

Let (me,m2t) ~ N 8 , < llJ fl) )> Let ¢ and ® denote, respectively, the density

and the cdf of the standard Gaussian distribution. We have

Hen (/ e
1

- a /. </ T () o) st
/ .

Flylz) =

It follows that

—oo y/1— p? 1-p
1 * 1 u— py
du
50 ) 1_p2¢< 1_p2> ¢(y)
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A.2. Complement to Remark 2.1

Letting Fo(z|y) = Pl < @ | na > y], we will show that F(z|y) > Fo(z|y) iff p > 0. Let
O(z) =1— &(x). We have

SERMLELTE L

Hence F(xly) > Fo(aly) <= H(p) > 0, where H(p) = F(aly)®(y) — {1 - F(y|z)}d(x).

We have
OH(p) 1 ¢($)¢ y—rz | _
dp VI=p2®@y) \ \/1-p?
Noting that H(0) = 0, the conclusion follows. O

A.3. Proof of Theorem 5.1

We have
V(pn —p) = % i(ﬁltﬁ% —p)
- % i(mmm —p)+ % tz: Uzt(w Ultaqgta(ggf)) \/ﬁ@n —0y) +op(1)
= % é(ﬁlﬂht -p)— % éﬂltﬂ% [Dlu D/Qt} \/5(571 —6o) +op(1)
- % g(mmm )= (94 %] Vi, — 00) +0p(1)
= % tzn;(ﬁlﬂht —p) — % tzn;(n%t + n%t —2)+op(1),

using (4.1) and B7. We also have Var(nima) = 1+ p2, Cov(ni,n3,) = 2p? and
Cov(menat, nZ) = 2p, for i = 1,2. It follows that

Varas{\/ﬁ(ﬁn -p)} =01~ P2)2~

We also have
~(1) . 1 _
Covas{v/n(@, —05"),vn(pn = p)} =5p(1 — p*) 7'
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In view of

Vit (3n) = . (01} = 252 i, — ) + 0 (1),

we thus have
~ 8ua o'\ P 2
Varas\/ﬁ{ua,a’(pn) - ua,a’(p) = {7()} (1 - P2)2~

Now, by differenting with respsect to p the equality

goz’ - pac) /
O —— | ¢(z)dz = ad/,
/z<uava/(p) (\/ 1-— p2

where &,/ denotes the o’-quantile of the N(0, 1) distribution, we get

_ ot — pT plar — T ¢(Uo¢,a’ (p)) ot — PUe, o’ (P) aua,a’ (P)
- /z<ua,a/(p) ’ <ﬂ> Y — ittt V1= p? ? ( V1=p? ) 9p

o ¢(§a’) Uy, 0! (p) — P& w. Ear — Pla,a! (P) aua,a’ (P)
—m¢< Ny >+¢( a,a(p))@< N > o9

_ Saw(p)) <aa/ ~ pllaa (p)) o () (ga/ - pua,a«p)) Dt (p)

1—p2 V1—p? V1—p? dp
Thus
M, (p) _ -1 ¢{zaa(p)}
dp V1—=p2®{za,0(p)}
The asymptotic distribution of Theorem 5.1 follows. (]

Appendix B: Proofs for Sections 2 and 3

Proof of Proposition 2.1. This is a straightforward consequence of the definitions of
the conditional VaR and CoVaR, and the independence between (714, 72:) and the past
of €. O

Proof of Proposition 2.2. The first equivalence is a straightforward consequence of
the positivity of o1; and the definitions of the conditional VaR and CoVaR. We have

u(a,a) < €V = Pl < ula)] < P e < €]
— aa' + P [mt < ula, o )|mg > §((x2,)} (1-d)<a

— P [Tht < u(a,a) e > fl(j)} <a= Flu(a,d) | 522,)].
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We also have
N < e P < / <@l < p < (D) e
U(Oé, o ) - fa = e = U(O@ «Q ) | T2t = 50/ — me > Ea | T2t > €a/
= Pl <€) o> €] < 0 < Ploe <€ [ <7
using the fact that
F [mt = 59)] —a="p {77“ <&l |2 < f((j)] o + P {77115 <&M | e > 5&2/)} (1-a).
O

Proof of Theorem 3.1. Recall that H,(z,y) = L Ly 15 <a i<y and G(2)( ) =
n n 2
th 1 By <a Let Hyp(z,y) = %Zt:l Ly <omai<y Ggl)(x) = %Zt:l nz<z and

Fu(zly) = Ha(z,y) /G (y).
We have

G ()| Hn(,y) — Hu(,y)| + Ha(2,9)|G5” (v) = G ()|

B, (z]y) — Fu(zly)| < D ()aD ()

(B.1)
Given that |G£Lz) (y)— ég«?)(yﬂ — 0 a.s. for all y (see FZ), and Gg)(y) - G (y) >0as.

by the ergodic theorem, to show ) it suffices to prove that |H,(z,y) — H,(x,y)| — 0 a.s.
for all x,y. The result is straightforward because

‘1ﬁ1t§r1ﬁ2t§y - lﬂltﬁﬂi]lnztﬁyl < ‘lﬁuﬁm - 1771t§$| + ‘]1772t§y - 1772tS1/|
entails
1 n
|Hn(z,y) — (z.y) < = Z 15, <o — Lpyi<al + n Z i <y — Inyi<y|
t=1

which goes to 0 a.s. by the proof of Theorem 2.1 in FZ. Result i) is also a consequence of
this theorem. Result i4i) follows from the fact that the denominator in (B.1) is bounded
away from 0 on V(yp). O

Proof of Theorem 3.2. Let us prove (3.1). By definition of u(a, o) and ut(a, ') we
have, for any € > 0,

Flu(l,o!) —e|€2)<a—6 and Fu(a,0)+¢|?)>a+0, (B.2)

for some § > 0. By Theorem 3.1 i), assume n large enough so that
SUD, g ey (e®) |Fo(z | y) — F(z | y)| < d/2 a.s. By Corollary 4.1 in FZ, we know that
under A6 ('), &20/ — { a.s. It thus follows that sup,cp |F(x|§;2()l,)—F(x\§f/))| <6/2

a.s. for n large enough, in view of A7(§é%)). Now we will show that (B.2) entails
wla,a’) —e <Up(a,a) <ut(a,a) + e (B.3)
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for n large enough. Indeed, if u(a, o) — € > U, (@, @’) then, for n large enough,

Flu(a,o') —e | €2)) > F(ia(a,a’) | €2)
= F(n(a,a') [ €2)) = F(in(a,a/) | €7

n,a’

>—§/2, a.s. by A61(a’) and A7(§((12,))

+ F(in(a, ) | €2)) = F(@in (o, ) | E2))

n,a’ n,a’

>—6/2, a.s. by A61(a’) and iii) of Th. 3.1

+ By (i (0, ) [ €2) > a =,

’
e

>

which contradicts the first inequality in (B.5). Moreover, if u™ (a, ') +¢€ < Uy, (o, ') then
by the same arguments

F(ut (o, ) + €| 5((12,)) < Fo(ut(a,0f) + ¢ | fg)) +6/2<a+4d

which contradicts the second inequality in (B.2). Hence (B.3) is shown. The strong con-
vergence of U, (a,a’) to the set [u(a,a’),u™(a,a’)] follows from (B.3). Thus (3.1) is
established. Now, if A62 holds, the previous set reduces to the singleton {u(a, /)}. The
conclusion follows. O

Proof of Theorem 3.3. Note that

(x| 12)GP(y2) — F(x | y1)GP ()
G(Q)(y2) -G (yl)

FA (g1, pa)) = & . (B.4)

By definition of u(a, o’) and u™(a, ) we have, for any € > 0,
FAu(a, ") — €| Agr) <a—3 and F2(u (o, )+ €| Agr) > a+ 9, (B.5)

for some 0 > 0. By arguments already used, we have under A64(0.5+7a"), Ar(?,()).5+m” —
5(().253+m/ a.s. for 7 € {-1,1}. It is clear that, in view of (B.4) and A7(£(().25)+Ta”)7
SUP,cr |FA(:E|EH7Q~) — FA(z|Agr)| < §/2 ass. for n large enough.

Let, for A such that P(n, € A) > 0 and n large enough,

ﬁA A) = % Z:::L ]lﬁltSwﬁmEA
n ($| ) - 1 n ]l
Eztzl N2t €EA

It follows from (B.4), A5; and A52(§é?g+Ta,,) that, from Theorem 3.1,
[F4 (@ (0,0") | Anar) = B @y (@,0") [ Anar)| =0 as.
We will show that (B.5) entails

ula, o) — e <@, (a,a”) <ut(a,a”’) + € (B.6)
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for n large enough. Indeed, if u(a,a”) — € > @, (o, @) then, for n large enough,
FAu(a,a”) — €| Aar) = F2(@,(a,a”) | Aar)
= F@a(0,0") | Aar) = FA (@, (0, 0") | Anar)
>-5/2, a.s.
+ F2 (@ (0" | Anor) = EP @ (0s0") | Anar)
>-6/2, a.s.
+ (@ (0,0”) | Apar) 2 0 =0,

>a—1/n

which contradicts the first inequality in (B.5). The rest of the proof is similar to that of
Theorem 3.2. g

Appendix C: Proof of Theorem 4.1

First note that

Vit (Fu@n | 9a) = Flan | yn))

VA{ o, ya) = H@ayn)} - Hl@a,y)vin {6 ) - G2 (4,)}

= + -
G2 (yn) G2 ()G (y,)
an(a:n;yn) bn(wnﬁgn)
Write
~ 1 < ; (i)
Hn(x,y):Ezglmt<X()zn2t<x<2) . with X2 =58, )/0:(65").
t=
(i) i
Let xi') = 01(8,, ) /o:(65"),
enl(w,y) = Vi{H,(z,y) — H(z,y)}, el )Zﬁ{Hn(x,y)—H(x,y)},
WV (@,y) = zfi(z | )G (y ( ZD ) )

WP (z,y) = yfaly | )GV (x < ZD ) 8. — o).
We have

. 1 — 1 2
en(z,y) = ﬁ E lmtgwxifi,nztgyx”) - H (:ﬂxi 7)za yXE 71)
t=1

t,n

€n,1(z,y)
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+
Si-
M-

W
Il
_

H (wx§137 yxﬁi) H(z,y)

€n,2(2,y)

n
1 1 .
Z "71t<X r 772t<X§ ,)Ly mt<w><( ) 772t<yx(2)

§\H

t=1
€,L,3(a:,y)
We will first show that
gn,l(xnayn) = en(xay) +OP(]-)v (Cl)
en2(@n yn) = WP (x,y)+hP(2,y) +op(1), (C.2)
€n3(@n,yn) = op(l). (C.3)

The last three results, (4.1), B6 and the Glivenko-Cantelli result in Theorem 3.1 entail

1 n
an(l"ruyn) = W Z{1n1t<w,’rz2t<y - H(:L‘,y)}

zfi(x z)GU1 )
+ fl |y — Jllz ni, — 1) Dy + yf22(\yF|G)(2) Q/ J21Z 3 — 1) Doy + op(1).

Using Theorem 2.2 in Francq and Zakoian (2022)

CF(x @
bn(xnvyn) _Cfé(y {f Z{1n2t<’lj ( )( )} yf ﬂ/ J2 ! Z n2t D2t} + OP(l)'

The conclusion then follows by straightforward but tedious computations. The simplifi-
cation of the asymptotic variance under B7 is established below. O

C.1. Proof of (C.1)

Let, for a(?) a vector of the same size as 8*) (small enough so that 8 +a () /\/n € ©")
and for a = (a(l)'7 a(2)’)/’ let

n

1 2
€n’1(l’,y,a) = 7” Z{ 771t<93’%, )(a(l)) ?72t<y’Y( )(a(2)) H (LU’)/( )( (1)>7y’71£,72(a(2)))}3
t=1
(2)
0 705 + 20
Ve, n( - (@) .
Uit(eo )
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Note that €, 1(z,y) = en1(z, v, \/ﬁ(én —0y)) and e, 1(z,y,0) = e, (x,y). Write

1 n
en,l(xayaa) _en(mvy) = ﬁzzt,n(xvyaa)a (C4)
t=1

where

snl@,a) =1, o 2 en—H (270(@), 192 (@)~ {1y <iimary — H (@)}
n s me<eri) (@) m2e <yr) (a®) t,n Nt ST,72¢ <Y ) .

We will establish a number of auxiliary lemmas.

Lemma C.1. For any u > 0 and sufficiently large n,

1
P(w

n
n Z Zt,n(xa Y, (1,)
t=1

Proof. By the proof of Lemma 6.2 in FZ, it suffices to show that

K 2 2 2
>u) < o {(@ + )l + 1,

n 2
B (Z B(z},(z, a)lft—l)) < nK(a? +y*)|al?. (C.5)

Noting that the second-order conditional moment of z,,(z,y,a) is the variance of a
Bernoulli distribution, we have, using B6,

SO By a)|Fia] < Z|H(mﬁ,?(a“)),mﬁ?z(a%)—H<x,y>|
t=1 t=1
_ Kl 1 9o(0 [a®)
AT t=1 Ult(oél)) 80(1
+K\y| 1 902 (0, o)’ )H la Z)H
Vi = | o (68 39(2)

where 6, = (Oil)/, 0,(52)/)’ is between 8¢ and 0y + a/+/n. It follows that

n 2 n
KJ,‘Q 1 60’1 (9*) 1 80’1,5
E Bl (. y,a)|Fa]p < OB la™]?
{; [2t, | F—1] n 4 0_13(081)) 900 Ult(g(l) 80(1)
2 n *
+ Ky Z E 1(2) 8025((20)8) : ) 802)555” ‘ la@]?
n s,t=1 025(05 ") 00 ‘72t(90 ) 00
and thus (C.5) holds. O
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Lemma C.2. For any compact subset K of R, sup, ,cx |7”F1/2 S zt,n(x,y,a)| =
Op(l).

V' y/n
j=—-N,—-N+1,...,N—1,N. It follows that, by Lemma C.1, for any v > 0, there exists
K = K(u,a,¢) such that

Proof. Fix £ > 0 and let K C [—& M} with N = O(y/n). Define z; = y; = 37% for

K
P( N<z,]<N Zztn Zi, Y5, a ) > % (06)
As in FZ, it therefore suffices to show that
o {06500 > uf =0 ©7)

where 6(i,7,a) = SUPye(2;,ai1]yE Y5 ys41] ﬁ Z?Zl 2t (2, Y, @) — 2e.0(2i,y5,a)|. We

have, for i,5 =0,..., N — 1,

6(i,j,a)
= veles, 1;}156 5.0541] \f Z me<zyg ) (@) nae<yyio) (@) — lnltﬁmvt(,li(a(l)) 20 <y vi (@)
1 2 1 2
+ sup 72 (m( [(a®), 7 (a (2))) -H (élwt(,vz(a(”),yﬂt(ﬁ(a@)))
T€[xi it1],y€[Y5,y541] \f =1
< 1

-1
M <wip17e (@) 2 <y 170 (@) me<wzivt (@) m2e<y; v (a®)

§\H

—_

Sl g
NE

+ H (2i01985(@D), 541700 (@) = H (293 (@V), g7 ()
t=1
1 «— (1) (2)
n;{lmt<xl+wf (@) n2e <y, 4172 (@) H(“"””w(a(l))’yj“%m(a(z)))}
(1) (2)
{ 711t<:rﬂf >(a(1>) 772t<yy“/( )(‘1(2)) - H(xi’Yt’n( ( )) y fy ( (2)))}‘
+ 2Wn(zvja )’
where
Wairgoa) =023 {H (2i0190)(@ D), 55195 0)) = H (203 (@), 92 (™)) |
t=1
Therefore,
5(2'3.7.7 Zztn xl+1?yj+17 ) +Vn(zv‘7)+2Wn(Zv‘73a)a
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where

V —-1/2

n
Z {]lmtﬁwiﬂ,nztﬁywrl - H($i+1, yj+1)} - {lnltﬁwimztﬁy]‘ - H(:Ei? y])}’ .

By Assumption B6 and the mean-value theorem, H(2;41,Yj4+1) — H(zi,y;) < Me//n
where M = sup,cp f(x). Thus W, (4, 5,0) < Me and
8(4,4,0) < V,(i,4) + 2Me. (C.9)

Therefore, from (C.8)-(C.9),

max sup
0<i.7SN—1 sz ii1),y€ly)y)+1]

1 < 1 <
—— Zzt;ﬂ(mvya (1) - T = Zzt,n(xivyj7 a
\/ﬁ t=1 \/’E t=1

2 i) 2 i, j) + 2Me.
+2 _max  Wa(ija)+2  max  Vo(ij)+2Me

(C.10)

By the properties of the modulus of continuity of the empirical process (see Shorack and
Wellner (1986), p. 542), under Assumption B6 we have

Ogir}??]%il V(i j) = op(1). (C.11)

By the arguments used in FZ to complete the proof of Lemma 6.3, we also have

pcihax Wy(isj,a) = e€xO0p(1). (C.12)
Thus (C.7) is established and the conclusion follows. O

Lemma C.3. Let K be a compact subset of R. For any A >0 and A = [-A, A]¢,

sup sup ‘en,l(xvya a) - en(x,y)| = OP(l)'
z,yeK acA

Proof. In view of (C.4) will show that

sup X, (a) =op(l), where X,(a)= sup (C.13)

acA z,yeX

1 n
— Zzt,n(x7y7a
Vi

Let € > 0 such that N := 2A/e is an integer and define a(k) = —A + ke, for 1 <
k < N. For any 1 < ky,ko,...kqg < N let k = (k1,...,kq) and consider the grid of N¢
points a(k) = (aM(k),a® (k)" = (a(ky),...,a(kq)) . Let also A(k) = {(aV)",a®")" =
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36 Cantin, Francq and Zakoian

(a1,...,aq) € Ala(k;) —e < a; < a(k;)} and a*(k) = (a(k1) —¢,. .., a(kq) — ). We have,
for j=1,...,d; and a; < a(k;)

H (v (@, asv,alhy) g, aa) 00 (@) = H (270 @), 5943 (@)

(1)*

801f(0(1) + a\tfj )

oH x 1
= 5 {00l @)} =(alky) - a))

Ult(gél)) Y:1804

where e; is the j- th element of the canonical basis of R%, and a(l)* is a point between

the arguments of 'yt " ) above. By B6 and E|ni| < oo, we have sup, |z|f(z) < co. The
latter difference is thus bounded, uniformly in € R and a; € la(k;) — €, a(k;)], by

e 1 do1:(8y) + 22)
Vg o5y oot

€;.

A similar bound holds for H (m’yt(l,Z( 1),y7§?,2(ad1+1, cosajor,a(k), a4, .,ad)) -

H (x'yt(}?z (a(l))) where j = dy41,...,d. Therefore, for n large enough,

sup sup 3°|F (23 (@) (@) = F (a9 {aV ()} 122 (a® ()}
acA(k)z€R

n

€
< K— E max  sup
V=12 g ey o)

1 9ou(0Y)
Uit(g(i)) 90

)

(@)

+ () are increasing functions of their arguments by B5,

and thus, because the 7,

sup sup
acA(k) z,yek

Zztn .T Y, a ) Zt,n(x7yaa(k>)‘

t=1

< Ki i max sup L . aoit(e.(i))
- \/ﬁ = =12 50 ey (e O'it(e(l)) 90
+21€12 Z me<ay ) (@M (k) n2e <yyi2) (@@ (k) ]lmf<z’v( ) (@M (k) ,n2e <y (a7 (k)
n 1 (D
< 2K— Z max  sup 90it(0 ) ‘

VI =12 g0 gy g0y || 0 (07) 961

n

> (e alk)

+ sup
zel

-+ sup
ze

Zzt" (z,y,a (k))’
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Estimating conditional systemic risk measures 37

Note that
sup X, (a)
acA
< ma: sup su ! zn:[z (z,y,a) — ztn(z,y,a(k))]|+ ma X, (a(k))
X = n\Ly Y, — Zt,n\0 Y, X n
N kE{L--wN}daeAI()k)weE \/ﬁtzl " Y ! Y ke{l,...,N}d

2Ke 1 90u(09)
S T, 2 my  swp @) 990
n t=1 =1,2 g(i)ev(g(()i)) O'it(e ) 00
2 X, (a(k X, (a*(k
+ Ly (a(k)) + ax (a”(k))

By the ergodic theorem and B4, the first term in the r.h.s. is almost surely less than
a constant times € when n is large. The two other terms tend to zero in probability
because X,,(a) = op(1) by Lemma C.2 and the maximas are over a finite number of
points. Therefore (C.13) is established. O

Lemma C.4. Let (z,,y,) be a sequence of real random vectors tending to (xo,yo) € R?
in probability. If, fori = 1,2, G® has a bounded density g then e, (2y, Yn)—en (20, y0) =
Op(l).

Proof.
Letting U; = G(l)(mt) and V; = G® (n2t) we have

1 n
en(2,9) 7n Z 1y, <c @) vi<a® () — P(U: < GW(z),V; <GP (y))
=1

Ya(GW(2), 6P (),

where

1 n
Y, (u,v) = 7 > My,<uvico — P(Ur €0, V; < ).
t=1

Billingsley (1968) studied the modulus of continuity of {Z, (u),u € [0, 1]} where Z,(u) =
% Y i1 1y,<u — u and showed in his formula (22.13) that, for each £ > 0 and 1 > 0,

there exists 7 € (0,1] such that for n large enough,
P ( sup |Zn(u) — Z,(v)| > 5) <n
Jlu—v|<T

We will extend this inequality in (C.17) below to the sequence {Y;,(u,v),u,v € [0,1]}.
The sequence (Uy, V;) being iid, we have

L =33

* x4
B, 0) = Yol )| = 3y + 2=
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38 Cantin, Francq and Zakoian

where p1; = p;(u,v,u*,v*) is i-th central moment of 1y, <u,v,<o — lu,<u*,v,<o+. Since
P(U; € (u,u+e1], Vi € (v,v+e3]) < e Aeg, we have

_ */\ _ *
B (Yo (1, 0) — Yo (i, 0")[* < 3lu— w2 A Jo — v*]2 4+ =W A =]

n
If, for € € (0,1),

<|u—u*|Av—2v"

Slo

we then have

4 2
E Yo (u,0) = Ya(u', 0")[* < —Ju—u* P Ao — 0" < =
S £

(Ju—uw**+ v —2*?). (C.14)

Let ¢ a number such that £/n < ¢ and m a positive integer such that v + m¢ < 1 and
v+ me < 1. Define a sequence of random variables £1,&2, ..., &m+1)2 by §1 =0,

G-y ma)+j41 = Yn(u+ (i — De,v 4+ (§ — 1)e) = Yo (u + (i — 1)e, v + ju),
fori=1,....m+1,57=1,...,m and

Sitmany+1 = Yu(u+ (i — D)e,v+me) =Yy (u+iv,v), i=1,...,m.

Note that
oJmax Yo (u,v) = Yo (u+idt, v+ ju)| = S ISk, Sk=& + -+ &

In view of (C.14), for 0 < i <i* <m and 1 < j,5* < m + 1 such that i(m+ 1) +j <
i*(m+ 1) + j*, we have

4 2%, . .
E[Sitms1y+s = Sisminyge| < —{@ =9 +1i" =i}

This is of the form of inequality (12.42) in Billingsley (1968), with v =4, a = 2,

2 ) .
UL = = Uy = Uyl _ui(m+1)+j_\/;Lv 1<i<m,2<j<m+l,
and
2
Um+2 = U2(m+1)+1 = " ° = Um(m+1)+1 = gmL-

By Theorem 12.2 of Billingsley (1968), we have

P < max |Y,(u,v) = Yo (u+it,v + ji)| > 7'> < %m‘LLQ. (C.15)
0<i,j<m

eT
Now, foru <u<wu+tand v <v < v+, we have

]lUtSE,VtS'ﬁ - P(Ut < ﬂa% < 17) < 1U¢§g+L,Vt§g+L - P(Ut <u-+ Ly V;t <v+ L)
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Estimating conditional systemic risk measures 39

+PU <u+t,Vi<v+t)—PU <u,V; <w).

Note that P(U; <u+¢,V; <v+1) — P(U; <u,V; <w) < P(Us € (w,u+1]) + P(V; €
(v,v+t]) < 2¢. We thus have

Yy, (U, 0) — Yo (u,0) < Y (u+t,v+¢) — Yy (u,v) + 20/
We also have
Y, (@,0) = Yo(u,v) > —P(Us <u+,V; <v+1)+ P(Uy <u,V; <v) > —203/n.

Therefore
Vo (@,0) — Yo (u,0)| < |[Vo(u+t,041) — Yo (u,0)| + 2ev/n.

For all u < u* < u+me and v < v* < v + mu, applying the previous inequality with
u=u+(—1)cand v =v+ (j — 1)t such that u < u* < u+¢and v < v* < v+, we
obtain
‘Yn(uﬂv) - Yn(U*7U*)‘ < |Yn(u7v) - Yn(ﬂ79)‘ + |YH(U*7U*) - Yn(gﬂy”
< Yo (u,v) = Yo (u, v)| + 1Y (u + 6,0+ 1) = Yo (u,0)| + 20v/n

<3 max [Vy(u,v) = Ya(u+it, o+ ju)[ +20/n.
<i,j<m

Taking e/n < ¢ < €/4/n, we obtain from (C.15) and the previous inequality

P ( sup Y, (u,v) = Y, (u*,0*)| > 55) < E%m‘le. (C.16)

u<u* <ut+me,o<v* <v+me

For any n > 0, for n large we can always chose a small ¢ such as E%m‘lL2 <.
We thus have shown that for each € > 0 and n > 0, there exists 7 € (0,1] such that

P sup  [Va(u,v) = Ya(u', o) > 2 ) < (C.17)
lu—ur| <7, Jv—v*|<T
for large n. For any ¢ > 0 and § > 0, we thus have

P(leﬂ(xn;yn) - en(x()ay())l > 5)

<P< sup len (2™, y™) — en(wo, yo)| >€> + P (|zn — 20| > 0)

|z* —z0| <d,|y* —yo| <O

+ P (lyn = yol 2 9).

The last two probabilities tend to zero as n — oo because x, — x¢ and y, — ¥yo in
probability. Now note that

P ( sup len(2*,y%) — en(zo,y0)| > 5)

|z* —z0| <6, |y* —yo| <O
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40 Cantin, Francq and Zakoian

SP < sup |Yn(u,v) - Yn(U*av*” Z 5> § n

lu—u*|<d sup,, f1(x),|lv—v*|<dsup, f2(x)

when n is large enough and ¢ small enough to satisfy (C.17) with 7 >
& sup, max {g(V)(z), g'® (z)}. Since 1) can be taken arbitrarily small, we have shown that

en(TnsYn) — en(T0,y0) = op(1). O
The proof of (C.1) is straightforwardly deduced from the previous lemmas and B6.

C.2. Proof of (C.2)

Lemma C.5. Let K be a compact subset of R. Then sup, ,cxc [€n2(2,y) — hs)(z,y) -
hP) (z,y)] — 0 a.s.

Proof. A Taylor expansion yields, for z} = IUM(OED*)/UU(O(()I)) and y; =
yagt(O( ) )/o2:(0 2)) with 0( between Eff) and 0((;),

‘en 2(3: y) hnl)( ay) h(2)(1' y)|

1 80’1t( (1)) 1 60'“

)2 . 20" gl
(2 il E ’ _ (1)
< ‘«T|G n 2 fl .Tt ‘ o1t 80(1) fl(-T ‘ y) o1t (1) )H
1 - 1 80’2t(0( ) ) 1 80’2,5 ’\(2) (2)
G 1) — g _— — -0, .
+yl n 2 oy | = 99 Lyl )0'2t 2) f )
The rest of the proof relies on the arguments given in FZ. O

We obtain (C.2) from the previous lemma and B6.

C.3. Proof of (C.3)

By
1 n
e”’B(m y - n Z 771f<x(1) nuéxi,l%ﬂ:)lnsz( by T (1772f<X( ) 1n2t<x§ fly)lmf<x( )2
t=1
we deduce
sup |/€\n73($,y)‘
z,yeR
<
= ilég \/‘ Z| nu<x< ) 177u<x(1) |+ 3161% \/> Z' 772t<X ]1772t<X( )yl =or(D),
where the last equality follows from the proof of Lemma 6.9 in FZ. O
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Estimating conditional systemic risk measures 41
C.4. Simplification of the asymptotic variance under B7

The equalities QJ; 'Q, =1, for i = 1,2 were established in Francq and Zakoian (2013).
Therefore
E(1-QJ;'Dy)? =1-QJ;7 ' =0, i=1,2

and it follows that Q;J;lDit =1 a.s. We thus have
EQ—-QJ'Dy)(1-Q5J5 ' Dyy) = 1- QT — Q4T3 Qo + QL T T 12J5 Qs = 0.

Therefore Q) J; ' J10J5 Qs = 1. O

Appendix D: Proof of Theorem 4.2.

Note that F,(-|y) is a step function with jumps of size {n@,(f) (y)}~1. We thus have
F.(u, | & A( /) —a <1/na’ and

\/H{O‘ (Un | 5(2)>} \/H{Fn (un | 57: al ) - F (a” | 5\7(72,21’)}
+ \/ﬁ{ (un | €2 ) (an | gﬁﬁ))} +op(1). (D.1)

Now note that B6 and B8 entail A5 and A6-A7. Theorem 3.2 thus entails that @, (o, )
strongly converges to u(a, '), and Corollary 4.1 in FZ entails that fn ., Strongly con-

verges to f((f,). Let

_ n_ 9 _ (2)
ve sviloo) = goFaly) (u(ava/m?)fl(( o) |€5).

(@)= (u(a,0),62) GO

By the delta method, using B8, we thus have
Vi (Fn | €2,) = Flulasa!) | €2))
—vav/n{in — (e, a)} + vV (E2, = €0) +op(1)

0
v =g, P ly)

and
Vi (F (u(e,a) [ €2) = F (@0 1€2)) =vavi{ula,’) =} + op(1).
Therefore we have

Vi (Bl | €2,) = F(an | €2)) = vvn (€0 =€) +or().  (D2)
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42 Cantin, Francq and Zakoian

By Theorem 4.1 and Theorem 2.2 in FZ, noting that G? (fg)) = o and using (D.1)-
(D.2), we have the Bahadur expansion

\/ﬁ{a - (un ‘ 5(2))} \fOé Z{ nie<u, 772f<£(2) N (u 5(2))}

(2) (
Uf1(u £ §or Alu,
2\} Q/J11§ 771t 1)Dy: + 2y/na’ Q/J21§ 772t 1) Dy

O/ Vi & Z { <€l T }

Yy 1 / Vyfa' ;-1
_mﬁz(lnzt«f) —a) - Q,5J, Z M3 — 1) Dy + 0p(1)
a’ t=1

L ¥ @y Wi D) 0
~/nd Z{1n1t<u,nzt<§f) — H(u, &)} + 2/n Qg7 Z 1)D1;
=1

n
I R N o
(a' " g<z>(§§f))> Vn ; {1”2t<€£3? “ } +or(l),

noting that F(u | 52[2,)) =a, G (fg)) =o' and A(u, 5((12,)) = o'vy. By the delta method
applied with the function F~! ( | 5&2,)) (which exists in a neightborhood of u(«,a’)

under B8), noting that OF 1(a | §é%))/8x = 1/fi(u | f((f,)) = 1/v,, we obtain the
Bahadur expansion of the theorem. The rest of the proof easily follows. O

Appendix E: Proof of Theorem 4.3.

Let

~ ﬁn T 615?) T 2

F3 (ol ) = 21020 = Fola | )G ) (8.1)
Letting

AG(Q)(yhyz) = G(2)(y2) -G® (v1), AF(z|ly1,y2) = F(x|y2) — F(x|y1),

we have

NG {ﬁ%nuylmyzn)) — FA(@n|[y1ns y2n))}

2
R GE o U VAHE [ ) = Pla | 1)) 6 )+

=1
AF (z|y1,y2

)
{AG(Q) (yh y2)}

5 [P W) VA{GR (1) = G2 (410)} = G2 ) VA{GD (gan) = G2 (y20)}] +0p(1).
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Estimating conditional systemic risk measures 43

We also have, for y, — v,

V(G (yn) = GP(ya) Z{lwq @ ()} + w;z —1)Dy + 0p(1).

It follows that

VA{ES @[y, y2n)) — F2 @nllyin, y2n))}

1
IAG(Q (y1,92) Z{]ln1t<r n2¢€(y1,y2] — AH(z|y1,y2)}
GO (y2) fr(z | y2) = GP(y) filz | 1)
+x Q! 1)D
2y/nAGC )(y1 o) ! ; i~ 1) D1
( 7y17y2 1 .
Q! 1D
t—= 2 /n 2y Zl Ty — 2t
FA(zl(y1,32]) <

- 2t 1 2 AG 3 + o0 1
VRAG®) (y1, y2) ;{ m20€ Y1y /(o y2)} p(1),

where AH (z,y1,y2) = H(z,y2) — H(z,y1), and
1

{AGO) (y1,12)}2

+ {2 L2(le) = 11 L2 |2} GO (@)AGD (1, 2) |

a(z,y1,y2) = [{ylg( (1) — 129 (y2) YAH (2, y1, y2)

Note that a(x,y1,y2) = 0 when 1; and 7, are independent. It follows that

ﬁ{ﬁ%nuym, Yon)) — F2 (@ [y1n, y20)) }

\/>AG(2 y1,y2 Z{]l"llf<$7 x|[y17y2))}1712r6(y1,y2}

+x

GO () fir(x | y2) = GP (1) i@ | 1) 1
2,/nAG( 2)(y1, 2) QJy ; 771t 1)Dy,

z )
+ (2?\4/1»?;2 Qllez 772t 1)Dy; + op(1).

Note that we retrieve the expansion of Theorem 4.2 when y; — —oo (provided

y19? (y1) = 0).
Proceeding as in the proof of Theorem 4.2, we note that F2 (@, | Aﬁl L) —a <1/na”
and

Vo= P2 (@1 A2) } = Vi (R (B | A) = P (30 ) )
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44 Cantin, Francq and Zakoian

VR 5 132) - (3 142)) ot =

With a slight abuse of notation, denote by f1(- | A) the density of n;; conditional on
1ot € A for any measurable set A. Let

0
Az :)\x(ava”) = %FA(CC ‘ (yl’yQ])

2
= (u]4a)),
(wvylayQ) < 7§é 5— a//vi( " 40. 5)

o}
Ay, = aTJlFA(I | (y1,92])

(@,y1,92)= (@765?; o ,5(2/)/+0.5)
2 2
_—Fa(&% o | WGV W) + 9P (7)o

2a" ’

0
Ay, = @FA(x | (y1,92])

(z,y1,y2)= (U 5323 ol E( o’ 40. 5)

o€ 0 | 0GD (@) = gD 1 )a
20/1 *

By arguments already given, we thus have
Vi (FA@, | AD,) = P2 (u(a,”) [ AD)) = A/ (T, — ula, a”)}

2 2 2
+ Aylf (/\7(1 ()) 5—a’ (().Ezfoz”) + >\ f ( n,a’ +0.5 5( ”)+O.5) + OP(l)

and
Vi (F2 (u(a,a”) | AZ)) = F2 (@, | AD)) ) =Aev/i {ulesa”) = @} + op(1),
thus
Vi (FA(@, | A%, — F5 @, | A7)
DV (€3 5 = € ) + Ma Vi (8005 — €005 ) + 0 (1),
Noting that

05+ ") fr(w| €50 an) — (05— ") fa(u | €5 0n)
20" -

fulw ] AD),

and that @ - @ .
(u €o.5—ar>Earrto. 5) — A& 5-ar — Apaarios =0,

we deduce, using Corollary 4.2 in FZ, the Bahadur expansion

\/ﬁ{a —FA ( u, | AS))} Q\fo/’ Z{1n1f<“ - }1772t€A53/)/
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ufi(u| AD) 1 Z
+ 2\/5 ']1 v 771t 1t

Ays -~ . Ay B )
9(2)( (().25)—0/’) \/ﬁ t=1 12t <80 5o 9(2) (6(//+0 5 n t:l 7] 1<§ ”+0 5

wf1(u | Al ,,) _
a}]lnzteAf/)/ + 2y S ! ; 771t 1)D:y

fa (60.5—(%/ | Q)G(l) (u)

1
=5 = Z{lﬂu<£ -
2y/na’ pt

«
1 . oy L 1 —a’+0.5
+ 50 2 eaty ~ 200+ 20793 (&7 o) VP 2ty 40
f2(§o " | u)G(l) n "
" 2 ( Z 2t<£( 1" 05 @ ) + OP(l)
20 gD (£ 1. 5) t=1 e

A I/
200"} + whlu ] = el J;! Z nt, — 1)Dyy

= W Z{lnu <y]17]2t€Aff> f

f2(§o 5—ar | )G (u) - "
=+ 2a”g(2)( (2) ”) T 2_: t<€(()25) o -+ 05)
s wGW ) 1
fz(fo s5rar | W) 72 e <€) —0.5—a") +op(1).

a’’+0.5

204”9(2) (f(”_"_O 5) \f

Similarly to the proof of Theorem 4.2, we conclude by applying the delta method to the

latter expansion, using the inverse of the function F'& ( | Afj?)

Vi (@, —u)

1 n
- {1y, <ul @ 2aa”}—7ﬂ’J 1 n%, —1)D;
Qﬁaﬂf (u] A(f)) Z M <Ung€A 2/n 1 ; 1t~ t
(2) (1) n
o | U G 1
f2( 0.5— | ) ( ) 72( <£(2) _a//+0.5)
20/’9(2)(500 ) fi(u A )\f prr
n | U 1) n
f2(€0 5+a ‘ ) ( Z 02t<€(2) — 05— O//) + Op(l).

204”9(2)(5(2/'+() 5)f1(u | A,(j? t=1 oll+05

The asymptotic distribution follows, noting that A fi(u,a”) = 2a"” f1(u | AS?)
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46 Cantin, Francq and Zakoian
Appendix F: Proofs for Section 6

Proof of Theorem 6.1. We have
s , AL
Gil(y) - Gil(y))| s Z Z 150<y; = Iyjo<yy| =0, as.
t=1 j=1
for all y. Similarly,
. 1 i
\H (2, y) — H) (2, y) Sﬁ Z Boi<e = Lpp<al + D Miecyy = Lnpecyy | | =0, s,
t=1 j=1
from which it follows, using arguments of the proof of Theorem 3.1, that
|Fl(2ly) — FY (aly)] = 0, a.s.

The proofs of i) and ii) can be deduced using the arguments given in the proof of Theorem
3.1. O

Proof of Theorem 6.2. The result follows by a straightforward adaptation of the proof
of Theorem 3.2. O

imsart ver. 2014/10/16 file: CoVaRCDF_24jan2022.tex date: May 25, 2022



Estimating conditional systemic risk measures 47

References

Acharya, V. V., Pedersen, L. H., Philippon, T., and M. Richardson (2017).
Measuring systemic risk. The Review of Financial Studies 30, 2-47.

Adrian, T. and M. Brunnermeier (2011) CoVaR. Technical Report, NBER.

Adrian, T. and M. Brunnermeier (2016) CoVaR. American Economic Review 106,
1705-1741.

Amengual, D., Fiorentini, G. and E. Sentana (2013) Sequential estimation of
shape parameters in multivariate dynamic models. Journal of Econometrics 177,
233-249.

Banulescu, D., Hurlin, C., Leymarie, J. and O. Scaillet (2020) Backtesting
Marginal Expected Shortfall and Related Systemic Risk Measures. Management
Science, 67.

Benoit, S., Colletaz, G., Hurlin, C. and C. Pérignon (2019) A Theoretical and
Empirical Comparison of Systemic Risk Measures. Working Papers hal-02292323,
HAL.

Beutner, B., Heinemann, A. and S. Smeekes (2019) A justification of conditional
confidence intervals. Discussion paper.

Billingsley, P. (1968) Convergence of probability measures. Wiley, New York.

Brownlees, C. and R.F. Engle (2017) SRISK: a conditional capital shortfall measure
of systemic risk. The Review of Financial Studies 30, 48-79.

Engle, R.F. and G. Gonzalez-Rivera (1991) Semiparametric ARCH models. Jour-
nal of Business € Economic Statistics 9, 345—-359.

Francq, C. and J-M. Zakoian (2013) Optimal predictions of powers of conditionally
heteroscedastic processes. Journal of the Royal Statistical Society: Series B 75,
345-367.

Francq, C. and J-M. Zakoian (2016) Estimating multivariate GARCH models equa-
tion by equation. Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 78, 613—635.

Francq, C. and J-M. Zakoian (2022) Adaptiveness of the empirical distribution of
residuals in semi-parametric conditional location scale models. Bernoulli, 28, 548—
578.

Girardi, G., and A.T. Ergiin (2013). Systemic risk measurement: Multivariate
GARCH estimation of CoVaR. Journal of Banking € Finance 37, 3169—-3180.
Giulio, G. and E.A. Tolga (2013) Systemic risk measurement: Multivariate GARCH

estimation of CoVaR, Journal of Banking € Finance 37, 3169-3180.

Jorion, P. (2007). Value-at-risk. McGraw-Hill, Third edition.

Sharpe, W. F. (1994) The sharpe ratio. Journal of portfolio management 21, 49-58.

Shimizu, K. (2013) The bootstrap does not always work for heteroscedastic models.
Statistics € Risk Modeling, 30, 189-204.

imsart ver. 2014/10/16 file: CoVaRCDF_24jan2022.tex date: May 25, 2022



/CREST

CENTER FOR RESEARCH
IN ECONOMICS AND STATISTICS

/YN
’ C RE S T The Center for Research in Economics and Statistics (CREST)
: ‘ is a leading French scientific institution for advanced research
on quantitative methods applied to the social sciences.

LIRS , _ o CREST is a joint interdisciplinary unit of research and faculty
Sﬁﬂnéeé:%;Reseamh in Economics and Statistics members of CNRS, ENSAE Paris, ENSAI and the Economics

Department of Ecole Polytechnique. Its activities are located
physically in the ENSAE Paris building on the Palaiseau cam-

5 Avenue Henry Le Chatelier pus of Institut Polytechnique de Paris and secondarily on the

L 96642, Ker-Lann campus of ENSAI Rennes.
91764 Palaiseau Cedex

FRANCE

Phone: +33 (0)1 70 26 67 00 (J
Email: info@crest.science 4

® https://crest.science/ %ﬁw




	Introduction
	Semi-parametric CoVaR and CoVaR estimators
	Dynamic CoVaR and CoVaR
	Dynamic CoVaR and CoVaR of GARCH-type processes
	Semi-parametric estimation of the CoVaR and CoVaR

	Consistency results
	Asymptotic distributions
	For the empirical conditional cdf
	For the empirical conditional quantile u"0362un(,')
	For the empirical conditional quantile u"0362un(, '')

	Confidence intervals for the CoVaR
	In the Gaussian case
	Using the asymptotic distribution
	Bootstrapped CoVaR

	Multi-asset extensions
	Numerical illustrations
	Numerical computations of VaR and CoVaR
	Monte Carlo experiments
	A real data example

	Concluding remarks
	The Gaussian case
	Computation of f2 in the Gaussian case
	Complement to Remark 2.1
	Proof of Theorem 5.1 

	Proofs for Sections 2 and 3
	Proof of Theorem 4.1
	Proof of (C.1)
	Proof of (C.2)
	Proof of (C.3)
	Simplification of the asymptotic variance under B7

	Proof of Theorem 4.2.
	Proof of Theorem 4.3.
	Proofs for Section 6

