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Abstract

Conditional Kendall’s tau is a measure of dependence between two random variables,
conditionally on some covariates. We study nonparametric estimators of such quantities
using kernel smoothing techniques. Then, we assume a regression-type relationship between
conditional Kendall’s tau and covariates, in a parametric setting with possibly a large number
of regressors. This model may be sparse, and the underlying parameter is estimated through
a penalized criterion. The theoretical properties of all these estimators are stated. We prove
non-asymptotic bounds with explicit constants that hold with high probability. We derive
their consistency, their asymptotic law and some oracle properties. Some simulations and

applications to real data conclude the paper.

Keywords: conditional dependence measures, kernel smoothing, regression-type models

MCS: 62H20, 62F12, 62J12.

1 The framework

Let (X1, X3, 7Z) € R*™ be a random vector, p > 1. Our goal is to model the dependence between

the first two scalar variables X; and X, given the vector of covariates Z. For j = 1,2 and z € R?,
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denote by Fjz(:|Z = z) the conditional cdf of X; given Z = z, and by Fj(‘_zl)(~|Z = z) its generalized
inverse. Moreover, let [ 91z(+,-|Z = z) be the cdf of the random vector X := (X, X;) given Z = z
that will be continuous for every z. Following Patton [12, 13], define the conditional copula of X

and X, given Z = z as
Crapa(n, 1|2 = 2) i= Fioiz (Fip (|2 = 2), Fy(wlz = 2)|Z = 2),

for any (uy,us,2z) € [0,1]? x R?, by an extension of Sklar’s Theorem. Conditional copulas and their
inference have been studied in the recent literature: see Fermanian and Wegkamp [7], Gijbels et
al. [9], etc. One of the challenges is often to check whether these copulas depend or not on the
conditioning variable (the so-called “simplifying assumption”), a key assumption for vine modeling

in particular: see Derumigny and Fermanian [4], Portier and Segers [14], in particular.

In the field of dependence modeling, it is standard to work with dependence measures (i.e.
scalars) instead of copulas (i.e. functions). Such summaries of information are very popular and
are functionals of the underlying copulas: Kendall’s tau, Spearman’s rho, Blomqvist’s coefficient...
See Nelsen [11, Section 5.1.1] for an introduction. In this paper, we focus on dependence measures
given some covariates. Of particular interest is the conditional Kendall’s tau between X; and X,

given Z = z, that is defined by

T12|Z=2 ‘= 4/ Chaz(u1, us|Z = 2) Cy gz (duy, dug|Z = z) — 1
[0,1]2

= 4IP(X171 > X271,X1,2 > X272|Z1 = ZQ = Z) -1

= IP((XM — XZ,l)(Xl,Z — X2,2) > 0|Z1 =7, = Z) — ]P((Xl,l — X2,1)(X1,2 — Xz,z) < O‘Zl =12y = Z),

for each z € R?, where (X1, X;2,%Z;),i = 1,2 are two independent versions of (X;, X5, Z) € R**.
We will denote 7 9z—, = IE[g*(X1,X3)|Z; = Zy = z], where g* is the function that returns 1 if

the pairs in its arguments are concordant, —1 if such pairs are discordant, and 0 else.

Note that, as conditional copulas themselves, conditional Kendall’s taus are invariant wrt

increasing transformations of the conditional margins X; and Xs, given Z. Conditional Kendall’s



tau are of interest because they measure the evolution of the dependence between X; and X5 when

the covariates Z change. !

Several parametric families of copulas have a simple one-to-one mapping between their param-
eter and the associated Kendall’s tau: Gaussian, Student with a fixed degree of freedom, Clayton,
Gumbel and Frank copulas, etc. See Nelsen [11, Section 5.1.1] for a presentation of Kendall’s tau
in such usual unconditional cases. Gijbels et al. [9] introduced non-parametric estimator of con-
ditional Kendall’s taus. Apparently, their statistical properties have not been studied “per se” in
the literature. For instance, the asymptotic normality of such estimators is seen as a consequence
of the weak convergence of the empirical conditional copula process (see Veraverbeke et al. [18]),
but its asymptotic law is not specified. The uniform consistency of conditional Kendall’s tau has
been stated in the case of single index copulas by Fermanian and Lopez [6] in passing. In our

paper, we directly focus on finite-distance and asymptotic properties of conditional Kendall’s tau,

Moreover, we will assume a linear-type model for conditional Kendall’s taus, without any
parametric assumption on the underlying copulas. The associated parameter can be obtained
through penalized least squares. We will yield finite-distance, asymptotic and oracle properties of

such an estimated parameter.

To be specific, assume that the following model holds:

A (ﬁ,Q\Z:z) = ¢(Z)T/3*7 (1)

for every z € Z, a compact subset in R?. Here, 8* € R” denotes the “true” unknown parameter.
A is a known link function from [—1,1] to R, that is increasing and continuously differentiable.
The function ¢(-) := (wl(-), ce Uy ( ))T from R? to R? is known and corresponds to deterministic
transforms of the covariates z. Typically, p’ > p, allowing rich and flexible nonlinear transforms
of z. In order to simplify notations, the mention of the conditioning event Z € Z will be omitted.

We will set Cz := sup {|z|~ : z € Z}, denoting by | - |, the l;-norm when 1 < ¢ < co.

Equation (1) looks like a GLM, and it has three important characteristics:

1Our T1,2|1Z=z has not to be confused with so-called “conditional Kendall’s tau” in the case of truncated data,
as in Tsai [17].



1. The explained variable Ty 21z—, is not observed. Therefore, a direct estimation of the parame-
ter 5* (for example, by the ordinary least squares, or by the Lasso) is unfeasible. Nevertheless,
we will replace 7 97—, by a nonparametric estimate 7y 2z—5, and use it as an approximation

of the explained variable.

2. It 1s a “noiseless regression model”: unlike most regression models, there is no random
variable disturbing the variable of interest. In particular, we can make the trivial observation
that the quantity 7 9z—, is deterministic knowing Z = z. If we knew the true conditional
Kendall’s taus, the estimation of 5* in the model (1) would be reduced to a problem of
numerical analysis, i.e. the decomposition of a given function into some linear combination

of known functions.

3. The conditioning event is unusual: usual regression models consider IE[g(X)|Z = z] as a
function of the conditioning variable z. Here, at the opposite, the expectation is made
conditionally on Z; = Z, = z. This unusual conditioning event will necessitate some peculiar

theoretical treatments.

The functions ; allow to take into account potential non-linearities and even discontinuities
of conditional Kendall’s taus’ with respect to their conditioning variables. We will assume the
identifiability of 8*, which is equivalent to the linear independence of the 1;(-), by the following

proposition.

Proposition 1. The parameter 3* is identifiable in Model (1) if and only if the functions (11(-), ..., Yy (+))
are linearly independent Pz-almost everywhere in the sense that, for any vector t = (t1,...,ty),

Pz (v (Z)"t = 0) = 1 implies t = 0.

Proof : Assume that there exists t # 0 such that Py (w(Z)Tt = 0) = 1. Then A (T1,2|z=z> =
Y (z)TB8* = P(z)T(B8* +t) for almost every z. As a consequence, 3* and 3* + t induce the same

conditional Kendall’s taus and the parameter £* is not identifiable.
Conversely, assume that the model is identifiable. Let t € R” such that Py (tp(Z)Tt = 0) =1.

Then A (Ti9z=,) = ¥(z)"8* = 1 (z)"(6* + t) holds almost surely. Due to the identifiability,
g*=p*+t,thatist =0. [



A desirable empirical feature of model (1) would be the possibility of obtaining very high /low
levels of dependence between X; and X, for some Z values, i.e. AV (4(z)"5*) should be close
(or even equal) to 1 or —1 for some z. This can be the case even if Z is compact, that is required

for theoretical reasons. Indeed, A is a mapping from [—1,1] into an interval [Ayin, Amax]. If
Y(2)T 8" > Amax (resp. (2)7 5% < Apin), then we set 719, = 1 (vesp. 719, = (—1)). 2

Our goal is to estimate the true parameter 5* in the high-dimensional case, i.e. p’ is large and
possibly larger than the number of observations. We will assume that §* is sparse, in the sense
that |S| = |5*]o < s, for some s € {1,...,p'}, where |- | is the number of non-zero components of

a vector of R” and S is the set of non-zero components of §*.

Having in mind the model specification (1), we will estimate the parameter 5* using estimated
conditional Kendall’s tau 7 9/z—, as approximations of the “true” conditional Kendall’s tau 7 2/z—.
An iid n-sample (X1, X2, Z;)i=1,...,» Will yield such quantities 71 9z—,. Afterwards and indepen-
dently, we will fix n’ values Z, € Z (fixed design setting). As the number of parameters p’ is

possibly larger than n and n’, we will use a penalized estimator, with the classical [; penalty:

3 := arg min i/ Z (A(7A'1,2\Z:Z;) - d’(Z;)Tﬁ)Q +ABL (2)

BERP, L
where \ is a positive tuning parameter (that may depend on n and n').

In Section 2, we provide the theoretical results concerning the nonparametric estimation of
71,2z and the inference of 5* through the latter penalized linear procedure. In particular, we will
study the cases when n' is fixed and n — oo, and when both indices tend to the infinity. Section 3
illustrates the numerical performances of such procedures. Most proofs have been postponed into

appendices.

It would be tempting to invoke usual transforms as A;(7) = log (1£Z) (the Fisher transform) or As(7) =
log(—1log((1 —7)/2)). Even if such functions are unbounded, they can be invoked, but restricted on some compact
subsets of (—1,1). In other words, we need to assume the possible conditional Kendall’s tau cannot be larger then
1 — ¢, or smaller than —1 + ¢, for some (small) ¢ > 0.



2 Theoretical results

2.1 Estimation of the conditional Kendall’s tau

Before studying B, it is necessary to state some results about our estimators of conditional Kendall’s
tau. Using an ii.d. sample (X; 1, Xi2,Z;), i = 1,...,n, we estimate the conditional cumulative
distribution function of X, given Z = z, for j = 1,2 and z € Z. Denote by Fj‘z(-|Z = z) this

estimator. Then, an estimator of the conditional copula of X; and X5 given Z = z is

0172|Z(U1,UQ|Z = Z) = Zwm(z)ﬂ{ﬁuz(Xi,ﬂZ = Z) < Uy , F2|Z(XZ"2|Z = Z) < Ug}, (3)

=1

where 1 is the indicator function, w;,, is a sequence of weights given by

. Kh<Z7, — Z)
B Z?:l Ky(Zj —z)’

(4)

w; (2)

with Kj(-) := h"PK(-/h) for some kernel K on R’ and h = h(n) denotes a usual bandwidth
sequence that tends to zero when n — oco. Note that these weights are well-defined if and only
if Y7 Kun(Zj —2) > 0. Otherwise, simply set w;,(z) = 0 for every i. The estimator (3) of the

conditional copula can be used to define an estimator of the conditional Kendall’s tau

7:1,2|Z:z = 4/01722(’&1, UQ|Z = Z) CA'1,2|z(du1, dUQ|Z = Z) — ]_
= 4Zwi,n(z)él,2|z(F1|Z(Xi,1|z = Z), F2|z(Xi72|Z = Z){Z = Z) -1
i=1
= 42 Zwi’n(z)wj,n(z)ﬂ{Xijl < Xj71, X@Q < ng} — 1. (5)
i=1 j=1
Note that the latter estimator does not depend on Fl‘z and F2|z. In other words, we only have
to choose the weights w;,, to obtain an estimator of the conditional Kendall’s tau. This is co-
herent with the fact that the conditional Kendall’s taus are invariant with respect to conditional
marginal distributions. Moreover, note that, in (5), the inequalities are strict, which implies that

there are no terms corresponding to the cases ¢ = j. This is inline with the definition of (condi-



tional) Kendall’s tau itself through coherent /discordant pairs of observations, and it will make the

theoretical developments easier.

Let fz(z) =nt Z;”Zl K}, (Z;—z) be an estimator of the marginal density fz of the conditioning
variable Z. We notice that the estimator 7 9jz—, is well-behaved only whenever fz(z) > 0. Denote

the joint density of (X,Z) by fx z. In our study, we need some conditions of regularity.

Assumption 2.1. The kernel K is bounded, and set ||K || =: Ck. It is symmetrical and satisfies
[ K =1, [|K| < oco. This kernel is of order « for some integer o > 1: forall j =1,...,a0 — 1

and every indices iy,...,i; in {1,...,p}, [pr K(Wu;, ... u;, du=0,.

Assumption 2.2. fz is a-times continuously differentiable and there exists a constant Ck o > 0

s.t., forallz € Z,

¢ 0°fz
/\K\(u) .1 D2 ] s |5k ) du < O

11,..,0a=1 tE[O,l a ta

Assumption 2.3. There exists a constant fzmin > 0 such that for every z € Z, fz(2) > fz.min-

Assumption 2.4. fz(-) < fz e for some finite constant fz maz-

Proposition 2. Under Assumptions 2.1-2.4 and if Cxoh®/a! < fz.min, the estimator fz(z) is
strictly positive with a probability larger than 1—2 exp (—nhp (fz’mz.n_C'Kaha/oé!)2 / (2fzmar [ K2+
(2/3)CK(fZ,mzn - CK,aha/a!))) .

The latter proposition is proved in Section A.1. It will guarantee that 7y 5z—, is well-behaved

with a probability close to one.

Assumption 2.5. For every x € R?, z — fxz(x,2z) is differentiable almost everywhere up to the

order a. For every 0 < k < a and every 1 < iy,...,i4 < p, let

0" fx.z

0 * fx 7
Ozjyy ... 0z

la

Hyo(a, v, X1,X9,2) 1= sup
t€[0,1]

(xl, Z + tu)

J

(XQ, Z+ tv)




denoting U = (i1,...,1a). Assume that Hy{(u,Vv,X1,X2,2) is integrable and there exists a finite

constant Cxz o > 0, such that, for every z € Z,

a P
o
/R‘l“p |K|(u)|K|(v) Z <k) Z Hie (W, v, X1, X0, 2) U, .. U3, Vi, - - V4, | dudV dXy dxy < COxz,40.

k=0 1yeeyla=1

Proposition 3 (Exponential bound for the estimated conditional Kendall’s tau). Under Assump-

tions 2.1-2.5, for every t > 0 such that Cx oh®/a! +t < fz.min/2 and every t' > 0, we have

16 2maz C ozha C aha
P(\ﬁ,zz—z —7'1,2|z:z\ > 4(1 + fz’ ( K —|—t>) X (L +t’)

3o \ al f2(z)al
<y nhPt? 9 (n— 1)h2pt’2f%,mm
S 2PN T 2 JRE 4 230kt ) SO T A, (TR + (83/3)C SRt

Remark 4. In the latter inequality, the constant fz min can be replaced by fz(z). Moreover, when
K is compactly supported, fzma. can be replaced by SUD; )4 0) fz(z), denoting by V(z,€) a closed

ball of center z and any radius € > 0.

This technical proposition will be key hereafter. It is proved in Section A.2. As a corollary, we
have proven the weak consistency of 7y oz—, for every z € Z, under the assumptions of Proposi-
tion 3, if nh* — oo (set t =1 and ¢’ = € > 0). The next proposition states the same result under

weaker conditions.
Proposition 5 (Consistency). Assume 2.1, and that
o fz and z — Ty 9z—, are continuous on Z,
o lim K (t)|t|? = 0 when [t| — oo,
e nh? — oo.
Then T19z—z tends to Ty 9z—, n probability, when n — oo.

This property is proved in Section A.3. To derive the asymptotic law of this estimator, we will

assume:



Assumption 2.6. (i) nh? — oo and nh?™* — 0; (i) K(-) is compactly supported.
Proposition 6 (Asymptotic normality). Assume 2.1, 2.5, 2.6, and that
e fz and z — fxz(x,2z) are continuous on Z, for every x;

o the Z. are distinct.

Then, (nh?)'/? <f1,2|zzz; —7172|Z:Z;) , — N(0,H) as n — oo, where H is a n’ x n’ real

i=1,..,n

matrix defined by
4fK2]l{Z;:Z9}

[H];; = 22 {Ely"(X1,X)g" (X, X)|Z = Z1 = Zy = Zi) — T p5-2, },

for every 1 <i,5 <n/, where (X,Z), (X1,Z1), (Xg,Zs) are independent copies.

This proposition is proved in Subsection A.4. We recall that g* (X1, X2) 1= T{(x; ,—X5.1)(X1 2~ X2.2)>0} —
L{(X1.1—X2.1)(X1.2—X2.2)<0}, denoting the bivariate vectors X, := (Xj 1, Xi2), k = 1,2. Note that the

latter function is symmetrical: ¢g*(x,y) = g*(y, x) for every bivariate vectors x and y.

2.2 Estimation of * by penalized linear regression on estimated con-

ditional Kendall’s taus

In the previous section, we have provided and study some estimators of conditional Kendall’s taus.
Having in mind the model specification (1), we now estimate the parameter 8* using the estimated
conditional Kendall’s tau 7y 2z—, as an approximation of the “true” 7 sz—,. As the number of
parameters p’ is possibly larger than n, we will use the penalized estimator given by (2), invoking
the usual [; penalty. The estimation algorithm is summed up in the following Algorithm 1. Its

time complexity is O(n’ n(n + p)), plus the cost of the convex optimization program (2).

Remark 7. Instead of a fized design setting (Z});—1.. . in the optimization program, it would
be possible to consider a random design: simply draw n' realizations of Z, independently of the
n-sample that has been used for the estimation of the conditional Kendall’s taus. The differences

between fixed and random designs are mainly a matter of presentation and the reader could easily



Algorithm 1: Estimation algorithm for B

for i <+ 1 to n' do
for ) < 1 to n do
| Compute the kernel K, ; < K,(Z; — Z,).
end
for j <+ 1tondo
| Compute the weight w;,(Z}) < Ki;/> 7, Ki; (Equation (4)).
end
Compute the conditional Kendall’s tau T1,21z=z; using Equation (5).

end
Solve the convex optimization program (2) and return B.

rewrite our results in a random design setting. We have preferred the former one to study the
finite distance properties and asymptotics when n' is fived (Subsection 2.3). When n and n' will
tend to the infinity (Subsection 2.4), both designs are encompassed de facto because we assume the

weak convergence of the empirical distribution associated to the sample (Z)i=1,. ., when n’ — oco.

~

Our first goal is to prove finite-distance bounds in probability for the estimator 5. Let us

introduce some notations. Let Z' be the matrix of size n’ x p’ whose lines are ¥ (Z,)T, i =1,...,7/,
and let Y € R" be the column vector whose components are Y; = A(7A'1,2|Z:z;)7 1=1,...,n'. For
a vector v € R, denote by ||v|| := [v|2/n’ its empirical norm. We can then rewrite the criterion
(2) as

B ;= arg min [HY — 78|13 + )\]6]1],
peR”
where Y and Z' may be considered as “observed”, so that the practical problem is reduced to a

standard Lasso estimation procedure. Define some “residuals” by
Cim = MFgz-z) —V(Z) B = MP12z-2)) — MTi2z-2,), i=1,....7n. (6)

Note that these &, are not “true residuals” in the sense that they do not depend on the estimator
B , but on the true parameter 8*. We also emphasized the dependence on n in the notation &; ,,
which is a consequence of the estimated conditional Kendall’s tau.

To get non-asymptotic bounds on B , we will assume the Restricted Figenvalue (RE) condition,

10



introduced by Bickel et al. [2]. For ¢y > 0 and s € {1,...,p}, it is defined as follows:

RE(s,cg) condition : The design matriz Z' satisfies

K(s,co) = min min \’/Z_//—T(LT
JoC {1,....p} 540 ek

O(lT’d(J0> S S |5JOC|1 S 00\5J0|1

Note that this condition is very mild, and is satisfied with a high probability for a large class
of random matrices: see Bellec et al. [1, Section 8.1] for references and a discussion. Moreover, we

will need the following assumption.

Assumption 2.7. The functions N, 1 are bounded by some constants, respectively denoted by

Cy and Cy.

Theorem 8 (Fixed design case). Suppose that Assumptions 2.1-2.5 and 2.7 hold and that the
design matriz 7' satisfies the RE(s,3) condition. Choose the tuning parameter as X = ~t, with
v >4 andt >0, and assume that we choose h small enough such that

fZ,minOA

QCK,(J{ ’

ha

IN

and (7)

fé mina!
he < [t Lamin ™ t. (8)
2 CT/JCA/ (fZ,min + 16fZ,max)CXZ:01

Then, we have

42/q 1)tsl/a
(72<+ 3))8 , for every 1 < q <2
K2(s,

(n — 1)h?Pt?
Csy + 03 ot )’

(A * 4<fy+1)t\/g
]P<HZ (ﬁ—ﬁ )Hn/ < W

>1—2n exp < - nhp01> —2n’ exp < -

and ’B - ﬁ*’q <

(9)

where Cl = f%,min/(SfZ,mam f K2+(4/3>0Kfzymln)7 CQ = 4{801110/\/(f%,mzn+16f%,ma:p) f K2}2/f%min7
and 03 = (64/3)C¢CA'CIQ{(f%,mzn + 16f%,ma:r})/fé,mm

This theorem, proved in Section B.2, yields some bounds that holds in probability for the

prediction error ||Z'(3 — 8%)||,» and for the estimation error |5 — B*lgs 1 < ¢ < 2, under the

11



specification (1). Note that the influence of n’ and p’ is hidden through the Restricted Eigenvalue
number k(s,3). The result depends on three parameters v, ¢t and h. Apparently, the choice of v
seems to be easy, as a larger v deteriorates the upper bounds. Nonetheless, it is a bit misleading
because B implicitly depends on A and then on v (for a fixed t). Nonetheless, choosing v = 4 is
a reasonable “by default” choice. Moreover, a lower ¢ provides a smaller upper bound, but at the
same time the probability of this event is lowered. This induces a trade-off between the probability
of the desired event and the size of the bound, as we want the smallest possible bound with the
highest probability. Moreover, we cannot choose a too small ¢, because of the lower bound (8): ¢
is limited by a value proportional to h*. The latter A cannot be chosen as too small, otherwise the
probability in Equation (9) will decrease. To be short: low values of h and t yield a sharper upper
bound with a lower probability, and the opposite. Therefore, there is a compromise to be found,

depending of the kind of result we are interested in.

Clearly, we would like to exhibit the sharpest upper bounds in (9), with the “highest probabili-
ties”. Let us look for parameters of the form ¢t o n=% and h o< n=%, with a,b > 0. The assumptions
of Theorem 8 imply ba: > a (to satisfy (8)) and 1 —2a —2pb > 0 (so that the right-hand side of (9)
tends to 1 as n — oo, i.e. nh? — oo and nt?h* — oo). For fixed o and p, what are the “optimal”
choices a and b under the constraints ba > a and 1 — 2a — 2pb > 0 7 The latter domain is the
interior of a triangle in the plane (a,b) € R%, whose vertices are O := (0,0), A := (0,1/(2p)) and
B = (a/(2p+2a),1/(2p+2a)), plus the segment |0, B[. All points in such a domain would provide
admissible couples (a, b) and then admissible tuning parameters (¢, h). In particular, choosing the
neighborhood of B, i.e. a = a(1 —€)/(2p + 2«) and b = 1/(2p + 2«) for some (small) € > 0, will

be nice because the upper bounds will be minimized.

Corollary 9. For 0 < e < 1, choosing the parameters A = 4t, t = (n — 1)70=9/Ca+20) gp

1
Sz min®! °

h— o (n — 1)-1Cat2) o min
en(n = 1) o 2CyCn ([Z min T 167 100)Cx20 )

12



for any n sufficiently large, we have

20,/5

= %(5,3)(n — 1)o1-0/a+2p) and

5. 42/ag1/4
(S, 3) (n _ 1)&(176)/(2(]“”2})

|B_B*|q§ﬁ;2 ),forevery1§q§2>

2p/, _ 1)\2ce/(2p+2a)
>1—2n"exp (— Cyc? (n — 1)(2a+p)/(204+2p)> — o' exp < ¢l(n—1) )

Oyt Cy(n — 1)—e(-9/(2a+2p)

2.3 Asymptotic properties of B when n — oo and for fixed n’

In this part, n’ is still supposed to be fixed and we state the consistency and the asymptotic
normality asymptotic of B as n — 0o. As above, we adopt a fixed design: the Z! are arbitrarily

fixed or, equivalently, our reasonings are made conditionally on the second sample.

For n,n’ > 0, denote by anl the estimator (2) with h = h,, and A = A, ,». The following
lemma provides another representation of this estimator an/ that will be useful for deriving its

asymptotic properties. It is proved in Section C.1.

Lemma 10. We have Bn,n/ = arg min G (B), where

seR”
Guar(9) = 13 DG B = 9) 4 5 D2 () (5" = 9+ Al (1)

We will also invoke a so-called convezity argument, summarized in Kato [10] e.g.: “Let g, and
Joo be random convex functions taking minimum values at x, and ., respectively. If all finite
dimensional distributions of g, converge weakly to those of g, and x., is the unique minimum

point of g, with probability one, then z,, converges weakly to x...”

Theorem 11 (Consistency of B) Under the assumptions of Proposition 5, if n' is fized and

A= Ao — o, then, given Z, ..., Z!

v and as n tends to the infinity,

n/

Brw =4 B = 10 oo (B), G (B) = — > ($(Z)T (5" = )" + MolB].

=1

13



In particular, if \o =0 and < P(Z)),...,P(Z!,) >= RY, then BH,H/L B*.

Proof : By Proposition 5, the first term in the r.h.s. of (10) converges to 0 as n — oco. The
third term in the r.h.s. of (10) converges to A\g|51| by assumption. We have just proven that

Gnnw — Gooy pointwise as n — oo.

We can now apply the convexity argument, because G,, ,; and G, are convex functions. As a
consequence, arg ming G,, ,»(8) — argming G () in law. Since we have adopted a fixed design
setting, £** is non random, given (Zj,...,Z/,). The convergence in law towards a deterministic

quantity implies convergence in probability, which concludes the proof.

Moreover, when Ay = 0, £* is the minimum of G, because the vectors (Z}), i = 1,...,p
generate the space R”. Therefore, this implies the consistency of Bnm/. U

To evaluate the limiting behavior of ann/, we need the joint asymptotic normality of (&, . .., & n),
when n — oo and given Z, ..., Z!,. By applying the Delta-method to the function A( - ) component-

wise, this is given in the following corollary of Proposition 6.

Corollary 12. Under the assumptions of Proposition 6 and given (Z},...,Z!,), we have

(R 2 s ol 2> N (0,1

where H is a n' x n' real matriz, defined for every integers 1 < i,5 < n’ by

g, S H ez
w f2(Z;)

2
< (W (romez) ) * (Bl (X0, X)g" (Ko, X)|Z = 2 = Zo = Z) ~ 7l )

Theorem 13 (Asymptotic law of the estimator). Under the assumptions of Proposition 6, and if

A (nhE Y2 — € when n — oo, we have

(”hZ,nf)l/2(Bn,n' - 5) Lyur = arg mﬁr})/ Foo (1),
ue
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gwen Z4, ..., Z!, and as n € oo, where

/

p

2 n/ p/ 1 n/ '
Foow(u) := p SN Wi(Ziu; + p > ((Z))Tu)” + ¢ > (luil Lpr—oy + i sign(B;)Lipr z0y).
=1

i=1 j=1 =1

with W = (Wi, ..., W) NN(O,H).

This theorem is proved in Section C.2. When ¢ = 0, we can say more about the limiting law
in general. Indeed, in such a case, u* = argmin R” Foonv(u) is the solution of the first order
u

conditions VF ,(u) = 0, that are written as

D Wab(2h) + Y (Z) () ) = 0.

Therefore,

w = (Y w@)ez)?) iwia,z;(z;),

i=1
when S, := 7 4p(Z])9p(Z,)" is invertible. In this case, the limiting law of (nhfw,)l/Q(Bn’n/ — B
is Gaussian, and its asymptotic covariance is Vi, := 3! Z?;:l[H],]¢(Z;)¢(Z§)TE;,1

Let remember that S := {j : 87 # 0} and assume that |S| = s < p so that the true model

depends on a subset of predictors. In the same spirit as Fan and Li [5], we say that an estimator

B satisfies the oracle property if

* v,(Bg — 6:‘3) converges in law towards a continuous random vector, for some conveniently

chosen rate of convergence (v,), and

e we identify the nonzero components of the true parameter 5* with probability one when the

sample size n is large, i.e. the probability of the event {j : Bj # 0} = S tends to one.

As above, let us fix n’ and n will tend to the infinity. Then, denote {7 : Bj # 0} by Sy, that will
depends on n/ implicitly. It is well-known that the usual Lasso estimator does not fulfill the oracle
property (Zou [19]). Here, this is still the case. The following proposition is proved in Section C.3.

Proposition 14. Under the assumptions of Theorem 13, limsup, IP (S, =8§) =c < 1.

15



A usual way of obtaining the oracle property is to modify our estimator in an “adaptive”
way. Following Zou [19], consider a first step estimator of 5*, denoted by ., or more simply 3.
Moreover l/n(Bn — (%) is assumed to be asymptotically normal. Now, let us consider the same
optimization program as in (2) but with a random tuning parameter given by A\, ./ 1= finn/| B,
for some constant ¢ > 0 and some positive deterministic sequence (fi,,,,7). The corresponding
adaptive estimator (solution of the modified Equation (2)) will be denoted by B,,,./, or simply /.

Hereafter, we still set S,, = {j : 3; # 0}. The following theorem is proved in Section C.4.

Theorem 15 (Asymptotic law of the adaptive estimator of §). Under the assumptions of Propo-

sition 6, if png (nhi, )% =€ >0 and iy (nhi, )20 = 0o when n — oo, we have

(nhf;’n,)l/Q(an/ -8s N u:‘S’f = arg nﬂgn IVFoom/(uS), where
uSE

oo ( (ug) : ZZWz/J]Z’u]—i— Z(Z%Z’u]> +€Z|B|581gn ),

i= 1]68 i=1 ]68 icS

with W = (W1, ..., Wy) ~N (O, ]ﬁl) . Moreover, when £ = 0, the oracle property is fulfilled: when

n tends to the infinity, P (S, = S) — 1.

2.4 Asymptotic properties ofB when n and n’ jointly tend to +oo

Now, we consider a framework in which both n and n’ are going to the infinity, while the dimensions
p and p’ stay fixed. To be specific, n and n’ will not be allowed to independently go to the infinity.
In particular, for a given n, the other size n'(n) (simply denoted as n’) will be constrained, as
detailed in the assumptions below. In this section, we still work conditionally on Zi,...,Z/,,....
The latter vectors are considered as “fixed”, inducing a deterministic sequence. Alternatively, we
could consider randomly drawn Z. from a given law. The latter case can easily been stated from

the results below but its specific statement is left to the reader.

Theorem 16 (Consistency jointly in (n,n’)). Assume that Assumptions 2.1-2.5 and 2.7 are sat-
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isfied. Assume that Z:il V(ZHY(ZL)T /' converges to a matriz My z:, as n’ — oo. Assume that

Mt = Ao and n' exp(—Anh*) — 0 for every A > 0, when (n,n’) — oo. Then

Bn,n’l> arg min, Geoo(B), as (n7n/) — 00,
pelR”

where Goo oo(B) := (B* — B)Myz:(8* — B)T + No|Bl1. Moreover, if \g = 0 and My z: is invertible,

then Bn,n/ is consistent and tends to the true value [5*.

This theorem is proved in Section D.1. Note that, since the sequence (Z)) is deterministic,
we just assume the usual convergence of Z’lil W(Z)Y(Z)T /' in RP”. Moreover, if the “second
subset” (Z});—1,.  were a random sample that were drawn along the law [Pz, the latter convergence
would be understood “in probability”. And if Pz satisfies the identifiability condition (Proposition

1), then My z would be invertible and Bn,n/ — [* in probability.

Now, we want to go one step further and derive the asymptotic law of the estimator Bnm/.

Assumption 2.8. (i) The support of the kernel K(-) is included into [—1,1]P. Moreover, for

all n,n’ and every (iy,is) € {1,...,0'}?, i1 # is, we have |Z] — Z |oo > 2Ny .

(ii) We have the following convergences : (a) n’(nhf;;ﬁa + h2%, + (nhy )7h) — 0, and (D)

An (' 10 hfL’n,)l/2 — 0.

(i) The distribution Pz, = L Z;il dz; weakly converges as n' — oo, to a distribution Pz

on R, with a density fz: o with respect to the p-dimensional Lebesgque measure.
(i) The matriz Vi := [ (2)P(2')! fz: (2')dZ' is non-singular.

(v) A is two times continuously differentiable and its second derivative is bounded by a constant

OA// .

Part (i) of this assumption forbids the design points (Z;);>; from being too close to each other
too fast, with respect to the rate of convergence of the sequence of bandwidths (hy, ) to 0. This
can be guaranteed by choosing an appropriate design. For example, if p = 1 and Z = [0, 1], we

can choose the dyadic sequence 1/2,1/4,3/4,1/8,3/8,5/8,7/8, ...

17



Part (ii) can be ensured by first choosing first a slowly growing sequence n’(n), and then by
choosing h that would tend to 0 fast enough. Note that a compromise has to be found concerning

these two rates. The sequence A, should be chosen at last, so that (b) is satisfied.

The design points Z, are deterministic, similarly to all results in the present paper. Equivalently,
all results can be seen as given conditionally to the sample (Z;);>1. For every n’, we can still use
the non-random measure [Pz ,, and we impose in Part (iii) that it converges to a measure with
a density w.r.t. the Lebesgue measure. Intuitively, this means we do not want to observe design
points that would be repeated infinitely often (this would result in a Dirac component in the limit
of IPz /). Note that we do not impose any condition on the density fz o, but we have already
imposed that the true density fz of the variable Z is bounded (see Assumptions 2.3 and 2.4). An
optimal choice of the density fz o is not an easy task. Indeed, even if we knew exactly the true
density fz (which is rather unlikely in applications), there is no obvious reasons why this choice
would better than others. If we want a small asymptotic variance V,,, the distribution of the design

should concentrate the Z, in the regions where A’ (7'1,2|z=z’)2 is small and where 1)(z')1(z')T is big.

Part (iv) of the assumption is usual, and ensure that the design is somehow “asymptotically
full rank”. Note that this matrix V; will also appear in the asymptotic variance, similarly to the

result we have obtained in the case of the ordinary least squares.

Part (v) will allow us to control the remainder term in a Taylor expansion of A. Notice that
this assumption was not necessary in the previous section, that is, with the simple asymptotic
framework, where we used the Delta-method on the vector (71 9z-z — T12jz=2!)i=1,...,s- But when
the number of terms n’ tends to infinity, we have to use the second derivative to control a remainder

term (see the details about this remainder term T3, Equation (22)).

Theorem 17 (Asymptotic law of the estimator jointly in (n,n')). Under Assumptions 2.1-2.8, we
have (nn’hfl,n,)l/Q(Bn,n' — 8% 25 N(0, V), where Vg i= V7 VoVt and

Vs ::/K(t)Zdt/g*(Xl,Xg)g*(X27X3)A/(7—1,2|Zz’)2¢(zl>¢(z/)T7

/00 Z/
X fxjz(x1|Z = 2') fx|z(x2|Z = 2') fx)z(x3|Z = Z')—fz’ (z) dx, dxydxsdz

fz(z')
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and Vi is the matriz defined in Assumption 2.8(iv).

This theorem is proved in Section D.2.

3 Numerical applications

3.1 Simulations

Now, we evaluate the numerical performance of our estimates through a small simulation study. In
this subsection, we have chosen n = 3000, n’ = 100 and p = 1. The univariate covariate Z follows a
uniform distribution between 0 and 1. The marginals X;|Z = z and X5|Z = z follow some Gaussian
distributions A (z,1). The conditional copula of (Xi,X3)|Z = z belongs to a one-parameter
family (here the Gaussian copula family). Therefore, it will be parameterized by its (conditional)

Kendall’s tau 71 97—, and is denoted by C

Tz Obviously, 71 9)z—. is computed using Model (1).

The dependence w.r.t. Z = z is specified by 7 97—, := 32(1 — 2) = 3/4 — 3/4(z — 1/2)*.

We will choose A as the identity function and the Z! as a uniform grid on [0.01,0.99]. The
values 0 and 1 are excluded to avoid boundaries numerical problems. As for regressors, we will
consider p’ = 12 functions of Z, namely v¥(z) = 1, ¥;11(2) = 27%(2 — 0.5)" for i = 1,...,5,
Ps10i(z) = cos(2mz /i) and Yg40:(2) = sin(2mz /i) for i = 1,2, ¥11(2) = 1{z < 0.4}, 12(2) = 1{2 <
0.6}. They cover a mix of polynomial, trigonometric and step-functions. Then, the true parameter

is f* = (3/4,0,—3/4,09), where Oqg is the null vector of size 9.

Our reference value of the tuning parameter h is given by the usual rule-of-thumb, i.e. h =
6(Z)n~1° where ¢ is the estimated standard deviation of Z. Moreover, we designed a cross vali-
dation procedure (see Algorithm 2) whose output is a data-driven choice for the tuning parameter
Aev, Finally, we perform the convex optimization of the Lasso criterion using the R package glmnet
8].

In our simulations, we observed that the estimation of B are not very satisfying if the family
of function v; is far too large. Indeed, our model will “learn the noise” produced by the kernel

estimation, and there will be “overfitting” in the sense that the function A=) (w()TB) will be very
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Algorithm 2: Cross-validation algorithm for choosing A.
Divide the dataset D = (X1, Xi2,2Z;)i=1,.» into N disjoint blocks Dy, ..., Dy ;
foreach )\ do
for k< 1to N do
Estimate the conditional Kendall’s taus 7:1(2)|z:z<ai =1,...,n' on the dataset Dy, ;
Estimate 8(-*) using Algorithm 1 on the dataset? D\D,, with the tuning parameter \ ;

2
Compute Errp(A) =31 (721(,162)|z:z; - 1/’(Z;)Tﬁ(_k)> ;

end

end
Return A := argminy 3., Erri()).

close to 7 2z—., but not to the target 7 gz—.. Therefore, we have to find a compromise between
misspecification (to choose a family of ; that is not rich enough), and over-fitting (to choose
a family of v; that is too rich). Note that in our simulations, we have replaced T12z=z Dy the

asymptotically equivalent symmetrical estimator

Hozsi= O Win(@)win(2) (1{(Xi1 = X50)-(Xiz = Xj5) > 0} = 1{(Xis = X;).(Xi — X;2) < 0}),
ij=1
that provides more stable results in the limiting cases.
We have led 100 simulations for couples of tuning parameters (A, h), where A S\C”, and
h oc 6(Z)n~'/°. The results in term of empirical bias and standard deviation of B are displayed in
Figure 1. Empirically, we find the smallest h tend to perform better than the largest ones. The
influence of the tuning parameter A (around reasonable values) is less clear. Finally, we selected
h = 0.256(Z)n""% and A = 2X®. With the latter choice, the coefficient by coefficient results
are provided in Table 1. The empirical results are relatively satisfying, despite a small amount
of over-fitting. In particular, the estimation procedure is able to identify the non-zero coefficients

almost systematically.

5i} Do Bs Ba Bs Bs B Bs By Bio Pu P12
Value 0.75 0 0.75 0 0 0 0 0 0 0 0 0
Bias -0.13  3.6e-05 0.26 0.0033 -0.045 -0.0051 -0.011 -2e-04 -3.2¢-05 0.073 -0.0013 0.00021

Std. dev. | 0.15 0.00041 0.18 0.035 0.078 0.041 0.022 0.0051 0.00037 0.15 0.007  0.0041
Prob. 1 0.015 0.96 0.015 0.4 0.069 0.36 0.076  0.0076  0.33  0.038 0.023

Table 1: Estimated bias, standard deviation and probability of being non-null for each estimated
component of 8 (h = 0.256(Z)n"'/% and A = 2\%).
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h=
* 0.125 * sd(2) * n\(-1/5)
@ 0.25 *sd(2) * n*(-1/5)
® 0.5 *sd(2Z) * nA(-1/5)

0.10
1

= 0.75 *sd(2) * nA(=1/5)
A 1 *sd(2) * nN=1/5)
* 2 *sd(Z) * nA(-1/5)
® ® 4 *sd(Z) * nA(=1/5)

0.08
Il

lambda =

b ® 0.25 *lambdaCV
¢| 0.5 *lambdaCV
52} ¥ 1 *lambdaCV

® 2 *lambdaCV
® A ® 4 *lambdaCV

0.06
Il

Mean standard deviation
>
L 4

0.04
|

T T T T
0.05 0.06 0.07 0.08

Mean absolute bias

Figure 1: Mean absolute bias 3.2, IE[3;] — 87|/12 and mean standard deviation S o(5;)/12,
for different data-driven choices of the tuning parameters A and .
To give a complete picture, for one particular simulated sample, we show the results of the

estimation procedure, as displayed in Figures 2, 3 and 4.

3.2 Real data application

Now, we apply the model given by (1) to a real dataset. From the website of the World Factbook
of the Central Intelligence Agency, we have collected data of male and female life expectancy and
GDP per capita for n = 206 countries in the world. We seek to analyze the dependence between
male and female life expectancies conditionally on the GDP per capita, i.e. given the explanatory
variable Z = log 10(GDP/capita). This dataset and these variables are similar as those in the first

example given in Gijbels et al. [9].

We use n’ = 100, h = 20(Z)n~'/° and the same family of functions v; as above (once composed
with a linear transform to be defined on [min(Z), max(Z)]). As expected, the levels of conditional

dependence between male and female expectancies are strongly dependent overall. When some
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0.0

Coefficients

Log Lambda

Figure 2: Evolution of the estimated non-zero coefficients as a function of the regularization
parameter A\. Note that the coefficients [y and [y coefficients are always zero (and are not
displayed).

countries are by epidemics or wars, both genders suffer. And the opposite when an efficient national
Health system is put in place. Nonetheless, we observe a decrease of the conditional Kendall’s tau
when Z is larger, up to Z ~ 4.5. This is inline with the analysis of Gijbels et al. [9]. Globally,
when countries become richer, more developed and safe, men and women less and less depend on
their environment (and on its risks, potentially). Interestingly, when Z become even larger (the
richest countries in the world), conditional dependencies between male and female life expectancies
increase again, because men and women behave similarly in terms of way of life. They can benefit

from the same levels of security and health.
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Figure 3: 5-fold cross-validation mean-squared error as a function of the regularization parameter
A. The dotted line correspond to the value 2 - A* where A is selected by Algorithm 2.

Conditional Kendall’s tau
0.0
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4: True conditional Kendall’s tau 7 5z—, (black curve), estimated conditional Kendall’s
tau 71 9;z—, (ved curve), and prediction A~V (¢(Z)TB) (blue curve) as a function of z. For the blue

curve, the regularization parameter is 20 where A% is selected by Algorithm 2.
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0.7 0.8 0.9
| | |

Estimated conditional Kendall’s tau

0.6
|

3.0 3.5 4.0 4.5 5.0

Figure 5: Estimated conditional Kendall’s tau 71 5z—, (red curve), and prediction A=Y ('z/)(z)TﬂA)
(blue curve) as a function of z for the application on real data, where the estimated non-zero
coefficients are Bl =0.78, 37 = —0.043, Bg = 0.069 and 511 = 0.020. The regularization parameter
is A /2 where A is selected by Algorithm 2.

0.1

0.0
1
» N

Coefficients

T T T I
-10 -8 -6 -4

Log Lambda

Figure 6: Evolution of the estimated non-zero coefficients as a function of the regularization
parameter A\ for the application on real data. Note that all the other 1); coefficients are zero
(except the intercept).
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Figure 7: 5-fold cross-validation mean-squared error as a function of the regularization parameter
A for the application on real data. The dotted line correspond to the value A®/2 where A\ is
selected by Algorithm 2.
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Proofs for 7

For convenience, remind Berk’s (1970) inequality (see Theorem A in Serfling [15, p.201]). Note

that, if m = 1, this reduces to Bernstein’s inequality.

Lemma 18. Let m > 0, X4,...,X,, some random wvectors with values in a measurable space

X and g : X™ — [a,b] be a symmetric real bounded function. Set 6 = IE[g(Xy,...,X,,)] and

o2 :=Var[g(Xy,...,X)]. Then, for any t >0 and n > m,

P ((Z)_l Eg(Xm s X)) =02 t) S exp ( T 202 +[€L2//7z’?)]l(tZ - 9)1?)’

where ). denotes summation over all subgroups of m distinct integers (i1, ..., 1) of {1,...n}.
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A.1 Proof of Proposition 2

Lemma 19. Under Assumptions 2.1, 2.2 and 2.4, we have for any t > 0,

. CK,aha nhpt2
IP(VZ<Z> ~Jz(2)] = =) “) = 2o ( " 2 [ K2+ <2/3>0Kt>'

This Lemma is proved below. If, for some € > 0, we have Ck h*/a!l +t < fz i — €, then
f(z) > € > 0 with a probability larger than 1 — 2exp ( — nh?t?/(2fzma [ K> + (2/3)Ckt)). We

should therefore choose the largest ¢ as possible, which yields Proposition 2.

It remains to prove Lemma 19. Use the usual decomposition between a stochastic component
and a bias: f2(z) — f2(2) = (f2(2) — Blfz(2)]) + (Elf2(z)] - f2()).

We first upper-bound the bias.

E[f2(2)] — fa(z) = E[n"! Z K(Zi —2)] — fa(2)

= [ Ky = 2)(J2(y) = fal2))dy

:/pK(u)<fz(z+hu) —fz(z)>du.

Set ¢gu(t) == fz (z + thu) for ¢t € [0,1]. This function has at least the same regularity as fz, so it

is a-differentiable. By a Taylor-Lagrange expansion, we get

/ K(u) ( f2(z+ hu) — fz(z)>du - /R K(u) (¢z,u(1) - ¢Z7u(0)>du

1 . 1
= [ (X 5080 + fokltan) ) du

=1

for some real number ¢, ,, € (0,1). By Assumption 2.1, forevery i = 1,...,a—1, [pr K(u)gbé’L(O) du =

0. Therefore,

E[fz(2)] — fa(2)




CK,a

<
al

he.

p le
/ K (u) Z h%u;, . . uzaﬁ (z + tz7uhu) du

1yesia=1

Second, the stochastic component may be written as

n n
~ A

ful2) ~ Elfa()] = 07" 3" Ki(Zi ~2) ~ B [n_l N Kul(Zi - z)] =01y s,

i=1 =1

where S; := K (Z; —z) — IE[K,(Z; — z)]. Apply Lemma 18 with m = 1 and ¢(Z;) = S;. Here, we
have b= —a = h ?Ck, 6 = E[g(Z,)] = 0 and |Var[g(Z,)]| < h™Pfzmee [ K2, and we get

nt?

g
Qh_pfz?m(w f K2 + (2/3)h_pCKt)

P (% > Ki(Zi —z) — B[Ky(Z; — 2)] > t) < exp ( —

A.2 Proof of Proposition 3

Consider the decomposition

7:1,2\Z:z - Tl,2|Z:z =4 Z wi,n(z)wjm(z)ll{Xi < X]} - 4]P(X1 < Xg‘zl = 22 = Z)

1<i,5<n
K (Zz _Z)K (ZJ —z)
:41<;<n h nzf%(Z) (L{X: < X} ~P(X, < Xa|Zs = 2 = ) )
_ f2(2) Kn(Z; — 2)Kn(Z; — 2) o
_4f§(Z) X1<ZZ,]~:<n n2f2(z) (ﬂ{Xi<Xj}—IP(X1 <X2|Z1—Z2_z)>

:4{%(Z) X ( Z S@j) .
%(Z) 1<i,j<n

The conclusion will follow from the next two lemmas. Then, f2(z)/f2(z) and | D icijen Sig| will

be bounded separately. [J

Lemma 20. Under Assumptions 2.1-2.4 and if Cx oh®/a!l +t < fz.min/2 for somet > 0, then

f2(2) 16/Zmaz (Cr.ah® > ( nh?t? )
P = > 1+ ’ 2 4t) ) <2 - ’
<f%(z) B f%,mm ( ol ) =P 2fZ,maa: f K? + (2/3)0Kt
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and fz(z) is strictly positive on these events.

Proof : Applying the mean value inequality to the function x +— 1/2%, we get

1 2 .,
2 R@| < e~ faE),

where f5 lies between fz(z) and fz(z). By Lemma 19, we get

) Cah® nhPt?
IP(WZ) ~fala)] < = ”) =1m2ew (‘ zfz,me2+<2/3>CKt)‘

fz(z) - fz(z)| < fzumin/2, so that fzmin/2 < fz(z)- We have also

Jz.min/2 < fz(z) and then fz /2 < fz. Combining the previous inequalities, we finally get

Therefore, on this event,

1 1

3(z)  f2(2)

< 16 |fz(z) B fz(Z)’ < 16 (CK,aha +t>’

— f£3 — £3
fZ,min fZ,min al

and we deduce the result. O

Lemma 21. Under Assumptions 2.1-2.5, we have

Cxz.oh” > ( (n — 1)n?t? )
p(| S s 2l L) Cong (- |
( lﬁgén ! an% (Z)Oé! = 26Xp 160]2(f%,m1n<f K2)2 + (8/3)Cf2(f%,mznt

Proof : Note that

Z Si’j = Z (Siyj — IE[SZJ]) + n(n — 1)IE[S1’2] + Z SM

1<i,j<n 1<i#j<n
The “diagonal term” S7 | S;; = —P(Xy < Xo|Zy = Zy = 2z) 3.1 KZ(Z: — 2)/(n*f3(2)) is
negative and negligible. It will be denoted by —A,,.
Now, let us deal with the main term, that is decomposed as a stochastic component and a bias

component. First, let us deal with the bias. Simple calculations provide, if i # 7,

Kh(Zl — Z)Kh(Zj — Z)
n®fz(2)

E[S;,] = E (1{Xi<Xj}—IP(Xi<Xj\zi=zj=z))}
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B )

X fx,z(Xh Z1) fX,Z(X2; Z2) dxy dz; dx; dz

— /RW %(1@ <x}—P(X; < Xj|Z; =Z; = Z))

X fx.z <x1, Z + hu) xz <X2, z + hv) dx; du dxs dv

_ /Rw %(1&1 <%} —P(X; < X,|Z = Z; =12))

(fx,z (Xh z+ hu) Ix,z (XQ, z+ hV) — fxz(x1,2) fx z(x2, z)) dx; du dxs dv,

because, for every z,

— /R4 (ﬂ{xl <x} —IP(X; < X5|Z =27, = Z))fx|zzz(x1)fX|Z:z(x2)dx1dX2

= /R“ (1{’(1 <xp} —~P(Xy <Xo|Z) =Zy = Z)) fX’Z(Xh;z)(fz);’Z@Q’Z)dxldxg. (11)
z

We apply the Taylor-Lagrange formula to the function

¢x1,XQ,u,v(t) = fxz (Xl, Z + thu> fX,Z (Xg, Z + thV) .

With obvious notations, this yields

K(u)K(v)
n?f7(z)
) (¢xl,x2,u,v(1) — ¢x1,XQ,u,V(O)> dx, du dxy dv

B[S, ;] = (1x < %} —P(Xi < X,[Z: = 2, = 2)

%(ﬂ{xl <%} -P(X; < X,|Z = Z, —z)>

a—1
(Z il ¢§ckl xauv(0) + = ¢Xi‘)x2 uv (txixz,m V)) dx; du dxs dv
k=1

K(u)K

n2f2 )(ﬂ{X1 < XQ} IP(X < X {Z = Z = z))( ¢§(?)XQ,u,v(tx1,x2,u,v)> dx; du dx, dv.
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Since ¢y () is equal to

@ o o akfX7Z aaikfx7z
Z (k) Z Wiy oy Vi -Uiam<x1,z +thu> - m(m,z +thv),

Zia

using Assumption 2.5, we get

‘]E[SLQH S sz,aha/(n2f%(z)oz!). (12)

Second, the stochastic component will be bounded from above. Indeed,
1
> (Sij—E[Siy)) = e > o((XiZ), (X5, 2Zy)),
1<i#j<n 1<i#j<n

with the function ¢ defined by

Kh(ZZ — Z)Kh(Zj — Z)
f2(2)
~B|Ky(Z; — 2)K4(Z; — z)fZ’Z(z)<]l{Xz- <X} - P(X; < X;|Z = Z; = z))} .

g((Xza Zz): (X], Z])) =

(1{Xi < X;} = P(X; < X[ = 7; = 7))

The symmetrized version of ¢ is g, ; = (g((Xi, Z;), (X;,Z)) + 9((X;,Zy), (X, ZZ))>/2 We can

now apply Lemma 18 to the sum of the g; ;. With its notations, 6 = IE[QM} = 0. Moreover,

‘Var [g((Xz', Z;),(X;, Zj))} ‘

[ 00 ) oo

2

- 12
X fxz(X1,21) [x,2(X2, 22) dX; dX; dz, dz;
K2(t)K?(t
S %fx,z(xl, 7 — htl)fx,z (XQ, Z — htz) dX1 dXQ dt1 dtg
h? f,(z)

< ([ K) i

and the same upper bound applies for g; ; (invoke Cauchy-Schwartz inequality). Here, we choose
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b= —a= 2012(h’27’fz_3nm. This yields

2 ) /202 f4 o
IP(n(n—l) 2 g"j>t>SeXp(‘2h—2pf%,m<ff<2>2+<4/3>0%(h—2pf%,mmt>'

1<i#j<n

Then, for every t > 0, we obtain

]P( 3 (Si,j—]E[Si,j]—An)zt)glP(% 3 g((Xi,Zi),(Xj,Zj))Zt+An>

1<izj<n 1<izj<n
(n—1) 2 3
n n(n —1) IS;@ J

c B [n/Q]tzfé,mm and
= T R L TR+ (43RG )

]P<| > (S —E[Si]) — Al > 75)

1<i#j<n
(n - 1)t2fé,mm
4h72pf%,max(f K2>2 + (8/3)Cl2(h72pf%,mmt '

§2exp(

The latter inequality and (12) conclude the proof. O

A.3 Proof of Proposition 5

Let us note that 7y 97—, = ]E[g*(Xl,X2)|Z1 =272y = z], and that the estimator given by (5)

with the weights (4) can be rewritten as 71 9z—, 1= Un(9*) / {Un(1) + €, } where

1

Unl9) = e T B Rz = Z)]

5 Y, 9K X)) Kz — Z) Ki(z — Z),

1<i#j<n

for any measurable bounded function g, with the residual diagonal term

1 —
n(n — 1)IE[K}(z — Z)]? ZZ;K}I(Z - 7).

€n —
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By Bochner’s lemma (see Bosq and Lecoutre [3]), €, is Op((nh?)™') and is negligible compared to

U,(1). Note that

) = T, 2, X KRB 2) = oy 3 s

1<i#j<n 1<z;é]<n

with obvious notations. In our case, its expectation is

1
U] = Frr =z Bl X X Kn(z = Z0) Ki(2 = Z2)
= /g*<X1, XQ)K(tl)K(tQ)fxz(Xl, Z + htl)fxz(Xg, Z + htg)dxl dX2 dtl dtQ
— % /g*(xl,x2)fx7z(xl,z)fxvz(x2, z)dx dxs = IE[g*(Xl, Xg)}Zl =z,7y = z},

applying Bochner’s lemma to z — [ ¢*(X1,X2) fx|z=2(X1) fx|z=2(X2) dX1 dXo = T1 27—, that is a

continuous function.
Set 0,, := IE[g;;]. Since g* is symmetrical, the Hdjek projection U, (g*) of U,(g*) satisfies

Un(g") ZIE903|XJ7Z Zgn

j 1

where g,(x,2) == Ku(z — 2)E[g*(X,x)Ky,(z — Z)] / E[K)(z — Z)]*>. Note that E[U,(g")] = 0n,
i # j. Since Var(U,(g*)) = 4Var(E[g},|X;,Z;])/n = O((nh?)~1), then U,(g*) = 6, + op(1) =

Ti 91z, + op(1). Moreover,

* 3 * 1 * *
Un(g") = Unlg”) = nn—1) Z (gz',j - Elg;;1X;, Z;] — E[g; ;| X, Zi] + 9n)
1<i#j<n
1
= g;
n(n —1) IS;STL J

By usual U-statistics calculations, it can be easily checked that

VarUulg) ~Uule")) = s S Y Blfudun) = Olgy). (13

1<217é]1 <n 1<ig#j2<n
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Indeed, when all indices (i1, 12, J1, J2) are different, or when there is a single identity among them,
IE[G;, ;,9:,5,] = 0. The first nonzero terms arise when there are two identities, i.e. i, = iy and
J1 = j2 (or iy = j» and j; = iy). In the latter case, an upper bound as O((nh?)~?) when fz is
continuous at z, by usual change of variable techniques and Bochner’s lemma. Then, U,(g*) =
Un(g*) + 0op(1) = Tiajz, + op(1). Note that U,(1) + ¢, tends to one in probability (Bochner’s

lemma). As a consequence, 71 9jz—z = Un(9*)/ (Un(1) + €,) tends to 7y 2jz—,/1 by the continuous

mapping theorem. []

A.4 Proof of Proposition 6

-----

the same ideas with a multivariate conditioning variable z and studying the joint distribution of
U-statistics at several conditioning points. As in the proof of Proposition 5, the estimator (5) with

the weights (4) can be rewritten as 7 5jz—z := Upni(9") / (Uni(1) + €,,), where

n

1
Unilg) == X1, X Kn(Z, — Z;))KK(Z, — Z5,),
’ (g) n<n _ 1)IE[Kh(Z; . Z)]Q "y ;J 2 g( J1 ]2) h( 4 ]1) h( 1 ]2)

-----

By a limited expansion of fx z w.r.t. its second argument, and under Assumption 2.5, we easily
check that IB[Uy:(9)] = 71222 + 7w, where || < Coht/ f7(Z}), for some constant Cy that is

independent of 1.

Now, we prove the joint asymptotic normality of (Um(g))i: .- The Hdjek projection (A]m-(g)

-----

of U,;(g) satisfies Unz(g) =2 Z?Zl Gn.i (Xj, Zj)/n — 0,,, where 6, := IE[Um(g)} and
gn.i(%,2) = Ku(Z; — 2)[E[g(X, x) Ky (Z; — Z)] | E[K\(Z] — Z))°.
Lemma 22. Under the assumptions of Proposition 6, for any measurable bounded function g,

()2 (Urilg) = E[Uni(g)] ) =5 N(0, Mac(g)), asm = ox,
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where, for 1 <i,57 <n’,

4 [ K* L7z,
f2(Z)

(Moo (9)]ij = /Q(Xl,x)g(xmx)fmzz;(X)fX|zz;(X1)fxzz;(X2)dXdX1 dxs.

This lemma is proved in Section A.5.

Similarly as in the proof of Lemma 2.2 in Stute [16], for every ¢ = 1,...,n’ and every bounded

symmetrical measurable function g, we have (nh?)Y/2Var [Um(g) — Un,i(9)] = o(1), which implies
()2 (Unilg) = E[Unilg)]) =5 N(0, Malg)), as n— ox, (14)

Considering two measurable and bounded functions g; and go, we have U, ;(c1g1 + c292) =

c1Uni(g1) + c2U,, i(ga) for every real numbers ¢y, ¢o. By the Cramér-Wold device, we get

(nh?)'/? ((Um(gl) — E[Un,i(gl)D

20 o, Moo(g1)  Moo(91, 92) |

Moo(91792> MOO(QZ)
as n — 0o, where

4 [ K*1yz—z1y
MOO y ij = - s
[ (gl 92)] »J fZ(Z;)

/ g1 (Xla X)g2 (X27 X)fX|z=z; (X)fX\z:z; (X1)fx|z:z; (x2)dx dx; dxs.
Set 71 91z—z; = Uni(g”) / Uni(1). Since
(nh2)' (1 92-2: — Froz—z;) = Op((nh})?e,;) = op(1),

it is sufficient to establish the asymptotic law of (nh?)'/2 (%172|zzzg — TLz‘zzz;). Since IE[U,,;(1)] =
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1+ o((nh?)™/2) and IE[U,:(g%)] = T 212—2; + o((nh?)1/?), we get

..........

Ly N o, , as m — 00.
Mos(g%,1)  Moo(1)

Now apply the Delta-method with the function p(x,y) := x/y where x and y are real-valued
vectors of size n’ and the division has to be understood component-wise. The Jacobian of p is
given by the n’ x 2n’ matrix J,(x,y) = Diag(yl_l, N ‘y;}) ’ Diag( — a2 — xn,y;,?) , where
for any vector v of size n’, Diag(v) is the diagonal matrix whose diagonal elements are the v;, for

i=1,...,n. We deduce (nh?)!/? (7:1,2|z=z; — 7'1,2|z=z;) y L, N(0,H), as n — oo, setting

i=1,...,

Myo(g*)  My(g*,1
H := J,(7, e) (9") (g, 1) J,(7,e)7,

Meo(g™,1)  Mo(1)

where 7 = (71,2|Z:z; ) and e is the vector of size n’ whose all components are equal to 1.

i=1,...,n’
Thus, we have J,(7,e) = []dn,, —Diag(?)} , denoting by Id,  the identity matrix of size n’ and by
Diag(T) the diagonal matrix of size n’ whose diagonal elements are the Tz, fori=1,...,n". To

be specific, we get
H = M (g") — Diag(T)Mx(9",1) — Moo(g*, 1) Diag(T) + Diag(7T)Ms(1)Diag(T).

For 4,7 in {1,...,n'} and using the symmetry of the function g*, we obtain

B 4fK2]l{Z;:Z3.}

(Moo (9")ij = Tz Elg" (X1, X)g" (X2, X)|Z = Zy, = Zy = Zj],

4fK2]l{z<:z/.}
[DZGQ(F)MOO(Q*7 1)]i,j = 7'1,2|z:Z2 "

f2(Z;)
4 [ K21ig_yp
- ! fz(égz.ﬁ ZJ}T12,2|Z:Z; = [My(g*, 1) Diag(7)];; = [Diag(F)Mu (1) Diag(7)];;-

Elg"(X1, X)|Z = Z, = Z]]
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As a consequence, we obtain

4 [ K*Liz—z)
f2(Z;)

[H):,; = (Bly* (X1, X)g" (Xe, X)|Z = %) = Zo = Z)) = 7oy, O

A.5 Proof of Lemma 22

A~

Let us evaluate the variance-covariance matrix M, ,/ := [Cov(f]m, Un.j)li<ij<n- Note that

IE|gns(X;,%;)| = B[0n] = E[Usi(g)], and that

n

. 2hP/?
()2 (0ns = BUo))) =20 (0%, 2) - B0
1=1,..., n' ]:1 e
that is a sum of independent vectors. Thus, for every ¢, 7 in {1,...,n'},

OOU<Un,ia Un,j) = 4n_1COU (gn,i (X, Z) ) gn,j (X> Z)) ) and

E [gn,i (X.2), gns(X, Z)}

_ /Kh(z;_z)f(h(z; —Z)E[ (XH;( W, lE[ _Kh(z; 2)] Fxz(x, z)dx dz
[Kn(Z; — Z)] E[Kh(zj Z)]
TR | 9 e W IE 2 = )K= ) i =
X fxz(x,2) fxz(X1, W1) fx z(X2, W2)dx dz dx; dw dxg dwy
T J 2 el ) ) K ) 2 ) .2 —
X fxz(x1,Z; — hwy) fx z(x2, Z; — huy)dx du dx; du; dx; dus.

If © # j and K is compactly supported, the latter term is zero when n is sufficiently large, and

CO’U(UTM', Un,j) = —4nilIE[Un7i]IE[Un7j] ~ —4n717172‘zzzé7'172|zzzg = 0((nhp)*1).
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Otherwise, 1 = 7 and we get

E {(gn, (X, Z))z} ~ W /g(xl, X)g(Xg, x) K () K (ug) K2 () fx z(x, Z)
z\4;
. fx’z (Xl, Z;)fX,Z(X% Z;)dX du Xm du1 dX2 dUQ
J K?

~ ez /Q(XbX)Q(X27X)fX|z=z;(X)fxz:z; (x1) fx|z=2 (X2)dx dx; dX2,

by Bochner’s lemma. As IE[gm- (Xl, Zl)} = O(1), we get

2
Var [gm(Xj,Zj)] ~ #IE’Z()/Q(XMX)Q(X%X)JCMZZ;(X)fXZZg(Xl)fXZZ;(XZ)ddel dx;.

We have proved that, for every 7,5 € {1,...,n'},

2
4 [ K*Liz-z)

nh? M, ol —
Mol f2(Z;)

/ 9(x1,%)g (X2, X) fxjz=2 (X) fx|Z=2 (X1) fX 22 (X2) dX dX7 X3,

as n — 00. Therefore, nh?M,, ,» tends to M.

We now verify Lyapunov’s condition with third moments, so that the usual multivariate central

limit theorem would apply. It is then sufficient to show that

hP/2\ 3 & 3
<W> Y E [gn,i(xj,zj) — IE[Un,Z-(g)H ] = o(1). (15)
j=1
For any 7 =1,...,n, we have
3
IE {gn,i(Xﬁzj) - ]E[Un,i<g)H }
1 3
N/ W/g(xl,x)Kh(Zg — 21)K(Z] — 2) fx,z(x1, 21)dx dz; — E[Unz(g)] fxz(x,2z)dx dz.
z\ &
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We do the change of variable z; = Z; — ht, and z = Z, — ht. We get

|

0i(%,%) ~ Bl )]

~ h2p/ f%(]-Z;) /g(Xl, X)K(t1>K(t)fX’z(X1, Z; — htl)dxl dtl
3
— WPE[U.(9)]| fxz(x, Z; — ht)dxdt = O(h™?"),

because of Bochner’s lemma, under our assumptions. Therefore, we have obtained

()" 2o [0 25) = )] | = 00020 = 0oy = oty

Therefore, we have checked Lyapunov’s condition and the result follows. [J

N

B Non-asymptotic proofs for

Loy

B.1 Two technical lemmas

1
Lemma 23. We have ||Z'u]|?, < Mul; + o’ (¢, Z').

Proof : As j is optimal, through the Karush-Kuhn-Tucker conditions, we have (1/n/)Z'T(Y —
Z'B) € d(A|B1), where d(A|B]1) is the subdifferential of the norm A| - |, evaluated at 3. The dual
norm of |- |y is | - |, S0 there exists v such that |v|e < 1 and (1/n)Z'T(Y — Z/f) + Av = 0. We

deduce successively Z'TZ(8* — B)/n’ + Z'T€/n/ + Iv = 0,

%IZ’(B* - B3+ %(ﬂ* — BTZTe + A" — B)Tv =0, and finally

128 = BIR < (2B -5, )+ Mp* B, O

2
Lemma 24. We have |uSC|1 <l|ugl + pv (&, Z').
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Proof : By definition, /3 is a minimizer of ||Y — Z'S||2, + A|8];. Therefore, we have
1Y = Z'BI[5 + ABh < |[Y = Z'5°|[% + A6

After some algebra, we derive ||Y — Z'B|2, — ||Y — Z'8*|12, < M|(B8* — B)gli — (8 — 5*)80]1).
Moreover, the mapping 3 + ||Y —Z'3||?, is convex and its gradient at 8* is —2Z'7 (Y —Z'8*) /n/ =

—27Z'T¢/n’. So, we obtain
Y —ZBIE 1Y -2 > — (27, - 5).
Finally, combining the two previous equations, we obtain
Z(zme, -5y <A(E - Bsh — (B~ ) geh). O

Lemma 25. Assume that

for some t > 0, that the assumption RE(s,3) is satisfied, and that the tuning parameter is given
42/9(ry 4 1)ts/a

. 4 1 .
by A=t withy > 4. Then, 25— )l < U and - ), < 0L,
k2(s,

~  k(s,3)

or

every 1 < q < 2.

Proof : Under the first assumption, we have the upper bound

; (Z¢ | u) < |u|1 max_

.....

S ‘U|1t.

Z éi,n

We first show that u belongs to the cone {4 € RP : [0gelt < 3[0gh, Card(S) < s}, so that we will
be able to use the RE(s, 3) assumption with Jy = §. From Lemma 24, [uge |y < | ugli +2t[ufi/A.
With our choice of A, we deduce [ugc|i < [ug|:i + 2[uli/y. Using the decomposition [uf; =

fugels + fugl, we get [ugels < lugl(y +2)/(y - 2) < 3Jugl.

As a consequence, we have |uf; = Juge|i + |lugli < 4lugl < 4y/sluly < 4v/s||Z'a]| /K(s,3).
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By Lemma 23,

4v/'s
K(s,3)

1
1Z"a][7 < Al + — (€, Z'u) < Mul + Julit < Jufi(y + 1)t < ||Z" | (v + 1)t

n
We can now simplify and we get

4(y + 1)t
K(s,3)

4y + 1)t
K2(s,3)

16(y + 1)t

Z'uall|,y <
12"l < 2 00.3)

Vs, July < Vs, and |uf; <

Now, we compute a general bound for |u|,, with 1 < ¢ < 2, using the Holder norm interpolation
inequality:

3 B 42/4 1)tsl/e
?/q 1|u2 2/q - (v + 1)ts ‘

ul, < |u
| |Q—| | 2 — HZ(S,S)

B.2 Proof of Theorem 8
Using Proposition 3, for every t;,to > 0 such that Ck o h®/a! +t1 < fzmin/2, with probability
greater than 1—2n'exp <— (nh?t3) / (2 fzmas | K*+ (2/3)C'Kt1))> —2n/ exp (— (n— )PPt f7 rmin

/ <4f%,max(f K2)2 + (8/3>C[2(f%7mlnt2)>, we have

1 )
jmax 1 Z; Z; iSim| < Cy Jmax |&in| < CyClur Jnax |1 202—2: — T12z—2]
1=
167 Cic ah® Cxz.oh®
< 4CyC (1 + 32””‘””( e +t1>) (—j‘z’“ , +t2).
fZ,min a: fZ,mina'

We choose t1 := fz min/2 so that, because of Condition (7), we get

CK,aha/CV! + tl S fZ,min'
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Now we choose ty :=tf7 ... /[{8CUCrr (fZ 1minT16f7 1maz) }- By Condition (8), Cxz,ah®/(fZ min@!) <

to, so that we have

162, Cxz.ah® 1617 ma
(1 ) (Gl Y (1 B

fZ,min fZ,mina‘ meu'n

As a consequence, we obtain that

Z gi,n

+ 2n' exp < —

h?
>t S 2n’exp ( n2 fZ ,min )
8fZ masz 4/3>CKfZ min
(n — 1)h2rt?
Co+ Cst )’

and we can apply Lemma 25 to get the claimed result. [J

C Asymptotic proofs in n for fixed n’

C.1 Proof of Lemma 10

Using the definition (2) of (., we get

1, ,
By := arg mﬂ@ = Z (MP120z-2) — %b(zi)Tﬁ)Q + /\n,n'|5|1]
Be =1

= arg mf&rzl) _Z gln'f_"ub TB 77[’( ) ﬂ)2+>‘n,n’|ﬂ|1]
peR” |

= org min, %Z@%n Z@m B+~ > @@ (B - p) +An,n/|ﬁ|1]
Be L i =1

= arg mﬂg}) — pr (Z)"(B*—B) + ;, ST ((EZ)T (B = B)) + w8l | O
Be L i=1
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C.2 Proof of Theorem 13

Let us define 7, := (nhﬁm,)l/z, u =1, (8 — ) and Oy, = ry (Bn,n/ — B*), so that ann/ =

B* 4 Wy /T By Lemma 10, an’ = arg minBeRp/ Gu(B). We have therefore

2
T u
n,n’ — iwn >\nn
a argumm 25 P(Z + Z( n) + Bg* +7”nn 1]
= arg min F, . (u),
ueR”
where, for every u € R”
_2rn,n/ u T 1 a T, \2 2 *
B (W) 1= =237 €t (Z) u+ — 7 (W(Z) )" + Ar? o - 18'1,).
i=1 i=1
Note that, by Corollary 12, we have
2 2 I Z b, 2 v
2D () == Y ity (Z)u; — With;(Z;)u;.
=1 =1 j=1 =1 j=1
We also have, for any (fixed) u and when n is large enough,
e [ —
— 187, :Z . ]l{ﬁ _0}+ - 81gn(ﬁi)]l{/5#0} )

i=1

Therefore An,n'T?l,n/< — |8 1) — EZf;l (Jui| Lggr—oy + u; sign(B7)Lia:20})-

We have shown that F,, ,,,(u) D, Foo v (u). Those functions are convex, hence the conclusion

follows from the convexity argument. []

C.3 Proof of Proposition 14

The proof closely follows Proposition 1 in Zou [19]. It starts by noting that

P (S, = S)<IP<6 —0, Vj §ZS)
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Because of the weak limit of /3 (Theorem 13 and the notations therein), this implies
hmsup]P(ﬁ =0,Vy QS) SIP(U;:O, ngZS).

If £ = 0, then u* is asymptotically normal, and the latter probability is zero. Otherwise ¢ # 0, and
define Vf@p =2 Z?;l Wip(Z;) /n'. The KKT conditions applied to Fu, ,» provide

¥V 2 - T, % *
Ww;;wz;)zb(z;) w v =0,

for some vector v* € R” whose components v} are less than one in absolute value when j € S, and

vi = sign(f;) when j € S. If uj =0 for all j ¢ S, we deduce

us + ¢ sign(fg) = 0, and (16)
SS

7.Ll

2N ()

i=1

(Wy)ge + us| </, (17)

S°S

componentwise and with obvious notations. Combining the two latter equations provides

-1

(W) + Csign(B5)) [ < 6, (18)
58

Z¢

(Wy) g —

> w(z)w(z)"

SC

componentwise. Since the latter event is of probability strictly lower than one, this is still the case

for the event {u;‘ =0,V)¢ S}. O

C.4 Proof of Theorem 15

The beginning of the proof is similar to the proof of Theorem 13. With obvious notations, 1, , =

arg min R [, (u), where for every u € R”
u

/

p

Fy(u) : 2Tnn Z&mﬁ Tu+ = Z Z;)" u) —l—un,nﬂ”?m Z AP (|5

=1

= 1a1).
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If B # 0, then

:unm/r'rzz,n’ (‘5* + Uy
|BZ|(S ‘ n,n’

If 37 =0, then

* Hnn/Tnn . *
| B; ]) = ————u; sign(f) = ——=u; sign(f;) + op(1).

|Bil° Z !B [°

Mnnlrnn ,unn’rnn’l/z
e (e - ) = P,

By assumption v,,3; = O,(1), and the latter term tends to the infinity in probability iff u; # 0. As

777,

a consequence, if there exists some i € S s.t. u; # 0, then Fn,n/(u) tends to the infinity. Otherwise,
u; =0 when i € S and F,, v (u) = Foo(ug). Since Fu v is convex, we deduce (Kato [10]) that

ug — uZ‘S, and uge — 0 g, proving the asymptotic normality of Bnm/’ S-

Now, let us prove the oracle property. If 7 € &, then Bj tends to [3; in probability and
IP(j € S,) — 1. It suffices to show that IP(j € S,,) — 0 when j € S. If j ¢ S and j € S, the

KKT conditions on Fn’n/ provide

_zrn,n/ " / 2 / INT ~ ,un,n/rn,n’l/g . -
n Z;gi,n’l/’(zi)j + ﬁ Z;lb(zz‘)ﬂb(zi) Uy n = —WSZQ”(UJ')‘
Due to the asymptotic normality of (3 (that implies the one of W, /), the left hand side of the
previous equation is asymptotically normal, when ¢ = 0. On the other side, the r.h.s. tends to the
infinity in probability because Vnﬁj = Op(1). Therefore, the probability of the latter event tends

to zero when n — oco. [

D Proofs in the double asymptotic framework

D.1 Proof of Theorem 16

By Lemma 10, we have an/ = arg min G (B), where

seRY’

n/

G (8) 1= Zsmw "5~ B) + Z(zp(zz)%*—5>>2+An,n/m|1.

=1
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Define also Go /() := ZZ L (p(Z)T (B — 5))2/71’ + Xo|Bl1. We have

Zé@n'¢ Z/ ﬁ)'+|)\n,n'_/\0|' |B|1

By assumption, the second term on the r.h.s. converges to 0. We now show that the first term on

the r.h.s. is negligible. Indeed, for every e > 0,

(H_Z&nl/) H S e) <P (”CA’H Z‘TZ/ — 12| ¥ [|9(Z || > 6)

< Zz‘:1 IP (|72, — 12| > Cae)

where Cy is the constant (|[Ca/|| x [|Cyl]) ™

Apply Proposition 3 with the t = ¢ = 1, and get
IP<|%1,2\Z:Z — T12(Z=2| > 6) < 4exp ( — Cst - nh2p),

for some constant C'st > 0. Thus, Z?;l &in®(Z))/n' = op(1), and Gy, (8) = Goo . (5) + 0p (1) for
every [3.

Since Zil Y(Z)W(ZL)T /0’ tends towards a matrix My gz, deduce that Gu v (83) tends to
Gooo(f) when n' — oco. Therefore, for all f € RY, G, (8) weakly tends to Gu (). By

the convexity argument, we deduce that arg ming G,, (/) weakly converges to arg ming Geg oo ().

Since the latter minimizer is non random, the same convergence is true in probability. [J

D.2 Proof of Theorem 17

We start as in the proof of Theorem 13. Define 7, ,/ := (nn’hzm,)lﬂ, u = 7 (6 — %) and

Uy 1= fn,n'(/émn’ — %), so that Bn,n/ = 3" + Uy /T . We define for every u € R”,

7+ =], =167, (19)

Tnn

2 1< _
F(0) := ;/ N Gntp(Z) u + o > (¥(Z))Tu)” + An,n/rfl,n,(
=1 =1

and we obtain 1, ,» = arg min R Fpn(u).
7 ue k)
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Lemma 26. Under the same assumptions as in Theorem 17, Ti := (¥, v /1) Zil Ein(Z)) tends

in law towards a Gaussian random vector N (0, V3).

This lemma is proved in Section D.3. It yields the weak limit of the random vector T}, and

will help to control the first term in Equation (19), which is simply —27 u.

Using Assumption 2.8(iii) and for every u € R? ", we get

> Bz / () )" fz s (20)

Note that this is to be read as a convergence of a sequence of real numbers indexed by u,
because the design points Z, are deterministic. We also have, for any u € R” and when n is large

enough,

p/

i1 T'nn! Tnn!

Therefore, by Assumption 2.8(ii)(b), for every u € R¥

6*

~2 * u
)\nm/rn,n,( e 1) 0. (21)
Combining Lemma 26 and Equations (19-21), and defining the function Fo, o by

Foooo(u) := 2W7u + / (1,b(z’)Tu)2 fzr00(Z)dz', u € RY

where W ~ N(0,V3), we get that every finite-dimensional margin of F,.n» converges weakly to the

corresponding margin of F, ., defined by

Foooo(u) := 2W7u 4 / (f(p(z’)Tu)2 fzr00(2)dz, u € RY
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where W ~ N(0, V3). Now, applying the convexity lemma, we get

| B N Uoo 0o, Where Uy o 1= arg min Fo o (u).
p
ueR

Since F «(u) is a continuously differentiable convex function, we apply the first-order condition
VFo o0(1) = 0, which yields 2W+2 [ 4)(2')4)(2') Uao no fz7 00 (2')dz’ = 0. As a consequence Uy, o, =
~V7 "W ~ N(0, V), using Assumption 2.8(iv). We finally obtain 7, . (Bnn/ - 5%) D, N (0, Vas),

as claimed. O

D.3 Proof of Lemma 26 : convergence of T}

Using a Taylor expansion of order 1, we have

n/

T‘nn Zfz nP(Z Tn ” Z (A(ﬁ,mz:z;) - A(T1,2\z:z;)>¢(Z;) =Ty + 15,

i=1

where the main term is

n/

T .
Ty = o ZA/(71,2|z:z;) (7'172|z:z;. - 71,2\2:2;)1/)(22)7

n/
i=1
and the remainder is
T
/ . 2
T3 = ;7 ZOé:a,z’ (7'1,2|z:z; - 7'1,2|z=z;) Y(Z;), (22)
i=1

with Vi =1,...,n/, |ag;| < Car/2, by Assumption 2.8(v).

Using the definition (5) of 71 9jz—5, the definition (4) of the weights w;,(z) and the notation

P(z) = N (TLQ|Z:Z)¢(Z), rewrite 1o =: Ty + Ty, where

P Ky(Z Ku(Z, - Z,,
R T T

i=1 j1=1 jo=1

< (9" (%50 X) = B9 (K50 X 25, = Zy, = Z0) ) $(2Z)  (23)
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T”” / / 1 1
= ZZ ZKh (Z; - Z;,)K(Z; — Z, )(fz(Z’»P - fz(Zé)z)

i=1 j1=1 jo=1

< (9" (X5 X) = B9 (K50 X 2, = Z, = Z0) ) $(2Z0). (24)

The random variable T can be seen (see Equation (23)) as a sum of (indexed by ¢) U-statistics of
order 2. Through its H4jek projection, we decompose it into a main term 7} ;, a remainder term

Ty and the bias Ty3: Ty = Tyq + Tyo + Ty 3, where

n'n f7(Z;)

i=1 j=1

P Kl = 2, K2~ 2, _
e PSSO (500, X MBS T) (g Yz

i=1 j1=1jo=1 7\

Tyyi= 2330 <g (X,.2;) — [ng = ZOKWZi = o) o, Xgﬂ )E(Z;L

P N~ ([ Kn(Z = Z0) K (2 — Zo) : -
Ty = n Z (E{ f%(Z’-) g (X1,X2) — IE[Q (X1,X2)\Zl =72y = Z;] ¢(Z;)7
i=1 i

and g,;(x,2) = E[g"(X,x)Kx(Z; — Z)Ku(Z; — z)] | f2(Z;). We easily check that g,;(x,z) =:

gn,i,l(x, Z) + Gn,i2 (X, Z), where

K (Z, — z
gnzl X, Z /9 X1, X hfz(Z’) )fX,Z(XbZ;)dxla and (25)
t)Ky(Z, — =
gnz2 X, Z /9 X1,X JEn( ; ) (fX,z(Xh Z; + ht) — fxz(xi, Z;)>dx1dt- (26)
fz(Z)
Note that

E[ng — Z,)K(Z, — Z»)

f%(Zg) 9*(X1,X2)} = E[gnz(X Zj)} = E[gn,i,l(xja Zj) + gn,i,Q(Xja Zj)],

1mply1ng T471 = T47171 + T471,2, by setting

Tm_rnn’zz(gm 2) - [0 (X,,2)] J#(Z), h=12. D)

=1 j=1

Now, we decompose the term T5, as defined in Equation (24). For every i = 1,...,n/, a usual

20



Taylor expansion yields

! ! 1 1 f2(2}) — f2(2)
f a - —lp=-2 Ti7
Rz R B Rt pm)\ } R
fz(Z;)

where

f2(Z}) — f2(Z})
fz(Z;) .

(28)

. 2
Tr; = %(1 + ) (fZ(Z;C)Z(_ZZ;Z(Zi)> , for some |az7;| <

Therefore, we get the decomposition T5 = —2Ts + T%, where

— Tt ZZZKh (Z, - 2, Kn(Z, — 2,,) - T2E) — Ja(Z)
i=1 j1=1 jo=1 f72(Z)

("X Xs) — B9 (X5, X, |25, = Z, = Z] )B(Z) (29)

77;"7:2 Z Z Z K ( Z/ Z;, Kh(Z Zj,) Ty,

i=1 j1=1 ja=1

(9 (K50 X) = B[g" (X5, X 2, = 2, = Z1) )$(Z0). (30)
Summing up all the previous equations, we get
Ty =Tyq+Tapp+Tap+Tas—2-Ts+T7+ T3, (31)

Lemma 27. Under the assumptions 2.3, 2.4, 2.7, 2.8(i), 2.8 and (iii), if n’nhfm, — 00, if fz and

fxz(x,-) are continuous on Z for every x, then Ty; 1 N N(0,V3).

Afterwards, we will prove that all the remainders terms Ty 19, Tho, T3, 16, 17 and T3 are
negligible, i.e. tends to zero in probability. These results are respectively proved in Subsections
D.4, D.5, D.6, D.7, D.8, D.9 and D.10. Combining all these elements with Equation (31) yields
Ty 25 N(0,V3), as claimed. O
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D.4 Proof of Lemma 27

Let us prove the convergence of Ty 1 ; to a non-degenerate Gaussian limit. Using the notation

P = [ Ki(Z;
wn (X, Z;) == — Z/g (Xij)%fXM(XI‘Z Z)dx 9 (Z),
and combining Equations (27) and (25), we have

Tyy1 = %zn: (wn(Xj7 Z;) — Elw.(X;, Zj)D'

For a fixed j € {1,...,n}, we have

Il (X,,2,)] — {z [ o) FE LD g il 2 i)

- n'

= YR / g*<xl’x2)%fxz<xuz = Z) fx(x2, 22)dx dx dzy

- fn’n/ZWz;) / 9" (%1, %2) fK((B)fXIZ(XﬂZ Zi) fx2(x2, Zi = ht) dcy dxy dt
o TS ) [ o o) a2 = B calall = 2) i

using the continuity of fx z(-,-) w.r.t. its second argument, which is guaranteed by Assumption

2.5.

By simple calculations, we obtain

1
Var[Tyi4] Z Varjw,(X;,Z;)] = EVar[wn(Xj, Z,)]

~ —E[(rn’n Z/ (x1,X Z(T))f)qz(xl\z Z; )dxli(zél))

i1=1

.(rnn Z/ (x2,X Z/(Tfj)fxz(xﬂzZZQQ)dXﬂ(ZQQ))T]

=1
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/ " - _Z/
H%szz (Z7,) /K ( h )dt / (1 %s)g" (x2, %)

=1li2=1

: fX\Z(Xllz = Zgl)fX\z(X2|Z = Z§2>fX\Z(X3‘Z = Z/il) dxldx2dx3E(Zgl)E(Z;2)T.

Under the condition that i, # iy = |Z], — Z; | > 2h, that is Assumption 2.8(i), all the extra-

diagonal terms of the latter sum are zero. Using Assumption 2.8(iii), we get

2
Var[Ty,] ~ ,thszK / (x1,%3)g (X27X3)E( )E(ZQI)T

X fx1z(x1|Z = Z3)) fxjz(x2|Z = Z;)) fx2(Xs|Z = Z;,) dx; dx dx3
/ K / (%1, X3)g" (X2, X3 (2 ) (2')”

X fxjz(x1|Z = 2') fxjz(x2|Z = 2') fx|2(x3]Z = 2 )fz oo(Z)

fz(z')

dX1 dX2 dX3 dZ

Since the terms w, (X;,Z;) are independent (given the sample (Z});>1), it only remains to check
Lyapunov’s third’s moment condition and the proof is finished by applying the usual Central Limit

Theorem. The analysis of the third moment of T} ; ; is similar to the study of the previous variance:

|

forany j=1,...,n,

o 06,27, = 23 [ 0 S = i)

n/

(Zi,) @ $(Z,)| .,

i1=112=11i3=1
) ) ) Kn(Z!, — 2)K(Z, — 22)Kn(Z,, — 24)
X X1, X Xg, X X3, X
ot g o) =2 S

X fxjz(x1|Z = Z;)) fxjz(x2|Z = Z},) fx|z(x3|Z = Z1,) fx,z(X4, 24) | dX1 dXo dx3 dxy dzy.

23



Through the change of variable z4 = Z;, — ht, we get

E[lwn(X;. 2% | < ,3h2pZZZH¢ Bz, 2 0(z,)|
i1=112=114i3=1
Z, — 7 z, 7
K(t)K (T + t) K (T + t)
ot o x0 T2, 22, T2\ Z)

23

X fx|z(X1|Z = Z;l)fx|z(X2|Z = Z;Q)fx|z(X3|Z = Z;B)fxvz(Xg;, Z;l — ht)’ dX1 dX2 dX3 dX4 dt

Due to Assumption 2.8(i), only the terms for which i; = iy = i3 are nonzero, this yields

IE[Hwn(Xj,Zj)‘@?’Hoo] S /3h2p2“1/) ) ® $(Z;) @ P(Z) ||oo/)g X1,X4)g" (X2,X4)g" (X3, X4)

K@)
AT

< e ok I 0T e T [ 1L

g fx1z(%1|Z = 7)) fx1z(%2|Z = Z;) [x)z(x3|Z = Z) fx z(%4, Z} — t)‘dxldXde3dx4dt

since ¢* is bounded by one, by integrating w.r.t. the x; variables, k = 1,...,4. Since 9 is bounded

and fz(Z.) > fzmn for every i, we obtain

~3

1 > Tn n’ /
o5 S5, 20) ] = O (20 ) = 0 ()7 = o),
j=1

applying Assumption 2.8(ii)(a). Therefore, we have checked Lyapunov’s condition and the result
follows. [

D.5 Convergence of T, to 0

Applying the Taylor-Lagrange formula to the function

bel,u,i(t) = fX,Z(Xb Z; + thu), t e [0, 1],X1 S Rz,u € Rp,i >1,

o4



we get from Equation (26) that

Onio(X,2) = /g*(xl,X)K(u)K (Z; — z) (fX,Z(Xla Z; + hu) — fx z(x1, Z;))dxldu

Z)
_KZ-9) [
- [ >(¢w< - ¢xl,u,i<o>)dxldu

Kh(Z’»—z)/ =g
= * T X1,U,% dx;du.
f%(z;) g Xl’ Z k! x1 uz + ¢x1 uz( 1, ) Xiau

By Assumption 2.1, for every i = 1,...,a — 1, [pr K(u)¢( (0)du = 0. Therefore,

X1,U,i

Kh(Z’. — Z) / 1 (a)
. el SV P K
On,i2(X,2) 202 g (x1,x)K(u) a!¢>x1 wiltxiui) |dxidu
 heKy(Zi—z) [ Zp 0" fxz
= W /g (Xl, X)K(u) ( ' Uiy - uzam (Xl, Z + txhuﬂ-hu> Xmdu.

In other words, ¢,.;2(x,2) = h®Ky(Z,—z)x(x,z)/{alfz(Z])}, for some measurable y that is upper
bounded when z € Z and x € R?. By the same calculations as in D.4, we easily show that

VCLT(TZLLQ) = O(hQa). Therefore, T471,2 = O]p(].). O

D.6 Convergence of T3 to 0

Let us remind the definition of T 5.

= [o ZZZ( 02 X ) Kn(Z; = 23, Kn(Z — Zy,)

=1 j1=1j2=1

57
o /g*(xl’le)Kh<Z; - Zj1)Kh(Z; - Zl)fX,Z(Xlazl)dxldz1> té( Z,> .
f72(Z5)
Tnn rnn
T n2p/ Z Z {Wijigo — IE[Wii2|Z;] ZZ{lej Win2lZ;,]}
i=1 j1,j2=1,j1#j2 i=1 j=1
=Tyo1 +Tupop,

with obvious notations. The second term on the r.h.s. corresponds to the diagonal of the double
sum and Tyoo = Op(v/n/(nh?)~') = op(1) under our assumptions. It remains to prove that

Ty21 = op(1l). Since it is centered, it is sufficient to show that its variance tend to zero when
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n — 0.

Var(Tyap) = ZZ Z Z

11=1142=1 j1,jo=1,j17#j2 j3,ja=1,j3Fja

{VViLijQ - IE[ 2'171,2‘Zj1]} {Wi27j3,j4 - IE[M/Z'Q,LZ’ZJJ} :

It is easy to see that the latter expectations are zero when all indices 71, jo, 73 and j, are different.
Even more, it is necessary that j; € {js,ja} or jo € {Js,js}. For instance, assume j; = js. If,

moreover, j4 & {Jj1, 72}, then

IE [(Wz‘l,jl,jz — E[Wiy i |Zjs]) % (Wi g — IE[VVz'm,jAZjJ)}
= E{]E[(Wil,jmg — (Wi 3|23 )1 25, 2] X (Wi ga — IE[‘/me,jAzjl])} = 0.
Therefore, it is necessary to impose a second identity among the four indices ji, £k =1,...,4. For

instance, assume j = j3 =: j and j; = j4 =: j. Then, the corresponding expectations are given by

four terms of the type

Pz )92 [, , ) , ) ,
E[Wil,j,jfvviz,j,j’] - f%(Zil)f%(ZQQ) /9 (Xj,Xj')QKh(Zil - Zj)Kh(Zil - Zj/)Kh(Zi2 - Zj)
x  Kn(Zi, — zj) [x,2(X}, 2;) fx z(Xj, 2j )dx; dzj dx ;o dz
7 g _ g g _ g
R B

X fX (XJ, Z/ ht; )fX Z(Xj ,Z — htj/) de dtj de/ dtj//h2p,

that is nonzero only when Z; = Z; . The other terms can be dealt similarly. Therefore, the

number of nonzero terms on the r.h.s. of the latter equation is less than n'n?. We deduce

G 1
Var(Tya,) = O h2pn2n/ =0 nh?

Therefore, by Assumption 2.8(ii)(a), Ty converges to 0 in Ly(IP) and then T} 5 tends to zero in

probability, as claimed. [J
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D.7 Convergence of T3 to 0

Let us remind the definition of T} ;.

/

T473 — fn,n’ Z (IE |:Kh(Z'L - Zl)Kh(Z'L - Z2)g*(X1, XQ) . IE[Q*(Xl, XQ)‘Zl — Z2 — Z;])E(Z;)

n’ 12(Z;)

Fn n’ K Z — Z Z/ —z *
(/ h 1 )( 2) g (Xla XQ)fX,Z(Xb Zl)fX,Z(X27 Z2) dX1 dX2 le dZQ

=1

- /g*<X17X2>fX|Z(X1|Z = Z;)fX|z(X2|Z = Z;)dx1dx2)

fxz(x1,Z] + hty) fx z(x2, Z) + hts)

_ fo ngw [ e (5 ()

— fxiz(x1|Z = Z3) fx|z(x2|Z = Z;))g*(xl,XQ) dxy dxs dtq dto.

Apply an a-order Taylor expansion to the function (ti,t2) — fx z(x1, Z; + hty) fx z(x2, Z] + ht,).

Since we work with a-order kernels, it is easy to see that Ty3 = Op(h?**7, ) = op(1), under

Assumpion 2.8(ii)(a). O

D.8 Convergence of T to 0

Replacing fz in the definition of Ty above by the normalized sum of the kernels, we get

1= ot S5 5 S KBV ) (7 )

x ( (X5, X,) — B[g *<X1,xg>|z1=z2:z;})a<z;>

Z D IPPEIC Ll WE L) (1,2, 2,) - Bl ul2)

(Z)
=1 j1=1 jo=1j3=1

x < (X, X,,) — E[g* (X0, Xo)|Z1 = Zs — z;])E(z;) = Ty + Tpo.

J1o

The first term T is a bias term. By Assumption 2.1,
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The sum of the diagonal terms in T is

< |

sy R o (Z) A Z))E 5" (X, X2 = 2 = ZJ(2) = On (7227

) 3
n'n
=1 j=1 fz

The sum of the extra-diagonal terms in 7 is a centered r.v.

Z > K2 =20 ) B0 = 2 1 4, 7)) py(22)

/

x ( (X Xsa) — Bl (X0, X0)| 21 = Z; = 7] ) $(Z).

Note that z — fz(z) and z — ]E[g*(Xl,X2)|Zl =21,2o = zﬂ is a-times continuously differen-
tiable on Z, because of 2.1 and 2.5. By a-order Taylor expansions of such terms, they yield some

factors h®. Tt is easy to check that the variance of T, is of order 72 h2a /(n?*h?P). Therefore,

P n/ha (n/)1/2ha
Tos = Op (2 ) = Op (*—— ) = om(1).
Concerning 7§ 2, we can assume that the indices ji, jo and js are pairwise distinct. Indeed, the
cases of one or two identities among such indices can be easily dealt. They yield an upper bound
that is Op (7, h/(nh?)) as above, and they are negligible. Once we remove such terms from the

triple sum defining 7§, we get the centered r.v. Tgo. Let us calculate the second moment of T .

nn'h? K (Zél _Zj1)K (Zgl _Zj2)
[T, = WZZ 22 E[ @)

i1=1ig=11<j1 £jaAjs<n 1<jajs #je<n z
x (Kn(Z}, — Z;,) — Efz(Z},)]) ( "X, X5,) — BgH (X, X,)|Zy = Zy = ZH)E(ZL)
Ky(Z. —Z.)K)(Z! —7Z; o
% h( io J4) h( io ]5) (Kh(ZZQ B Zj6> . IE[fZ(ZQQ)])

( "X, X5,) — BlgH (X1, X,)|Zy = Zo = ZQQ])E(ZQQ)T]
nn'h? "
= e 2 2 2. Busipsn
i1,i2=1 1<g1#£jo#jzs<n 1<ja#js #je <n

When all the indices of the latter sums are different, the latter expectation is zero. Non zero terms

o8



above are obtained only when j3 and jg are equal to some other indices. In the case j3 = jg and no
other identity among the indices, obtain two extra factors h* through a-order limited expansions
of z — IE[g*(Xl, Xo)|Zy = 21,25 = ZQ]. This yields an order O(nn'h?*2®/(nh?)). When j3 and jg
are equal to other indices (j3 = j3 and jg = ja, e.g.), we lose h? but we still benefit from the two
latter factors h®. This yields an upper bound O(nn'hP*2*/(n?h?) = o(1). The other situations

can be managed similarly. We get

Globally, we obtain T — 0 in probability under Assumptions 2.8(ii)(a). O

D.9 Convergence of 77 to 0

.....

sup | z(Zt) — f2(Z})P*,

4
i=1,.n Jzmin i=1,0

sup [T7,] <
with a probability arbitrarily close to one. Apply Lemma 19 with a fixed ¢ > 0 and z = Z, for

eachi=1,...,n

3 Cre oh® 2 nhPt?
P Ty > @ t > 2n/ — )
(ii??n/’ il 2 fm< " ) )— " exp( 2 ms | K2+ (2/3)Ct

.....

17| <

fnjn/ n n n o
3 Sup [Tl SN IKIWZ - Z5,) | K|n(Z; — Z,) [ (Z)].
! i=1 j1=1jo=1

The expectation of the double sum is O(1). Then, by Markov’s inequality, we deduce T; =
Op (7 sup; |Tr,|) = Op ((n'/(nh?))'/?). Therefore, Tr = op(1). O

29



D.10 Convergence of 75 to 0

For every € > 0, by Markov’s inequality,

CA”ﬁn,n/

P(|T5] > ¢) < ZE[(ﬂ,mz:z; - T1,2\z:z;)2}¢(Z;)-
=1

2n'e
An approximated calculation of IE[(%L2|z:z; — T12(z=2 )2} can be obtained following the steps of
the proof of Theorem 6. Indeed, it can be easily seen that the order of magnitude of the latter
expectation is the same as the variance of U, ;(¢*), and then of its Hajek projection (A]m(g) Since

the latter variance is O((nh?)™!), we get

P(|T3| > ) < B2

1
nhre’

for some constant By. Since n'/(nh?) — 0, we get T3 = op(1), as claimed. [
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