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Abstract

The paper investigates the existence of a strictly stationary solution to
an Iterated Function System (IFS) driven by a stationary and ergodic
sequence. When the driving sequence is not independent, the strictly
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1 Introduction

Since Kesten (1973), the study of the theoretical properties of the Stochastic
Recurrence Equation (SRE) X; = A, X1+ B, has received much attention.
This equation gathers a large class of classical econometric processes such as
the GARCH and ARMA models, and their numerous variants. Brandt (1986)
proposes a sufficient condition of existence and uniqueness of a strictly sta-
tionary solution in the case where (A;, By); is stationary and ergodic. Under
a certain irreducibility condition, Bougerol and Picard (1992a) establish that
this condition is necessary in the independent and identically distributed (iid)
case and deduce a necessary and sufficient condition for the existence of a
unique stationary solution of a general GARCH(p, ¢) model (see Bougerol
and Picard (1992b)). The probabilistic properties of the stationary solution
of SRE model in the iid case are well known. In the scalar case, Kesten (1973)
shows that P(£X; > x) ~ cy2™%, 2 — o0o. A thorough study of these SRE
models, in particular their tail behavior, is presented in Buraczewski et al.
(2016) and the references therein. The SRE model is the affine mapping
particular case of the so-called Stochastic Iterated Function Systems (IFS)
X, =W (0, X, 1). Most of the theoretical properties established for SRE
models (stationary, tail properties) can be extended to IFS equations.

In recent years, the iid assumption on the innovations of the econometric
models is often replaced by a less restrictive martingale difference assump-
tion. See Escanciano (2009) for the classical GARCH(p,q) model or Francq
and Thieu (2019) and Han and Kristensen (2014) for GARCH-X models.
This amounts to study an IFS equation driven by non iid innovations. To
our knowledge, all existing works on the inference of IF'S models assume the
existence of a small-order moment of the observed process. However, station-
ary IF'S equations with non-iid innovations may not admit any finite moment.
The aim of this paper is to establish that the stationary trajectories of the
IFS equations enjoy an exponential control property. We also show that this
properties is sufficient to establish the consistency of the Quasi-Maximum
Likelihood estimator (QMLE) of semi-strong GARCH models.

The rest of the paper is organized as follows. In Section 2 we present our
main result. Section 3 is devoted to proofs and Section 4 investigates the
estimation of the semi-strong GARCH(p,q) model.

2 Stochastic IFS without moments

Let (E, £) be a measurable space and (F, d) a complete and separable metric
space (Polish space). Let (6;),., be a stationary and ergodic process valued



in F, and let ¥ : E' x ' — F a function such that x — ¥ (0, z) is Lipschitz
continuous for all § € E. Let

A= ATy = sup d (W (1), ¥y (22))

r1,22€F,x1#£72 d(be?)

where W, = ¥(6,,-). Let AEO) =1 and AY) =AW, 0---0W, ,.y) for all
r > 0.

Consider the IF'S model,

Xt =v (Qtthfl) = \Ilt (thl) s fOI' all ¢ c 7. (21)

The following result is due to Bougerol (1993, Theorem 2.8), see also Strau-
mann and Mikosch (2006, Theorem 2.8).

Theorem 2.1. Assume the following conditions hold: (i) there exists a con-
stant ¢ € F such that Eln* d (®y(c),c) < oo, (i) ElnT Ay < oo and (iii)
lim, % In A(()T) < 0 a.s. Then there exists a unique stationary (and ergodic)
solution (X4),., to the equation (2.1).

Moreover we have:

forall te€Z, d(Xyc) Z d(¥;_n(c),c) < oo, a.s (2.2)

Note that (In Ag"))ol is a sub-additive sequence. Therefore, by the sub-
additive ergodic theorem of Kingman (1973), the limit in assumption (iii)
exists.

For the reader’s convenience and because we have not been able to find
Equation (2.2) exactly under this form, we provide a proof for Theorem 2.1
in the appendix.

Remark 2.1. If (0;) is iid, it is possible to prove that d(X, ¢) has a power-
law tail, see Buraczewski et al. (2016, Theorem 5.3.6). This implies that there
exists s > 0 such that Ed(X 1, ¢)®* < co. This small moment property is often
used in the statistical inference of IFS models. For example, it is commonly
used to prove the consistency of GARCH models and its derivatives (see
Berkes et al. (2003) for GARCH model and Francq et al. (2018) for EGARCH
and Log-GARCH model). If (6;) is not iid, the example below shows that
the stationary solution may not admit any small-order moment.



Example 2.1. Let 6 € (0,1) and (z)iez an iid non negative real pro-
cess where Ezy = %‘5 and Ez2 = oo. The process (0;), defined by 0; =

Sore g%z forall t € Z satisfies B, = % and forall t € Z, z; =

14+> 02, H?:l 0,41 exists a.s. Moreover (x;) is the unique stationary so-
lution of
T = tht_l + 1. (23)

Note that x; > Hle Or—j1 > P (2e—k1)®  for all k € N*. Forall s>

sk(k—1)

0 we thus have Exj > K5~ 2 (20)** = oo for k such that sk > 2.

We now state our main result, which provides a way to circumvent the
non existence of small order moments for models such as that of Example 2.1.
Section 4 will be devoted to the statistical study of a class of econometric
models where the existence of moments is not guaranteed.

Theorem 2.2. Under conditions of Theorem 2.1 then: for all t € Z
1. limsup 2 Ind(Xyyn,¢) <0 and 2. limsup 2 Ind(X;_,,c) <0 a.s

n—oo n—oo

Theorem 2.2 can be interpreted as an exponential control of the trajectory
of the stationary solution. Note that the moment properties Ed(X, ¢)® < oo
for some s > 0 implies the results of Theorem 2.2 but the converse is false.

3 Proof of the main result

To show Theorem 2.2, we first define a SRE which bounds the distance
between X; and some point ¢ € F'.

Note that by Kingman (1973) lim, %ln A(()r) = lim, %Eln A(()T) a.s.,
so by 11) of Theorem 2.1 there exists a positive integer o such that E In A((]m) <
0. It can be shown that E [ln ((Aérf’) + u))} “I*Eln Ay, see Straumann
and Mikosch (2006, proof of Theorem 2.10). Therefore 3 uy > 0, In(ug) <

v :=E [ln ((Aém) + uo))} < 0. We thus have, for all v € [y, 0),

E [ln <5(v)(Ag°) + uo)ﬂ = (3.1)

with d(v) = exp(v —y9) > 1.
Now, for any integer p € [0,7¢ — 1], define (a,+(v), by+)iez by

ro—1
a4 (v) = 6(0) (AL, + o), and by =14 Al d (Wrry 4(c), ).
k=0



By Assumptions (i) and (i7) of Theorem 2.1 and by the elementary in-
equality In (37, a;) <Inn+ Y7 In" a; for non-negative {a;};_, , we have
Eln"a,;(v) < oo and Eln" b,;(v) < co. Therefore, in view of (3.1), there
exists a unique stationary solution (z,:(v)); to the equation

2pt(V) = ap(v)2ps-1(V) + by (3.2)

Note that by Brandt (1986)
0 q—1
Zpt(v) = Z <H a’p,ti(U)) byt—q- (3.3)
q=0 =0

By iterating Equation (3.2) we have

zpi(v) = Z (H ap,ti@)) bpi—q + <H ap,ti(“)) Zpt—(n+1)(V), Vn > 1.

q=0 \i=0
(3.4)
By (3.3) and (3.4), ([T @p;t—i(v)) Zpi—(n+1)(v) is the remainder of a con-
vergent series, hence it almost surely converges to 0. i.e.

(1:[ ap,t#c(”)) Zpt—n(V) "Z°0 a.s. (3.5)
k=0

We now give technical lemmas which make the link between the processes
(X:) and (zp:(v)):.

Lemma 3.1. For allv € [y,0), 0 <p<ro—1, and t € Z, we have

A( X rot1p: €) < 2p1(v) a.s (3.6)

Proof. of Lemma 3.1:
For any integer n, let ¢ and m the quotient and remainder of the Euclidean
division of n by rq: n = qro + m. By sub-multiplicativity we have

(n) (r m) 0]
At (H At 017“()) t—qro? Wlth H At Ozro =

For all ¢ € N, we then obtain

(g+1)ro-1 i
3w oo < (T ) S0 oo
n=qro m=0
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It follows that

oo (g+1)ro—1

ZA(” (a0 =D > AVA(T(c).0)

q=0 n=gro
[e'e] ro—1
<H At 17'0) At grod(\:[lt*qm*m(C)?C)'
q=0 \1i=0 m=0

Since §(v) > 1 and ug > 0, we obtain

q—1 q—1 ro—1
(ro) (m)
(H <>) by > (HA) S AT, A (B on(eed).
1=0

i=0 m=0

In view of the last two inequalities, (3.4) and (2.2), we have

AL d (Wi pn(€),€) > d(X pyrips ©),

rot+p

NE

zpi(v) >

I
o

which proofs (3.6), which concludes the proof. O

Let Aff denote the set of affine maps from R into R. Such a map f,,
can be written in

fop(z) =az+b, z€R, where (a,b) € R?
Note that (Aff, o) is a topological semigroup.
Lemma 3.2. Let define the function ® from Aff to Ry by ®(f,,) = |a|+b|.

1. For any x, |Q?‘ Z 17 ‘fa,b(x)‘ S (I)(.fa,b)‘;d

2. [f ’d| Z 1 then (I)(fa,b © fc,d) S (I)(fa,b)q)(fc,d)

Since Lemma 3.2 is elementary, its proof is skipped. Note that ® is the
1-norm in the vector space of affine maps.

Lemma 3.3. For allp € {0,...,70 — 1} and t € Z, letting Q,(t) = rot + p,
we have
1. limsup%lnd(XQp(Hn),c) <0, 2 limsup%lnd(XQp(t_n),c) <0 a.s.

n—oo n—oo

In the previous lemma we distinguished cases 1. and 2. because their
proofs are different.



Proof. of Lemma 3.3: Let f, be the random affine map defined by

fi(x) = ap(v)x + by,

for all x € R. Define also the backward and forward maps

7En:ftoft—1”'oft—n+l and ’an = frin© Fion1 0 i
for all (t,n) € Z x N*. Note that, almost surly

Vin = Veenns Z0t(V) = Vin(Zpt-n(v)) and Zppin (V) = Yip(Zpe(v)). (3.7)

Since b,; > 1, by 2.) of Lemma 3.2
(uiy)n = ®(y5))n and (uf,)n = (O(v/, )0 as  (3.8)

are sub-additive sequences. By argument already used, we have
E/In®(v7)| = E[In®(v{})| = E|In®(f,)| < co. In view of (3.7) and 1. of
Lemma 3.2,

1 1 1
limsup — In 2, ¢1,(v) < limsup —u;,, + limsup — In z,,,(v) a.s.
n—oo N n—oo M7 n—oo 1

Because z,,(v) does not depend on n, we have limsup £ Inz,,(v) = 0 a.s.

n—oo
Therefore ! 1
limsup — In 2, 1,(v) < limsup —ul, a.s. (3.9)
n—00 n—soo N 7

Since for any n € N*, uffn and ufn have the same law, by (3.8) and
Kingman sub-additive ergodic theorem,

1 1 1
limsup —u!, = limsup —Eu”, = limsup —u’ a.s. (3.10)
n—ooo N7 n—ooo N ’ nooo N7

On the other hand, in view of (3.4), we have by positivity of the coeffi-
cients,

(I)('anﬂ) = Z (1:[ apd:l‘(”)) byi—q + (H ap,ti@)) e Zpt(v) a.s.

g=0 \i=0
Therefore
lim uy, =1 .
Tim nz,.(v) a.s,
which entails 1
limsup —u/, =0 a.s. (3.11)
n—oo T 7



By (3.9), (3.10) and (3.11) we get
. 1
limsup —Inz, 4, (v) <0 a.s
n

n—oo

which implies, by Equation (3.6), Point 1. of the lemma
For the second point, by (3.6), (3.5), (3.1) and the ergodic theorem, we
have

1 1
limsup — Ind(X g, t-n), c) <limsup —Inz,; ,(v)

n—oo 1 n—oo T
1 n—1
<l —1 —i —n
1 n—1
~liminf o (H “p’”@))
< —-va.s.
for all v € [y0,0). Letting v — 0~ we get the result. U

We are now ready to prove Theorem 2.2

Proof of Theorem 2.2. forall t € Z,let t' € Z and p/, 0 < p < ryg—1
such that ¢t = rot’ + p’. Noting that

{t+kkeNyc |J {r(+k) +pkeN}

0<p<ro—1

so by the previous relation and the first point of Lemma 3.3 we have

1
limsup —Ind(X;yn,¢) < max | limsup ——
n_}()Op n ( t+ ) = 0<p<ro—1 ( n—>oop Qp(t, + TL)

1
< (C max (limsup—ln d(XQp(t/+n),c)> <0,

0<p<ro—1 n—soo N

ln d(XQp(t’-i—n)v C))

for C' = maxp<p<ry—1 (supn20 o ), which gives the first point of the

(tr’L +n)
theorem. The second point follows by the same arguments. O

4 Inference for semi-strong GARCH(p,q)

Consider the GARCH (p, ¢) model



€& = \/Fmt,

ht = wy + 23:1 aoief,i -+ 2?21 ,Bojhtfj, Vt € Z

where wy > 0,0, 20 (1 =1,...,¢) and fp; >0 (j =1,...,p). When (1) is
iid, Model (4.1) is a standard GARCH, for which the statistical inference has
been thoroughly studied (see Berkes et al. (2003) and Francq and Zakoian
(2004)). Escanciano (2009) succeeded in estimating the GARCH model with-
out the assumption that (1) is iid, but had to assume that Fle|* < oo for
some small s > 0. The aim of this section is to relax this extra moment

(4.1)

assumption.
Let
04017]152 T 040q77,52 5017%2 T 50p77,52
A= Lo Oa-1r and b, = ( 0
o1 tee Qg 501 ce Op 0p+q—1

O(pfl)Xq Ip—l

with standard notations.

Model (4.1) is a special case of (2.1) where we use the notations X, =
(ef, . ,ef_qH, h? ..., hf_p+1), 0y = (A, by), ¥(0,2) = Ax + b, and d(x,y) =
| — y|| for any norm || - | € RP*%. Remark that A\ = [|AA,_1 ... A 4.

In the sequel, we do not assume that (7;) is iid but only stationary and
ergodic. If Eln* 7 < oo, Theorem 2.1 applies with ¢ = 0,,,. Therefore there
exists a unique non-anticipative strictly stationary solution (€;) to model (4.1)

if
Pt
v (A) := inf —E(In||40A_1... A_,11])

reN* r

1
= lim —In[[4pA_;... A, 11| <0 as.

r—oo T

By Theorem 2.2, it follows that the strictly stationary solution of (4.1)
satisfies

1 1
limsup —Ine;,, <0, limsup—Ine; , <0 as. (4.2)
n—oo T n—00

forallt € Z.

4.1 QMLE estimator

Let {¢:},_, be a sample of size n of the unique non-anticipative strictly sta-
tionary solution of model (4.1). The vector of the parameters

0= (017"'a0p+q+1)T = (waaly"'aaqvﬂla"wﬁp)’r

9



belongs to a parameter space ® C|0, 400 [x [0, 00 [PT7. The true value of the
parameter is unknown and is denoted by 8y = (wo, o1, - - - , Qog, Bot, - - - 5 ﬁop)T.
Conditionally on initial values €, ..., €1_q, 05, ... ,6%_},, the Gaussian quasi-

likelihood is defined by

0\ 2mo;
where the 7 are defined recursively, for t > 1, by
q p
7O =W+ Y+ > o
i=1 j=1

For instance, the initial values can be chosen as

2 _ _ 2 _ =2 _ __ =2 _

with ¢ = w or €2. The standard estimator of the GARCH parameter 0 is

the QMLE defined as any measurable solution 6,, of

6, = argmaxL,(6) = argminI, () (4.3)
0cO 0c®

where 1,(8) =n~ 131 {, and /; = (,(8) = 2_—’%2 +Ing?.

Let Ag(2) = > 7, a2’ and Bg(2) = 1—3"F_, 8;27. Tt is not restrictive to
assume that ¢ > 1. By convention Bg(z) = 1 it p = 0. Let F,_; be the o-field
generated by (€_1,€_2,...). To show the strong consistency, the following
assumptions will be made.

A1l 6, € © and O is compact.
A2 v(Ap) <0and VO e ®, 3" B <1

A3 (n;) is stationary and ergodic, n? has a non-degenerate distribution
with ) E[n? | Fi_1] =1 a.s. and i) Elnn? > —oo.

A4 Ifp > 0, Ag,(2) and By, (=) have no common root, Ag,(1) # 0, and
Qoq + BOp 7é 0

Remark 4.1. Assumptions A1, A2 and A4 are standard (see Francq and
Zakoian (2004) for comments on these assumptions). Condition i) in A3
is obviously less restrictive than the iid assumption with finite second-order
moments (see Example 2.1 of Francq and Zakoian (2020)). This assumption

was first used by Lee and Hansen (1994) for inference of GARCH models.

10



Escanciano (2009) established the consistency of the QMLE under this as-
sumption, with a small-order moment condition of the observed process in-
stead of our condition i) of assumption A3. Note that this later condition
precludes densities with too much mass around zero, but is satisfied by most
commonly used distributions. It is also weaker than the regularity condition
on the n; law (lim;_ot #P{n? <t} = 0, for some u > 0) used by Berkes
et al. (2003).

Assumption A2 implies that the roots of Bg(z) are outside the unit disc.
Therefore, by the second inequality of (4.2), we can define (07) = {c2(0)}
as the (unique) strictly stationary, ergodic and non-anticipative solution® of

q P
ol =w+ Z i€l + Z Bior_;, Vit (4.4)
i=1 j=1
Note that o2 (6) = hy. Let

L(0)=1,(0:;cp,€n1...,)=n" Zet, (,=10,(0) =+ + Ino?.

'Knowing that E (In*(n?)) < co by i) A3, to e:stablish i) A3 it is therefore suf-
ficient to prove that E (In"(n})) < oco. Using E (In"(n})) = [;°P n% > s)ds =
1

I P(ln(n%) > s)ds = [ P(% > exp(s))ds = [ P(n} < exp(—s ))ds, we have under
1

U
the condition of Berkes et al. (2003) that P(n} < exp(—s)) = o(exp(—us)) when s — oo,
which gives the result.
2Rewrite (4.4) in vector form as

2 _ 2
gy =¢ + Bgtfla

where
o2 w+ >4 1 i€l B B2 - By
o? 1 0 - 0
2
Qt = . 9 Qt = . ? B = . ?
O't2_p+1 0 o --- 1 0

we have by the second inequality of (4.2) that lim supnHOO Lln|c,| < 0 By As-
sumption A2 we deduct that limsup,_ . +In||B"c¢2_|| < limsup,_, +In|B"| +
limsup,,_,,, = In|lc,|| < 0. From which we deduce by the Cauchy rule that the series
67 == Y o2 B"c} , converges almost surly. We note that (67) is a strictly station-
ary, ergodic and non-anticipative solution of (4.4). For unicity, assume that there ex-
ists another stationary process (ot ) of (4.4). For all n > 0, we have ||g7* — 67| =
1B"0?_ s — Bra7, | < B la? ol + B 62., |- Since [ B = 0 as. as n — oo
and |g?_, | and ||&?7n|| converges in law by stationary, Slutsky s theorem entails that
|lo?% — 62| converges in law to 0 a.s. as n — oo. Since ||o?* — 67| does not depend on n,
we conclude that |o?x — 62| =0 a.s.

11



We are now able to establish the strong consistency of the QMLE.

Theorem 4.1. Let <9n> be a sequence of QMLE satisfying (4.3), with any

initial condition ¢, under A1-A4, almost surely 0, — 0y, asn — oo.

Remark 4.2. Escanciano (2009) establishes the asymptotic normality of the
QMLE under the assumption that a small-order moment exists. This moment
condition is mainly used to justify the existence of the asymptotic covariance
of the QMLE. To the best of our knowledge, the asymptotic normality has
never been shown without a hypothesis that implies the existence of a small-
order moment. In some cases, the asymptotic covariance matriz may not
exist without a finite moment of sufficiently high order (see Francq and Za-
koian (2007, paragraph 3.1)). In our framework, the study of asymptotic
distribution of the semi-strong GARCH without moment condition remains
difficult and is left for future work.

Proof. of Theorem 4.1.
The proof relies on the following intermediate results.

i) lim sup [1,(8) —1,(8)| =0, a.s.
N0 O
i) if 02(0) = 0(0y) a.s., then @ =6y,
iti) if @ # 0y, then E{(,(60) — (1(0y)} >0,
iv) any 6 # 6, has a neighborhood V() such that
lim inf ( inf  1,(6") —in(00)> >0 a.s.

n—00 0*cV(0)NO

An analysis of the proof of 4) and 4) in Francq and Zakoian (2004) shows that
the authors only use their small-order moment result on €2 [see Berkes et al.
(2003, Lemma 2.3)] to prove that lim, ;. "¢ = 0 a.s, V § € [0,1). Since
the first inequality of (4.2) implies the latter result, the proofs of Points )
and 1) follow.

Now let us turn of to the proof of ui). Let W,(0) = 02(6y)/c?(0) and,
for K >0, A = [K~!, K], write

£t<0> - &(00) = g(Wt(0)7 7]1‘/2)]1Wt(9)€AK + g<Wt<0>7 ﬁ?)ﬂWt(O)EA%

where, for x > 0,y > 0, g(z,y) = —logz+y(x—1). Introducing the negative
part z— = max(—x,0) of any real number z, we thus have

(:(0) — £:(00) > g(Wi(0), 1) hw,0yea, — {9(We(0),07)} Lw,(oyens, (4.5)

12



The expectation of the first term in the r.h.s. is well-defined and satisfies

E[g(Wt(e)v n?)ﬂWt(G)GAK] = E[g(Wt(0)7 1>]1Wt(9)€AK] > 0

since g(x,1) > 0 for any x > 0, with equality only if z = 1. By i) we have
that W;(0) = 1 a.s. if and only if 8 = 6,. We thus have, by Beppo-Levi’s
theorem,

lim E[g(Wy(0),n)lw,0)ca] = Elg(W(0),1) lim Ly, @6)ca,]

K—oo K—o0

= BElg(W,(0),1)] >0 for 68,

To deal with the expectation of the second term in the r.h.s. of (4.5) we use
the fact that for y > 0, g(z,y) > g(1/y,y). It follows that

—E [{Q(Wt(0>777t2)}_ ]th(e)eA%] > —F [{9(1/?737773)}_ ﬂWt(9)€A%i| -0

as K — oo,

because, by i) A3, E [{g(l/nf, nf)}_} < oo and thus the convergence holds
by Lebesgue’s dominated convergence theorem. This completes the proof of
Step 3.

Now we prove iv). For any 8 € © we have

ln(g) - In(el)) Z ln(e) - ln(OO) - |in(0) - 1n<9)’ - ‘In(eo) - ln(OO)"

Hence, using i)

lim inf ( inf  1,(0%) — in(90)>

n—00 0*eV(0)NO

znminf( inf ln(e*)—ln(90)>—211msupsup|in(0)—ln(9)|

n—00 0*eV(0)NO n—oo 6c®

= lim inf ( inf  1,(6%) — 1n(00)> . (4.6)

n—00 6*cV(0)NO

For any @ € © and any positive integer k, let V;(0) the open ball of center
0 and radius 1/k. We have

1 n
. . . * > . . . * .
117£n inf (9*6 1&2)0 1,(07) — ln(Oo)) 117?1 inf - tE g 1}:1(2)0 0:(6%) — £:(6y)

(4.7)

13



By arguments already given, under i) A3,

E( inf 0%) — 1,(00)) < E (9(1/2. 7)) .
(gt 600 = 4(60)) < E(o1/a) < o0
Therefore E (infg-cy, o)ne €:(8%) — £4(0p)) exists in R U {+oc}, and the er-
godic theorem applies (see ?, Exercises 7.3 and 7.4). From (4.7) we obtain

lim inf inf 1,(0°)—1,(00) | > FE inf  £,(0%) —£,(00) ) .
e (e*ex},?(e)m@ (67) ( 0)) - <9*e\21(9)m® «(67) — &l O>>

The latter term into parentheses converges to ¢,(0) — ¢,(0y) as k — oo, and,
by standard arguments using the positive and negative parts of
info ey, 0)ne €:(0") — €:(0), we have that

lim F ( inf o 0,(0%) — Et(00)> = E{6,(0)— (,(00)},

k—o0 0%V, (0)

which by i) is strictly positive. In view of (4.6), the proof of iv) is complete.

Now we complete the proof of the theorem. The set © is covered by the
union of an arbitrary neighborhood V'(8y) of 8 and, for any 8 # 6, by neigh-
borhoods V'(0) satisfying iv). Obviously, infecy (gy)n@ in(O*) < in(eo), a.s.
Moreover, by compactness of ®, there exists a finite subcover of the form
V(60),V(01),...,V(0y). By iv), fori=1,..., M, there exists n; such that
for n > n;,

o*ex}:&fi)m@ 1,(07) > 1,(00), a.s.

inf 1,(6°) > 1,(8,), a.s.

=1,...,

from which we deduce that §n belongs to V' (8y) for sufficiently large n. ]
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A Complementary proofs

Proof of Theorem 2.1. For all t € Z and n € N, let
X =Y (0, X, 1,-1) (A1)
with X = c. Note that
Xin =10 (01,0i-1,...,0i_ni1)

for some measurable function v, : (E",Bgn) — (F,Br), with the usual
notation. For all n, the sequence (X, ), , is thus stationary and ergodic. If
for all ¢, the limit X; = lim,_,o, X, exists a.s., then by taking the limit of
both sides of Equation (A.1), it can be seen that the process (X) is solution
of Equation (2.1). When it exists, the limit is a measurable function of the
form X; =4 (6;,0;_1,...)° and is therefore stationary and ergodic. To prove
the existence of lim, o Xy, we will show that, a.s., (X¢,),y is a Cauchy
sequence in the complete space F'. By iterating equation (A.1) we have

Xt,n = \Ilt o--+0 ‘I]t7n+l (C) .
If follows that
d(Xipn, Xip-1) < AE”‘”d (P i1 (0),0).

For n < m, we thus have

m—n—1
d (Xt,m7 Xt,n) S d<Xt7m—k:, Xt mfkfl)
k=0
m—n—1
< > ATV (0),0) (A-2)
k=0
© .
<> AP, (0)0)
j=n
3For the measurability of X, one can consider X +n as functions of (6;,6,_1,--- ) and

argue that in metric space, a limit of measurable functions is measurable.
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Note that

: () i
lim sup In (At d(¥:_;(c) ,c)>

Jj—00

1 .

=lim sup — (hl AY +1nd (¥, (c) ,c)) <0
j—o0 ]

under (i) and (ii), by using Kingman’s sub-additive ergodic theorem (see

Kingman (1973)) and ?, Exercise 4.12. We conclude, from the Cauchy crite-

rion for the convergence of series with positive terms, that

o0

STAP AT (c),0)

J=1

is a.s. finite, under (i) and (ii). It follows that (X,),y is a.s. a Cauchy
sequence in F. The existence of a stationary and ergodic solution to Equation
(2.1) follows.

Assume that there exists another stationary process (X ;) such that X} =
U, (X;_,). For all N > 0, we have

d(X, X7) < ANV (X v, X y) - (A.3)

Since AN 5 0 as. as N — oo, and d(X,-n,X;_y) = Op(1) by sta-
tionarity, the right-hand side of Equation (A.3) tends to zero in probability.
Since the left-hand side does not depend on N, we have P (| X; — X7| >
€) = 0 for all ¢ > 0, and thus P(X; = X;) = 1, which establishes the
uniqueness. In view of Equation (A.2), we have

oo

Xta Z ])d ‘I,t —j ) C)

and Equation (2.2) follows. O
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