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Abstract

Given data in RP, a Tukey x-trimmed region, shortly Tukey k-region or just Tukey
region, is the set of all points that have at least Tukey depth k w.r.t. the data. As they
are visual, affine equivariant and robust, Tukey regions are useful tools in nonparametric
multivariate analysis. While these regions are easily defined and interpreted, their practi-
cal application is impeded by the lack of efficient computational procedures in dimension
p > 2. We derive a strict bound on the number of facets of a Tukey region and construct
a new efficient algorithm to compute the region, which runs much faster than existing
ones. The new algorithm is compared with a slower exact algorithm, yielding always the
same correct results. Finally, the approach is extended to an algorithm that efficiently
calculates the innermost Tukey region and its barycenter, the Tukey median.
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1 Introduction

To describe the centrality of a point in a multivariate set of data, based on an idea of [Tukey
(1975)), Donoho (1982) made a celebrated proposal: Given data X = {x;,...,z,} C R? and
an additional point x,

1
d(x) = d(x|Pxr) = igf —#{ie{l,-- ,n}: u'x < uTmi} (1)
uesSP~1 n
measures how central « is situated w.r.t. the data. Here SP~! = {v € R? : ||v|| = 1} denotes

the unit sphere in R?, #(B) the cardinal number of a set B, and Py is the empirical distribution
of the data. As a function of @, (1)) is referred to in the literature as location depth or halfspace
depth, and also, to recognize the seminal work of Tukey (1975)), as Tukey depth. The Tukey
depth attains its maximum at the Tukey median set. The depth decreases when & moves on
a ray originating from any point of the Tukey median set; it vanishes outside the convex hull,
conv(xi,...,x,), of the data. Thus, the depth provides a center-outward ordering of points
in RP.

The Tukey depth is invariant against a simultaneous affine transformation of & and the
data. Moreover, and most important, its value does not change as long as any of the points
T, xq,...,x, is moved without crossing a hyperplane that is generated by p elements of
{x,z,...,z,}. By the last property, the Tukey depth is rather robust against outlying
observations; see Donoho| (1982).

A Tukey r-region D(k) is the set of points in R? that have at least Tukey depth k, 0 <
k < 1. It is a closed convex polyhedron, included in conv(x,...,x,), and hence compact.
Tukey regions are nested, they shrink with increasing . An empirical distribution is fully
characterized by its Tukey regions (Struyf and Rousseeuw, (1999)).

Similarly, given a probability distribution P in RP, the centrality of a point x regarding P
in R? is measured by the population version of the Tukey depth as follows:

d(z) =d(z|P) = ueigg_l PlzcRP:u'z<u'z) (2)
Note that is a special case of with P = Py. The population version of Tukey regions
determines the underlying distribution if either the distribution is discrete (Koshevoy, 2002])
or the regions’ boundaries are smooth (Kong and Zuo|, 2010)).

In multivariate analysis, a broad nonparametric methodology has been based on Tukey
depth and Tukey regions; including multivariate procedures of signs and ranks, order statistics,
quantiles, bagplots, and measures of outlyingness and risk. As the Tukey depth is affine
invariant and robust, so is any inference based on it. The same holds for Tukey regions as set-
valued statistics. For such procedures, see for example Yeh and Singh| (1997)), Serfling (2006]),
Mozharovskyi et al. (2015)), Hubert et al| (2015) and references therein. Many other depth
notions have been proposed and used in the literature for descriptive as well as inferential
procedures. Among them are the simplicial depth (Liu, 1990)), the zonoid depth (Koshevoy
and Mosler, 1997) and the projection depth (Liul |1992; |Zuo|, [2003). For a recent survey, see,
e.g., Mosler| (2013). General definitions of a depth function can be found in Zuo and Serfling
(2000) and |Dyckerhoft| (2004)).

The various notions of data depth differ in their theoretical properties: especially, regarding
invariance and robustness, convergence to their population version, and whether they fully
characterize an underlying distribution. By this, from an applied view, different depths fit to



different applications. However, most decisive in possible applications is, whether the depth
can be efficiently computed for realistic sample sizes and in higher dimensions. To calculate
the Tukey depth, feasible algorithms have been developed by Ruts and Rousseeuw| (1996)) for
dimension p = 2, Rousseeuw and Struyf (1998)) for p = 3, and most recently by Dyckerhoff and
Mozharovskyi (2016)) and |Liu/ (2017) for general p; see also [Miller et al. (2003)).

To compute a Tukey region of given data {xy,...,x,} appears as an even more challeng-
ing combinatorial task, as it involves a very large number of observational hyperplanes to be
possibly inspected. By an observational hyperplane we mean a hyperplane that passes through
p elements of {x1,...,x,}. In dimension two the task has been solved by use of a circular se-
quence, which enumerates all intersections of observational hyperplanes (Ruts and Rousseeuw,
1996)). Kong and Mizera (2012) demonstrate that a Tukey k-region is bordered by hyperplanes
Hxwm(k, w), which correspond to k-quantiles of projections on their normals w. Moreover, the
Tukey k-region D(k) is the infinite intersection over all directions w of the inner halfspaces
bordered by Hkm(k, w). Hereafter,

Him(r,u) = {z €ERP :u'z2 > q(k,u)},

where ¢ (k, w) denotes the sample r-quantile of the projections of {x,...,x,} onto u.

But, as a convex polytope, a Tukey region is the intersection of a finite number of these
halfspaces. The facets of the polytope lie on the hyperplanes that border the halfspaces.
Clearly, by the definition of Tukey depth , each of these hyperplanes must be an observational
hyperplane. Consequently, the Tukey region is completely determined by a finite number
of observational hyperplanes. Hence, to calculate it, the key step is to identify the proper
observational hyperplanes. A naive procedure consists in passing through all (Z) observational
hyperplanes and checking their depth. For a more efficient procedure, we need a strategy to
identify those observational hyperplanes that contain the facets.

Hallin et al.| (2010) and [Paindaveine and Siman| (2011)), hereafter HPS, point out a direct
connection between a Tukey region and multivariate regression quantiles. Each such quantile
consists of, in general more than one, parallel hyperplanes, one of which may contain a facet
of the Tukey region. In their pioneering work, Hallin et al. (2010) show that those directions
giving the same set of hyperplanes form a polyhedral cone, and that a finite number of these
cones fills R?. Each cone is represented by the directions generating its edges, which, again,
are finitely many. HPS propose an algorithm that calculates Tukey regions in dimension p > 2
via quantile regression and parametric programming. To guarantee all cones to be addressed,
a breadth-first search is used. For details of the implementations, see Paindaveine and Siman
(2012a,b)). However, also these procedures are rather slow and inefficient.

In the sequel we present two new algorithms, a naive and an efficient one, that calculate
Tukey regions in arbitrary dimension p > 2. In building the efficient algorithm, certain com-
binatorial properties of Tukey regions are derived and exploited that substantially reduce the
computational load. Consequently this algorithm runs much faster and requires much less
RAM than the algorithms by HPS.

Throughout the paper we assume that the data is in general position, i.e., that any obser-
vational hyperplane contains exactly p data points (Donoho, |1982). Otherwise, the data may
be slightly perturbed to meet the assumption.

Specifically, as a first main result, an upper bound is derived on the number of non-
redundant hyperplanes of a Tukey region, that is, those observational hyperplanes that contain
a facet of the region. The bound is sharp and turns out to be very useful in assessing the



computational complexity and performance of the algorithms. Up to our knowledge of the
literature, the bound is new.

The HPS procedures are inefficient for two reasons. First, it appears that both their imple-
mentations yield a great number of redundant directions, which are normal to an observational
hyperplane but provide no facet of the trimmed region. However, all these directions are con-
sidered in HPS and used to calculate regions. Given x, the HPS procedures actually calculate
p successive regions instead of one by breadth-first; but many of these regions have depth
# £ (see Paindaveine and Siman| (2011)), remark after Theorem 4.2). Second, the cone-by-cone
search strategy is both RAM- and time-consuming. This is because, in the HPS procedures,
each cone is characterized by its facets and vertices, and facets are identified by p-variate
vectors. A rather large RAM is required to store these identifiers with sufficient precision.

First, we present a naive combinatorial algorithm (Algorithm @ It serves as a benchmark
for our main algorithm (Algorithm , which is efficient and fast. The naive procedure, in
searching for facets’ candidates, simply passes through all combinations of p — 1 observations
as the case may be. No memory-consuming structure has to be created, and the computational
time is independent of . In contrast, our fast and efficient approach (Algorithm [If) uses a
breadth-first search strategy. However, instead of covering R” cone-by-cone, as it is done by
HPS, it searches the directions ridge-by-ridge, where a ridge corresponds to a combination of
p — 1 observations in RP. This strategy yields only relevant hyperplanes (that cut exactly
the required number of observations off from D(k)), and thus examines much fewer cases.
Additionally, we store each ridge by the subscripts of its p — 1 corresponding observations and
use some novel tricks to substantially save both RAM and computational time. Obviously,
Algorithm [0 is exact. For Algorithm [T, we have no theoretical proof of its exactness though.
But we have broad numerical evidence that it computes the exact region. In all our experiments
Algorithm [I] yields precisely the same Tukey region as the exact Algorithm [0] does.

Similar to HPS, our approach exploits the connection between Tukey trimmed regions and
quantile regions pointed out by Kong and Mizera (2012), viz. that the Tukey k-region is the
intersection of directional k-quantile halfspaces, taken over all directions of the unit sphere.
Additionally, we make use of further combinatorial properties of a Tukey region, which are
basic to the algorithms of this paper.

As they involve only simple operations and no optimisation techniques, both our algorithms
are easy to program; they also show high numerical precision even in larger dimension. Particu-
larly, Algorithm/[I], by its speed and storage efficiency, enables the use of statistical methodology
based on Tukey-region statistics. To investigate the performance of the algorithms, a simu-
lation study as well as real data calculations (up to dimension 9) are provided below. Our
procedures have been implemented in C++ and visualized in R. They are available in the
R-package TukeyRegion and can be downloaded from CRAN.

The Tukey median (Tukey, 1975)) is one of the most famous generalizations of the ordinary
median in Euclidean spaces of dimension p > 1. It is usually defined (Donohol| |1982) as the
average of all points in the Tukey median set. Hence its computation depends essentially on
the computation of this innermost Tukey region. As an extension of our approach, we provide
an algorithm for efficiently computing the Tukey median.

The rest of this paper is organized as follows. Section [2| presents an upper bound on the
number of non-redundant hyperplanes of a Tukey region, together with some results that are
useful for our algorithms. Section [3| describes the naive algorithm as well as the efficient one.
Section 4| studies the computational performance. Section [5| is about computing the Tukey
median, and Section [6] concludes.



2 A bound on the number of facets

In this section, as a first principal result, a bound on the number of facets of a Tukey region
is derived, that is, on the number of non-redundant halfspaces defining the region.

Assume that the observed data set {x1, 2, -, x,} C RP, n > p > 2, isin general position.
Consequently, each facet of a Tukey region D(k) lies on an observational hyperplane containing
exactly p observations. Consider an observational hyperplane II and denote m, = [nk| with
[-] being the ceiling function. Then the following proposition holds.

Proposition 1. If II passes through observations x; , @, -+ ,x;, and cuts at most m, — 1
other observations off, then

IIND(k) C conv(xi,, Tiy, -+ , ;) -

Proof: Denote F = II N D(k). If II cuts exactly m, — 1 observations off and F # 0,
then F must be included in the boundary of D(k). Now suppose that there exists xy €
F\ conv(x;,, x;,, -, x;,). One may use the same technique as Dyckerhoff and Mozharovskyi
(2016) in moving II around x, to exclude all points x;,j = 1,---,p, from it. This results
in depth d(xz¢) < &, contradicting with &, € D(x). If II(Z,) cuts away less than m, — 1
observations, then F = (), and the claim trivially holds. Il

By a k-outside ridge we mean the intersection of two observational hyperplanes that, on
their lower side, cut away at most m, — 1 observations. Any k-outside ridge is a (p — 2)-
dimensional affine space passing through a set of p — 1 observations, say {z;,, s, -, %, , }-
Let V = span(x;,, Ti,, -+, T;,_,) be the (p — 2)-dimensional vector space spanned by {z; —
Ti Ly — Ly, L, — &}, and VT be its orthogonal complement. (Observe that
V = {0} if p = 2.) Consider the projection of D(k) onto the two-dimensional vector space V+,
which is projy. (D(k)) = {&’ € V* : &' + &” € D(k) with ” € V} . Clearly, this projection
is a polygone. Relying on Proposition [I} one obtains the following result, which will be useful
in constructing our efficient algorithm (Section 3).

Proposition 2. Consider a k-outside ridge with corresponding observations x;, , ;,, -+ , ®;,_,,
and the vector space V* as above. Then the projection of @;,, T, - , i, _, onto V= is either
a vertex or an outside point of projy . ('D(/{))

A hyperplane that cuts exactly m, — 1 observations off will be mentioned as a relevant
hyperplane, its inner halfspace as a relevant halfspace. Obviously, the Tukey region D(k) is the

intersection of its relevant halfspaces. For any k-outside ridge, x € {1/n, 2/n, ---, £*} with
K* = supgepe d(x| Py ), we see from Proposition 2| and the convexity of D(k) that there exist at
least two relevant hyperplanes that contain the observations x;,, @;,, -, ®;,_, corresponding

to this ridge (together with another observation) and cut exactly m, — 1 observations off.
Moreover, the intersection of the respective halfspaces contains the corresponding (p — 2)-
dimensional affine space. It is easy to see that among them two halfspaces exist, say H; and
Ho, such that D(k) C Hi N Hs. Figure (1] illustrates this; it also demonstrates that a relevant
hyperplane can be redundant. Hence, we have the following result.

Theorem 1. Let the data be in general position and x € {1/n, 2/n, ---, k*}. If the Tukey
region D(k) is not a singleton, the number of its non-redundant bordering hyperplanes (=
number of facets) is bounded above by 2(;1) /-



Proof: As discussed above, if D(k) is not a singleton, each k-outside ridge can participate
in the construction of no more than two facets. Combinatorially, the number of such ridges is
bounded from above by (pfl). On the other hand, each (p — 1)-dimensional facet lies on an
observational hyperplane which corresponds to exactly p k-outside ridges. From this follows
that at most 2(;1) /p facets exist. O

By the convexity of the Tukey region, a direction vector yields at most one facet of the
corresponding trimmed region. In this sense, Theorem [l| actually provides also an upper
bound for the number of non-redundant directions. 1t is useful in assessing the performance of
an algorithm, and will be used in Step 4 of Algorithm (1| below.

Figure 1: An illustration of the intersection of three relevant halfspaces. Here
xo denotes the projection of x;,, s, -+, x;,_, onto V+. Clearly, ﬂ2:1 Hi =
H1 N Hs, and Hjz is redundant.

It is worth mentioning that the upper bound 2(;1)/1) is attainable and thus cannot be
further improved. For instance, the Tukey region at depth k = ]ﬁ of a simplex contains p+ 1

facets, which is equal to the upper bound: 2(2”:) /p=p+1.

Proposition [2] and Theorem [I] with their proofs reveal further important properties of x-
outside ridges, which are useful in constructing an efficient algorithm to calculate D(k) for
ke{l/n, 2/n, ---, K*}:

e Every k-outside ridge can be utilized to compute at least two x-critical directions. These
are related to the observational hyperplanes that cut exactly m, — 1 observations off.

e The ridges are connected with each other in the following sense: Given a k-outside
ridge, we may replace one of its defining observations x;,, ©;,, -+, z;,_, with another
observation x*, so that the hyperplane through x;,, z;,, -+, ®;,_,, " cuts ezactly m,—1
observations off. Then another x-outside ridge is obtained, which may also be utilized in
the computation of D(k).



e Observe that a k-outside ridge is also a A-outside for all A € {m“TH, m"T*Q, e KU
Hence, if one has to calculate more than one region, one may store all k-outside ridges dur-
ing the computation of D(k) and recycle them when computing a more central trimmed

region D(A\) with A > &.

3 Algorithms

This section presents two new algorithms to compute a Tukey region of given depth. We start
by introducing Algorithm 0 in Subsection 3.1} which is a naive application of Proposition[2 The
Algorithm 0 is simple and intuitive; it will later serve to verify the correctness of Algorithm 1.
After this, in Subsection we describe the efficient algorithm, Algorithm 1.

3.1 The naive combinatorial algorithm

Algorithm 0 simply passes through all combinations {x;,,---,x;,_,} of p —1 out of n points
and searches for hyperplanes passing through p points and cutting exactly m,, — 1 observations
off. To do this, first for each choice of observations x;,,--- , x; _,, the (p—2)-dimensional vector
space spanned by them is calculated (Step 2a), and the sample is projected onto its orthogonal
complement, which is a two-dimensional vector space (Step 2b). Then the search narrows
down to finding two lines in this plane passing through the point to which z; ,---,x;,_, are
projected and another point from the sample and cutting m, — 1 observations off (Step 2c).
Figure [2| (right) visualizes the set of hyperplanes found during one iteration in Steps 2a to 2c.
Each found hyperplane is stored as a number to the basis n. This requires [plog,(n)] binary
digits (bits) of memory space (Step 2d). Note that, under the assumption of general position
made above, ties cannot occur, as any hyperplane contains at most p observations. Since the
number of those combinations is (pfl) and search in each of them is algorithmically dominated
by the angle-sorting procedure having time complexity O(n log(n)), the time complexity of
the algorithm amounts to O(np log(n)). Clearly, this presumes that the time complexity of
Step 2d(iii) is not larger than that of Step 2d(i). This can be achieved by using appropriate
store-search structures such as, e.g., search trees (access time complexity O(log(n))) or binary
hypermatrices (access time complexity O(1)). As Algorithm 0 does not take account of any
space ordering it requires minimum memory and saves computational time, which is otherwise
needed for multiple access of search structures and may grow substantially with n and p. In
addition, due to the same reason its execution time only negligibly depends on the geometry
of the data cloud and the depth value x.

Algorithm 0 (Naive combinatorial algorithm).
Input: x;,--- ,x, € R?, k.
Step 1. Set H,. = 0.
Step 2. For each subset {i1,...,ip1} =1 C {1,--- ,n} do:

(a) Consider the plane normal to span(x;,, ..., x;,_,) and find a basis of it. Let By denote
the basis matrix, that is the (p X 2) matriz B; containing the two basis vectors as
columns.

(b) Computey, = B x; fori=1,...,n.
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(¢) Find a subset I, C {1,--- ,n} \ I such that for each iq € I, holds #{j : uTyj >
w'y, ,j=1,...,n} =m,;—1 whenever u' (y,;, —y,,) = 0.

(d) For each iy € I, do:

1. (kl, ceey k’p) = SOTt(ig,i17 ...,ip_l).
ii. Compute h = ki + kan + ksn? + ... + kpnp_l.
iii. If h & H, then add h to H,.

Output: H,.

3.2 The ridge-by-ridge breadth-first search strategy

In this subsection we present our main procedure, Algorithm 1, that computes the Tukey
k-region for given k in an efficient way. The algorithm has been implemented in function
TukeyRegion of the R-package TukeyRegion and can be downloaded from CRAN. Its output
depends on the user’s request, depending on which the algorithm terminates after all required
elements have been computed. A detailed description of the algorithm with reference to user-
accessible options is given right below.

To find all relevant hyperplanes of a Tukey k-region, Algorithm 1 follows the breadth-first
search idea. Briefly, this idea can be explained as follows: push an initial set of ridges into the
queue, pop a ridge from the queue and push all those neighbors into the queue that have not
been seen before; continue until the queue is empty (Steps 1 to 5). After this has been done,
the region is constructed as an intersection of halfspaces, given by their hyperplanes. For this,
firstly, an inner point of the region has to be found, which is used for a dual transformation of
the hyperplanes (Step 6); then the QHULL (Barber et al., [1996)) algorithm is run to eliminate
the redundant hyperplanes (Step 7). Vertices, facets and the barycenter of the Tukey region are
computed from the remaining hyperplanes (Step 8). The input consists of the observations,
the depth level x and a precision parameter e.

Algorithm 1 (Algorithm for computing the Tukey region).
Input: x;,--- ,x, CRP, K, €.
Step 1. Initialization:
Set A = (false, )P !, H, =0, an empty queue Q.
Step 2. Construct initial set of ridges:

(a) Find a subset {iy,...,i,—1} =1 C {1,---,n} such that (x;,,...,x; _,) define a ridge
of conv(1, ..., z,). Set A(sort(I)) = true and push sort(I) into Q.

(b) Compute a basis matriz By of the plane normal to span(x;,, ..., x;,_,).

(¢c) Compute y, = B]x; fori=1,...,n.

(d) Find two indices Iy, ly such that holds #{j : wjy; >wly, ,j=1,..n}=m,—1
whenever wl (y, —y,,) =0 fork=1,2.

For k = 1,2 and for each subset J C I of order p—2, set A(sort(JU {lk})) = true
and push sort(J U {l}) into Q.



(e) Fork =1,2 and for each | such that holds u, y, > ugylk and for each subset J C I
of order p — 2, set A(sort(J U {l})) = true and push sort(J U{l}) into Q.

Step 3. Pop a ridge I = {iy,--- ,ip,_1} from Q.
Step 4. Spread to neighboring ridges:

(a) Compute a basis matriz By of the plane normal to span(x;,, ..., T;,_,).
(b) Computey, = Bjx; fori=1,...,n.

(¢) Find a subset I, C {1,--- ,n} \ I such that for each iy € I, holds #{j : u'y; >
UT?JiO ,j=1,..,n}=m, — 1 whenever uT(yi1 — yio) =0.

(d) For each ig € I, do:
i. If (1 U {io}) ¢ H, then add (I U{ip}) to H,.
. For each subset J C I, of order p —2 do:

If A(sort(J U {io})) = false then set A(sort(J U {iv})) = true and push
sort(J U {ip}) into Q.

Step 5. If Q is not empty then go to Step 3, else go to the following step.

(So far, all p-tuples of observations that define relevant halfspaces are stored in H,.. The
intersection of these halfspaces is the Tukey k-region. We give details below.)

Step 6. Find an inner point of the region:

(a) For each (iy,...,ip) € H, (1 =1,...,n, = #H,) do:
i. Find w, L span(x;,,...,x;,) such that #{j : w x; > w/@z; ,j =1,..,n} =
my, — 1 and ||| = 1.
ii. Compute by = u/ x;, .
(b) Compute xy = argmax cp,{x (1,0,...,0)" : w/x <b —€,l=1,..,n,}.

(c) If xy cannot be found then stop.
Step 7. Eliminate redundant halfspaces:

(a) Forj=1,..,n, do:

1
w; =
J bj—uijo

(b) (’l:l, ...,in%)—r = QHULL(’LUl, ...,’U)nﬂ> with ’ij = (ijl, ~-~7ijp>~

’U,j.

Step 8. Compute elements that define the region:
(a) Forj=1,...,n? do:
—1
v; = ((’U,iﬂ, ey 'U,Z‘].p)—r) (bijn . bi].p)T.
(b) For each i € unique(ty, ..., 4,0) (j =1,...,nf) do:

(c) €= ave(conv(vl, . vnz)), the barycenter of conv(vy, ..., Vpv).

9



Output:

(a) Vertices: V = {vy,..., v }.

(b) Facets” (non-redundant) hyperplanes: F = {dx,...,d, s} (outside-pointing normals)
and T = {t1,...,t, s} (thresholds on these normals).

(¢) Barycenter: c.

In Step 1, (false,)’ ! is a (p — 1)-dimensional logical matrix having format n x --- x n,
that is, in the beginning an n-dimensional vector of logical zeros, brought to power p — 1 as
a Cartesian product. (E.g., if p = 4 this is a cube of size n x n X n.) Indeed, only one upper
corner of this matrix is used, which includes those cells having strictly decreasing subscripts.
Further, a single bit of RAM suffices to store a logical value, which amounts to eight values per
byte. However, this matrix is memory demanding when n and p are large. Fortunately, in this
last case the matrix is very probable to be sparse, and thus some dynamic storing structure
may be used, e.g. a search tree. H, is a set for storing hyperplanes as p-tuples of integer
numbers, and @ is literally a queue supporting operations of pushing an element on one side
and popping it from another one.

Step 2 aims at finding a set of (p — 1)-tuples defining ridges to be used as starting
points for the algorithm. First, a ridge of the convex hull of {x,...,x,} defined by, say,
{z,z;, - ,x;_,} is found (Step 2a). This is implemented in the QHULL algorithm. Fur-
ther, using the logic of the Steps 2a to 2c of Algorithm 0, two points x;, and x;, are found
(Steps 2b to 2d). Thus, each of the two hyperplanes defined by {x; ,€;,, -, x;,_,,2n} and
{z;,xj,, -, x;,_,, 22} cuts exactly m, — 1 observations off from the sample, see Figure
(left) for an illustration. This is always guaranteed as long as the sample is in general position
and m, < L%j; here |-] denotes the floor function. Then, all (p — 1)-tuples containing
(p — 2) points out of {x;,x;,,---,x;,_,} and one of the points cut off by or lying in one of
these hyperplanes are chosen. Together with the ridge on the convex hull of the data set, this
gives exactly 1+ 2m,(p— 1) initial ridges (each corresponding to a (p — 1)-tuple of points from
the sample).

Steps 3 and 5 wrap the search step procedure of Step 4 by implementing the queue. Step 3
pops a ridge to be processed from the head of the queue while Step 5 returns to Step 3 if the
queue contains at least one element.

Step 4 provides identification of the neighboring ridges, by that implementing the ridge-
by-ridge search strategy. First, a set I, of indices is found that defines, together with the
current ridge {x;,j,,---,x;,_,}, a hyperplane cutting m, — 1 observations off from the
data. (Here we follow the logic of Steps 2a to 2c¢ of Algorithm 0 as before.) The information
gained by each 7y € I, is twofold. First, an ¢y, defines a hyperplane determined by a p-
tuple {x;,, i, -, Ti,_,, i} which is critical for the Tukey region. We check whether this
hyperplane is visited for the first time and add it to H, if this is the case (Step 4d(i)). Second,
each such hyperplane contains p ridges defined by (p — 1)-tuples of points. p— 1 of these ridges
— those containing iy — can potentially lead to a hyperplane not visited before. Thus we check
each of these (p — 1) ridges whether it has been visited before or not. If a ridge has not been
visited we add it to the queue Q and mark it as visited (Step 4d(ii)). The set of ridges found
in Step 4 of a single iteration is visualized in Figure [2| (right).

As the total number of these hyperplanes (after the first five steps of Algorithm 1 have
been performed) can potentially be as large as their maximum number, the complexity of the
algorithm is the same as that of Algorithm 0, i.e. O(np log(n)). On the other hand, this worst
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Figure 2: Left: Step 2 of Algorithm , solid red lines indicate initial ridges.
Right: The generic Step 2 (a) — (c) of Algorithm [0] and Step 4 (a) — (c) of
Algorithm [1], solid red lines indicate new ridges added to the queue.

case happens only for degenerate data sets. Thus it is reasonable to expect that in most cases
the number of facets is substantially lower than the upper bound, and this number actually
defines the computational speed of the algorithm. Some empirical insights to this question will
follow in Section [4]

Steps 1 to 5 aim to compute all necessary hyperplanes defining halfspaces that determine
the Tukey region by their intersection. We will use this set to check the correctness of the
algorithm when comparing it empirically with the output of Algorithm 0 in Section .1 The
implementation of Algorithm 1 in the R-package TukeyRegion performs these five first steps
always independently of the chosen options. The following steps are optional. If the algorithm
terminates after Step 5, only the hyperplanes are output, each as a p-tuple {ji,jo, - ,jp} of
indices of points from the sample.

Step 6 searches a point strictly belonging to the interior of the Tukey region. If such a
point cannot be found then the algorithm terminates. See also Section [fl Step 6 is performed
either if the interior point is directly requested (flag retInnerPoint is set) or if any of the
options for the following steps is chosen.

Each element of H,, is a p-tuple of indices (j1, j2, - - - ,jp) defining a halfspace by the hyper-
plane containing {x; ,x;,,--- ,x;, }. First, for each of these hyperplanes the normal pointing
outside the Tukey region and the threshold defining the hyperplane’s position are calculated
(Step 6a); each of them defines a condition for the interior point. Then, the inner point x
of the region is searched by means of linear programming as a point satisfying these condi-
tions (Step 4b). If the inner point is not found this means that the Tukey region of depth &
has (numerically, with precision €) zero volume or does not exist. In this case the algorithm
terminates.
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Step 7 eliminates redundant hyperplanes. It is performed either if these are requested
(flag retHyperplanesNR) or if any of the options for the following step is chosen. First, the
duality transformation is applied. It represents each halfspace by a vector w,, which is its
outer normal multiplied by the inverse distance of the hyperplane to the inner point (Step 7a).
Second, the QHULL algorithm is applied to the set of all w;’s. It returns the convex hull of the
w;’s, an nY, X p matrix where each row defines a facet by indices of p points (Step 7b). Since
the data is in general position, each facet of this convex hull is defined by exactly p points.

Step 8 computes the elements of the region; it is the step that provides the practically
important output. This step depends whether region’s vertices (flag retVertices is set),
facets (flag retFacets is set) and/or barycenter (flag retBarycenter is set) are requested and
requires the successful execution of all preceding steps. Each facet of the convex hull of w;’s
in the dual space (corresponding to a row of the matrix returned by the QHULL algorithm
in Step 7b) defines a vertex of the Tukey region, i.e. each such vertex is computed as an
intersection of p non-redundant hyperplanes (Step 8a).

The facets of the Tukey region are contained in the hyperplanes defined by pairs (d;, t;), j =
1,...,n{ obtained as non-repeating entries of the matrix (%1, ..., 2,2 )" (Step 8b). To obtain facets
as polygons one can apply QHULL to the set of regions’ vertices {wy,..., vne}. In addition,
the barycenter of a Tukey region can be computed as the weighted average of the triangulated
(doable by the QHULL algorithm as well) region, where points are the means of vertices of
simplices (p-dimensional triangles) and weights are the volumes of these simplices (Step 8c).

To illustrate the output of the algorithm, Figure @ exhibits D(k) for k = 0.025,0.1,0.25
for 50 observations drawn from a standard normal and a skewed normal distribution in R3.
The latter is according to |Azzalini and Capitanio| (1999) having skewness parameter equal to

5 in the first coordinate (see Section [4.1)).

4 Numerical study

This section presents the results of a simulation study that demonstrates the validity of Al-
gorithm 1 under diverse data generating distributions and explores its computational perfor-
mance. All results on execution times are obtained using statistical software R on a Macbook
Pro laptop possessing processor Intel(R) Core(TM) i7-4980HQ (2.8 GHz) having 16 GB of
physical memory and macOS Sierra (Version 10.12.6) operating system. The validation exper-
iment has been conducted on the computing cluster of Ecole Nationale de la Statistique et de
I’Analyse de I'Information.

4.1 Validation

The main idea here is to compare results of Algorithm [I] with those of the naive Algorithm [0]
that is known to be correct. We restrict the calculations to those which are feasible regarding
Algorithm 0, that is, to pairs (n,p) for which Algorithm [0] computes a single Tukey region
within less than one hour. As noted above, computational times of Algorithm [0] are only
slightly sensible to the depth level of the Tukey region. Computational times which are less
than one hour, averaged over 10 runs, are given in Table[I] The nonempty cells indicate those

Figures and @ were generated with the QHULL software written at the Geometry Center, University
of Minnesota.
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Figure 3: Tukey k-regions of 50 observations from a standard normal distribution
(left) and a skewed normal distribution (right), for k = 0.025 (top), 0.1 (middle),
0.25 (bottom); see Section

pairs (n,p) for which the results of the two algorithms regarding non-redundant hyperplanes
and facets will be compared in order to verify the correctness of Algorithm

For each of these 21 pairs (n,p), selected by their computational feasibility, the following
experiment is performed. We consider six distributions:
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Table 1: Average computational times (in seconds, over 10 runs) of Algorithm @, in case they
are less than one hour.

P\ n

40 80 160 320 640 1280 2560
3 0.00347 0.0264 0.184 144 11.7 952 792
4 0038 0582 928 152 2480 — —
5 0.395 12 387 — — —
6 3.05 196 — - = — —
7 18.8 2660 — - — —
8 100 — — - = — —
9 459 — — - — —

e multivariate standard normal distribution;

e elliptical Student-¢ distribution with five degrees of freedom without scaling;
e clliptical Cauchy distribution without scaling;

e uniform distribution on [—1, 1]?;

e multivariate skewed-normal distribution with skewness parameter equal to 5 in the first
coordinate according to |Azzalini and Capitanio| (1999);

e product of independent univariate exponential distributions having parameter 1.

For p = 2 and n = 320, a random samples generated from each of them is pictured in Figure [4

For each of the six distributions we draw 100 random samples and compute the hyperplanes
of Tukey regions (stopping after Step 5) with Algorithm [I] and with Algorithm [0] We do this
for depth levels selected uniformly from {%, - @} In all 21 x 6 x 100 = 12600 cases, the
sets of the obtained hyperplanes coincided exactly. (The comparison is facilitated by the fact
that each hyperplane is stored as a p-tuple of indices of points from the sample and thus can
be matched exactly.)

4.2 Computational performance

Further, we measure the time taken by the execution of Algorithm [I Computational times
for couples (p,n) and several depth levels are indicated in Table . As above we restrict the
calculations to those of no more than one hour for obtaining hyperplanes and facets. First,
Table [2| demonstrates the superiority of Algorithm [1| over existing algorithms (¢f. the times
indicated by Paindaveine and Siman| 2012alb). Further, it demonstrates the applicability of
the algorithm even for a substantial number of points (up to 5000) in dimension three (the still
visualizable case) and its capability of computing bounding hyperplanes of Tukey regions even
in dimension nine as well as calculating the exact shape (facets and vertices) of Tukey regions
up to dimension six. Nevertheless, one observes an exponential increase of computational time,
which indicates an eventual computational intractability of Algorithm [I] when the number of
observations or the dimension of the data become even larger. One can also see that in higher
dimensions, while bounding hyperplanes can be found, the QHULL algorithm fails in filtering
them in reasonable time. Note that in all indicated cases an interior point has been rapidly
found in Step 6 of Algorithm [I]
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Figure 4: Data from six distributions; p = 2, n = 320.

Next, we take a closer look at the numbers of hyperplanes and Tukey region’s facets found
by Algorithm [I] These results are summarized in Table[3] One observes that in most cases the
number of facets of the Tukey region is substantially smaller than the number of all relevant
hyperplanes (see Figure [5)); i.e. most of the computing time is still utilized unnecessarily.
(Note that this refers to the general result by Hallin et al. (2010) and the successive algorithms
by [Paindaveine and Siman| (2012a,b)). Exceptional cases are limited to relatively small n, and
thus do not constitute a computational problem. The results for k = 0.025 = 1/40, n = 40,
and p = 6 attract attention as there some of the found hyperplanes — though all belonging
to the convex hull — are considered redundant. This happens due to precision merging of the
QHULL algorithm in higher dimensions. The number of the hyperplanes itself, on the other
hand, shows exponential growth in n and p, which limits the computational feasibility of the
Algorithm [l We further observe that in our experimental settings the upper bound on the
facets is never achieved, ranging from close to 0.134 (in a few rare cases) to 0.0000258.

5 Computing the Tukey median

The Tukey median is the gravity center of the Tukey median set, that is, the Tukey region
having maximum depth. With the above algorithms we are able to compute Tukey regions at
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Table 2: Computational times (in seconds) of Algorithm [l taken by finding all relevant hy-
perplanes (measured after Step 5) and by finding those non-redundant (measured after Step 7,
in parentheses). For intractable cases, “t” indicates reaching the time limit (of one hour) and

“m” reaching the memory limit (of 16 GB).

p K\ Computational times

40 80 160 320 640 1280 2560 5120

3 0.025 0.000933 0.00149 0.00688 0.0424 0.307 2.24 17.8 143
(0.000541)  (0.000969)  (0.00219)  (0.00662) (0.0264) (0.144) (0.936) (6.84)

0.1 0.00125 0.00714 0.0436 0.308 2.38 19.1 154 1270
(0.000903) (0.00299) (0.00966) (0.041) (0.219) (1.29) (8.45) (61.7)

0.2 0.00267 0.0155 0.105 0.753 5.92 48.4 389 3230
(0.00156) (0.00559) (0.0231) (0.102) (0.55) (3.36) (22) (158)

0.3 0.0039 0.0228 0.15 1.14 9.15 75 602 t
(0.00242) (0.0074) (0.0316) (0.155) (0.855) (5.16) (33.3) —

4 0.025 0.00134 0.00809 0.0835 0.913 11.1 162 2440 t
(0.00196) (0.0139) (0.0776) (0.384) (2.75) (17.6) (173) —

0.1 0.00966 0.0937 1.28 16.7 249 3850 t —
(0.017) (0.0696) (0.419) (3.57) (33.4) (422) — —

0.2 0.0271 0.335 4.36 64.7 988 t — —
(0.0253) (0.16) (1.29) (12.7) (132) — — —

0.3 0.0465 0.615 8.38 121 1880 — — —
(0.056) (0.233) (2.28) (23) (294) — — —

5 0.025 0.0052 0.0473 0.717 13.7 322 t — —
(0.0235) (7.23) (28.6) (340) (1990) — — —

0.1 0.0627 1.16 26.2 695 t — — —
(1.05) (8.25) (81.3) (590) — — — —

0.2 0.24 5.55 149 t — — — —
(0.512) (5.87) (88.5) — — — — —

0.3 0.448 11.9 340 — — — — —
(2.39) (6.97) (154) — — — — —

6 0.025 0.0181 0.307 6.19 201 m — — —
(1.85) (t) (t) (t) — — — —

0.1 0.318 12 497 m — — — —
(1630) ®) ®) — — — - -

0.2 1.89 83.2 t — — — — —
(35.4) (t) — — — — — —

0.3 4.76 214 — — — — — —
(219) (1480) — — — — — —

7 0.025 0.0636 1.35 50.1 m — — — —
®) (®) ® - — — - -

0.1 1.63 101 m — — — — —
(t) 0 - — - - = =

0.2 10.9 1040 — — — — — —
®) ®) — — — — —

8 0.025 0.202 6.51 m — — — — —
®) ®) - — — — —

0.1 6.41 789 — — — — — —
®) (®) — — — — - -

0.2 55.3 m — — — — — —
®) — — — — — - =

9 0.025 0.636 30.4 m — — — — —
®) (®) — — — — - -

0.1 25.7 m — — — — — —
®) — — — — —

0.2 259 — — — — — — —

(t)
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Table 3: Number of relevant hyperplanes and those non-redundant (in parentheses) delivered
by Algorithm . For intractable cases, “t” indicates reaching the time limit (of one hour) and
“m” reaching the memory limit (of 16 GB).

P K\ Number of directions
40 80 160 320 640 1280 2560 5120
3 0.025 28.6 94.6 369 1380 5280 20400 82000 326000
(28.6) (69.1) (160) (318) (571) (965) (1650) (2710)
0.1 185 753 2890 11500 46000 184000 732000 2930000
(69.9) (143) (268) (441) (765) (1250) (2060) (3350)
0.2 449 1830 7340 29100 116000 467000 1860000 7460000
(66.4) (124) (227) (362) (606) (1010) (1650) (2670)
0.3 677 2720 11200 44700 181000 719000 2880000 t
(42.3) (70) (132) (234) (388) (637) (1000) —
4 0.025 100 510 3250 21900 153000 1160000 9020000 t
(100) (360) (1180) (3250) (7620) (17100) (36000) —
0.1 1130 8180 61600 482000 3780000 30100000 t —
(343) (966) (2250) (5170) (11200) (23400) — —
0.2 3810 30000 236000 1890000 15100000 t — —
(301) (700) (1640) (3550) (7680) — — —
0.3 6750 55500 448000 3580000 28800000 — — —
(112) (286) (705) (1610) (3470) — — —
5 0.025 328 2550 24400 272000 3550000 t — —
(328) (1570) (7920) (29100) (91700) — — —
0.1 5850 76100 1060000 15700000 t — — —
(1530) (5780) (18200) (52800) — — — —
0.2 26100 396000 6140000 t — — — —
(1020) (3430) (10600) — — — — —
0.3 52200 863000 13900000 — — — — —
(143) (758) (2950) — — — — —
6 0.025 968 11900 169000 3110000 m — — —
(864) (t) (t) (t) - - - —
0.1 25200 603000 15200000 m — — — —
(5650) (t) (t) — — — — —
0.2 143000 4320000 t — — — — —
(2930) (t) — — — — — —
0.3 327000 11000000 — — — — — —
(84.6) (1430) — — — — — —
7 0.025 2630 48400 1070000 m — — — —
(® 0 (® — - - - -
0.1 95300 3980000 m — — — — —
0 0 -~ -~ — — -~ —
0.2 678000 39200000 — — — — — —
® ® — — - - — —
8 0.025 6930 189000 m — — — — —
® ® — — - - — —
0.1 320000 24400000 — — — — — —
® ® — — — — — —
0.2 2790000 m — — — — — —
(® — — — — — — —
9 0.025 18800 670000 m — — — — —
(®) (®) — — — — — —
0.1 1040000 m — — — — — —
®) — — — — — — —
0.2 10300000 — — — — — — —
®) — — — — — — —
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Figure 5: Logarithmized ratio of the number of facets of the Tukey region to

the number of relevant hyperplanes, log;, Z—E The index of the points is row-

wise(k increasing)/column-wise(n increasing) for each dimension p = 3,4, 5,6 of
(

Table ; e.g. sixth point stands for (n,x) = (80,0.1) for p = 3.

any given depth level. However the maximum Tukey depth, x*, depends on the data and has
to be determined from them. For data in general position it is known (Liu et al., |2017)) that

3["}§mglFi?ﬁ] (3)

nip+1 n

In two-dimensional space, Rousseeuw and Ruts| (1998), hereafter RR, have developed an effi-
cient algorithm, which is of time complexity O (n? log”(n)). Their algorithm employs a bisection
strategy that starts with a lower and an upper bound on «* and updates these bounds until they
coincide. In updating, RR calculate the mean & of the two active bounds and check whether
D(R) exists. If yes, the lower bound is changed to %; if no, the upper bound becomes &. The
RR bisection approach extends easily to data of dimension greater than 2. With our new Al-
gorithm (1| at hand, it is natural to investigate its possible use in computing higher-dimensional
Tukey medians.

In searching for the maximum level of Tukey depth, we employ a modified bisection strat-
egy. Given a Tukey region D(k) at some level k, we consider its barycenter. If the region
is nonempty, its barycenter is more central than its boundary points, and thus may have a
larger depth value. Observe that computing the depth of a single point is computationally
cheaper (i.e. has lower time complexity) than computing a trimmed region. Hence, after
having checked that at a given depth level s the region D(k) is nonempty, we may further
compute the barycenter of D(k) to possibly come closer to the depth maximum. This moti-
vates us to construct the following algorithm. In the algorithm, Tukey depth(x; x1, -+, x,)
stands for any procedure that computes the Tukey depth of a point * € RP w.r.t. data
xy, -, &, C RP like those in Dyckerhoff and Mozharovskyi (2016) or |Liu| (2017)). Further,
Algi(x; @y, -, xn; k; €) signifies a Tukey region resulting from Algorithm 1.

Algorithm 2 (Algorithm for computing the Tukey median).

Input: z;,--- ,z, CR?, e
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Step 1. Initialize bounds on x*:

.
(a) Compute @y = (med(@y, - Tr), med(@rz, -+ ), -+ med(zra, - 20a)) "
(b) Compute dy = Tukey_depth(xy; T1, - ,x,).

(c) Set ki = mar { 127, do b, sy = L[ 25E2] + L.

Step 2. Update bounds:

Let & = %LWJ, and compute the region D(R) = Algl(xy, -+ ,@n; K; €).
(a) If D(R) does not exist (that is, Algorithm (1| stops at its Step 6), then set

Rup = R,
(b) If D(R) exists,

then calculate the barycenter ¢ of D(R) and set
Kiow = Tukey_depth(c; @1, - , xy).

(¢) If Kiow < Kup — %, then repeat Step 2, else stop.
Output: 41g1(xy, -, Xy ; Kiow; €)-

Step 1lc initializes the lower bound either according to or with the depth of the
coordinate-wise median, which is cheaply computed and often has a rather high depth value.
In Step 2b, the depth of the barycenter of the Tukey region is computed (in case it exists)
to obtain a higher value for the lower bound, which substantially contributes to the speed of
Algorithm 2.

We compare our Algorithm [2] with the bisection approach of RR in a small simulation study
based on symmetrical as well as non-symmetrical data. Only those cases are considered which
are computed in less than one hour. The computing times of the two algorithms are reported
in Tables 4] and [5] It is seen that Algorithm [2] runs slower than RR bisection when the sample
size is relatively small. But it substantially outperforms the RR approach as the sample size
increases. In fact, when n is small, k* is rather easily found as its upper and lower bounds
given in are tight, while Algorithm [2| uses much time in Step 2b to compute barycenters.
Therefore, we recommend the new Algorithm [2] for larger sample sizes n, while the RR bisection
approach is to be preferred for smaller n.

Table 4: Average time (in seconds, over 10 runs) to compute the Tukey median with the RR
bisection approach and with Algorithm , given p-variate standard normal data.

Algorithm P n
40 80 160 320 640
RR bisection 3 0.0314 0.324 235 47.9 679
Algorithm 3 0.0339 0.242 1.93 41 537
RR bisection 4  0.71 331 723 —  —
Algorithm 4 0.872 35 892 —  —
RR bisection 5 16.5 — — — —
5 R R

Algorithm 25.5 — —

The positions of the sample mean, the coordinate-wise median and the Tukey median can be
quite different. To illustrate this, we provide a three-dimensional artificial data set in Table [6]
which is inspired by (Rousseeuw and Leroy}, [1987, chapter 7.1a). The data is constructed in
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Table 5: Average time (in seconds, over 10 runs) to compute the Tukey median with the RR
bisection approach and with Algorithm , given p-variate skewed normal data as in Section .

Algorithm p n

40 80 160 320 640
RR bisection 3  0.058 0988 17.3 398 2570
Algorithm 3 0.0606 0.763 12.9 284 1060
RR bisection 4 2.51 347 2000 — —
Algorithm 4 3.05 295 553 @ — @ —
RR bisection 5 108 — — — —
Algorithm 5 142 — - - =

Table 6: An artificial data set for illustrating the different location of the sample mean, the
coordinate-wise median and the Tukey median.

T T2 T3
1 0 0

0 1 0

0 0 1

1.5 1.5 1.5

0.309151  0.286697  0.653584
0.733359  0.040291  0.316318
0.15937 0.304677  0.558091
0.056376  0.19044 0.912733
0.517479  0.533977  0.19188
10 1.011993  0.058608  0.099067
11 0.117582  0.164475  0.92203
12 0.175112  0.918897  0.221602
13 0.240206  0.454373  0.1701
14 0.906328 0.056292  0.11981

COOO\IGBU‘»BC»JM»—‘%

location estimators x1 X9 xr3  depth
mean 0.480497  0.39348 0.476087 ﬁ
coordinate-wise median  0.274678  0.238568  0.26896 0
Tukey median 0.453501  0.270065  0.413392 %

the following way: The first three points correspond to the three canonical unit vectors. The
fourth point has coordinates (1.5,1.5,1.5)"; it represents an outlier. Further ten points have
coordinates Z 4+ U - (\/ig, \/Lg, \%)T, where Z is a random vector having a Dirichlet distribution
with parameters (1,1,1) and U is a random variable uniformly distributed on [—1,1]. The
sample mean, the coordinate-wise median and the Tukey median are given in Table [6], together
with their depths in the data cloud. Table [f] indicates that the coordinate-wise median lies
outside the convex hull of the data set, while the sample mean — being sensitive to the outlier
— lies outside the convex hull of the main data (= data without the outlier at (1.5,1.5,1.5)T),
which is visualized in Figure[6] Moreover, the mean and the component-wise median are found
on opposite sides. On the other hand, the Tukey median lies in the middle of the convex hull

of the main data.
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Figure 6: Data (red spheres), with mean (blue cube), coordinate-wise median
(green tetrahedron) and Tukey median (gray rhombus); see Table |§|

6 Concluding remarks

Two new algorithms have been constructed for computing a s-trimmed Tukey region when
p > 2. While the first algorithm (Algorithm @ comes without a particular search strategy,
special search rules have been implemented in the second algorithm (Algorithm . Different
to the approaches suggested by Hallin et al.| (2010) and [Kong and Mizera| (2012), Algorithm
exploits neither cone segmentation of RP nor univariate projections of the data. Employing
the breadth-first ridge-by-ridge search strategy it focuses purely on the location of the data
and saves both computational time on creating and searching vast structures as well as mem-
ory on storing them. Especially, implementations employing linear programming and post-
optimization (e.g., Paindaveine and Siman| (2012alb)) occupy memory with their structures
and need time for their creation and processing, which is completely avoided in Algorithm [T}
Storing a facet of a direction cone as an average of vertices in R? needs 8 p? bytes of physical
memory (see [Paindaveine and Siman| (2012alb))), while in Algorithm 1| storing a ridge can be
efficiently reduced to ;%1 log, n| bytes, which is substantially smaller as long as approximately
(in the order of magnitude) n < 2%%?. This explains the high computational time efficiency of
Algorithm I}, which has been numerically demonstrated in Section[4.2] In addition, Algorithm/I]
finds the region’s polytope and not just the relevant hyperplanes. It includes the search for
an inner point, the computation of the halfspaces’ intersection and the determination of the
region’s facets and vertices. The latter tasks can even take a major part of its computation
time; see, for example, p > 5 in Table [2]

Throughout the article, the data is assumed to be in general position. Violation of this
assumption can be compensated by a slight perturbation of the data, which — due to the fact
that the Tukey trimmed region is defined by hyperplanes through data points — influences
location and shape of the Tukey regions just negligibly. Note that in Step 6¢ of Algorithm
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only regions with positive (subject to the precision constant €) volume are identified, otherwise
they are output as empty sets.

The simulation study of Section [ reveals important aspects of Algorithm [I] Firstly, its
broad numerical comparison with Algorithm [0} which is obviously correct, substantiates that
Algorithm [1]is correct as well. Secondly, Table [2| demonstrates its high speed. Thirdly, Table
and Figure |5 show that, on an average, facets of a Tukey region are contained in much fewer
hyperplanes than those found in Steps 1-5 of Algorithm [T Algorithm [I] shares this feature
with the developments of HPS. This still leaves room for potential improvements.

Also an algorithm (Algorithm [2]) to calculate the Tukey median, which is the gravity center
of the innermost Tukey region, has been constructed. To our knowledge this is the first
algorithm that solves the task for dimension p > 2. Algorithm [2] is an enriched bisection
procedure that employs Algorithm [I] and an algorithm calculating the Tukey depth of a point
to speed up the search for maximum Tukey depth. Its computation time is compared with a
straightforward extension of the bisection approach by Rousseeuw and Ruts| (1998). It turns
out that the latter is strongly outperformed by Algorithm [2| when the sample size is large.

The literature contains many other depth notions, such as the projection depth and others,
which, similar to the Tukey depth, satisfy the projection property, that is, are equal to the
minimum of univariate depths in any direction (Dyckerhoff, [2004). It turns out that several of
them can be computed by cutting convex polytopes with hyperplanes; see Mosler et al.| (2009))
and [Liu and Zuo| (2014]) for details. By this, similar algorithms may be constructed to calculate
the respective central regions in dimensions p > 2.

Algorithms [0}, [I] and [2] including proper visualization procedures, are implemented in the
R-package TukeyRegion.
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