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Abstract

In this paper, we study a specific hidden Markov chain defined by the equation:
Yi=Xi+e,i=1,...,n+ 1, where (X;);>1 is a real-valued stationary Markov
chain and (g&;);>1 is a noise independent of (X;);>1. We develop a new parametric
approach obtained by minimization of a particular contrast taking advantage of the
regressive problem and based on deconvolution strategy. We provide theoretical
guarantees on the performance of the resulting estimator; its consistency and its
asymptotic normality are established.

Keywords: Contrast function; deconvolution; least square estimation; parametric infer-
ence; stochastic volatility.

1 Introduction

In this paper, a particular additive hidden Markov model (HMM) is considered; we observe
n random variables Y7, ..., Y, 1 having the following additive structure:

where (X;);>1 is an unobserved real-valued Markov chain, (g;);>1 is a sequence of inde-
pendent and identically distributed (i.i.d.) random variables and independent of (X;);>1.
Besides its initial distribution, the chain (X;);>; is characterized by its transition, i.e.
the distribution of X,;; given X; and by its stationary density fs, which we assume
unknown. We assume that the transition distribution admits a density Ily,, defined by
g, (2, y)dy = Pa,(X;41 € dy|X; = z). For the identifiability of (1), we assume that ¢; ad-
mits a known density with respect to the Lebesgue measure denoted by f.. Furthermore,
we assume that (X;);>1 is strictly stationary which means that the initial distribution of
X, is an invariant distribution for the transition kernel Iy, of the homogeneous Markov
chain (X;);>1.
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We aim to estimate the vector of parameters 6, and suppose that the model is correctly
specified: that is, #p belongs to the parameter space © C R", with r € N*.

Many papers are devoted to the case where (X;);>1 is an autoregressive moving average
(ARMA) process (see [2], [18] and [6]). Therefore, all existing known results can be
applied for ARMA models. Nevertheless, for more general models, (1) is known as HMM
with potentially a non-compact continuous state space. In a Bayesian setting, various
results are already stated and most of them are based on Monte Carlo inference (see [8],
[1],[3] and [17]). In this paper, we do not consider the Bayesian approach, the model
(1) is known in this case as the so-called convolution model. If we focus our attention
on (semi)-parametric models, few results exist. The first study which gives a consistent
estimator is [5]. The authors propose an estimation procedure based on least squares
minimization. Recently, in [7], the authors extend this approach in a general context for
models defined as X; = by, (X;_1) + 1;, where by, is the regression function assumed to be
known up to 6y and for homoscedastic innovations ;. Also, in [10] the author proposes
a consistent estimator for parametric model by assuming the knowledge of the stationary
density fp, up to 6p. Nevertheless, for many processes as the class of autoregressive
conditional heteroscedastic (ARCH) processes and their extensions, the transition density
has an explicit form contrary to the stationary density. So, in this context, it is more
appropriate to use the transition density I, instead of fy, in the construction of the
estimator.

In this paper, we propose a new estimation approach which provides a consistent
estimator with a parametric rate of convergence for more general models. Our ap-
proach holds for nonlinear HMMs (1) with heteroscedastic innovations, that is when
X; = by, (Xi—1) +09,(Xi—1)n;, where oy, corresponds to the heteroscedastic function. Our
principle of estimation relies on the procedure proposed by [15] in a non-parametric case
to estimate the function Ily,. We propose to adapt their approach in a parametric context,
assuming that the form of the transition density Ily, is known up to some unknown param-
eter fy. Our work is purely parametric but we go further in this direction by proposing
an analytical expression of the asymptotic variance matrix E(én) which allows to con-
struct confidence intervals. The procedure of estimation requires to compute only Fourier
transforms of some functions as in [7]. Under general assumptions, we prove that our
estimator is consistent. Moreover, we give some conditions under which the asymptotic
normality can be stated and provide an analytical expression of the asymptotic variance
matrix. These results hold under a-mixing dependency.

The remainder of the paper is organized as follows. Section 2 describes our estima-
tor and its statistical properties. The consistency and the asymptotic normality of the
estimator are established in Section 3. The proofs are gathered in Section 4.

2 Procedure: Least squares estimator

Before presenting the main procedure of the study, let us introduce some notations and
assumptions which will be useful.

Notations: The Fourier transform of an integrable function w is denoted by u*(t) =
[ e ™ u(x)dr. We set (u,v), = [ u(x)v(z)fg(v)dx with v = [v]>. The norm of the

operator T is defined by |[T||; = ([ [ |T(x,y)]2f90(x)dxdy)1/2. Let us recall that, by
the properties of the Fourier transform, we have (u*)*(z) = 27u(—2) and (ui,uz), =

% (ui,u3) ;. We denote by Vyg the vector of the partial derivatives of g with respect to
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(w.r.t) 6. The Hessian matrix of g w.r.t 6 is denoted by V3g. For any matrix A = (4; ).,
the Frobenius norm is defined by |[All = /32, > [4i;[>. We set Y; = (V;,Yi;1) and
Vi = (Yi, yi+1) is a given realization of Y;. We set (t ® s)(z,y) = t(z)s(y).

In the following, for the sake of conciseness, P, £, Var and Cov denote respectively the
probability Py, the expected value Ey,, the variance Varg, and the covariance Covy, when
the true parameter is #y. Additionally, we write P, (resp. P) the empirical expectation
(resp. theoretical), that is, for any stochastic variable X = (X;);, P,(X) = 13" | X;
(resp. P(X) = E[X]).

Assumptions:
A1l
(i) 6y belongs to the interior ©q of a compact set ©, 6y € © C R";

(ii) the errors (g;)i>0 are i.i.d. centered random variables with finite variance, E[€3] =
s?. The density of €1, f-, belongs to Ly(R), and for all x € R, f*(x) # 0;

€

(11i) the innovations (1;)i>o are i.i.d. centered random wvariables with unit variance
Ent] =1 and E[n{] = 0;

(iv) the X;’s are strictly stationary and ergodic with invariant density fo,;

(v) the sequences (X;)i>o and (g;);>0 are independent. The sequence (g;)i>0 and (1;)i>o0
are independent;

(vi) the function to estimate Ily belongs to Li(R)NLa(R) and the functions Vi, and Q2
defined in (2) and (3) respectively must be integrable.

The assumption A 1(i) on f. is quite usual when considering deconvolution estima-
tion. Furthermore, the first part of A 1(vi) is not restrictive and the second part can be
understood as "IT} (resp. (I13)*) has to be smooth enough compared to fX”.

A key ingredient in the construction of our estimator of the parameter 6 is the choice
of a “contrast function”. Details about this notion can be found in [19]. For the purpose

of this study, we consider the contrast function proposed by [15], that is

1 n
ang = E Z mg(Yi),
i=1

where
mo(yi) = Quz(vi) — 2V, (v4),
and the functions ) and V' are two operators such that

{ E[Qng(yl)] = E[HZ(Xl)]
E[Vir, (Y1)] = E[llp(X4)].

We are now able to describe in detail our procedure.

The procedure: Let us explain the choice of the contrast function and how the strategy
of deconvolution works under assumptions A 1(i) up to (vi). Obviously, owing to the
definition of the model (1), the Y; are not i.i.d.. However, by assumption A 1(iv), they
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are stationary ergodic !, so the convergence of P,my to Pmy = E[my(Y1)] as n tends

to infinity is provided by the Ergodic Theorem. Moreover, the limit E [my(Y)] of the
contrast function can be explicitly computed. To do this, we use the same technique as
in the convolution problem (see [4]). Let us denote by Fx the density of X; and Fy the
density of Y;. We remark that Fy = Fy % (f.® f.) and Fy = Fx(f*® fZ), where x stands
for the convolution product, and then by Parseval equality we have

0= f =L f e ] ] s

The idea is then to define

* H*
Vi, = == (2)
JE® f

so that

E[(X;)] = %//V&F_;z //VHQFY = E[Vi, (Y3)].

In the same way, we find an operator ) to replace the term [ II3( XZ, y)dy. More precisely,

for all function Iy, let Qn, be the inverse Fourier transform of (x 9 that is

1 w15 (1, 0)
= — W ——~du. 3

Qne(m) 271_/6 f;‘(—u) u ( )
The operators () and V' are chosen to satisfy the following Lemma.

Lemma 2.1. For alli € {1,...,n+ 1}, we have
V ( )’Xb s 7Xn+1] = HG(Xz)

E[
2. E[QH ( )|X17"'7Xn+1] :fHG(Xiay)dy'
3. ]E[Vne = [ [ To(w, y) gy (2,y) foo (x)dwdy.
4. E[Qn, = [ [Ho(z,y) fo,(x)dxdy.

The proof of Lemma 2.1 is postponed in Subsection 4.1.
By using the operators ) and V', the contrast is defined as

P,mg = Z QH2 — 2V, (Y3).

It follows from Lemma 2.1 that

P mg Yl)] = E[H2(X1>] — 2E H@ X1 ]

mg =
//He z,y) fo, (v dﬂfdy—?//ﬂe z,y) g, (, ) fo, () dxdy
= |[Tgy | |7 — 2(Tg, Tg,) s = [ITTg — T, |7 — [1TTg, I - (4)

Under the uniqueness assumption A 2 presented in the next section, this quantity is
minimal when 6=60,. Hence, the associated minimum-contrast estimator 0,, is defined as
any solution of R

0, = arg min P,,my. 5
n g 96 n'lto ( )

"'We refer the reader to [9] for the proof that if (X;); is an ergodic process then the process (Y;);,
which is the sum of an ergodic process with an i.i.d. noise, is again stationary ergodic. Moreover, by the
definition of an ergodic process, if (Y;); is an ergodic process then the couple Y; = (Y}, Y;41) inherits the
property (see [11])
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3 Asymptotic properties of the least squares estima-
tor

The following Theorem states the consistency of our estimator and the Central Limit
Theorem (CLT) for a-mixing processes. To this aim, we further assume that the following
assumptions hold true:

A 2. The application 0 — Pmy admits a unique minimum and its Hessian matrix
denoted by Vy is non-singular in 6.

A 3. (Local dominance): E [sup%@ ‘Qng(YI)H < 0.
A 4.

(¢2) (Regularity): We assume that the function Iy is twice continuously differentiable
w.r.t 0 € © for any x and measurable w.r.t x for all 6 in ©. Additionally, each
coordinate of Vglly and each coordinate of V3Ily belongs to Ly (R) N1Ly(R) and
each coordinate of Qveng and Qvgng have to be integrable as well. In the same
way, each coordinate of Vy,n, and VV3H0 have to be integrable.

(i2) (Moment condition): For some 6 > 0 and for j € {1,...,r}:

246

E ‘Qang(Yl) < 0.

BGj

(¢22) (Hessian Local dominance): For some neighborhood U of 6y and for
Joke{l,...,r}:

E |sup

ocu

Q o212 (Yl)

90,90},

< 0Q.

A 5. (Statistical assumptions):

e The stochastic process (X;)i>1 is a-mizing (see Subsection 4.2.3 for a definition
and [9] for a complete details on mizing processes).

e Let g(x) be a nonnegative function and 3(q) be a nonnegative decreasing function
on Z such that

[(,.) = follrv < g(x)B(q), (M)

where 119(x, .) the distribution of X4, given X; = x and ||.|pv the total variation
distance.

Remark 3.1. The stochastic process (X;)i>1 is said to be
e geometrically ergodic if (M) holds with $(q) =t for some t < 1.
e uniform ergodic if (M) holds with g bounded and [5(q) = t? for some t < 1.

e polynomial ergodic of order m where m > 0 if (M) holds with 5(q) = ¢ ™.
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A lot of processes as AR, ARCH, GARCH processes satisfy these mixing assumptions.

The regularity conditions A 4(i) are not restrictive and are similar to A 1(vi) for the
first and second derivatives of Iy (resp. I13).

Let us now introduce the matrix ¥(6) given by
+oo
S(0) = V')V, with  Q(0) = Qo(0) +2> Q1(0),
=2

where Qy(0) = Var (Vymy(Y1)) and ©,_1(0) = Cov (Vgmy(Y1), Veme(Y;)).

Theorem 3.1. Under Assumptions A 1-A 5 and if (M) holds such that E[g(X})] < o0
and 5(q) satisfies Zqﬁ(q)fié < oo, where § is given in the moment assumption A 4 (ii),

let 0, be the least square estimator defined in (5). Then we have

-~

0, — 6y wn probability as n — oo.

Moreover, R
Vn(6, — 0y) — N (0,%(6)) in law as n — oo.

The proof of Theorem 3.1 is provided in Subsection 4.2.
The following corollary gives an expression of the matrices 2(6y) and Vy, defined in
¥(6) of Theorem 3.1.

Corollary 3.1. Under assumptions A 1,A 2 and A (i), the matriz 2(0y) is given by

400
(60) = Q(60) +2)_ 25-1(60),

=2
where:

Qo(00) =E[Q%, 12 (Y1)] + 4E[V, y, (Y1)]
— (E[VelI5(X1)]* + 4E[Vells(X1)]* — 4E[VII5(X1)]E[V,Ils(X1)])

and, the covariance terms are given by

Q;_1(60) = Cov (VelII3(X1), VoI5 (X;)) + 4 ((Cov (Vollp(X1), Vollp(X;))

— Cov (VoI (X1), Vells(X;)) )7

where the differential Vglly is taken at point 0 = 6.
Furthermore, the Hessian matriz Vg, is given by

B oll, 0lly ‘ B
<[V90]j7k>1§j,ksr =2 (< 20" 90, >>]k at point 6 = 6,.

The proof of Corollary 3.1 is given in Subsection 4.3.

Note that those results do not require the knowledge of fp, as it is the case in [10].
Furthermore, they apply to a large class of HMMs with homoscedastic or heteroscedastic
innovations. Under A 1-A 5, our estimation procedure allows to achieve the paramet-
ric rate and an analytical expression of the asymptotic variance matrix is obtained to
construct confidence intervals.
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4 Proofs

4.1 Proof of Lemma 2.1

Proof. We prove only points 1. and 2. since the other assertions are immediate consequences.

1. Let use set
115 (u, v)

1 . .
Yti }/Z - zYiu—l—zYi_;,_lv—d dv.
Vi (. i) = g5 [ fe HEAED

By denoting Xi.,41 = (X1,...,X,), we have

115 (u, v)

T () 2 (o)

1 T
E[Vit, (¥ Yisn) Xinit] = g / /E[ely’wm“v!XmH]

By using the independence between (X;) and (g;), we have

E[eilﬁu+i1@+1v|Xl.n+l] — E[eiXiu—o—iXH.lv + eieiu + 6i€i+1U‘Xl'n+1]
— eiXiu+iXi+l”E[eiei“]E[ei5i+1v]
= Y 2 () 2 ().
Hence

1 e Xiuti X 1oyp*
E[VHG(Yi)|X1:n+1] = m //GZXZ FiXip H(,(u,v)dudv = HQ(XZ',XZ'+1) = H@(XZ)

The point 1. is proved.

2. For the operator @), we proceed in a similar manner. We have

1 v 15 (1, 0
Qn, () = 5 [T,

L A T e
Hence )
EIQn ()X = o fEle 0, 20

By using the independence between X; and ¢;, we have
E[eilﬁu’le_i_l] — E[eiXiu + eisiU|X1:n+1] — eiXqu[eisiu] — eiXi“f;(—u).

Thus
1

B[Qu, (V) Xun) = 5 [ Tj(a,0)du

By denoting by Il the function = + Ilp ,(v) = Ig(x,y), we obtain

I3 (u, 0) = //eimﬂ@,y(x)d:cdy = /Hay(u)dy.

1 L XGu*
2W//elX’ Hay(—u)dudy: /Hg(x,y)dy.

The point 2. is proved.
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4.2 Proofs of Theorem 3.1

For the reader convenience we split the proof of Theorem 3.1 into three parts: in Subsection
4.2.1, we give the proof of the existence of our contrast estimator defined in (2). In Subsection
4.2.2, we prove the consistency, that is, the first part of Theorem 3.1. Then, we prove the
asymptotic normality of our estimator in Subsection 4.2.3, that is, the second part of Theorem
3.1. The Section 4.3 is devoted to Corollary 3.1.

4.2.1 Proof of the existence and measurability of the M-Estimator

By assumption, the function my(y;) = Qng(yi) — 2V, (y:) is continuous w.r.t 6. Hence, the
function P,,my = %Zzﬂzl mg(Y;) is continuous w.r.t § belonging to the compact subset ©. So,
there exists 6 belongs to © such that infgeg Ppmg = Ppmy;. ]

4.2.2  Proof of the Consistency

For the consistency of our estimator, we need to use the uniform convergence given in the
following Lemma. Let us consider the following quantities:

1< 1 < 1<
Puhg =~ ho(Yi)i PunSp= -2 Vohe(Y:) and PpHy =~ Vihy(Yi),
=1 =1 =1

where hg(y) is real function from © x ) with value in R.

Lemma 4.1. Uniform Law of Large Numbers (see [16] for the proof).
Let (Y;)i>1 be an ergodic stationary process and suppose that:

1. hy(y) is continuous in 0 for all y and measurable in y for all  in the compact subset ©.

2. There exists a function s(y) (called the dominating function) such that |hg(y)| < s(y) for
all 0 € © and E[s(Y1)] < co. Then

sup |[Pphg — Phy| — 0 in probability as n — oo.
0O
Moreover, Phy is a continuous function of 6.

By assumption Ily is continuous w.r.t 8 for any = and measurable w.r.t x for all § which
implies the continuity and the measurability of the function P, mg on the compact subset ©.
Furthermore, the local dominance assumption A 3 implies that E [suppeg [mo(Y;)|] is finite.
Indeed, by assumption A 3, we have

ma(ya)l = | Qum(u:) — 2V, (3:) +2|Vir, (y3)] < oc.

< |Qm ()

Lemma 4.1 gives us the uniform convergence in probability of the contrast function: for any
e >0

lim P (Sup |P,mg — Pmy| < 5) = 1.
n—oo PcO

Combining the uniform convergence with [12, Theorem 2.1 p. 2121 chapter 36| yields the weak
(convergence in probability) consistency of the estimator. O

Remark 4.1. In most applications, we do not know the bounds for the true parameter. So the
compactness assumption is sometimes restrictive, one can replace the compactness assumption
by: By is an element of the interior of a convex parameter space © C R". Then, under our
assumptions except the compactness, the estimator is also consistent. The proof is the same and
the existence is proved by using convex optimization arguments. One can refer to [13] for this
discussion.
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4.2.3 Proof of the asymptotic normality

For the CLT, we need to define the a-mixing property of a process (we refer the reader to [9]
for a complete review of mixing processes).

Definition 4.1 (a-mixing (strongly mixing process)). Let Y := (Y;); denotes a general sequence
of random variables on a probability space (2, F,Pg) and let F|' = o(Yy, ..., Ym). The sequence
Y is said to be a-mizing if a(n) — 0 as n — oo, where

a(n) := sup sup |Po(ANB) —Py(A)Py(B)].

k21 AeFl . BeF,

The proof of the CLT is based on the following Lemma.
Lemma 4.2. Suppose that the conditions of the consistency hold. Suppose further that:
(1) (Y;); is a-mizing.
(ii) (Moment condition): for some 6 > 0 and for each j € {1,...,r}:

2+46
< 00.

omp(Y1)
&5

(iii) (Hessian Local condition): for some neighborhood U of 6y and for j, k € {1,...,r}:
E [sup ] < 0.
ocuU

(iv) Assumption (M) given in Section 3 holds such that E[g(X1)] < oo and [(q) satisfies

)
> B(q)2F < oo, where § is given in the moment condition (ii).

32WL9 (Yl)
96,00},

Then, gn defined in (5) is asymptotically normal with asymptotic covariance matriz given by
%(f0) = Vg, 200)V5,"
where Vg, is the Hessian of the application Pmg given in (4).

Proof. The proof follows from Proposition 7.8 p.472 of [13] and [14], and by using the fact
that, by regularity assumptions A 4(i) and the Lebesgue Differentiation Theorem, we have
E[VZme(Y1)] = ViE[me(Y1)]. O

It just remains to check that the conditions (ii) and (iii) of Lemma 4.2 hold under our
assumptions A 4(7) and (7).

(ii): As the function Il is twice continuously differentiable w.r.t 6, for all y; € R? and so
also I1%, the application my(y;) : 0 € © — mp(y;) = Qnz (yi) — 2V, (y4) is twice continuously
differentiable for all § € © and its first derivatives are given by

Vemg(yi) = VeQuz(yi) — 2VeVi, (yi)-

2
By assumption, for each j € {1,...,r}, %—lgf and 68—1;;) belong to Li(R), therefore one can
apply the Lebesgue Differentiation Theorem and Fubini Theorem to obtain

Vomg(y:) = [Qvgng(yz‘) — 2V 11, (v4) | - (6)
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Then, for some § > 0, by the moment assumption A 4(ii), we have

2446 246
[Voma(yi) " = Qvymz(yi) = 2Vo,m,(yi)| <O ‘Qveng ()| + C2|Va,m, (vi) P < o0,

where C7 and Cy and C3 denote three positive constants.

27172
(iii): For j,k € {1,...,r}, B%jiggk and 83]_72& belong to L;(R), the Lebesgue Differentiation

Theorem gives
Vimo(yi) = |Quans (i) — 2Varan, (v

and, for some neighborhood U of 6y, by the local dominance assumption A 4(7i),

E |sup Hng@(Yi)M <E [sup HQvgng(Y;) ] +2E [sup HVV§H9 (Y3) } < 0.
ocU ocU ocu
This ends the proof of Theorem 3.1. O

4.3 Proof of Corollary 3.1
By replacing Vgmg(Y1) by its expression (6), we have
Q(0) = Var [Qg,m3 (1) — 2V, m, (Y1)]
= Var (Qu,m (Y1) + 4Var (Ve,n, (Y1) - 4Cov (Qg,m3(V1), Very, (Y1)

Owing to Lemma 2.1, we obtain

Var (Qvgng (Y1)> = E[Qvgr{?(yl)2] - E[Qvgng (Yl)]2

= E[Qvgng(yl)Q] - E[VgH%(Xl)P.

In a similar manner, using again Lemma 2.1, we have

Var (VVGHG (Y1) = E[VVQHQ (Yl)Q] - E[VV9H9 (Yl)]2
= E[Vy,m,(Y1)?] - E[VeIlp(X1)]”

and
Cov (Qvgng (Y1), Vo, (Y1)> =E [E[Qveng (Y1)Ve,m, (Y1)1X1:n+1]]

-E {E[Qveng (Y1) |X1:n+1]:| E [E[vang (Y1) \X1:n+1]]
= E[Qy, 1z (Y1) Ve,m, (Y1)] — E[V,II(X1)|E[VeIls(X1)].
Hence
Qo(0) = Var (Vemp(Y1))
= E[Qvong (Y1)2] +4E[Vy 1, (Y1)2] - 4E[Qveng (Y1) Va1, (Y1)
— (E[VoIlp(X1))? + 4E[VIly(X1)]* — 4E[VeII5(X1)]E[Velly(X1)]) -

Calculus of the covariance matrixz of Corollary 3.1: By replacing Vgmg(Y7) by its expression
(6), we have

Q_1(0) = Cov (Vgmy(Y1), Vome(Y;))
= E[Vemg(Y1)Veme(Y;)] — E[Veme(Y1)|E[Vema(Y;)].
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It follows from Lemma 2.1 and the stationarity assumption A 1(iv) of (Y;);>1 that

E[Vomg(Y1)] = E[VeII5(X1)] — 2E[Vellp(Xy)].

Moreover
E[Vemg(Y ;)] = E[VelI5(X;)] — 2E[VIlg(X;)].
Hence
E[Vomo(Y1)|E[Vomy(Y ;)] = E[VoIl;(X1)|E[VIIF(X;)] — 2E[VeIT; (X1)]E[V,llp(X;)]

— 2E[Vglly(X1)|E[VoII5(X;)] + 4E[VeIls(X1)E[VeIls(X;)].

On the other hand, we have

E[Vomg(Y1)Veme(Y;)] = E|(Qg,nz (Y1) = 2Vy,m, (Y1) (Qv,nz (Y)) — 2Ve,n, (Y;))

= E[QWH? (Yl)Qvgm( )] QE[QVGH%; (Yl)VVeHe(Yj)]
- 2E[VV9H9 (YI)QV9H2 (Y])] + 4E[VV9H9 (YI)VVGHG (Y])]

Furthermore, the Fubini Theorem yields

E[Qvgng (Yl)Qvgng(Yj)] = E[VGH(%(Xl)V(?Hg(Xj)]-
Similarly, we have

EVo,i1, (Y1) Vom, (Y5)] = E[Vells(X1) Vollp(X;)].
Hence, by the stationarity of (Y;)i>1,

E[Vomg(Y1)Veme(Y ;)] = E[VoII;(X1)VIl5(X;)]
+ AE[VoIly(X1) VoIlg(X;)] — 4E[Qu, 1z (Y1) Veem, (Y;)]-

By using Lemma 2.1, the last term is equal to
E[Qv,m2 (Y1) Va1, (Y )] = E[V,II5 (X1) Vollg(X;)].
Therefore, the covariance matrix is given by

Qj_l(O) Cov (Vomy(Y1), Veme(Y;))
E[VI15 (X1) VoI (X;)] — E[VeIIH(X1)|E[VeII(X;)]
+4]E[V9H9( 1)Vollg(X;)] — 4E[VIls(X1)]E[VeIIs(X;)]
— 4E[VoI15(X1)VoIlp(X;)] + 4E[VoIl5(X1)|E[VeIlp(X;)].

Thus

Cov (Vgmg(Y1), Veme(Y;)) = Cov (VelI3(X1), VeII3(X;))
+4 (Cov (VoIIg(Xy), VIIy(X;)) — Cov (VoIT5(X1), VoIls(X;))) -

Ezxpression of the Hessian matrix Vy: We have

Pmy = |[Ig||3 — 2 (I, Iy, .
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Under A 4(i) ,for all § in O, the application 6 — Pmyg is twice differentiable w.r.t 6 on the
compact subset ©. For j € {1,...,r}, at the point § = 6y, we have

oPm , - /9l ol /oy -
3, @ =2 {5 1o ) =2 (G ) =2 (Gt o =1, ) =

and for j,k e {1,...,r}:

0*Pm 011y Oy 0Ty Olly Olly
96,00,V =? <<aejek’“9‘l%>+ <aek’aej>)jk =2 <<aek’aej>)jk'

) )

The proof of Corollary 3.1 is completed. O
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