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Negative association, ordering and
convergence of resampling methods

Mathieu Gerber* Nicolas Chopin' Nick Whiteley*

We study convergence and convergence rates for resampling. Our first main
result is a general consistency theorem based on the notion of negative as-
sociation, which is applied to establish the almost-sure weak convergence of
measures output from Kitagawa’s (1996|) stratified resampling method. Car-
penter et al’s (1999) systematic resampling method is similar in structure but
can fail to converge depending on the order of the input samples. We intro-
duce a new resampling algorithm based on a stochastic rounding technique
of Srinivasan| (2001)), which shares some attractive properties of systematic
resampling, but which exhibits negative association and therefore converges
irrespective of the order of the input samples. We confirm a conjecture made
by |[Kitagawa/ (1996|) that ordering input samples by their states in R yields a
faster rate of convergence; we establish that when particles are ordered using
the Hilbert curve in R?, the variance of the resampling error is o( N ~(1+1/4)
under mild conditions, where N is the number of particles. We use these
results to establish asymptotic properties of particle algorithms based on res-
ampling schemes that differ from multinomial resampling.

Keywords: Negative association, resampling, particle filtering

1. Introduction

A resampling scheme is a randomized procedure that takes as input random samples X"
with nonnegative weights W™ > 0, n = 1,..., N, such that 27]:[:1 W™ =1, and returns
as an output resampled variables X", where A" is a random index in {1,..., N}, such
that, in some sense,

1 Y A
v D XA &Y WX, (1)
n=1 n=1

Here d(x) denotes the Dirac measure at point x (this slightly unconventional notation
will make our equations more readable).
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Resampling appears in various statistical procedures. The present work is primarily
motivated by resampling within Sequential Monte Carlo methods such as particle filters,
see e.g., Doucet et al.| (2001) where it plays an important role in stabilizing Monte
Carlo errors. Resampling also appears in survey sampling, where it is called ‘unequal
probability sampling’ (see e.g. Till¢, |2006) and in the weighted bootstrap procedure
(Barbe and Bertail, |1995)).

Multinomial resampling is perhaps the simplest technique, where given the weights,
the indices A™ are generated conditionally independently from the finite distribution
that assigns probability W™ to outcome n. In particle filtering it is common practice
to replace multinomial resampling with techniques which are computationally faster and
empirically more accurate. However, these advanced resampling techniques are generally
not straight-forward to analyse because they induce complicated dependence between
output samples, and various aspects of their behaviour are still not understood.

Following definitions and an account of what is known about existing resampling tech-
niques, our first main result, Theorem [I| in Section [2] is a general consistency result for
resampling based on the notion of negative association (Joag-Dev and Proschan [1983)).
An application of this theorem gives, to our knowledge, the first proof of almost-sure
weak convergence of the random probability measures output from the stratified res-
amping method of Kitagawa (1996). A notable feature of Theorem 1| is that, although
its assumptions allow the input samples to be ordered in an arbitrary and possibly random
manner, its proof involves establishing a necessary and sufficient condition for almost-
sure weak convergence involving the Hilbert space-filling curve. To do so we build on
Gerber and Chopin (2015) who use the Hilbert curve to derive and analyse a quasi-Monte
Carlo version of sequential Monte Carlo samplers.

The systematic resampling method of (Carpenter et al.| (1999)), which involves a tech-
nique called universal sampling by Whitley| (1994), is a very popular and computationally
cheap resampling technique, with the property that the number of offspring of any sample
with weight W in a population of N is with probability 1 either |[NW | or [NW ]| + 1.
However, depending on the order of the input particles, the error variance for system-
atic resampling can fail to converge to zero as N — oo, see |(Cappé et al| (2005, Ex.
7.4.6) and L’Ecuyer and Lemieux| (2000). We complement this insight by providing a
counter-example to almost-sure weak convergence. We then introduce a new resampling
method, called Srinivasan Sampling Process (SSP) resampling, which corrects this de-
ficiency: it also has the property that offspring numbers are of the form either | NW |
or [NW |+ 1, but it provably converges irrespective of the order of input particles, by
another application of our Theorem [I}

Kitagawa, (1996) conjectured that in the case that the state-space is R, ordering the
particles input to stratified resampling according to their states leads to faster conver-
gence. In particular, he suggested that the integrated square error between empirical
cdf’s before and after resampling behaves as O(N~2), compared to the standard Monte
Carlo rate O(N~!) in the un-ordered case. We confirm this conjecture by proving, un-
der mild conditions, that for stratified resampling on state-space R¢ with input particles
ordered by their states using the Hilbert curve, the variance of the resampling error
is o(N —-(1+1/ d)). Kitagawa also examined the behaviour of a deterministic resampling



scheme; we identify the variant of it which is optimal in terms of the Kolmogorov metric
when the state-space is R. We also prove the almost-sure weak consistency of stratified
and systematic when the particles are Hilbert-ordered.

Finally, we discuss the implications of our results on particle filtering. In particular,
we show that particle estimates are consistent when resampling schemes such as e.g.
SSP or stratified resampling are used. In addition, we show that the ordered version of
stratified resampling dominates other resampling schemes in terms of asymptotic variance
of particle estimates.

All the proofs are gathered in the supplementary materials.

2. Preliminaries

2.1. Notation and conventions

Let X be an open subset of R? X its Borel o-algebra, P(X) the set of probability
measures on (X,X), Pp(X) C P(X) the subset of measures in P(X) which admit a
continuous and bounded density with respect to A4, the Lebesgue measure on X', and
P¢(X) C P(X) the subset of measures in P(X’) whose support is a finite set.

For integers 1 < a < b, we will often use the index shorthands z4., = (2q4, ..., 2p) and
200 = (29,...,2%),and let 1: N ={1,...,N}.

For any measurable mapping ¢ from (X, X) to some measurable space (),Y) and a
probability measure m € P(X), we write 7, for the pushforward of 7 by . The set of
continuous and bounded functions on X is denoted by Cy(X') and we use the symbol “="
to denote weak convergence; that is, for sequence (7)y>1 in P(X) and 7 € P(X),

™ =>71 & lim =«

Glim 7 () =7(p), Ve € C(X),

Throughout the paper we consider a fixed probability space (2, F,P) on which all
random variables are defined. With B(]0, 1) denoting the Borel o-algebra on [0, 1]V, let
U = (Uy,Us,...) be a ([0,1]N, B(]0,1]V))-valued random variable on (€2, F,P), such that
P makes (U1, Us, . ..) independent of each other and all other random variables, and such
that each Uj is distributed uniformly on [0, 1].

We note that one can choose a countable subset of Cp(X) that completely determ-
ines weak convergence, hence for random measures (7V)y>1, the event {7V = 7} is
measurable.

For m € P(X), we denote by 7(¢) the expectation [, ¢(z)m(dz), and for a random vari-
able Z = (Z1, ..., Z4) whose distribution is m we denote by Fr(a) =P(Z; < ai,...,Z4 <
agq), a = (ay,...,aq), its CDF (cumulative distribution function), and, when d = 1, by
F_ its generalized inverse: F (u) = inf{z : Fr(z) > u}.

For each N > 1 we consider a distinguished collection of random variables ¢V =
(XN WM with each X™ valued in X, each (W) valued in R*, and such
that P-a.s., >, W™N = 1. When no confusion may arise, we suppress dependence on



N and write ¢V = (X", W™)N_,. We associate with ¢ the random measure

N
N =) W),
n=1

the (random) CDF
N

Fn(n) = Z Wml(m <n), nel:N,
m=1
and its inverse is denoted Fly .
To lighten notation we shall write Pex (-), Ecn[-], Varen[-], Coven[:, -] for conditional

probability, expectation, variance and covariance given (.
Let 2V = {(z,w) € XN x RY : SN w, = 1} and define the disjoint union Z =
UEOZOI ZN . So we may think of ¢V as a random point in 2, and hence Z.

Definition 1. X C R? is said to be cubifiable if there exist measurable sets X; C R,
i=1,...,d, such that

1. X =xL,x;

2. For anyi € 1:d, there exists a C'-diffeomorphism 1; : X; — (0,1) which is strictly
mcreasing on X;.

We shall write (x) = (Y1(z1), ..., Ya(zq)), T = 71.4 € X, the resulting C*-diffeomorphism
from X into (0,1)7.

We recall the reader that function ¢ : X — (0,1)¢ is a C'-diffeomorphism if it is a
bijection and its inverse ¢)~! : (0,1)¢ — X is continuously differentiable. In what follows,
for a cubifiable set X we denote by D(X) the set of all C'-diffeomorphisms from X into
(0,1)¢ that verify the conditions of Definition

Cubifiable sets are essentially sets that can be written as X = x%_,(a;,b;) for some
ai,bi € RU{—o00,+00}. The point of these sets is to be able to work ‘as if’ X = (0,1)%.
The hypercube (0,1)¢ will indeed play a key role below because the Hilbert space-filling
curve, which is essential in this work, is defined on this hypercube.

Most of the results presented below assume that the limiting distribution 7 admits a
continuous and bounded density. Consequently, to work ‘as if’ X = (0,1)? we will often
assume that 7 belongs to

Po(X) = {r € Po(X) : T € D(X) s.t. my € Py((0, 1)d)}.

The following result provides a sufficient condition to have 7 € 751,(/'\’ ). We denote by
pr the density (w.r.t A\g) of 7 € Py(X) and, for I C 1: d, we write z; = (x4, @ € I) and

Lemma 1. Let X' be a cubifiable set, § > 0 and m € Pp(X) such that VI C 1 : d,
Vayr € XigrXi, SuDy ex e x, Pr(®) [Licr |2;]11° < C for some C < oo. Then 7 € Py(X).



Recall that sup,cg pr(2)|z| < 400 for any m € Pp(R). Therefore, as § > 0 is arbitrary
in the lemma, very few extra conditions on the tails of 7 € Py(R) are needed in order to
have m € Py(R) when d = 1. When d > 1, assuming that 7 € Py(R?) is more restrictive
since the lemma requires some uniformity in the behaviour of tails. However, we note that
members of Py(R%) may not have a first moment and therefore the sufficient condition
of Lemma [T] appears to be quite weak.

2.2. Resampling schemes: definitions and properties

Definition 2. A resampling scheme is a mapping p : [0,1]N x Z — P(X) such that, for
any N > 1 and z = (2", w™)N_; € ZV,

1 N
Pl ) = 2 D),
n=1

where for each n, a%; : [0, 1IN x ZN = 1: N is a certain measurable function.

Instances of the function aly; are given below. We shall use the shorthands p(z) for the
random measure p(U, z), z € ZV, and A" for the random indices a? (U, ¢V). Introducing
the quantities,

#"(u,2) = card{i € 1: N s.t. aly(u,z2) = n}, AL, =#"(U,z) — NW", (2)
a resampling scheme p is said to be unbiased if, for any N >1,n€1: N and z € ZV,
E[A7 ] =0.
We now define the resampling schemes of primary interest in this work.
e Multinomial resampling: p,,,1t; such that
an (u, ¢M) = Fy(un).

In this case the a?% (U, (V) arei.i.d. (independent and identically distributed) draws
from the distribution which assigns probability W™ to outcome n.

e Stratified resampling: pg;at such that

¢ = Fy (T,

e Systematic resampling: pgyst such that

al(u, Ny = Fy <”_}V+“1> '

The following definition captures the notion of almost sure weak convergence of the
random measures (7V)y>1 which we shall study and is similar to condition (9) in |Crisan
and Doucet/ (2002).



Definition 3. Let Py C P(X). Then, we say that a resampling scheme p : [0,1]N x Z —
Z is Py-consistent if, for any m € Py and (CN)Nzl such that © = 7, P-a.s., one has

p(MY B2 7, P—as.

Note that in this definition, whether or not 7 = 7 does not depend on the ordering
of the components of each ¢V = (X1 W),

It is well known that multinomial, stratified and systematic resampling are unbiased.
An account of various properties of these methods can be found in (Cappé et al. (2005,
Sec. 7.4).

Crisan and Doucet| (2002, Lemma 2) shows that multinomial resampling is P(X)-
consistent for any measurable set X C R,

It is easy to show (Stein) |1987; Douc et al.,|2005) that stratified resampling dominates
multinomial resampling in terms of variance, i.e.,

Var [pstrat(z)(go)} S Var [pmulti(z)(gp)] ) VzeZ

for any measurable ¢ : X — R. Similar results are harder to derive for systematic
resampling, owing to the strong dependencies between the resampled indices. However,
it is known (Douc et al.,2005) that the variance of psyst(¢™V) () may not converge to 0 as
N — 400 (see also L’Ecuyer and Lemieux], 2000} for an explanation of this phenomenon).

3. Convergence of resampling schemes based on negative
association

In this section we present a general consistency result for unbiased resampling schemes
producing a set of random variables that satisfy a negative association condition (see
Definition . More precisely, one of the hypotheses of Theorem [1| below is negative
association of (#"(U,2)))_;, where #"(U, z) as in (2) is the number of times the res-
ampling operation p(z) selects X™. Interestingly, this negative association hypothesis
does not explicitly involve the resampled values (X An)ﬁf:l and, as shown below, is ful-
filled by multinomial resampling, where given ¢V, (XA")N_  is a set of conditionally
i.i.d. random variables, by stratified resampling, where (X An)gzl is a set of independent
but not identically distributed random variables, and by a new SSP resampling scheme,

introduced in the sequel, that produces conditionally dependent resampled values.

3.1. A general consistency result

Before stating the main result of this section we recall the definition of negatively asso-
ciated (NA) random variables (Joag-Dev and Proschanl 1983).

N

Definition 4. A collection of random variables (Z™),_, are negatively associated if, for

every pair of disjoint subsets Iy and Iz of {1,... N},

Cov(<p1 (Z”,n € Il), gOQ(Z",n € Ig)) <0



for all coordinatewise non-decreasing functions o1 and @2, such that for k € {1,2},
o RIEL 5 R and such that the covariance is well-defined.

Theorem 1. Let X be a cubifiable set and p be an unbiased resampling scheme such that
the following conditions hold:

(Hy) For any N > 1 and z € ZV, the random variables (#"(U, 2))_, are negatively
associated;

(Hz) There exists a sequence (rn)n>1 of non-negative real numbers such that ry =
o(N/log N), and, for N large enough,

N 00
2
s DB s 3 e B A5 2 ) < +o0

Then, p is Py(X)-consistent.

The strategy of the proof is the following. In a first step, we show that there exists a
sequence (o) N>1, where each o is a permutation of 1 : N depending on z € ZN such
that p is Pp(X)-consistent if and only if

m
. on(n) N
Ngrfrlmr;?é?ﬁv ‘ ;Ap7z |=0, P—aus. (3)
for any z € ZN. The key tool to construct the sequence (on)n>1 is the Hilbert space-
filling curve; the details of which we postpone to Section [d] after applications of Theorem
In a second step, we show that the hypotheses and are sufficient to establish
(3), via a maximal inequality for negatively associated random variables.

Before proceeding further we provide some insights about the conditions of Theorem
To this end we fix N > 1 and z € ZV. First, because 2521 #"(U,z) = N, P-as.,
it is intuitively apparent that some random variables in the set (#"(U, z))N_; have to
be negatively correlated in order for this constraint to hold. Condition may be
understood as ruling out the existence of positively correlated random variables in this
set. The rationale behind this condition is that positive correlation between offspring
numbers must be introduced with care, otherwise the necessary condition may not
hold. The next proposition formalizes these ideas in the context of systematic resampling.
Note that condition must hold for all z, and is uniform in z, and hence all
permutations of the input particles.

Proposition 1. The systematic resampling scheme psys; verifies with vy = 1 but
not . In addition, there exist a cubifiable set X C R?, a probability measure ™ €
Po(X) and a sequence ((N)n>1 such that 7 2 7 but P(peys (CV) = 7) < 1.

The first part of the proposition gives a known result that we recall to emphasize the
fact that it is only condition |(H1)| of Theorem [I| which systematic resampling violates.



Note also that rn = 1 is the smallest possible value of ry for which may hold. The
proof of the existence part of Proposition [I]is constructive but somewhat technical.

Condition alone is not enough to guarantee the consistency of an unbiased res-
ampling scheme. Indeed, if we consider for instance p such that #"(U,z) = N with
probability W™, it is easily checked p is unbiased and such that condition is ful-
filled while this resampling scheme is obviously not Pj(X’)-consistent. This observation
justifies the additional condition , which is fulfilled for various popular resampling
mechanism, see the next subsection.

3.2. Applications of Theorem

3.2.1. Multinomial resampling

As already mentioned, it is a known result that multinomial resampling is P (X’)-consistent
for any measurable X C R? (Crisan and Doucet} [2002, Lemma 2). We next briefly explain
how Theorem [I| may be applied to obtain a similar result.

Corollary 1. Let X be a cubifiable set. Then, the Tesgvmplmg scheme ppuiti verifies
conditions |(Hy )| and |(Hs ) of Theorem and is therefore Py(X)-consistent.

To establish we may view the random variables (# (U, z))N_; as occupancy
numbers in a “Balls and Bins” problem; then is a direct consequence of Theorem
13 in |Dubhashi and Ranjan (1998) (which establishes the NA of occupancy numbers).

For similar reasons, the conditions of Theorem [I| are also satisfied by the residual
resampling scheme of Liu and Chen (1998)).

3.2.2. Stratified resampling

To the best of our knowledge the next theorem is the first weak convergence result for
Kitagawa’s (1996) stratified resampling scheme.

Corollary 2. Let X be a cubifiable set. Then, the resampling scheme psrat verifies
conditions |(Hy )| and |(Hs ) of Theorem and is therefore Py(X)-consistent.

It is worth noting that the conditions of Theorem [l are also satisfied by the stratified
version of the residual resampling scheme of [Liu and Chen| (1998), where the multino-
mial resampling part is replaced by a stratified resampling step. Denoting these two
resampling schemes by pres/multi and Pres/sirar T€SPectively, the stratified version of resid-
ual resampling has the interesting property that, for any measurable ¢ : X — R we have
(see [Douc et al., 2005, for the second inequality)

Var [pres/strat(z) (()0)] < Var [pres/multi(z) (90)] < Var [pmulti(z)(@)] ’ Vze Z.

In addition, pres/strat has the advantage to be easier and slightly cheaper to implement
than Pres/multi-



3.2.3. SSP resampling

To overcome the lack of consistency (in the sense of Definition [3)) of systematic resampling
we introduce below a new resampling scheme, named SSP (for Srinivasan Sampling Pro-
cess) resampling, which both verifies the NA condition and shares the key property
of systematic resampling concerning the numbers of offspring, namely that |A7p‘
forallnel: N, P-as.

The underlying idea of SSP resampling is to see the resampling scheme as a rounding
operation, where the vector of ‘weights’ (NW1,..., NW¥) is P-a.s. transformed into a
point (Y1(U),...,Yx(U)) in NV satisfying the constraint > ¥, (U) = N.

Before proceeding further we recall the terminology that for £ € R™, the random
variable Y : 2 — N is called a randomized rounding of £ if

PV =g]+1) =[], PY=[])=1-(§— 1))

Hence, any algorithmic technique for constructing randomized roundings that takes as in-
put a vector (¢1,...,&n) € RY and returns P-a.s. as output a vector (Y1 (U),...,Yn(U)) €
N¥ verifying 27]:[:1 Yo(U) = 27]:[:1 &, may be used to construct an unbiased resampling
mechanism; systematic resampling is an example of a resampling scheme constructed in

yst:gN’ S 1

s,

this way.

The SSP resampling scheme pgsp ¢ [0, 1] x Z — Py(X) is based on the Srinivasan’s
(2001) randomized rounding technique and is presented in Algorithm . To see that
this latter indeed defines a randomized rounding process it suffices to note that step (2)
leaves unchanged the expectation of the vector (Y, (U ))N_, while, by construction, each
iteration of the algorithm leaves the quantity Ziv:l Y4, (U) unchanged with P-probability
one. By |Dubhashi et al. (2007, Theorem 5.1; see also Kramer et al., 2011) the collection
of random variables (Y2,(U))}_; produced by the SSP described in Algorithm [1}is NA.

Together with Theorem [I} this result allows to readily show the consistency of pggp.

Corollary 3. Let X be a cubifiable set. Then, the resampling scheme pss, verifies con-
ditions|(H, )| and |(Hs )| of Theorem and is therefore Py(X)-consistent.

Algorithm (1| has complexity O(N), like other standard resampling schemes. An open
question is whether or not SSP resampling dominates multinomial resampling in terms
of variance. See Section [5.5 for a numerical comparison.

The resampling scheme proposed in Crisan (2001) may also be interpreted as a ran-
domized rounding technique. However, to the best of our knowledge, no convergence
result exists for this resampling scheme.

4. Convergence of ordered resampling schemes

Kitagawa (1996, Appendix A) provided numerical results about the behaviour of strat-
ified resampling in the case that d = 1 and the input particles are ordered according to
their states. He conjectured that in this situation, the error of stratified resampling is of



Algorithm 1 SSP resampling
Inputs: u € [0,1]N and (&1,...,&n) € RY such that SN & eN
Output: (Y (u),..., Y (v)) € NV such that SN YD (u) = 27]1\[:1 En-

ssp ) - 8sp n SSp
Initialization: (Ysép(u), e YS]S\;(U)) — (&1,--,&N), (nymy k) + (1,2,1)
Iterate the following steps until (Y.L, (u), ..., Y2 (u)) € NV:

(1) Let d be the smallest number in (0, 1) such that at least one of Y&, (u)+6 or Y} (u)—d

is an integer, and let € be the smallest number in (0,1) such that at least one of

Y, (u) — e or Y (u) + € is an integer.

(2) If up < €/(6 +¢€) set (Y, (u), Yaip(w) <+ (Yp(u) + 9, Y@ (u) — 6); otherwise set

ssp s £ 8sp s ) L SSp
(Yeip (u), Ygp (u)) = (Vg (u) — € Y (u) +€).

(3) Update n and m as follows:
LoIf (Y2, (u), Y (u) € N2, (n,m) < (m+1,m + 2);
2. If Y (u) € Nand Y (u) € N set (n,m) < (m,m+1);

ssp
3. if Vg, (u) ¢ N and Y (u) € N set (n,m) < (m,m +1).

4) k+k+1

size O(N~2), compared to O(N~!) without the ordering. He also considered a determ-
inistic resampling scheme, and found that in same d = 1 case and with ordered particles,
it also exhibited O(N~2) convergence.

The purpose of this section is to provide a rigorous investigation of this topic. While
Kitagawal (1996)) measured the error introduced by a resampling scheme by the integrated
square error between empirical CDF’s before and after resampling, we compare below
the probability measures before and after resampling by comparing their expectations
for some test functions. Notably, we present in this section results on the convergence
rate of the variance of stratified resampling when applied on ordered input particles. We
first consider the case d = 1 and then the general d > 1 case in which particles input to
resampling are ordered using the Hilbert space filling curve.

4.1. Ordered resampling schemes on univariate sets

In this subsection we present results for a univariate set X', which is the set-up considered
by Kitagawa, (1996]). The existence of a natural order in this context greatly facilitates
the presentation and allows to derive more precise convergent results than in multivariate
settings.

We denote below by pZ,.. the ordered stratified resampling scheme; that is, pf . :
[0,1]N x Z — P;(X) is defined by

p:trat(u7 Z) = Pstrat (U’ (Za}*\,(n))nNzl)) (u7 Z) € [O’ 1]N X ZN

10



with o} a permutation of 1 : NV such that z,y (1) < -+ < 2zox (v). In words, Plirar (CY)
simply amounts to apply the stratified resampling scheme pgiat on the ordered input
point set (NN = (XN WINMN_ - Notice that pf..(¢YY) is such that

n — 1470,
x4 :FWN(”NJ””L>, nel:N; (4)

that is, the resampled particles (X4")N_, are obtained by sampling from the empirical
distribution 7V using the stratified point set ((n — 1+ U, )/N)N_,

The following theorem shows that under mild conditions the variance induced by
ordered stratified resampling converges faster than N~!. In addition, it also provides
condition under which one has a non-asymptotic bound of size N~2 for this resampling
method.

Theorem 2. Let X C R be a cubifiable set. Then, the following results hold:

1. Let w € Py(X) have a strictly positive density, and (CMYN>1 be such that 7 2 7,
P-a.s., and such that, limy_ 4o (maxnel:N W”’N) = 0, P-a.s. Then, for any

e Cb(‘)()f VarCN [p:trat(CN)(go)] = O(l/N)7 P-a.s.

2. Let ¢ : X — R be a continuously differentiable function such that, for a 6 > 0,

we have sup ey ?f;( )|z < +o0. Then, there exists a constant Cy, < +00 such
that, for all N > 1,

Var [p:trat(z)(@)] < Cgo N727 Vz € ZN-

The second observation of Kitagawa (1996, p.23) is that deterministic resamplimg
mechanisms may be used when applied to the ordered input particles ¢N°~. In par-
ticular, he considered a resampling scheme defined by but with the random vari-
ables (Uy,)N_, replaced by a deterministic point in o € (0,1). In the notation of this
work, for a € (0,1) Kitagawa (1996) considered the resampling scheme p?, defined by
05 (U, 2) = Plipat(Qoo, 2) With ase the vector in (0,1)N having « in all its entries. The
consistency of this deterministic resampling mechanism trivially follows from Corollary
(see below) and the fact that

—1/2
R )

Notice that the right-hand side of this expression is mlmmlzed for « = 0.5. In fact, it
is not difficult to check that the resampling scheme pj /2 is optimal in the sense that it
minimises ||F, vy — Frn|[oo among all resampling schemes p. One rationale for trying
to minimize this quantity when considering deterministic resampling schemes is given by
the generalized Koksma-Hlawka (Aistleitner and Dick, 2015, Theorem 1) which implies
that

|p(¢M) (@) = TV (@) < V(@) Fpeny = Fevlloo (6)

with V() the variation of ¢ in X.
We end this subsection by noting that inequality shows that systematic resampling
is consistent when applied on the ordered input particles ¢V~

11



Figure 1: The Hilbert curve in dimension d = 2 is defined as the limit of this sequence.
(source: Marc van Dongen)

4.2. Hilbert-ordered resampling schemes

In this subsection we generalize the results presented above to any dimension d > 1. The
main challenge when d > 1 is to find an ordering of particles ¢V which allows to improve
upon the un-ordered version of the resampling scheme. Below we consider an ordering
based on the Hilbert space filling curve.

4.2.1. Hilbert space filling curve and related definitions

For 7,7’ € P(X), we use below the shorthand |7 — 7’|« = ||Fr — Fr||oo; note that the
‘star’ metric || - ||« is the multivariate generalization of the Kolmogorov metric. The star
discrepancy of the point set uy.y in [0, 1]¢ is defined by

N
D?V(ul:N) = HNil 261% - )\dH*

=1

The Hilbert curve is a space-filling curve, that is a continuous surjective function
H :[0,1] — [0,1]% Tt is defined as the limit of the sequence of functions depicted (for
d = 2) in Figure (1} is Holder continuous with exponent 1/d and is a measure-preserving
mapping in the sense that A\g(H (1)) = A\ () for any measurable set I € [0,1]. This last
property plays a crucial role in the derivation of the consistency results presented in the
next subsection while the Hélder continuity of the Hilbert curve is central in our analysis
of the variance of Hilbert-ordered stratified resampling (Section [4.2.3).

In what follows, we assume that H(0) = (0,...,0). The Hilbert curve admits a one-
to-one Borel measurable pseudo-inverse h : [0, 1]4 — [0, 1] such that H(h(z)) = z for all
x € [0,1]¢, as shown in the next proposition.

Proposition 2. There exists a one-to-one Borel measurable function h : [0,1]% — [0, 1]
such that H(h(x)) = z for all x € [0,1]%.

For d = 1, we simply take H(x) = h(x) = = for x € [0,1]. Note that because
H(0) = (0,...,0) and h is not surjective, h((0,1)%) C (0,1). Although we refer to H as
the Hilbert curve in this work, there exist in fact several Hilbert curves.

For a cubifiable set X and dipheomorphism ¢ € D(X), we denote by hy y the one-to-
one mapping = +— h o (x). To simplify the notation in what follows, we associate to a

12



cubifiable set X' a dipheomorphism ¢y € D(X) and use the shorthand hx = hx 4,. In
particular, when X = (0,1)? we assume henceforth that ¢y (z) = z for all z € X.
We now define o3, as a permutation of 1: N such that

hx(2or.1) < - < ha(zog, (V)

and use it to extend the definition of the ordered stratified resampling scheme pZ ¢
introduced in the previous subsection to any d > 1; that is, for any d > 1 we define
p:trat : [07 1]N X Z— Pf(‘)() by

p:trat(uv Z) = Pstrat (ua (Zafv(n))nN:I)a (’LL, Z) € [Oa 1]N x ZN.

The resampling scheme p,,. (¢VV) is such that

n -1+0U,
x4 :@b;loH(FgN <nN—|—)>7 nel:N (7)

hx

and thus pf,.. amounts to first sample from the empirical distribution W}]LVX using the
stratified point set ((n —1+U,)/N)N_, and then to ‘project’ the resulting sample in the
original set X using the mapping ¢;(1 o H. Note that representation of p¥ .. extends
the one given in for d =1 to any d > 1.

The ordered systematic resampling scheme pg . is defined in a similar way.

Although this is not apparent from the notation, when d > 1 the resampling schemes
Pstrat and pgy depend on ¢y through oy, and therefore different choices for ¢ lead
to different resampling mechanisms. Consequently, convergence results for these two
resampling schemes will assume that the limiting distribution 7 on & belongs to the
subset Pj (X) of Pp(X) defined by Py (X) = {7 € Py(X) : Ty, € Pp((0,1)%)}.

To fix the ideas, when X = R one can take for 1y the dipheomorphism U(x) =
(P(x1), ..., ¥(xq)), with 1) € D(R) defined by

~ 1 Vid+a2-2
Y(z) = B + T or 1g\ {0y (), =xe€R.

In this case, following Lemma [1} it is easily checked that m € 75§ (X) when 7 € Py(X) is
such that VI C 1:d, Va\; € Xigr i, sup, ex, ., x, Pr(®) [Lics |z5]? < C for some C < oo.
4.2.2. Consistency

The following theorem provides a necessary and sufficient condition for the consistency
of a resampling scheme.

Theorem 3. Let X be a cubifiable set. Then, a resampling scheme p is ﬁb(X)-consistent
if and only if, for any ™ € Py(X) and sequence ((N)n>1 such that ™ = 1, P-a.s., we
have

: N N _
]\}E)noo HP(C )h;\f,qp - ﬂ—h,\zw H* =0, P-as. (8)

for a1 € D(X) such that 7y € Pp((0,1)%).
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This result is a consequence of Theorem |§| (see Appendix that establishes the
equivalence between the weak convergence and the convergence in the sense of star metric
and shows that the Hilbert curve H and its pseudo-inverse h preserve these two modes
of convergence.

A direct corollary of Theorem [3]is that any Hilbert-ordered resampling scheme satis-
fying the discrepancy condition in below is consistent, and in particular the Hilbert-
ordered versions of stratified and systematic resampling are consistent.

Corollary 4. Let X be a cubifiable set. For each N > 1 andn € 1: N, let ¢} : [0, 1N —
[0,1] be a measurable function and consider a resampling scheme of the form
af(u,Cn) = FR7 (9 (u)) (9)

with F]C\r,]*\”i the inverse of the CDF F]?V(n) = ZTanl Wweonm(m < n), n € 1: N.
Then, a sufficient condition for such a resampling scheme to be Py (X)-consistent is that

. * 1:N _ o
NLITOODN(QZ’N (U)) =0, P-as. (10)

In particular, pl.e and piye, which correspond respectively to ¢\ (u) = (n — 1+ uy,) /N
and ¢ (u) = (n — 1+ u1)/N, are Py (X)-consistent.
4.2.3. Variance behaviour of Hilbert-ordered resampling

The main goal of this subsection is to study in detail the convergence rate of the error
variance for Hilbert-ordered stratified resampling.
The next result generalizes the first part of Theorem [2] to any d > 1.

Theorem 4. Let X be a cubifiable set, m € P;(X) have a strictly positive density, and
let (¢V)n>1 be such that ™ = 7, P-a.s., and such that,

lim ( max W”’N) =0, P-—a.s.
N—+oo "nel:N

Then, for any ¢ € Cp(X),
VarCN [p:trat(ﬂ.N)((p)] = O(l/N>7 P—a.s.

Theorem [] shows that under mild conditions Hilbert-ordered stratified resampling
outperforms multinomial resampling asymptotically. The following result establishes its
non-asymptotic behaviour under stronger assumptions on the test function ¢.

Theorem 5. Let X be a cubifiable set and ¢ : X — R be a measurable function such
that there exist constants Cy < 400 and v € (0,1] verifying

[povy! (@) —pour' )] < Courllz —ul3, V(z,y) € (0,1)7

Then, for any N > 1 we have

C?
* / 2 )
Var [pstrat(z)(go)] S (2 d + 3) K 501111%(7 VZ S ZN-
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The key tool to establish this result is the generalized Koksma-Hlawka inequality of
Aistleitner and Dick| (2015, Theorem 1) that we already used in @

Note that, because of the use of the Hilbert curve in the resampling mechanism, the
rate given in Theorem [5| cannot be improved by assuming differentiability on ¢. This is
true because the Hilbert curve is nowhere differentiable (see e.g. Zumbusch) 2003, Lemma
4.3, p.96). We also note that the rate reported in Theorem [5| for v = 1 is in line with
the one reported in He and Owen| (2016]), where in a similar set up a variance of size
O(N~1-1/4) is found for a class of discontinuous functions having a Lipschitz component.

It should also be clear that the power 1/d appearing in the upper bound of Theorem
arises because the Hilbert curve is Holder continuous with exponent 1/d. This latter
is ‘optimal’ in the sense that 1/d is the best possible Holder exponent for measure-
preserving mappings from [0, 1] onto [0,1]¢ (Jaffard and Nicolay, [2009, Lemma 6). For
this reason it is seems hard to improve the upper bound of Theorem [5| by considering an
alternative ordering of the particles.

An interesting property of Theorem [5] is that it holds for any N > 1 and requires
no conditions on the weights and on the existence of a 7 € P(X) such that 7V = .
At the same time, this suggests that the rate of N1t7/¢ is not optimal when a limiting
distribution 7 exists. Indeed, Theorem [f]does not take into account that, in the definition
of plirar (V) given in (7)), the CDF F.n may converge to Fr, the CDF of ., which

X

is potentially a ‘smooth’ function. This point is corrected in the next result.

Theorem 6. Consider the set-up of Theorem @ let ((N)n>1 and € P;(X) be as in
Theorem[] and assume that

N
1 _ /mn—1+4+U, _
Varcy [N Z:l F, (7]\[ )] =o(N72), P-as. (11)

Then, for any measurable function ¢ : X — R satisfying the condition of Theorem [J],
we have

Varx [p:trat(ﬂN)(go)] = o(N_(H%))7 P— a.s. (12)

When there exists a constant ¢ > 0 such that ¢t A\g(A) < 7(A) < cA\g(A) for all meas-
urable set A C X condition 1s verified.

We note that the rate in does not only depend on the underlying rate in but
also on the speed at which 7 converges (in some sense) to 7. More precisely, the rate in
depends on the rate at which the quantity vy := [|[F v (u) — I, (u)[le converges

h

Thy
to 0 as N — +oo. In particular, under the extra assumptions of the second part of the
2
theorem, the rate in (12]) becomes (’)(Nf(HTW)) when vy = O(1/N).

5. Implications for particle algorithms

We apply in this section our previous results to the study of particle algorithms.
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5.1. Set-up

We consider a generic Feynman-Kac model, consisting of (a) a Markov chain, with initial
distribution p(dxo), Markov kernels M; : X — P(X), t > 1, acting from X to itself; and
(b) a sequence of measurable functions, Gp: X - Ry, Gy : X x X — R, for ¢t > 1. The
corresponding Feynman-Kac distributions are defined as:

t
Qu(dn) = 7-#(de0)Golao) [ Mi(i1,d20)Goomr. )

s=1

where
t

L= / (d0)Golao) [] M1, dz)Ga(s1, 7).
i+l

s=1
assuming L; > 0. In practice, we are usually interested in approximating the so-called
filtering distributions, i.e. the marginal distributions m(das) = [~ e Qi(dzo). We
also define ¢; = L;/L;—1 = (Qi—1M;) (G¢) and the operators, Vo(¢) = Var,(¢), and for
t>1,

Vili-1.0) = Varag () = My (w1, {p = Mi(9)Y?)

where My(zi-1,¢) := [y p(xt) Mi(xi—1,dxy), and My(p) is the function 2y — M;(zi—1,¢).
The subsequent results will rely on the following assumptions.

(G) Functions G; are continuous and upper bounded.
(M) The Markov kernels M; define a Feller process; i.e. My(p) € Cp(X) for all ¢ € Cp(X).

A standard particle filter (Algorithm [2)) generates at iteration ¢ a weighted sample,
(X, W)N_, | which approximates m; through the random measure: 7} (dz;) = ZnNzl WPo(X7).

n=1»

Algorithm 2 Standard PF
At time O:

(a) Generate (forne€1: N) X[ ~ u(dzy).
(b) Compute (for n € 1: N) wli = Go(X2) and Wg = wj/ SN _ wit.
Recursively, for times t =1,...,T":

(a) Resample: for a given resampling scheme p, generate ancestor variables A}, where

AP = a% (U, (Y y), Uy ~ P, and ¢y = (X7, W)Y, (as in Definition .
(b) Generate (forne1: N) X[ ~ Mt(XtA_?l,dxt).

(c) Compute (forn € 1: N) w} = Gt(XﬁLl,Xf) and W) = wpr/ SN wp
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5.2. Consistency

We first state an almost sure weak convergence result for Algorithm [2under the condition
that p is consistent for a suitable class of distributions (see Crisan, 2001, Theorem 2.3.2,
p.23, for a proof).

Proposition 3. Let Py € P(X) and assume that the Feynman-Kac model defined by
(Gt)t>0, b and (My)e>1 is such that Assumptions (G) and (M) hold, and that 7y € Py for
all t > 0. Then, for any Po-consistent resampling scheme p : [0,1]N x Z — P¢(X) and
t >0, the particle approzimation ) = 22;1 WPo(X)) of me generated by Algorithm@
s such that

¥ 21, P-as. (13)

As a corollary, when & is a cubifiable set and the assumptions of the proposition are
satisfied with Py = Pp(X), this result shows that Algorithm [2| based on stratified and
SSP resampling is consistent in the sense that holds for any ¢ > 0.

We recall that implies that, for any ¢ € Cy(X), 7V (p) — m(p), P-a.s. When
stratified resampling is used in Algorithm [2| we note that, because this resampling mech-
anism dominates multinomial resampling in term of variance (see Section , it also
holds true that limy_, 400 NE[(7{ (¢) — m(¢))?] < 400 for any ¢ € Cp(X). For unboun-
ded measurable function ¢ : X — R such that m(¢) < +00, the results in (Cappé et al.
(2005, Chapter 9) imply that 7/ (¢) — 7¢(¢) in P-probability. These facts are gathered
in the next proposition.

Proposition 4. Consider Algorithm [9 based on stratified resampling, assume that the
assumptions of Proposition[3 hold and let t > 0. Then,

1. For any ¢ € Co(X), limy_ oo NE[(n¥ () — m(2))?] < +00;

2. For any measurable function ¢ : X — R such that m(p) < 400, ™ (¢) — m(p)
in P-probability.

5.3. Central limit theorem

As shown in the previous section, the ‘noise’ introduced by the Hilbert ordered stratified
resampling scheme pf,.. converges to zero faster than the usual O(N~!) Monte Carlo
rate. The next result formalises the intuitive idea that, when Algorithm [2[is based on
this resampling mechanism, the resampling step does not contribute to the asymptotic
variance of the quantity N/ 2w () —me(p)}. For sake of completeness, Theorem also
presents results for the multinomial resampling (pmuiti) and residual reampling (oyes/muiti)
schemes for which a central limit theorem also exists (see Chopin, 2004; Kiinsch) 2005;
Douc et al., |2005).

Theorem 7. For Algorithm @ assuming that X is a cubifiable set, Py = P(X), p €
{Pmulti Pres/multis Patrat ) and that the Feynman-Kac model fulfils assumptions (G) and
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(M), for any test function ¢ € Cyp(X), we have that (for any t >0)

N
N1/2 {Z Wio(X) — m(cp)} = Nz (0,V[¢])

n=1
where the V,(¢) are defined recursively as follows: Vo [¢] = Vo(yp),

Vi o] = 81?]2 (G {e —m(p)}]

Y, [] = Vi [0l + R (p, @)

~

Vi1 [] = Ve [Mis1(9)] + 1 [Viga ()]

and
0= Rt(ﬂstrat*a 30) < Rt(pres/multiv ()0) < Rt(pmultia 90)'

The proof is a simple combination of Theorem [4] and the proofs in the aforementioned
papers (see the supplement).

An obvious corrolary of this theorem is that ordered stratified resampling dominates
multinomial and residual resampling, in terms of the asymptotic variance of particle
estimates generated by a particle filter. In fact, since the contribution of the resampling
step is zero when ordered stratified resampling is used, this particular scheme may be
declared as optimal (again, relative to the asymptotic variance for any test function).

5.4. A note on the auxiliary particle filter

The auxiliary particle filter (APF, Pitt and Shephard},[1999) is a variation on the standard
particle filter, where the resampling weights are ‘twisted” using some function n; : X —
R-o; that is, the resampling weight of ancestor X", is W/ o W™ x me—1(X/"4);
Zﬁ[:l /I/I\?ﬁl = 1. When a particle X" originates from ancestor X", i.e. A} = m, it is
assigned (un-normalised) weight w}’ = G¢( X", X;")W/™,/ /WV/[EI, so as to correct for the
discrepancy between the resampling weights and the actual weights.

Of particular interest is particle estimate

1 N 1 N ”,Af N
N _ Z _ Z t—1 v
gt = N UJ;L = N NA;?‘ Gt(thl,th)
n=1 n=1 t—1

of normalising constant ¢;, and the cumulative product L} = Hi:o ¢V, which estimates
L, = Hizo l;. The latter quantity usually corresponds to the likelihood of the data
observed up to time ¢ (for a certain model) and thus plays a central role in parameter
estimation methods (e.g. particle Markov chain Monte Carlo, Andrieu et al., |2010).

Theorem 8. Consider the APF Algorithm (as described above), a given FK model such
that Assumptions (G), and (M) hold, and assume that functions ng, ..., ni—2 are fized.
For p = pmui, the function mi—1(xi—1) = /Mi(z—1,G?) minimises the variance of
particle estimates (¥ and LY.
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For p = plias, assuming in addition that X is compact, the quantities NVar[¢})],
NVar[LY] converge to a limit, which is minimal for n,_1 = n;_;, where nf_;(z4_1) =
VVi(xi—1,Gy), among functions ny—1 € Cp(X) that are positive almost everywhere. (In

particular, ny_ itself is assumed to be positive everywhere.)

The usual recommendation (e.g. Johansen and Doucet|, 2008) is to take n._1(zi—1) =
M;i(x¢—1,Gy) (or some approximation of this quantity). This result shows however that
the choice of the auxiliary function in the APF should actually depend on the resampling
scheme. This point deserves further study, which we leave for future research.

5.5. Numerical experiments

We compare in this section the approximation (7{¥ )L, of (m;)1_, generated by Algorithm
under the resampling schemes pgirat (stratified resampling), pk... (ordered stratified
resampling) and psp (SSP resampling).

Following (Guarniero et al.| (2016]), we consider the linear Gaussian state-space models
where X ~ Ny(0, Iy), and, for t =1,...,T,

Xy =FX; 1+ VW, Vi ~ Na(0, 1),
Y:; = Xy + W4, WtNNd(():Id)a

with ' = (a"'*jlﬂ)gl’jzl, a =04, T = 500 and d = 5. We focus on the problem
of estimating the log-likelihood of the model, logp(y1.7), which is estimated from the
output of Algorithm [2 by log LY = EtT:o log £V (see Section .

We consider two Feynman-Kac models; a ‘bootstrap’ model, where M;(xy—1,dxy)
corresponds to the law of X;|X;—1 = x1—1, G¢(xi—1, ) is the probability density of
Yi|X: = x4; and a ‘guided’ model, where M;(xy_1,dx;) is the Gaussian distribution
Na((ye + Fri—1)/2,14/2), Gi(xi—1,2¢) is the probability density of Ny(Fxy—1,214) at
point y;. Both Feynman-Kac formalisms are such that m; is the filtering distribution at
time ¢ of the model above. The point of the guided formalism is to reduce the variance
of the weights (at each time ¢), and thus to reduce the variance of particle estimates.

Figure |2[ shows the variance of the estimator log L¥ obtained under the two above
Feynman-Kac formalisms, as a function of ¢ € 1 : T, and for the resampling schemes
Pstrats Patrar @A pssp. For each resampling scheme, the results of Figure [2 are based on
1000 independent runs of Algorithm [2] with N = 2'3 particles.

As expected from the results of Section 4] the variance of log L} is smaller with pl .
than with pstrat; the relative gains are larger when the guided formalism is used (where
the variances under pgirat are about 40% higher than under pZ...). The results presented
in Figure [2| suggest that pesp is preferable to psirat. This is particularly true with the
guided formalism where the variances under pgat are about 20% higher than when
pssp is used. Lastly, the variances under SSP resampling are larger than under ordered
stratified resampling but ps, has the advantage to be faster. Indeed, SSP resampling
requires O(N) operations against O(N log N) for pk. ...
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Figure 2: Estimation of the log-likelihood function as a function of ¢. The left (resp.
right) plot gives the variance of SMC based on unordered stratified resampling
divided by that of SMC based on Hilbert-ordered stratified resampling (resp.
unordered SSP resampling). Continuous lines are for SMC based on the guided
proposal while the dotted line is for the bootstrap particle filter. Results are
based on 1000 independent runs of the algorithms with N = 2'3 particles.

6. Conclusion

Resampling algorithms play a key role in various statistical methods, and notably in
sequential Monte Carlo (SMC) since without the resampling operations these algorithms
collapse exponentially fast as the number of iterations increases.

Multinomial resampling simply amounts to generate an i.i.d. sample from a discrete
distribution and, for that reason, is arguably the best understood resampling mechanism.
However, it is a common practice in the SMC literature to use other resampling mechan-
isms, such as stratified or systematic resampling, in order to reduce the computational
cost and/or to reduce the approximation error. These “advanced” resampling schemes
turn out to be much harder to analyse and understand, notably because their outputs
depend on the order of the input particles, and thus lack of theoretical support. In this
work we have provided a general consistency theorem for unbiased resampling schemes.
In addition to a mild technical condition, this result shows that a sufficient condition for
a resampling algorithm to be consistent is that it produces offspring numbers that are
negatively associated.

Our results support the practice to abandon multinomial resampling for stratified res-
ampling by providing strong theoretical guarantees for this resampling scheme, which
has the remarkable property to be both cheaper and more accurate than multinomial
resampling. For the same reasons, our results should encourage practitioners to aban-
don residual resampling for a version of this residual method where the multinomial
resampling step is replaced by a stratified resampling step.
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The systematic resampling scheme fails to produce offspring numbers that are negat-
ively associated. As an alternative to it we have introduced the SSP resampling algorithm
which (1) is similar to systematic resampling in term of offspring numbers and (2) veri-
fies the conditions of our general consistency result. We also built an example suggesting
that any general consistency results for systematic resampling would require to take into
account the order of the input particles and have established its validity when they are
ordered along the Hilbert curve.

Our practical recommendation is to prefer SSP resampling to systematic resampling
since both have similar properties while only the former has been proven to be consistent.
Systematic resampling has the advantage to be faster than SSP resampling but in most
cases this gain is likely to be imperceptible. Our simulation study suggests that SSP
resampling outperforms also stratified resampling in term of variance but no theoretical
result exists to support this observation.

We have also derived various results showing that the variance of stratified resampling
goes to zero faster than N~! when applied on an input point set ordered along the
Hilbert curve, and notably a non-asymptotic bound of size N -1-3. Unsurprisingly, when
the dimension of the state-space is small and/or when a good proposal distribution is
available, our simulation results show that ordering the particle before applying stratified
resampling may lead to important variance reduction. These theoretical results on the
variance of Hilbert ordered stratified resamplig are also of particular interest for sequential
quasi-Monte Carlo (Gerber and Chopin, 2015)), a quasi-Monte Carlo version of SMC, that
converges at a faster but currently unknown rate.
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A. Convergent sequences of probability measures: star norm
and transformations through the Hilbert curve and its
inverse

The following theorem is the main tool for establishing Theorem

Theorem 9. Let X be a cubifiable set, (m)n>1 be a sequence in P(X), © € Py(X) and
Y € D(X) be such that Ty € Pp((0,1)%). Then, the following assertions are equivalent

(i) ™ = 7;
(i) imy_s 4 o0 |7 — 7| = 0;
(i%) Himy 400 Hw{l\’x,w — Ty e = 0;

(iv) ijl\;’w éU>7Th/,,(7w,

Implications (i) = (éi7) and (ii7) = (it) respectively are due to |Gerber and Chopin
(2015, Theorem 3) and Schretter et al.| (2016, Theorem 1). Implications (i) = (i) and
(191) = (iv) are direct applications of the Portmanteau lemma (e.g. van der Vaart, 1998,
Lemma 2.2, p.6). Implication (i) = (i¢) for d = 1 holds by Polya’s theorem (Polya, 1920;
see also Bickel and Millar, 1992, result (A.1)); note that Polya’s theorem only requires
that 7 € P(X) is such that Fy is continuous. Implication (i) = (i) for d > 1 is new
and proved following a similar argument as in [Kuipers and Niederreiter| (1974, Theorem
1.2, p.89) while implication (iv) = (iii) is a consequence of Polya’s Theorem and of the
continuity of Fﬁhxﬂp, which is established in the next lemma.

Lemma 2. Let X be a cubifiable set, 7 € Py(X) and ¢ € D(X) be such that Ty €
Py((0,1)4). Then, Thy,, 15 a continuous probability measure on (0,1).

(
We also note the proofs of implications (i7) = (i4i) and (i7%) = (4i) in Gerber and
Chopin| (2015, 2017); Schretter et al. (2016) implicitly assume that the sequence (7V) ny>1
is such that (with X = (0,1)%)

7N (Hq) =0, for all N large enough

where H, is the set of points of [0,1]¢ that have more than pre-image through H. This
point is corrected in the supplementary materials where a complete proof of Theorem [9]
is provided.
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S1 Preliminaries

S1.1 Additional notation and convention

For a signed measure 7 with respect to (X, X), we define the extreme norm as

[gli5 =?u£]>\7f([avb] nX)

Y

and the star norm as
I7]lx = sup |m((—o0,b] N X)|.

(—o0,b

In both cases, a and b are vectors in R?, and the supremums are with respect to mul-
tivariate intervals: [a, b] = Hle[ai, b, (—o0,b] = H?Zl(—oo, bi].

To avoid tedious repetition of the qualification “IP-a.s.”, any inequalities involving these
quantities are to be understood as holding P-a.s. unless stated otherwise.

When X is a cubifiable set and 7 € P,(X), and when dealing with a sequence (7 Jn>1
in P(X) that converges to m weakly or in the sense of the star/extreme metric, we
can assume without loss of generality in our computations that X = (0,1)? and 7 €

P,((0,1)4). This is indeed true since
7Y =l = ) = mglles 7Y =l = ) = wglle, 7Y S ) S,

while, for a suitable 1 € D(X), my € Pp((0,1)%).
Below we abuse notations as follows: n(I) = 7(I NX) for 7 € P(X) and I any
d—dimensional interval (possibly not included in X); e.g. for X = (0,1)¢ and a € R,

7([0,a]) = 7 ((0, a]).

*School of Mathematics, University of Bristol, UK.
TCREST-ENSAE, France.
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S1.2 Hilbert space filling curve: Construction and properties

We start by stating some well-known properties of the Hilbert curve (see e.g. Zumbusch,
2003, Chapter 4). The presentation below is inspired by the one in He and Owen (2016).

For m > 1, let Td = {14 (k)}2757Y, with I%(k) = k274, (k + 1)27™4), and S% =
{S% (k)12 " be a collection of closed hyper-cubes of volume 2-™¢ that cover [0, 1]<.
Then, one can define a sequence of mappings H,, : T¢ — S% such that:

1. H,, is bijective; that is, H,, (I (k)) # H,(I¢ (k")) for any k # k';

2. The hyper-cubes H,, (I (k)) and H,,(I% (k+1)) have one (d — 1)-dimensional face
in common (adjacency property);

3. If we split IZ (k) into 2¢ adjacent intervals {Ig1+1(ki)}?ial of length 2=+ then
d__ .
U?:01Hm+1(lg1+1(ki)) = H,,(I¢(k)) (nesting property).

Then, the Hilbert curve is defined as follows. Let z € [0, 1] and note that there exists a
sequence (I (k%,))m>1 such that (i) I (k% ;) C I% (k%) and (i) {z} = Nim>11E (KE,).
Using the nesting property of (H,,)m>1, the set Ny>1Hyy, (12 (k2,)) contains a single point
in [0,1]¢ and the Hilbert curve H : [0,1] — [0,1]¢ is defined by

H(x) € N1 Hp (14 (K2)), € [0,1]%

Note that Conditions 1-3 listed above do not uniquely define the sequence (H,,)m>1 and
therefore, although we refer to H as the Hilbert curve in this work, there exist in fact
several Hilbert curves.

Function H is not bijective. Indeed, if z € [0, l]d has at least one dyadic coordinate,
then for m large enough there exist at least two distinct indices &y, and k], in 0 : 2dm _ 1
such that z € S% (k,,)NSL (K!.); recall that sets in S are closed. Since for m large enough
x € [0,1]¢ belongs to more than one set in S if and only if 2 has at least one dyadic
coordinate, the set Hq C [0,1]? of points in [0,1]¢ that have more than one pre-image
through H is such that #H () < 2% for all z € [0, 1]? and such that A\g(H4) = 0. Lastly,
it is easily checked that function H is such that A\ (A4) = N\j(H(A)) for any measurable
set A C [0,1] (bi-measure property) and that ||H(z1) — H(x2)||ee < Calz1 — 22|/ for
some constant Cy < +o0 and any z1, x2 € [0,1] (i.e. H is Holder with coefficient 1/d).

We assume from henceforth that H is such that H(0) = (0,...,0) and, to simplify the
notation, we use the convention that, for any m > 1, the sets in Sgl are labelled so that

H(I (k) = Ho (I8 (k) = S&(k), Vke0:29m —1, ¥m > 1. (S.1)

Thanks to the above properties of the Hilbert curve, there exists a one-to-one Borel
measurable function A : [0,1]¢ — [0, 1] such that H(h(z)) = x for all 2 € [0,1]%, as shown
in Proposition 2. For a cubifiable set X and a ¢ € D(X') we denote by hy , the mapping
x + ho(x). Note that, by construction hy, : X — (0,1) is one-to-one and Borel
measurable.
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S1.3 Some preliminary results

The following lemma is a direct extension of Niederreiter (1992, Lemma 2.5, p.15).

Lemma S1. Let X be a cubifiable set, € > 0 and z,%2 € ZN be such that

z = (Jc”,W”)ﬁle, z = (2", W")f:[:l, max ||z — 2" || <.
nel:N

Let wN = Zﬁle Wns(z"™) and 7N = 22[21 Wn§(i™). Then, for any m € Py(X), there
exists a constant ¢z < 400 (which depends only on ) such that

17N =7l — |7 = 7| < cne

and

~N N ~
73 s = Tt e = Ry = T ll] < e e 1A (@) = b (@) o

with v € D(X) such that y € Pp((0,1)%).

Proof of Lemma S1. Without loss of generality we assume that X = (0,1)? and take
hxy = h.

Let B = [0,0] € [0,1)¢, BY = [0,b4¢]N[0,1)? and B~ = [0,b — ¢]. If € > b; for at
least one i € 1:d, B~ = &. Then,

N(B™) < 7¥(B) < 7V(BY). (S.2)

By the definition of the star norm, we have
|7V (BF) = n(BY)| < (|7 =7y, |7V (BT) = w(B7)| < |7V = 7. (S.3)

Combining (S.2) and (S.3) yields:

—(m(B) = n(B7)) = |7 — 7|l < 7N (B) — n(B) (S.4)

#N(B) = n(B) < (r(B*) = n(B)) + |V — 7] |
Then, as m admits a bounded density p,, we have,

m(B) = m(B”) < |lprllocAd(B\ B™) < ||pxlocde, ($.5)

T(BT) = 7(B) < [pxllcra(BT\ B) < [[pzlocde.
Therefore, combining (S.4) and (S.5), we obtain,
~[lpalloc de — |7 — @l < 7 (B) = w(B) < |7 — 7|« + [|palloo de

and thus
17N = x|l < (|7 = 7|« + ||prlloo de.
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To complete the proof of the first part of the lemma it suffices to repeat the above
computations while swapping the role of 7V and 7.

The second part of the lemma follows from similar computations, where ¢ is replaced
by

. ny _ S
¢ = max [h(a") = h(E")

and where instead of (S.5) we have, by the definition of 75, and by the bi-measure property
of the Hilbert curve (see Section S1.2),

mh(B) = mp(B7) = (H(B\ B7)) < |[prllocA1(B\ B7) < [|pxlloce’
m(BT) —m(B) = n(H(B"\)) < [IprllcA1 (BT \ B) < |[prlloc€’.
O
The next lemma follows from the computations of Gerber and Chopin (2015, Theorem
3).
Lemma S2. Let € P((0,1)4) and m € Py((0,1)4). Then,

i=wle = sup |pu(la,)) = m((a,b)|

lu=mnll = sup [u((0,a)) = (0,a)
0<a<b<1

0<a<1

and

lin =l = sup |mn((0,0) = ma((0, )|, g = mlle = sup_|pmn((a,6)) — m([a,b)].
0<a<1 0<a<b<1

Proof of Lemma S2. Below we only prove the second equality, the other ones being
proved in a similar way.

Let p be the density of 7 with respect to A\g. Let € > 0, a € [0, 1], and dq.¢ € [0, €/|p|| o],
be small enough so that 1 ([0, a]) = pp([0,a + 0q4,c)) and a + g < 1. (If a =1 or p is
continuous, take 04, = 0.) Then,

lun([0,a)) = mx([0, )| < [pa([0,a + da,e)) — T ([0, a + o)) + Th([a,a + dac))  (S.6)
and
[ ([0, a]) = ([0, al)| = |n([0, @ 4 da.e)) = Th([0, @ + dae))| — mr([a, a + dae)).  (S.7)

By the bi-measure property of the Hilbert curve (see Section S1.2), the set H((a,a+dq.¢))
has Lebesgue measure d, . Thus,

Th(la,a + ba)) = 7(H([a,a + 0a.))) < [|IPllocbae < €

Replacing 74 ((a,a + dq4,c)) by € in (S.6) and (S.7), and taking the supremum other a
yields
—€ < |lpn = 7mnlls = sup |pn((0,a)) = ma([0,a))] < €
0<a<1

implying that

lpn = mnlls = sup |un((0,a)) = mn([0,a))].
0<a<1
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The next result notably follows from the computations of Gerber and Chopin (2015,
Theorem 7).

Lemma S3. Let X be a cubifiable set, m € Py(X) be such that 7(x) = p(a)\

a(dz) for a
strictly positive density p: X — R% and 1 € D(X) be such that my € Py((0,1)%

). Then,

1. F,

Tha

:(0,1) — [0, 1] is strictly increasing.

2. For any sequence (ZN)NZI such that, for all N > 1, 2V € ZN and such that

v X, lim ( max W”’N) =0,
N—+o0o "nel:N
we have limy, 1 HF7T_’IZVX,w — F;hx,w lloo = 0.

3. For any sequence (Fn)n>1 0f continuous CDF such that limy_, o \|FN—F7th . loo =

0 we have limy, 4 ||Fy — Lo . loc = 0.

Proof of Lemma S3. Without loss of generality we assume that X = (0,1)? and take
hx . = h. Let (zN)Nzl and 7 be as in the statement of the theorem.

We first show the first part of the lemma. Let 0 < a < b < 1, and let k, m be integers
such that I (k) C [a, b] where I (k) = [k27™, (k+1)27™9] (as defined in Section S1.2).
Then

Fr (8) — Fry(a) = ma([a,B]) = mu (T4 (K)) = m(SE(K)) > 0

where S9, (k) = H(I%(k)) is a hyper-cube of volume 2~™, again see Section S1.2. The last
inequality comes from the fact that 7 admits a positive density. Thus Fj, is increasing.
To establish the second part of the lemma we first show that, for all u € (0, 1).

lim [F, (u) — F y(u)] =0. (S.8)

™
N—+o0 h Th

This result is derived in the computations of Gerber and Chopin (2015, Theorem 7) but
for sake of completness it is proved below.

Let € > 0 and u € (0,1). Because Fy, is continuous (Lemma 2) and strictly increasing,
F=1! is continuous and thus there exists a du,e > 0 such that,

Th
Ju' —u| < 6ye, = |F7r_h(u') - Fo (u)| <e (S.9)
By assumption, for any dyp > 0, there exists a Ns, such that, for all N > Ns,,
|F — Fry e < d0. ($.10)

Let xy = F_y(u) and uy = Fr, (zn). Then, by (S.10),

h

|F7rfl\’($N) - Fﬂh(xN” <dp, VN2> Ns,-
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Let ry(u) = Fon(F y(u)) — u so that
h

Th
|Fon (2n) = Fr (an)] = [u+ 7y (u) —un| < do, VN = Ng,

Now note that |ry(u)| < max,e1.y W™ and thus, by assumption, for all & > 0, there
exists a Ny such that, a.s., [ry(u)| < ¢ for all N > Ng. Let § = dp + ¢’ and set
Nj := Nj, V Ng. Then, for N > Ns, we have |u — uy| < §. By taking dp and ¢’ such
that § = 6y, (S.9) implies that

|F (u) — Fn_h(UN)‘ <e VN> Ns,..

Th

In addition, F_, (uy) = 2y = F;é\,(u) and therefore

|F (u) = F y(u)| <€, VN> N;, ..

Th Trh

This shows (S.8).
Then, to show the second part of the theorem remark that, since F, is continuous on
(0,1) and such that
lim F (u) =0, lim F_ (u) =1,

u—0 u—1

the mapping F, can be extended to a continuous function Fﬂ_h : [0,1] — [0, 1] (Mytro-
fanov and Ravsky, 2012, Lemma 2) which is thus uniformly continuous on [0,1]. Con-
sequently, for any € > 0 there exists a §. > 0 such that,

v —u| <6, = |F7:h(u’) — o (u)] <e
and thus, by replacing d, e by é. in the above computations, it follows that

|F_ (u) — F y(u)| <€ VN > Ns,.

T )
Since Nj, is independent of u,

Iy — Foxllo <€ YN >N,
and the proof is completed upon noting that

1P = Frovlloo < I1F5, = Folloo,  ¥N > 1.

The last part of the lemma is obvious from the computations carried out to show the
third part.
O
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S2 Proof of Section 2: Proof of Lemma 1

Proof of Lemma 1. We prove the result for the case X = R?, its extension to any cubifi-
able sets being trivial.

Let 7 € Py(R%) be such that there exists a constant C; < +oc such that, for any
ICl:dand ;€ R4 we have sup, cgrirl Pr(@) [Lier |z;] 1T < Cy, and let 1) € D(RY).
Then, using the change of variable formula,

pecl) = o0 @) [T, we .

i=1

Hence, because p, is continuous and 1 is a C'-diffeomorphism, py , 18 continuous on
(0,1)%. We now show that for a suitable choice of ¥ € D(R?) the density ps ,» 18 bounded.
To construct 1, let & > 0 and ¢ : R — (0, 1) be such that

~ 2u—1
-1
e 0,1).
QZJ (U) ua(l—u)a’ ue( Y )
It is easily checked that lim, 0%~ !(u) = —oc and lim, 1 9~ !(u) = +oco. In addition,
dep =1 (u) 2 a(2u —1)?

= 0, V 0,1).
du w1 —u)e +ua+1(1_u)a+1 >0, Vue(0,1)

and thus ¢ € D(R).
Let ¢ € D(R?) be defined by ¢ (z) = ((x1),. .. ,@(md)), x € R%. Then, for u € (0,1)4,

we have

d
_ 2up — 1 2ug — 1 2 (2u; — 1)2
Py (1) = pﬂ(uf{‘(l —up)® T ug(1 - ud)o‘> Zl;[l (u-o‘(l —ui)® " auf‘“(l — )t )’

Letg:%—%( 1—4—0‘) andﬂ:%—ké( 1—3—0‘) so that

4o+2 da+2
2 Cu=1D° g e 0.0 u 1)
, Yu ,u U [a,
uf (1 —up)® u‘f“(l uq )+t !
while )
2u; — 1 2
Qu-1)7" Vuy € [u, ).

T e (T

Next, let B, = ¢ ([u,@]), and, for v € (0,1)% let I, = {i € 1 : d : u; ¢ [u, @]} and
:cgu) = ¢ (uy), i € 1: d. Then, for any u € (0,1)% and a > 1, and with the convention

S7



that empty products equal one,

" " 2 a(2u; —1)2
pﬂw(u) S (20{)dpﬂ_(:[‘g )7 e ,-’Bg )) H Ua(]. o ui)a H a+1(1 _ u,)a-i,—l

il ier, Wi
d (u ) lta
1€l
d 1ta
:(u]’él[i,u]ual_ua)p<x] 9 \I)H|2UZ—]_‘(!‘(L’ |a
i€,
d
~(u
< (e e P (o8 300 TL 1'%
i€l
for a J:S;) € Bd 1l and where the equality holds because p,, is continuous and B, is

compact. Then, the result follows by noting that o« > 1 is arbitrary and that, as a« — +oo,
(1+a)/a—1.
O

S3 Proofs of Section 3

S3.1 Proof of Theorem 1
Before proving the result we recall the following maximal inequality.

Theorem S1. (Shao, 2000, Theorem 3) Let (Z")N_, be a sequence of NA random vari-
ables with zero means and finite second moments. Let By = Y. E[(Z™)?]. Then, for
all e >0 and a > 0,

m 62 BN 12a
n| < n 4 4 ———5—~ :
B s |77 2 ) <22 (g 771> )+ e (0 ) 4 ()

Proof of Theorem 1. Let p be an unbiased resampling scheme that satisfies (H;) and
(Hy), © € Py(X), 1 € D(X) be such that 7y € Pp((0,1)4) and (¢NV)n>1 be such that
v = x, P-as.

By Theorem 3, for the required 731,(/\,’ )-consistency of p, it is necessary and sufficient
that

: N N _

Jim (M, i =0 P,

For a given N >1and z = (2", w™)Y_, let 0*(z,-) be a permutation of 1 : N such that

hay(z7 D) <o < hy gz (= N)Y ie., o* sorts the points 2" using the Hilbert curve.
Notice then that using the definition of (A}, )N_| given in (2), we have:

N _ N -
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so our goal in the following is to show that

lim  — ’ AT g P s, 11

i o [ AT =0 P (811
Under (Hy), for any N > 1 and z € ZV, the random variables (#"(U, z))N are NA,

using the definition of NA random variables and (2), the random variables (A” )N_| are
NA too, as are also (Ag;(z’"))fyzl. In addition, because p is assumed to be unbiased,
E[Agvz(z’n)] =0 for all n € 1 : N and thus (Agvz(z’n))fyzl satisfy the assumptions of
Theorem S1.

Let t > 0 and z € ZY. Then, using Theorem S1 with a = ry and € = tN, we have

Pty | S 870 2 9) <2 g 1) > o)
()2 T E[Ap)2)
+4exp< 8y E[(A7)2 ]) +4<4tNTN+4ZN E[(An. )])) '

Under (Hs), 2N, E[(A?7,)?] <rnyN for N large enough and thus, since for any b > 0,
the mapping x +— /(b + 4x) is non-decreasing, we have

(e B (e ) o ()
4tNry +4 N E[(A”)]) ANy Ay N S\

The condition ZN E[(A" ) ] < rnyN also implies that

. ( (Nt)? > e < Nt2>
X — X - —
PN sE N e[ T T s
and thus

IP( ’zm:AU*(Zn))‘ > Nt) < 21@( an| > ) +4 NEY (! oy
max ? max r exX - - .
mel:N —r # - - nel:N N P 8ry 4

Since ry = o(N/log N), we have >.%_, V™ < +oo for any 8 € (0,1); take e.g.
= (1/4)12 and 8 = exp(—/8),
[e'S) 00 _tN
Nt2 1 127

Z sup IF’( max !A } > TN) < 400, Z exp (—) < 400, Z <> N o< +00.
ZezN nel:N N1 8rn Ne1 4
Using the tower property and the fact that U is independent of ¢V,

(G n) _
P |87 2 00) = s g [ 38767 2 0

mel:N <N

< sup (max ZAOZ zn) ‘>Nt),
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so we have proved:

> .
> B s |2 AT ]2 ) < e

Therefore (S.11) holds by the Borel-Cantelli lemma and the proof is complete.

S3.2 Proof of Proposition 1

Proof of Proposition 1. Let X = (0,1) be a cubifiable set. To construct m € 731,(2(), let
p=1/2,9 =3, k=3,a1=2,a3 =5, by =127, by = 527" and € = 27, Then,

p(1+ (a1 —ag —1)27%) +p'lag —a; —1)27F =1 (S.12)

and the function p: (0,1) — Ry defined by

P € (0,b4]

p+ 550 —p), € (by, by +¢)
p(z) =47, €[br+eby—¢

p'—@(}?'—p), € (ba — €, b2)

j22 € [b2,1)

is a continuous and bounded probability density on &' (w.r.t. to A;). Thus, 7(dz) :=
p(m)/\l(dx) belongs to Py(X), as required. We now construct a sequence ((™)y>; such
that 7V = 7, P-a.s.

Let ((X" N) be a sequence of point sets in X such that, for all m > 2,

)N>1
(XL27 X = (27m 2t 1= 27 )

for some fixed non-dyadic number v € (bz,1). (This ensures that the 2™ points of the
point set are all distinct.) For values of N which are not powers of 2 we take for (X" N
a set of i.i.d. uniform random numbers in X.

Next, for N > 1, let forn = 1,...,N WV = p(X'”’N)/Z%:lp(Xm’N) and define
N = (X"N(”)’N, W“N(”)’N)ivzl where the sequence of permutations (oy)n>1 is defined
below. Then, it is easily checked that (CN )N>1 is such that 7N 2 7, P-as., as required.
We now construct a sequence of permutation (oy)y>1 for which P(pgyst(7Y) = 7) < 1.
To follow the notation used throughout the paper we deﬁne XN = Xon(m)N and
WnN = WonmN for p e 1: N so that ¢V = (XN, W)Y

Let m > k and, with the shorthand N,, = 2™, remark that Wlth P-probability one
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(as ¢V is non-random for any m > 1)

N, Nm

S oA(X™Nm e (0,b1]) =ar2™ 7k, Y T L(X™N € [by, 1)) =27 — a2 41,
n=1 n=1

Nﬂl m

D (XN € (by, by +€)) Z L(X™Nm € (by —€,by)) =27 F — 1,

n=1 n=1
Nm

Z]l(Xn’Nm € [bl + €,by — 6]) = (az —a; — 2)2m—k +1

n=1

m Nm
> p(XNML(XTNm € (by,by 4 €)) =Y p(XNML(X™N € (by — €,by))
n=1

_ (om—k _ p/_p
=(2 1)72 :

and thus, taking a = as — a1, we have

1 ~ n - —-m - —-m - —-m
N—mZp(X M) —p(1—a2™®+27") +p/((a—227"+27") + (o —p) (27" —27™)
=p(l—(a+1)27"+27) 4 p/a—-1)27F =p27™ +1
using (S.12). Since p = 0.5, for m > k and n such that X™Nm € (0,b1] U [ba, 1),

N, 1 1
NpyWmolim = ™ -~ 1
W 2(Nj+1) 2 2(Ny, + 1) (5:13)

Let Py, denote the number of points X™"m in (0,b1]; P, = a12™ % = N,,,/4. Note that
P, < 2™ — a92™ % 41, ie. it is possible to pair each point in (0,b;] with a different
point in [by, 1).

We take oy, to be a permutation that alternates between points in (0, b;) and points
in [bo, 1]; o, (1: Nyy) = (1, Ny 2, Ny = 1,3, .., Py Ny — Py +1,....); the remaining
components are arbitary.

We now show that for this sequence (¢*V)y>1 and probability measure 7 € Py(X) we
have P(psyst(7V) = 7) < 3/4.

Given (S.13) and given how systematic resampling operates, all the points in (0, b1]
(resp. in [by, 1]) will get exactly one (resp. 0) off-spring as soon as:

1 Pn—1 1

< - — _ — _
YUS5TON, 41 N, +1 4

where uq is the first component of w.
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Then, with P-probability at least 1/4, we have, for any m > k and using (S.13),

; P,
1 ’ %(Nm, 1 L %(+Nm
Nm\ Ny _ o (¢Nm n) o* (¢Vm n)
||pSySt(C ) d H* - m igll:%\)/%n ZApsystchm 2 Nm ZApsystchm
n=1 n=1
P,
- _m 1 + 41 > 1
Nml|2  2(1+Ny)| ~ 8

where o* is a permutation that orders the points. This shows that IP( Bmpy 400 || Psyst (V) —
7|l = 0) < 3/4 and thus, by Theorem 3, P(pgyst(7V) = 7) < 3/4. The proof is com-
plete. O

S3.3 Proof of Corollaries 1

Proof of Corollary 1. Assumption (H;) may be deduced from the proof of Corollary
2 (see below). We show below that (Hz) holds for ry = max(y/3N log(N)/2),1) =
o(N/log N).

Let N >2and z € ZV. Forany n € 1 : N, AV SN (BY — W™) where
B},...,BY are ii.d. random variables in {0,1} such that E[B:] = W™. Therefore, by

Hoeftding’s inequality,
(‘Apmultn ‘ > 6N> S 26_2€2N7 Ve > O? vn cl: N.

Applying this result with e = y/3log N/(2N), we have

=

_ 2
P(,?el?}]%‘Apmulm | > ’I”N) < Z]P’(| Dot .| > ’I”N) < 2Ne3loslN — =Nz

To conclude the proof it remains to show that ZN E [(A;‘mulm )?] <rn N. To this end,
remark that

Pmulti @

N
E[(A7 2] :Var(ZB;) = NW"1-W"), V¥nel:N

and thus Zf:[:l E[(A? )?] < N <ry N as required.

Pmulti?

S3.4 Proof of Corollary 2

Proof of Corollary 2. Let N > 1 and 2z € ZN. Then, as |A,,....| < 2, P-a.s., it follows
that

ZE pastratz :| <4N ]P)(nréllai{v‘Apstrat Z| > 4) :0

and thus (Hz) holds for sequence ry = 4.
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To show (H;) we define

-1+,
poltth pr =P(V" € Ay), n,mel:N.

Ap={ue(0,1]: Fy(u) =n}, V"= N v Pm

The collection of sets (A,)_, form a partition of [0, 1]. Consequently, we can see (A, )N_,

as bins and the collection of independent random variables (V™)N_, as balls in a “Ball
and Bins” problem (see, e.g. Dubhashi and Ranjan, 1998), where for n,m € 1 : N, the
probability that ball n falls into bin m is given by pl’, € [0,1]. The collection of random
variables (#"(U, z))ﬁ[:l can therefore be interpreted as occupancy numbers for the “Ball
and Bins” problem we just described; that is, #™(U, z) is the number of balls that fall
into bin n. By Dubhashi and Ranjan (1998, Theorem 13), occupancy numbers in “Ball

and Bins” problems are NA and thus (#"(U, 2))Y_, satisfies (Hj). O

S3.5 Proof of Corollary 3

Proof of Corollary 3. Let N > 1 and z € ZV. Then, following a similar argument as
in the proof of Corollary 2, it is easily checked that [A, .| < 1, P-a.s. so that (H>)
is verified for sequence ry = 1. Lastly, (H;) is verified as well because pggp is based on
what is called a linear SSP process in Kramer et al. (2011) and thus, by Dubhashi et al.
(2007, Theorem 5.1), the collection of random variables (#"(U, 2))Y_; is NA. O

S3.6 Proofs for Section 4

S3.6.1 Proof of Theorem 2

Proof of Theorem 2. The first part of the theorem is a particular case of Theorem 4 while
the second part is direct consequence of Theorem 6 and of the computations used in the
proof of Lemma 1. O
S3.6.2 Proof of Proposition 2

Proof of Proposition 2. Remind first that, for any = € [0,1]¢, the set H~'(x) C [0,1]
contains at most 2% elements. Then, let A : [0, 1] — [0, 1] be the mapping defined by

h(xz) = min H Y(z), =z e [0,1]%

By construction H(h(x)) = z for all z € [0,1]¢ and h is one-to-one. Thus, to establish
the proposition it remains to show that h is a Borel measurable function.
To see this, remark that the mapping A is such that, for all m > 1,

BNIE(0) = S4(0), W (IL(R) = S&(R)\ UL SAG), kel:2m —1  (S.14)

where, for k > 1, the set S% (k) \ U*Z}S9 (i) is obtained by removing the edges that

S¢ (k) has in common with the closed hyper-cubes S% (i), i = 0,...,k — 1. To show that
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(S.14) indeed holds, let m > 1 and note that, using the definition of h and (S.1), we have

W= (I5,(0)) = {z € [0,1)7: h(z) € I;,(0)}
={ze0,1]¢: H Y (z)nI%(0) # 2}

= 57,(0)

while, for k € 1:2m¢ — 1,

Next, let B([0,1]) be the Borel o-algebra on [0,1] and I € B([0,1]). Then, because
dyadic numbers are dense in [0,1], there exists a sequence of closed dyadic intervals
(I%, (kn))n>1 such that I = Up>1I% (ky), and thus

h™H(I) = Upsrh ™ (I, (kn)).-

By (S.14), the set h ' (I% (ky)) C [0,1]¢ is an hypercube (which may be either open, or
closed, or neither closed nor open) and is therefore a Borel set of [0, 1]%. This completes
the proof. O

S3.6.3 Proof of Theorem 3

Proof of Theorem 8. Since X is cubifiable and we consider probability measures in ﬁb(X ),
we can assume without loss of generality that X = (0,1)¢ and take h X = h.
Let 7 € Py(&X) and (V) y>1 be a sequence such that 7 € P}V(X) and 7V = 7. Note

that, by Theorem 9, 7% = 7 implies that
lim |7} — mpllx = 0. (S.15)
N—o0

To establish the “if” part simply note that, by (S.15) and under the sufficient condition
provided in the statement of the theorem,

. Ny . N\N _ N : N _ - —
i [lp(C = mulle <l [lp(CN =+ lim i —ml =0, P-as.

so that the result follows from Theorem 9.
To establish the “only if” part assume that p(¢Y) = m, P-a.s. By Theorem 9,
limpy o0 [|[p(CY)1 — 7a||x = 0, P-a.s. and therefore, by (S.15) and the triangle inequality,

Jim o =7l £ tm o=l + T 7 = ml, P as

This completes the proof. O
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S3.6.4 Proof of Theorem 4

Proof of Theorem 4. Since X is cubifiable and 7 € ﬁ;‘ (X), we can assume without loss
of generality that X = (0,1)% and thus h = hy. Let ¢ € Cy(X) and denote o = po H €
Cy ((0,1)). Then, for any N > 1, we have:

NVaren [plar (CV)(9)]
N n

_ _N(,2y_ N —~ 2
=x" (¢%) anz:l (/an ngoFﬂ}]L\,(u)du>
N, o N N B ¥ B B 2
=x" (¢ )_N; (/an goHonh(u)du—i—/an (cpHoFﬂé\, —ngonh)(u)du>
N, o N ~ 2
=x" (¢ )—NZ([L_1 ngoFﬂ_h(u)du)
n=1 N
N n 9
_NZI (ﬁg{l (goHoF;Iz\, — ngoF;h)(u)du>
N ~ ~
— QNZ:l </n1 o oF,,_h(u)du) (/nl ((pH o FW_ﬁV — o oFﬂ_}L)(u)du). (S.16)
n—= N

For the first term, under the assumptions of the theorem

: Ny 2y (2 _
Nl_lg_looﬁ (p*) =7(¢7), P—a.s. (S.17)

For the second term, since Fy, is continuous (Lemma 2) and strictly increasing on [0, 1]
(Lemme S3), F is a continuous function on [0, 1]. Hence, the function ¢y o F belongs
to Cp([0,1]) and is Riemann integrable. Consequently,
N r 9 1 N
NE:I (/n_l om o Fy, (u)du) =N E:I{QOH o F7r_h(un)}2 — 7(p?) (S.18)
n= N n=

for some u; € [n —1/N,n/N] (mean value theorem).
For the fourth term,

n

N‘ i (ﬁi OH oFW_h(u)du) (ﬁi (ng OF”_;LV — o oF{h)(u)du)‘
n=1 N

1
< el [ lomo Poy(u) = oar o Fr (w)]du. (519

By Lemma S3, on an event of P-probability 1, imy o0 [F y(u) — F, (u)| = 0 for all
Th

u € [0, 1]. Therefore, using the fact that ¢ g is continuous and bounded, we have, by the
dominated convergence theorem,

1
lim /\goHoFN(u)—goHoF;h(u)‘du:O, P—a.s. (S.20)
N—+o0 Jg Th
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and, similarly for the third term:

N n
N _ B 2
Nl_l)I_I:@N%([ll (SDHOFw{:’ —cpHonh)(u)du)

N

1 (S.21)
<2ele Jim [ oo Frpl) = on o P, (]

=0.

Putting (S.16)-(S.21) together shows that NVar [pf,..(7")(p)] — 0, P-a.s. as required.
O

Proof of Corrolary 4. Let N > 1, z € ZV, and ui.y € [0,1]". Then, for any a € [0, 1],

1 N
5 2 L(Fo (un) < a) =i ([0,a))

hx

|
— 'Nle(Uﬂ < Fon (a)) _Fwﬁx(a»'

n=1 n=1 X

< Dy (u1.n)-

Thus, the condition (10) implies the condition (8) of Theorem 3. For the second part
of the corollary, we simply use the well-known fact (Niederreiter, 1992, Theorem 2.6,
p.15) that

1 n—1/2
N BT TN
which implies that for the instances of ¢R; corresponding to stratified resampling and
systematic resampling given in the statement of the corollary, Dy (¢%(U)) < 1/N, P-
a.s. O

D;(V(UlzN) = (822)

S3.6.5 Proof of Theorem 5

We first recall the following result due to Aistleitner and Dick (2015) that will play a key
role in the poof of Theorems 5 and 6.

Theorem S2. (Aistleitner and Dick, 2015, Theorem 1) Let ¢ : [0,1]¢ — R be a meas-
urable function, m € P([0,1]%) and (z,)_; be a set of N > 1 points in [0,1]%. Then,

N

N e - [ s

n=1 [071]d

N
<V(@)||NTTY alwa) — 7
n=1

*

where V(@) is the variation of ¢ in the sense of Hardy and Krause.

Proof of Theorem 5. Since X is cubifiable and 7 € ﬁg()\f), we can assume without loss
of generality that X = (0,1)¢ and thus hy = h.
Let N>1,2€ ZN and, forne1: N,
n—1+U,

vr = B g o En (v, # = H (B [F (V™))
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Let ¢ : [0,1] — [0, 1] be such that ¢;(z) = x, Va € [0,1], and remark that the variation
of o1 is V(1) = |er(1) — ¢1(0)] = 1. Therefore, by Theorem S2,

Vaf{ ZF ) ] < V(@) [||prat (<M — 7 12] < B[DR (VML)
(S.23)
1

SW

where the second inequality comes from equation (10) in the proof of Corollary 4 and
the last one is due to (S.22) and the definition of (V")_;

Next, let ¢ : X — R and Cy y, € (0,+00) be as in the statement of the theorem.
Then, denoting by Cy € (0, 400) the Hélder constant of the Hilbert curve H for the || - ||
norm, we have

=

Varlpha(2)(0)] = 3z O Var[p(X") — oa")]

n=1

=z

< 2 > E[(p(X) - v’

n=1

eowx ZE[ ‘Xn_jnui'y}

< =25 2| (R - Bl (5.24)
~2y ol
< sz”]’\’;fd i:lE[(F%V(V") —E[F%V(V")])z} ‘ (S.25)
- Ci,w]»\z[C? (;éE{(Fw(V”) _ E[F&(V”)]) ]> : (S.26)
C?Oﬂbx ~§’>’ 1 al n i
TN (N;VM[ Vv )D
<c?, CoN'i (S.27)

where (S.24) is due to the Holder continuity of the Hilbert curve, (S.25) and (S.26)
are due to Jensen’s inequality and the fact that, for any a € (0, 1), the function z¢ is
concave on Ry while (S.27) comes from (S.23). The result follows from the fact that
Cy<2Vd+3 (see e.g. the proof of Zumbusch, 2003, Lemma 4.3, pp 97-99). O
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S3.6.6 Proof of Theorem 6

Proof of Theorem 6. Using the same notation and computations as in the proof of The-
orem 5 we note that, to establish the result, it is enough to show below that

N
1 o ~
Var ey [N Fﬂév(V )} =o(N7%), P-—as.

n=1

Let N > 1 and define
Xi=hX"), an=Fn(X37), bo=Fn(X}), nel:N

with the convention Fx (X}') =0 when n = 0.
Next, let o > 0 and Fﬂlev’a : [(),X}]LV] — [0, 1] be the mapping defined by

_Xn—l é
Zih) . zE€[XLXP), nel:N

with the convention Xj' = 0 when n = 0. Let F'

, 10,1 — [0, X] be the inverse of
T
F_~ ., which is defined by

h b

Foy (u)= X071y (X7 - X0 <“‘

e

(0%
> , U € [ap,by], n€1:N.
b, — an,

For any a > 0, the function Fﬂﬂvva is continuous and strictly increasing on [0, X ,JZV | and
such that wazlv’a(X};) = F_~n(X}!) for all n € 1: N. This last property implies that

Th

[Py = Frplloo < ma W, (S.28)

As preliminary computations, remark that

Foo(w) — Foy (u)=(X;7—XZ‘1)[1—<u_a”) ] wE (anba], nE1: N
Th Th & bn—an
and thus
[ o~ ) = (G X ) (5.29)
o L Th ™ a h=h M e+ D(2a+ 1) '

Lastly, let ay > 0 be such that

20[%, 1

(any +1)(2ay +1) N2

and, to simplify the notation, we use the shorthand ﬁﬂ}zl\r = Fw}zl\r ay and ﬁﬂ_N = F;N an
’ h h

in what follows.
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By construction ﬁ”;ﬂv is continuous and strictly increasing on [0, X ,]1\7 ] and thus F;r_N
h

is continuous on [0,1]. In addition, by (S.28), Lemma S3 and the assumptions of the
theorem,

Nlirilw HFF_;;, — I |l =0, P—a.s. (S.30)

Let gy : [0,1] — [0, 1] be defined by

gn(u) = F v (w) = Fy (u), ue0,1].

Then,
1 & 1 & 1/2 1 & 1/2
Varen [N > Foy (V”)} < (Varczv {N > FM(V")} + Var,w [N > gN(V")]
n=1 1 Nn—1~ 1/2n—21
+ Varey [N ; (F;]Lv (V") = Foy (V’”))} )

where, by assumption, the first variance is of order o(N~2), P-a.s. In addition, for the
last variance, we have, using the properties of the random variables (V™)Y_, and (S.29),

N
Varw iZ(ﬁ;N(Vn)—F;N(V”)) = 2ZVaurCN (V) = Fon (V)
N 1 h h N h
1 & 2
< — En [F (V") — F (V"
72 2 B [F (V) = Fp (7))
1 [t~ _ 2
= N/o (Fwﬁ(“) Fﬂé\,(u)) du
N br, "
< 1 204?\,
= N(ay +1)(2ay +1)
1
=

Hence, to prove the theorem it remains to show that
1N
Varn [N > gN(V")] =o(N7%), P-—a.s. (S.31)
n=1

To establish this result note that, using the properties of (V”)g:1 and the mean value
theorem (which can be used because gy is continuous, see Lemmas 2 and S3),

N 1
VarCN[ZgN(V")} = N(/o du— ZgN (vn) )

n=1
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for some vy, € [(n —1)/N,n/N].
By (S.22), we have D}((v,)Y_;) < N~! and thus, by Theorem S2,

N
Varew | S gn (V)] € N Dxc((0a)hl0) Vigh) < V(gh) (5.32)
n=1

with V(g% the variation of the function g3 on [0, 1].
To control this quantity recall that V(g3;) = suppep Sg]zV(P) where P is the set of all

partitions of [0, 1] and where, for a partition P = (zz)f\ig € P of size M,

Mp
S (P):= > lgn(2:)* — gn (zi-1)°)-
=1

Next, remark that for any P = (zi)f\ig € P we have

Mp
Sgz,(P) = lan(z)® — g (2i-1)|

=1
Mp MP

<D lan(z)llgn (') = gn(zie) | + ) lgn (zi1)llgn (20) — gn (zi-1)]
i=1 i=1

Mp

< 2llgnllo Y lgn(2:) — gn(zi1)]
=1

so that V(g3) < 2|lgnlleeV (9n) < 4[|gn|lco Where the last inequity uses the fact that
V(gn) = V(F = Fr) S V(E)+V(E,) = [F v (1) = F v ()] +|Fy, (1) = Fy, (0)] < 2.
Using (S.30),

i lgnlloe = lm 1Py = Frlle =0, P—as.

Th

and thus, together with (S.32), it follows that

N
NLHEOO Var~ [Z;QN(V")] =o0(l), P-—a.s.

showing (S.31). This completes the proof of the first part of the theorem.

We now prove the second part of the theorem. Recall that, by the bi-measure property
of Hilbert curve, for any 0 < a < b < 1 we have

Fﬂ’h(b) - Fﬂh(a) = Wh((aab]) = W(H((avb]))v
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where A\g(H(a,b]) = (b — a). Therefore, because by assumption there exists a constant
¢ < 400 such that ¢ 1)\g(A4) < 7(A) < cAg(A) for all measurable sets A C X', if follows
that ]

E]b— a| < |Fr, (b) = Fr,(a)| < clb—al, Va,be(0,1).

Therefore, Fy, is bi-Lipschitz on (0,1) and thus F7, is Lipschitz on (0,1). Using this
last property of Fy, it is readily checked that the rate in (11) is O(N~3) and the result

follows.
O

S3.7 Proofs of Section 5
S3.7.1 Proof of Theorem 7

We prove below this more general result.

Theorem S3. For Algorithm 2, assuming that X is a cubifiable set, Py = Py (X),
P € {Pmultis Pres/multis Patrat } and that the Feynman-Kac model fulfils assumptions (G)
and (M), for any test function ¢ € Cp(X'), we have that (for anyt > 0)

N
pr{;E:MXﬁ—bnﬂ%ﬂ@}gA@@jMﬂ) (S.33)
n=1
N
N2 {Z Wie(XT) - m(so)} = N2 (0, Vi [¢]) (5.34)
n=1

N
N”Z{;ijﬁf”W—WA@}QQNQ@J%WD, t20  (5.35)

where the V,() are defined recursively as follows: Vo [¢] = Vo(¢p),

Vi ] = Elfﬁt (Gi{e —mi(p)}]
Vilel = Vilel + Ri (p, )
Vi1 [¢] = Ve M1 ()] + 7 [Vig (9)]

and
0= Rt(pstrat*790) < Rt(pres/multia 90) < Rt(pmultia 90)'

Proof of Theorem S3. There is nothing to prove for multinomial and residual resampling,
and, for p = pf, ., it is enough to prove that (S.34) = (S.35) for all t > 0, as (S.35) =
(S.33) = (S.34) have already been established in e.g. Chopin (2004). Note in addition
that Assumptions (M) and (V) ensure that the operators V, V and ¥ map Cy(X) into
itself.
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Assuming (S.34),

N
N1/2 {Z Wie(XP) — Wt(@)} = N (0, V4 [¢])

n=1

we have

12) 1 3 Ay a2 ) b a Ay a n n
N Z‘P(Xt ) —m(p) p =N NZSO(Xt ) ZWt e(XE) ¢+

n=1 n=1

=

N
NW{ZWMam—mw}

n=1

and the result is proven provided we can apply Theorem 4 to the first term: then this
term converges to 0 in L?, and thus in probability (by Chebyshev’s inequality), and we
can apply Slutsky’s theorem to conclude.

To apply Theorem 4, we need to establish that, P — a.s., max, W/* =+ 0 as N — +4o0c.
By assumption (G), there exists a ; < +oo such that

N —1

G (X]") %<1 e

W= ) T NT g x A xm)
Yoo Gu(Xxm) TN Nmz::l

and we know that

m=1

N
1 m
{N > Gu(X[M Xm) — (i M) (Gt)} —0 P—a.s.
where (m_1 M) (Gt) = £ > 0. Thus P (max,e1.xy W' — 0) = 1. d

S3.7.2 Proof of Theorem 8
Proof of Theorem 8. Let Fy_1 = O’(X(%:N, vy Ug1, thﬂf), then, for any unbiased scheme:

N
E [ Fia] =) Wi My(X7y, Gy)

n=1

which does not depend on 7;_1. Thus we wish to minimise the expectation of Var [fﬁv |ft—1] .
(The same remark applies to L{¥, as E [L)|F;—1] = LY | E [¢)¥|F;—1]. For simplicity, we
work with ¢ from now on.) Under multinomial resampling, the (A}, X')’s are 11D
conditional on F;_1, thus (for any n)

Var [ | F—1] = N~ 'Var [w | F_1]

and this quantity is minimal when

E [(wf)Z ’]:t—l] = i (VELHI)QMt(Xf—pG?)

n=1 t—1
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is minimal. Using constrained optimisation (the constraint being 227:1 ’thn_l =1), it is
easy to see that this quantity is minimal (with respect to the N twisted weights) when

th—1 oc Wity Mt(XglpG%)

and thus taking n;_1(2s_1) = Mi(z4_1,G?) gives a lower bound for the corresponding
expectation.
We now take p = pk.ai; the (A7, X[*)’s are not conditionally IID any more, but

Var [(N|F,1] = Var {E [egv\ﬁt_l} ]]—“t_l} +E {Var [egv\ﬁt_l} \]—“t_l}

where F;_1 = o(X}Y, AFN). For the first term:

N
N+ XA > n—1 Wiq
E[6)|Fi :NZNA" (.G = S Zw 1)

where ¥ (x¢—1) = Mi(xi—1,Ge)/me—1(x¢—1). Since X is compact and 7;—; takes values in
R0, ¥ € Cp(X), and we can apply Theorem 4:

1 N A
N 2 ¢<Xta>] = o(N"!)
n=1

whith a constant that depends only on 1. Hence, the first term is at a O(N_l/Q)

L?—distance of quantity
N ~n N ~n n N n n

D =1 Wi % Z Wr (X)) = D1 Wi (X ) . Do Wi Miy( X1, Gy)

=N . t—1 t—1 =

ZN I R —— 22[:11”?—1 ZnN=1 wit 4

which (a) does not depend on 7;_1; (b) converges at rate Op(N~2). Hence the part
that depends on n;—1 becomes negligible when N — +o0.
Now for the second term:

MSE

A n

A~ An
Var [Eiv\}}_l} = Z <~tAnl> Varyg, (X, 4, Gt)

the expectation of which is

E{Var{t ’.7:15 1} | Fi— 1} NZWI;;I)Vath( 1, Gt)
t—1

which is mininal (under the constraint that 25:1 th_l = 1) when th_l x W, \/ Varyg, (X[ 1, Gt),

hence the following function minimises the second term:

M—1(¢—1) \/Vath HENEND
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S4 Proofs of Appendix A

S4.1 Proof of Lemma 2

Proof of Lemma 2. Without loss of generality we assume that X = (0,1)? and take
hx. = h. Let (ZN)Nzl and 7 be as in the statement of the lemma and take € > 0,
a € [0,1], and v > 0 small enough so that the ball B of centre H(a) and radius -y is such
that m(B) < e. Since H is continuous, there exists § > 0 such that |b — a| < ¢ implies
that ||H(b) — H(a)|| <=, and thus H(b) € B. For any such b,

|Fry (b) — Fry(a)] < 7(B) < €

and the result follows. O

S4.2 Proof of Theorem 9

We prove Theorem 9 by a succession of lemmas. Lemma S4 shows the implication
(#4) = (i4i), Lemma S5 shows the implication (i7i) = (i7) while Lemma S6 shows the
remaining equivalences.

Lemma S4. Let X be a cubifiable set, m € 751)()(), ¢ € D(X) be such that my €
Py((0,1)4) and (7V)n>1 be a sequence in P(X) such that imy_ o0 |7V — 7|, = 0.
Then,

. N N
N1~I>I~Ii>1()o Hﬂ-hxﬂp - Tth,z,/;H* =0.

Proof of Lemma S4. Without loss of generality we assume that X = (0,1)? and take
hx 4 = h.
We first assume that

oV (18 (k)) = V(89 (k)), forall k€ 0:2™ —1 and m > 1 large enough.  (S.36)

In this case, the result follows from Gerber and Chopin (2015, Theorem 3) but for sake
of completeness the whole argument is presented below.

Let I =10,b], b € (0,1), and m € N (which may depend on N) and assume first that
b> 279 so that I%(0) C I. Take I = [0,k*2-9"], where k* < (29" — 1) is the largest
integer such that k*2~%" < b. Then

‘W}JLV(I) — Wh(I)‘ < ’Fﬂiv(k*Q—dm> _ Fnh(k*2_dm>)
TR ) = Foy (k27 0) = {mi(1) = P (k727 |
=N () = 7(J)| + ]n,fy((k*z—dm, b)) — mp (k72 9m, b})‘ (S.37)

with J = H(I ). Note that the last equality holds by the definition of 7, and by (S.36).
Next, since I is the union of k* intervals in Iffl, J is the union of k* < 2™¢ closed
hypercubes in S%, and thus,

7N () = (D] < K rY =g < 2777 — 7.
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For the second term of (S.37), we have under (S.36)
i (k2 0]) = o (27 0) | < 7 (T (R)) -+ mn (E (R)
< ¥ (8.0) + m(SA ()
< 271'(5761”(1{:)) + H?TN — 7l
~0 (2*dm VN - WHE)

where the last inequality comes from the fact that m has a bounded bounded density
with respect to Aq4.
In case b < 279" similar computations show that

7 (1) = ma(D)| < i (1(0)) + ma (I (0) = O (27" v || = 7 )

To conclude the proof under (S.36), remark that

|7V —wlle = sup_ | ([a,b)) — 7([a, b))
0<a<b<1

< 2! sup |wV((0,6)) - 7((0,0)|
0<b<L1

= 2|z — 7.

where the two equalities are due to Lemma S2, first part, and the inequality to Nieder-
reiter (1992, Proposition 2.4, p.15). Hence, under the assumptions of the lemma, |7V —

7| = o(1) and thus, choosing m so that 279 = O(||=V — ’7T||]13/2) gives
1/2
I = mnlle = © (I = 7l1¥?) = o(1).

This shows the results under (S.36).

Assume now that (S.36) does not hold. To facilitate the presentation we assume below
that 7V (dz) = ZnN:1 WnN§(@™N) for a 2V = (2N, WN)N_ € ZN: that is, that
(mV)n>1 is a sequence in P¢(X). Then, because z € H, if and only if x has at least one
dyadic coordinate, for any € > 0 there exists a sequence (2V)y>1 such that (S.36) holds

and such that, for all N > 1,
=N ~n,N n,N n,N ~n,N
— ] W ) ) _ 9 < .
Z ('I ) )7 7?61?}]&7 H‘T T HOO >¢€
Then, by Lemma S1, first part,
17N = wlle = 7 = 7lls| < ere

for a constant ¢; < +oo which depends only on 7.
Under the assumptions of the theorem we therefore have limy_ o |7V — 7||x = 0 and
thus, from above,

. ~N _
Nl—lg-loo |7, — 7|« = 0. (S.38)
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To conclude the proof we choose the sequence (ZV) ~>1 such that, for all N > 1,

n,Ny ~n,N d
max [h(z"V) — h(E"V)] < (e/C)

with Cy < 400 the Holder constant of the Hilbert curve for the || - ||oc norm. Such a
sequence indeed exists because, since H(h(z)) =  for all in 2 € [0,1]¢ and by the Hélder
property of the Hilbert curve,

la"™ = 2"V loo = [H (A(™")) = H(h(@"Y))||oc

S.39
< Oylh(a™N) — h(@" M)V < e, (8.39)

Then, by Lemma S1, second part,
177 = mnlle = 78" = 7alls| < ex (¢/Ca)?
with ¢; + oo depending only on 7. Hence, since € > 0 is arbitrary and using (S.38),

li N _ =0.
. |7 — mhll«

This completes the proof of the lemma.
O

Lemma S5. Let X be a cubifiable set, m € 751,(/1’), Y € D(X) be such that 7y €
Py((0, 1)) and (V) n>1 be a sequence in P(X) such that limy_ oo H7T}]LVX7¢ ~Thxyllx = 0.
Then,
lim |7 —7|x = 0.
N—+o0

Proof. Without loss of generality we assume that X = (0,1)? and take h X = h.

We first assume (S.36). In this case, the result follows from similar computations as
in Schretter et al. (2016, Theorem 1) but for sake of completeness the whole argument
is reproduced below.

Let m > 0 be an arbitrary integer and a € [0,1)¢ be such that SZ(0) C B := [0, al.
Let S5 = {W € S%L : W C B}, B=USE and DE = (W € 8¢ : (B\ B)nW # &}.
Then, let DE be the set of #DE disjoint subsets of [0,1] such that

1.YWeDE 3weDE|WcCw,
2. UDE =DB|
3. BN{uDE} =o.

Note that DE is obtained by removing boundaries of the elements in D such that the
above conditions 2 and 3 are satisfied. Then, we have

7N (B) - n(B)| < [=N(B) = x(B)|+ > |7V (WNB)-x(WnB)| (S.40)
WeDE
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where, under (S.36),

7(B) = (B)| = =3’ (M(B)) — mn(A(B))| < 2™ mp" — mn e

For the second term of (S.40), take W € DZ and note that W C S% (k) for a k €
{0,..., 2dm _ 1}. Then, with p the bounded density of = with respect to the Lebesgue
measure, . .

7N (W N B) — n(W n B)| <x™(S7,(K))) + m(S, (k)
< 7h (I3,(K)) + [l Aa(S (k)
< 2[lpllocAa( S, () + [l — 7l

2—dm

N
= 2[[plloo2™ + " — ma e

Thus,

S mNW N B) = aW N B)| < 2||plleed2 ™ + d2™V|mY — mylk
WeDE
since #DB = #DB < d2(4=1) (Schretter et al., 2016).
Hence, for all a € [0,1)? such that S% (0) C [0,a] we have
7 ([0,a]) = 7([0,a])] < 2[pllocd 2™ + [|m5 — ]l (1 + 5d2™) .

Finally, if a € [0, 1)4 is such that S4,(0) € [0,a], we proceed exactly as above, but now
B is empty and therefore the first term in (S.40) disappears.
To conclude the proof under (S.36) remark that

I = mlle = sup_[xh(fa, 1) = ma(la )|
0<a<b<1

<2 sup [V ([0,0)) = ma([0,b))|
0<b<1

=2||my" — mallx

where the two equalities are due to Lemma S2, second part, and the inequality to Nieder-
reiter (1992, Proposition 2.4, p.15). Hence, |71 — mp||g = o(1) under the assumptions
of the lemma. We then choose m such that 27" ~ 2™ ||z — 7, ||, which implies
lim |7 -7, =0
N—+o00

as required

If (S.36) does not hold the result follows using a similar argument as in the proof of
lemma S4. To facilitate the presentation we assume below that 7V (dz) = S WN§(z™N)
for a 2N = (zN WM e ZN: that is, that (7V)y>1 is a sequence in Pp(X). Let
¢ > 0 and choose a sequence (V) y>1 such that (S.36) holds and such that, for all N > 1,

2N — (i‘"’N,W”"N), max Hmn,N _:En,NHOO <e¢
nel:N
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and

n,Ny ~n,N < d
Jmax [h(z™7) — h(Z™7)] < (¢/Cd)

for a constant C)y < o0o; note that such a sequence (ZN)Nzl exists by (S.39). Then, by
Lemme S1 and under the assumptions of the lemma, limy_, 4~ ||7~7,le — mpll« = 0 and
thus, from above, limy_ 1 |7V — 7|l = 0. Using again Lemma S1 we conclude that
limy 400 |7 — 7|« = 0 and the proof is complete. O

Lemma S6. Let X a cubifiable set, m € Py(X), ¥ € D(X) be such that 7y € Pp((0,1)%)
and (7)) y>1 a sequence in P(X). Then,

w2 re lim |7V -7, =0
N—+o00

and
N w . N
Thiv 2 sy @ lm IR, = Mo e = 0

In order to prove Lemma S6 we need Lemma S7 below, which is a straightforward

consequence of e.g. van der Vaart (1998, Lemma 2.2, p.6).

Lemma S7. Let 7 € P(X) and (7V)n>1 be a sequence in P(X). Then, the following
statements are equivalent:

lim | (p) — m() =0, W € Cy(X) (a)
N—+o0
Nl_lg_loo |Fon(a) — Fr(a)| =0, Va e X (b)

In addition, if m € Py(X), statements (a) and (b) are equivalent to

lim |7(B) — 7(B)| =0, for all Borel set B € X. (c)
N—4o00

Proof of Lemma S6. Without loss of generality we assume that X = (0,1)? and take
ha .y = h. Let 7 and (7V)n>1 be as in the statement of the lemma and p : X — R be
the continuous and bounded density of .

The implications “<" are direct consequences of (b)=-(a) in Lemma S7.

We first show the implication “=" for the first part of the lemma. To this end, we
follow a similar argument as in Kuipers and Niederreiter (1974, Theorem 1.2, p.89). Note
first that 7V = 7 implies (c) in Lemma S7, hence 7% = 7 implies that

|7rN([a, b)) — m([a,b])| = 0, V[a,b] C (0, e (S.41)

For a fixed € > 0, let m, > 2 be the smallest positive integer such that

(s ) (o2 () o
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and let By, = [[,[ki/me, (ki +1)/m¢) with ki € 0 : (mc — 1) for all i € 1 : d. Then,
using (S.41), there exists a N, > 1 such that, for all N > N, and k € 0: (m, — 1), we
have

1 1
B (1-—) <7¥(By) < m(Bi) (14 —-). S.43
(Bk) o < 7 (By) < m(Bi) o (S.43)

Let J = [a,b] C (0,1)%. There exist hypercubes J; and .J,, which are (possibly empty)
finite unions of hypercubes By, such that

JLCJCJa, AT —T1) < (2/m)?, Na(J2 — J) < (2/me)?.

This implies that 7(J) — 7(J1) < [|plleo(2/me)? and 7(J2) — 7(J) < [|plloc(2/me)?.
Assume first that that J is such that J; # &. Then, we have for all N > N,

()1 T,lb) < 7)< 7)< 7V () < 7)1+ Ti)

thus

() = 1ol () ) (1= ) = 7 < (=) + Il () ) (1 -1)

and since 7(J) <1

ol () (1 ) <D =7 £ o () (1)

(S.44)

Consider now the case J; = @ and define J; as above. Then, A\4(J2) < 2/m, and thus,
for all N > N,

N N 1 2[[pllos 1
TV () = 7)) < 7V (o) 4+ m( ) < () (2+ ﬁ) < (2+ H) (S.45)
Therefore, combining (S.42), (S.44) and (S.45), we have that, for all N > N, and using
(S.43),
up [+ ([a,b]) — w0, )| < e
[a,b]C(0,1)
which concludes the proof of the first part of the lemma.

The implication “=" in the second part of the lemma is due to the continuity of
Fr, (Lemma 2) and to the Polya’s Theorem (Poélya, 1920; see also Bickel and Millar,
1992, result (A.1)). Alternatively, we can establish this implication following the same
computation as per above. To do so, take d = 1 and m, = 2" for some 7, > 1. Then, as
7y, is a continuous probability measure under the assumptions of the lemma (Lemma 2),
7h(Bk) = 7(Sm. (k) < |[plloo/me for all k and, by part (c) of Lemma S7, when 7Y =
we have

|7r}]ZV([a, b]) — ﬂ'h([a, b])| — 0, Vla,b] C(0,1).
which replaces (S.41). O

529



References

Aistleitner, C. and Dick, J. (2015). Functions of bounded variation, signed measures,
and a general Koksma-Hlawja inequality. Acta Arith., 167(2):143-171.

Bickel, P. and Millar, P. (1992). Uniform convergence of probability measures on classes
of functions. Statistica Sinica, pages 1-15.

Chopin, N. (2004). Central limit theorem for sequential Monte Carlo methods and its
application to Bayesian inference. Ann. Statist., 32(6):2385-2411.

Dubhashi, D., Jonasson, J., and Ranjan, D. (2007). Positive influence and negative
dependence. Combinatorics, Probability and Computing, 16(01):29-41.

Dubhashi, D. and Ranjan, D. (1998). Balls and bins: a study in negative dependence.
Random Structures Algorithms, 13(2):99-124.

Gerber, M. and Chopin, N. (2015). Sequential quasi Monte Carlo. J. R. Stat. Soc. Ser.
B. Stat. Methodol., 77(3):509-579.

He, Z. and Owen, A. B. (2016). Extensible grids: uniform sampling on a space filling
curve. J. R. Stat. Soc. Ser. B. Stat. Methodol., 78(4):917-931.

Kramer, J. B., Cutler, J., and Radcliffe, A. (2011). Negative dependence and Srinivasan’s
sampling process. Combinatorics, Probability and Computing, 20(03):347-361.

Kuipers, L. and Niederreiter, H. (1974). Uniform distribution of sequences. Wiley-
Interscience.

Mytrofanov, M. A. and Ravsky, A. V. (2012). Approximation of continuous functions on
Fréchet spaces. Journal of Mathematical Sciences, 185(6):792-799.

Niederreiter, H. (1992). Random number generation and quasi-Monte Carlo methods,
volume 63 of CBMS-NSF Regional Conference Series in Applied Mathematics. Society
for Industrial and Applied Mathematics (STAM), Philadelphia, PA.

Pélya, G. (1920). Uber den zentralen grenzwertsatz der wahrscheinlichkeitsrechnung und
das momentenproblem. Mathematische Zeitschrift, 8(3):171-181.

Schretter, C., He, Z., Gerber, M., Chopin, N., and Niederreiter, H. (2016). Van der
Corput and golden ratio sequences along the Hilbert space-filling curve. In Monte
Carlo and Quasi-Monte Carlo Methods, pages 531-544. Springer.

Shao, Q.-M. (2000). A comparison theorem on moment inequalities between negatively
associated and independent random variables. J. Theoret. Probab., 13(2):343-356.

van der Vaart, A. W. (1998). Asymptotic statistics, volume 3 of Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge University Press, Cambridge.

Zumbusch, G. (2003). Parallel multilevel methods. Springer.

530



	M. GERBER0F
	N. CHOPIN1F
	N. WHITELEY2F
	1 Introduction
	2 Preliminaries
	2.1 Notation and conventions
	2.2 Resampling schemes: definitions and properties

	3 Convergence of resampling schemes based on negative association
	3.1 A general consistency result
	3.2 Applications of Theorem 1
	3.2.1 Multinomial resampling
	3.2.2 Stratified resampling
	3.2.3 SSP resampling


	4 Convergence of ordered resampling schemes
	4.1 Ordered resampling schemes on univariate sets
	4.2 Hilbert-ordered resampling schemes
	4.2.1 Hilbert space filling curve and related definitions
	4.2.2 Consistency
	4.2.3 Variance behaviour of Hilbert-ordered resampling


	5 Implications for particle algorithms
	5.1 Set-up
	5.2 Consistency
	5.3 Central limit theorem
	5.4 A note on the auxiliary particle filter
	5.5 Numerical experiments

	6 Conclusion
	A Convergent sequences of probability measures: star norm and transformations through the Hilbert curve and its inverse

