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Abstract: Several new estimation methods have been recently proposed for the linear regres-
sion model with observation errors in the design. Different assumptions on the data generating
process have motivated different estimators and analysis. In particular, the literature considered
(1) observation errors in the design uniformly bounded by some §, and (2) zero-mean indepen-
dent observation errors. Under the first assumption, the rates of convergence of the proposed
estimators depend explicitly on 8, while the second assumption has been essentially applied
when an estimator for the second moment of the observational error is available. This work
proposes and studies two new estimators which, compared to other procedures for regression
models with errors in the design, exploit an additional ¢sc-norm regularization. The first esti-
mator is applicable when both (1) and (2) hold but does not require an estimator for the second
moment of the observational error. The second estimator is applicable under (2) and requires an
estimator for the second moment of the observation error. Importantly, we impose no assump-
tion on the accuracy of this pilot estimator, in contrast to the previously known procedures.
As the recent proposals, we allow the number of covariates to be much larger than the sample
size. We establish the rates of convergence of the estimators and compare them with the bounds
obtained for related estimators in the literature. These comparisons show interesting insights on
the interplay of the assumptions and the achievable rates of convergence.

1. Introduction

Several new estimation methods have been recently proposed for the linear regression model with
observation errors in the design. Such problems arise in a variety of applications, see [7, 8, 10, 11]. In
this work we consider the following regression model with observation errors in the design:

y = X0"+¢,
7 = X+ W

Here the random vector y € R™ and the random n X p matrix Z are observed, the n x p matrix X is
unknown, W is an n X p random noise matrix, and £ € R” is a random noise vector. The vector of
unknown parameters of interest is 0* which is assumed to belong to a given convex subset © of R?
characterizing some prior knowledge about 8* (potentially © = R?). Similarly to the recent literature
on this topic, we consider the setting where the dimension p can be much larger than the sample size

0
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Belloni, Rosenbaum and Tsybakov/{{1, {2, s }-Regularization for EIV Models 1
n and the vector 6* is s-sparse, which means that it has no more than s non-zero components.

The need for new estimators under errors in the design arises from the fact that standard estimators
(e.g. Lasso and Dantzig selector) might become unstable, see [8]. To deal with this framework, various
assumptions have been considered, leading to different estimators.

A classical assumption in the literature is a uniform boundedness condition on the errors in the design,
namely, -
[Wl|s <0 almost surely, (1)

where |-|, denotes the £;,-norm for 1 < g < co. Note that this assumption allows for various dependences
between the errors in the design. In this setting, the Matrix Uncertainty selector (MU selector), which

is robust to the presence of errors in the design, is proposed in [8]. The MU selector 6MU is defined
as a solution of the minimization problem

min{|6], : 6 €O, |[L27(y - 20)| _ < 71|01 + 7}, (2)

where the parameters 7 and 7 depend on the level of the noises of W and £ respectively. Under
appropriate choices of these parameters and suitable assumptions on X, it was shown in [8] that with
probability close to 1,

A - - I
MY — 7], < CsHT+ 80|y + CsMe 2B 1< <o 3)

Here and in what follows we denote by the same symbol C (or ¢) different positive constants that do
not depend on 6%, s, n, p, 4, but only on the variance parameters o2 and o2 (defined later). The result
(3) implies consistency as the sample size n tends to infinity provided that the error in the design goes
to zero sufficiently fast to offset s/ 710*|;, and the number of variables p and the sparsity s of 68* do
not grow too fast relative to the sample size n.

An alternative assumption considered in the literature is that the entries of the random matrix W are
independent with zero mean, the values

1 ¢ ,
o; = EZE(W%), j=1....p
i=1

are finite, and data-driven estimators &? of O'JQ- are available converging with an appropriate rate. This
assumption motivated the idea to compensate the bias of using the observable Z7Z instead of the
unobservable X7 X in (2) thanks to the estimates of 0]2. This compensated MU selector, introduced

in [9] and denoted as 6, is defined as a solution of the minimization problem

min{|f]; : 0 € O,

1727y~ 29) + Do|__ < m1|0]1 + 7},

where D is the diagonal matrix with entries &]2 and 73 > 0 and 7 > 0 are constants chosen according

to the level of the noises and the accuracy of the 6?.

Rates of convergence of the compensated MU selector were established in [9]. Importantly, the com-
pensated MU selector can be consistent as the sample size n increases even if the error in the design
does not vanish. This is in contrast to the case of the MU selector, where the bounds are small only
if the bound on the design error ¢ is small. In particular, under regularity conditions, when #* is
s-sparse, it is shown in [9] that with probability close to 1,

N I
6 6|, < 0t/ [ Z2R(" +1), 1<q <. (4)
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Belloni, Rosenbaum and Tsybakov/{{1, {2, s }-Regularization for EIV Models 2

Under the same alternative assumption, a conic programming based estimator gComic has been recently
proposed and analyzed in [1]. The estimator §€°™ is defined as the first component of any solution
of the optimization problem

min _ {|0]s + Aot : 6 €O,

LaT( — 70) 4+ DO| < ot Ol, < t 5
(0. Ro xR, 22" (y—20)+Do| < mat+7, [0]2 <t} (5)

where Ao, 7o and 7 are some positive tuning constants. Akin to éc’ this estimator compensates
for the bias by using the estimators [732 of 0]2-. However, it exploits a combination of ¢; and ¢s-norm
regularization to be more adaptive. It was shown to attain a bound as in (4) and to be computationally
feasible since it is cast as a tractable convex optimization problem (a second order cone programming
problem). Moreover, under mild additional conditions, with probability close to 1, the estimator (5)

achieves improved bounds of the form

JU 1
|9Con1670*|q §C81/q ﬂ(|9*|2+1)7 1<qg< o0, (6)

n

provided that D converges to D in sup-norm with the rate \/(logp)/n. It is shown in [1] that the rate
of convergence in (6) is minimax optimal in the considered model.

There have been other approaches to the errors-in-variables model, usually exploiting some knowledge
about the vector 0*, see [2, 3, 7, 10]. Assuming |0*|; is known, [7] proposed an estimator 6" defined
as the solution of a non-convex program which can be well approximated by an iterative relaxation
procedure. In the case where the entries of the regression matrix X are zero-mean subgaussian and
0* is s-sparse, under appropriate assumptions, it is proved that for the error in fs-norm (¢ = 2),

. lo
0 = 07]2 < C(67)s2 | 222 (6] + 1), (7)

with probability close to 1. Here, the value C(6*) depends on 6*, so that there is no guarantee that
the estimator attains the optimal bound as in (6). Assuming that the sparsity s of * is known and
the non-zero components of 0* are separated from zero in so that

X logp .
05 > CVT (1072 + 1),

an orthogonal matching pursuit algorithm to estimate 6* is introduced in [2, 3]. Focusing as in [7] on
the particular case where the entries of the regression matrix X are zero-mean subgaussian, it is shown
in [2, 3] that this last estimator satisfies a bound analogous to (6), as well as a consistent support
recovery result, without requiring estimates of 032-.

The main purpose of this work is to show that an additional regularization term based on the .-
norm leads to improved rates of convergence in several situations. We propose two new estimators for
0*. The first proposal is applicable under a new combination of the assumptions mentioned above.
Namely, we assume that the components of the errors in the design are uniformly bounded by § as in
(1), and that the rows of W are independent and with zero mean. However, we will neither assume that
a data-driven estimator D is available, nor that specific features of 6* are known (e.g. s or [0%];). The
estimator is defined as a solution of a regularized optimization problem which uses simultaneously /1,
£y and £, regularization functions. It can be cast as a convex optimization problem and the solution
can be easily computed. We study its rates of convergence in various norms in Section 3. One of the
conclusions is that for 6 > {(logp)/n}'/?, the new estimator has improved rates of convergence com-
pared to the MU selector. Furthermore, note that the conic estimator °°™ studied in [1] can also be
applied. Indeed, our setting can be embedded into that of [1] with D being the identically zero p X p

imsart-ejs ver. 2014/10/16 file: BRT-EJS-revision_accepted.tex date: December 5, 2015



Belloni, Rosenbaum and Tsybakov/{{1, {2, s }-Regularization for EIV Models 3

matrix, which means that we have an estimator of each 0]2 with an error bounded by 62. Comparing

the bounds yields that the conic estimator gConic achieves the same rate as our new estimator if 5
is smaller than or of the order {(logp)/n}'/*. However, there is no bound for ¢ available when

5> {(logp)/n}1/4,

The second estimator we propose applies to the same setting as in [1]. The idea of taking advantage
of an additional £o-norm regularization can be used to improve the conic estimator #Cemic of [1]
whenever the rate of convergence of the estimator D for 0]27 j=1,...,p,is slower than {(logp)/n}'/?.
This motivated us to propose and analyze a modification of the conic estimator. We derive new rates
of convergence that can lead to improvements. However, we acknowledge that in the case considered
in [1], where the rate of convergence of D is {(log p)/n}'/2, there is no gain in the rates of convergence
when using the additional £..-norm regularization. Therefore the proposed estimator is of particular
interest in applications where it is costly and disruptive to generate precise measurements of X; (the
i-th row of X: the couple (X;, Z;) is observed in that case, and y; is unobserved), while observations on
(yx, Zy) are readily available. For example, interventions in experiments can be used to precisely mea-
sure a particular covariate of subjects but such interventions can invalidate the use of the outcome y;
for that particular subject. This is relevant in epidemiological research, where accurate measurements
are commonly difficult to achieve without expensive interviews and tests which tend to impact the
future behavior of the subject invalidating the associated outcome, see [4]. In such settings, we observe
n observations of (yx, Zx) and n* observations of the pair (X;, Z;). When the (X;, Z;) are iid, the later
can be typically used to construct estimates 67 for 63 so that |D — Do = b(e) < C\/{log(p/e)}/n*
with probability 1 —e. Nonetheless, given the sampling cost structure, it is often the case that n* < n
and b(e) > +/(logp)/n.

We emphasize that the new use of the .,-norm in the first order condition is precisely what drives
our new rates of convergence. In the settings we are concerned with, the rates of convergence are dom-
inated by the “crude” estimators D of D. The impact of using D instead of D is well controlled by
|(D—D)0*|s < b(e)]|0*|eo since D is diagonal. Previous estimators that rely on ¢ or £z-regularization
terms would not be able to fully exploit this structure and would not be sharp if b(¢) > +/(logp)/n.
Furthermore, the /..,-regularization allows us to achieve a convex formulation for the problem. We
view the use of the /. .-regularization as a new way to increase the adaptivity of an estimator that
can be of independent interest in other applications.

The paper is organized as follows. Section 2 contains the notation, main assumptions and some prelim-
inary lemmas needed to determine threshold constants in the algorithms. The definition and properties
of our first estimator are given in Section 3 whereas those of our second procedure can be found in
Section 4. Section 5 contains simulation results. Some auxiliary lemmas are relegated to an appendix.

2. Notation, assumptions, and preliminary lemmas

In this section, we introduce the assumptions which will be required to derive the rates of convergence
of the proposed estimators. One set of conditions pertains to the design matrix and the second to the
errors in the model. We also state preliminary lemmas related to the stochastic error terms. We start
by introducing some notation.

2.1. Notation
Let J C {1,...,p} be a set of integers. We denote by |J| the cardinality of J. For a vector § =

(01,...,0p) in RP?, we denote by 6; the vector in R” whose j-th component satisfies (6;); = 6, if
j € J,and (0;); = 0 otherwise. For v > 0, the random variable n is said to be sub-gaussian with
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variance parameter > (or shortly y-sub-gaussian) if, for all t € R,

Elexp(tn)] < exp(y*t?/2).

A random vector ¢ € R? is said to be sub-gaussian with variance parameter ¥? if the inner products
(¢,v) are y-sub-gaussian for any v € RP with |v| = 1.

2.2. Design matrix

The performance of the estimators that we consider below is influenced by the properties of the Gram
matrix

1

=-X"X.
n

v

We will assume that:
(A1) The matriz X is deterministic.

In order to characterize the behavior of the design matrix, we set

1 n
Mg = max — E ij,
Jj=l,...p n Pt

where X;; are the elements of matrix X and we consider the sensitivity characteristics related to the
Gram matrix ¥. For v > 0, define the cone

CJ(U) = {A € RP: |AJc|1 < U|AJ|1},

where J is a subset of {1,...,p}. For ¢ € [1,00] and an integer s € [1,p], the £,-sensitivity (cf. [5]) is
defined as follows:
Kq(S,u) = min min TA )
(o) =, EES (Aecm): |A\q:1‘ o

Like in [5], we use here the sensitivities to derive the rates of convergence of estimators under sparsity.
Importantly, as shown in [5], the approach based on sensitivities is more general than that based
on the restricted eigenvalue or the coherence condition, see also [1, 6, 9]. In particular, under those
conditions, we have r4(s,u) > ¢ s~/ for some constant ¢ > 0, which implies the usual optimal bounds
for the errors.

2.3. Disturbances

Next we turn to the error W in the design and the error £ in the regression equation. We will make
the following assumptions:

(A2) The elements of the random vector & are independent zero-mean sub-gaussian random variables
with variance parameter o2.

(A3) The rows of the noise matriz W are independent zero-mean subgaussian random vectors with
variance parameter o2, and E[W;;W;x] = 0 for all 1 < j < k < p. Furthermore, W is independent

of €.
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2.4. Bounds on the stochastic error terms

We now state some useful lemmas from [1] and [9] that provide bounds to various stochastic error
terms that play a role in our analysis. We state them here because they introduce the thresholds d;, d;
that will be used in the definition of the estimators. In what follows, D is the diagonal matrix with
diagonal elements 032», j=1,...,p, and for a square matrix A, we denote by Diag{ A} the matrix with
the same dimensions as A, the same diagonal elements, and all off-diagonal elements equal to zero.

Lemma 1. Let 0 < € < 1 and assume (A1)-(A3). Then, with probability at least 1 — ¢ (for each
event),

XTI <ai(e), [5XTE <o), [T < ds(e),
|L(WTW — Diag{W'W})|__ < és(e), |LDiag{W"W}—D|_ <ds(e),

where

2mg log(2p?/¢) 52(c) = 0 2ma log(2p/e)

E) = w(57 2]9), 54(5) -

A
o
LY
|

and for an integer N,

w(e, N) = max <70 210%21\7/6)7 ZIOigflv/g)) |

where vy, to are positive constants depending only on o, 0.

Lemma 2. Let 0 < e <1, 6* € R? and assume (A1)-(A3). Then, with probability at least 1 — ¢,

|t XTWo*

o S 01(8)07]2,

2mo log(2p/¢)

where 01 (g) = o, =

. In addition, with probability at least 1 — ¢,

| L(W'W — Diag{W"W})6*|__ < 6,(c)|6%|2,

1
n

where

d3(e) = max (72 QIngp/g)’ 210%11’/6)) 7

and 2, ts are positive constants depending only on o,.

The proofs of Lemmas 1 and 2 can be found in [9] and [1] respectively.

3. {£1,£2,£5}-MU selector

In this section, we define and analyze our first estimator. It can be seen as a compromise between the
MU selector (2) and the conic estimator (5) achieved thanks to an additional ¢o.-norm regularization.
In the setting that we consider now, the estimate D is not available but the rows of the design error
matrix W are independent with mean 0, and its entries are uniformly bounded. Formally, in this
section we make the following assumption:

(A4) Almost surely, |W|s < 6.
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Assumptions (A1)-(A4) imply the assumptions in [8]. However, they neither imply or are implied by
the assumptions in [9]. That is, it is an intermediary set of conditions relative to the original assump-
tions for the MU selector in [8] and to those for the compensated MU selector in [9]. Importantly, we
do not assume that there are some accurate estimators of a?-.

Similar to [8], consistent estimates require 6 — 0 as the sample size grows. The bound & does not
necessarily scale with p as ¢ is not derived from (A3). Assumption (A4) is motivated from sampling
schemes where the precision with which the covariate X;; is measured can be controlled by the practi-
tioner to some degree and the technology allows |Z;; — X;;| < d; in principle & could be made smaller
if more expensive measurements were performed. Our finite sample analysis keeps track of the de-
pendence of ¢ explicitly allowing to capture its impact as a potential function of the sample size. A
simple illustrative example is when the W;;,i =1,...,n,5 =1,...,p are independent zero-mean ran-
dom variables that are a.s. bounded by 6. Then the vector W; is sub-gaussian with parameter 62 = §2.

We consider the estimator 6 such that (é,f, 1) € RP x Ry x Ry is a solution of the following mini-
mization problem:

gnin{|9|1 + Aot + Aoz (0,t,u) € O,

thu

%ZT(y—ZQ)’DO <ot +0%u+7, 02 <t |0l <ul,  (8)

where Ay > 0 and Ao > 0 are tuning constants and we allow for (6,¢,u) € © where O is a pre-specified
convex set that contains (6*,]6*|2,|6*|o) and characterizes some prior knowledge (a trivial choice is
O =RP x Ry x Ry ). This estimator 6 will be further referred to as the {¢1,fa, £o }-MU selector.

Remark 1 (Safeguard constraints). In order to further bound ¢ and w, we can add constraints that
exploit that |- |, <|-|; for ¢ > 1. Therefore, the constraints

p
0=0"—0", 67>0, 67 >0, w=>» {6]+6;}, u<t, and t<w

Jj=1

preserve the convexity of the optimization problem and can potentially yield additional performance.
We note that our theoretical results allow for such safeguard constraints to be included in the estima-
tion.

The estimator above attempts to mimic the conic estimator (5) without estimators &JZ for aj?, Jj=
1,...,p. In order to make §* feasible for (8), the contribution of the unknown term %Diag(WTW)Q*
needs to be bounded. This is precisely the role of the extra term 62w in the constraint since 0] < u
and |1 Diag(W”W)|s < 6% almost surely. Note that the use of u and t instead of |6|. and |f]5 in the
constraint makes (8) a convex programming problem.

This new estimator exploits Assumptions (A2)-(A4) to achieve a rate of convergence that is interme-
diary relative to the rate of the MU selector and to that of the conic estimator.

Set 7o = 87 (e) + 94 (¢) and T = () + I3(¢). Note that 75 and 7 are of the order 1/ (log p)/n. The next
theorem summarizes the performance of the estimator defined by solving (8).

Theorem 1. Let Assumptions (A1)-(A4) hold. Assume that the true parameter 0* is s-sparse and
(0%, 10%|2,0%|o0) belongs to ©. Let 0 < & < 1, 1 < q < 00 and 0 < Ay, Ao < 00. Let 0 be the
{01, 02, 0o }-MU selector. If kg(s,1+ A2+ Aso) > es~ 1 for some constant ¢ > 0, then with probability
at least 1 — Te,

R 1 / _
16— 0], < Cs'/a %(w*h +1) + Os152|9* |, 9)
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for some constants C >0 and ¢ > 0 (here we set st/ =1).
If in addition, (1+ X2+ Moo ){02AL + A5 1 /log(p/e) /n} < c1k1(s, 1+ Ao+ Aoo) for some small enough
constant cy, then, with the same probability, we have

~ 1 / _
0071, < 051/ OECPED gy, ) 4 cst/sr (10)

for some constants C > 0 and ¢’ > 0.

Proof. We proceed in three steps. Step 1 establishes initial relations and the fact that A = 6 — 0
belongs to Cy(1+ A2 + A ). Step 2 provides a bound on |2 XTX Al Step 3 establishes the rates of
convergence stated in the theorem. We work on the event of probability at least 1 — 7e where all the
inequalities in Lemmas 1 and 2 are realized. Throughout the proof, J = {j : 0 # 0}. We often make
use of the inequalities |0]o < 0|2 < |0]1, VO € RP.

Step 1. We first note that
|%ZT(9_29*>‘00 ‘%ZTQOO"“%ZTWG*loo

<
< 5y(e) + 03(e) + |2 ZTWO* | (11)

with probability at least 1 — 2¢ by Lemma 1. Next, Lemma 2 and the fact that, due to (1), we have
| Diag(WTW)]|oe < 62 imply

|%ZTW9*\OO .X'TV[/'G*|OO—|—|%WTW9*|OO
XTWO*|oo + | L (WTW — Diag(WTW))0* | + | -Diag(WTW)0* | (12)
01 (€)0%]2 + 04(e)[0% |2 + 0%]6* oo

Combining (11) and (12) we get that (60,t,u) = (6%, 0%|2,|0"|s) is feasible for the problem (8), so that

g\%
<|i
<

101 + A2012 + Aoolf]oe < 10]1 + Aot + Ascl < [07[1 + X2]07]2 + Aoo|0|c- (13)
From (13) we easily obtain
107cl1 < (14 X2+ Aoo) |07 — 07 1.
Arguments similar to (13) lead to

=107 " =T YR W

|Al1.

Step 2. We have

ILXTXAlw < |2ZTXAl + |2WTXA|s
<3272l + 1227 W A + [EWT XAl
<13z

T(y - Za*)loo + |%ZT(3/ - Zé)‘oo + |%ZTWA|OO + ‘%WTXA|OO~
The results of Step 1 and of Lemmas 1 and 2 imply the following bounds
1527 (y = 20 )0 < T0%]2 + 02107 |0 + 7,
|%ZT(nyt9)|OO < Tof + 5211er )

S T2|9*|2 + 52|9*‘oo + 7+ {7'2(]. + )\OO)/)\Q + (52(1 + )\2)/)\00}|A|17

FWTXAlo < 81|A],

L2TWAl. < AXTWA|s + |2 (WTW — Diag(WTW))A| s + | Diag(WTW) Al
< 81|Aly + 4] A1 + 02]A] e

These relations and the inequality |Als < |A|; yield that

ILXTX Al < 2710%[2 + 207107 o0 + 27 + (82 {(1+ A2 + Aoc) /Aac } + {(1 + Aoo) /A2 b2 4 261 + 64) A1
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Step 8. Next note that |Al; < [0y + [0%]1 < (24 A2 + Aso)|0%|1. Letting

n=06"{(1+ X2+ Aoo)/Ac} + {(1+ Aso)/A2} 72 + 201 + b4,

we have ~
ILXT XAl <274 (272 + 26 + (2 + A2 + Aso)0) |07

By the definition of the ¢,-sensitivity,
ILXTX Ao > Kgl(s, 14 Ao+ As) A4

Now, (9) follows by combining the last two displays and the assumption on £4(s,1 4+ A2 + Aso). To
prove (10), we use that

‘%XTXA‘OO S27’2|9*|2+2(§2‘9*|00+2T+17|A|1
< 27’2|9*|2 + 2(52‘9*|00 + 27 + 17|%XTXA|OO/I€1(S7 14+ X+ )\oo)

Under the condition that (14 X+ oo ){02AL + A5 '\ /log(p/e)/n} < e1k1(s, 14 Aa 4+ Moo ) for ¢; small
enough, by definition of n we have n/k1(s,1 + Aa + Aoo) < ¢ for some 0 < ¢ < 1. Thus, we have

ILXTXAloo < ¢(12]6% |2 + 826" | o +7),

which implies (10) in view of the definition of the ¢4-sensitivity and the assumption on k4(s, 1+ A +
Ao). O

Remark 2 (Relaxation of Assumption (A4)). We have stated Theorem 1 under Assumption (A4) to
make the analysis streamlined with the previous literature, see [8]. However, inspection of the proofs
shows that a more general condition can be used. The results of Theorem 1 hold with probability at
least 1 — 7e — ¢’ if instead of Assumption (A4) we require W to satisfy:

| Diag(WTW)|__ < 6%,
with probability at least 1 — &', for some &’ > 0.
Compared to [8], the results in Theorem 1 exploit the zero-mean condition on the noise matrix W. As

in [8], the estimator is consistent as § goes to zero. In order to compare the rates in Theorem 1 with
those for the MU selector, we recall that, by Theorem 3 in [8], the MU selector satisfies

~ / — —,
|0MU _0*|q < CSl/q log(cp/s) +C’sl/q(6+52)|0*|1
n

with probability close to 1. While both rates share some terms, a term of the order s'/2§ |6*|1 appears
only in the rate for the MU selector whereas a term of the order s/9,/log(¢'p/e)/n|0*|, appears only
for the {¢1, 45, s }-MU selector. Therefore, the improvement upon the original MU selector can be
achieved when § > /log(c'p/e)/n.

If the additional condition in the second part of Theorem 1 holds, we can use the bound (10) and a
better accuracy is achieved by the proposed estimator. In particular, |#*|1 no longer drives the rate of
convergence. The impact of ¢ on this rate is in the term

sl/q52|9*|oo instead of sl/q(g +62)|6%)1 (14)

for the MU selector. Furthermore, the rate of convergence of the new estimator also has a term of
the form |0*|ys'/9,/log(¢'p/e)/n. Thus the new estimator obtains a better accuracy by exploiting

additional assumptions together with the fact that §|6*|; is of larger order than \/log(c’'p/e)/n|0*|a,
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which holds whenever 6 > \/log(¢/p/€)/n. Finally, the impact of going from the ¢;-norm to the /fo-
or {-norms is not negligible neither. For example, if all non-zero components of 6* are equal to the
same constant a > 0, we have |0*|; = sa while |6*|2 = a/s and |0*| = a. Then, the comparison in
(14) is reduces to comparing

s195%  versus s TVI(6 + 62),

featuring the maximum contrast between the two rates.

Finally, note that the conic estimator §9° studied in [1] can be also applied under the assumptions
of this section. Indeed, our setting can be embedded into that of [1] with D being the identically zero
p X p matrix, which means that we have an estimator of each o7 with an error bounded by b = ¢°.

The results in [1] assume b < C'y/(logp)/n but they do not apply to designs with b of larger order.

Comparing the bound (10) in Theorem 1 to the bound (6) yields that the conic estimator gConic
achieves the same rate as our new estimator whenever ¢ is smaller than or of the order {(logp)/n}/*.
However, there is no bound for #°¢ available when § > {(logp)/n}'/*.

4. {1,423, £ }-compensated MU selector

In this section, we discuss a modification of the conic estimator proposed in [1]. We introduce an

additional £-norm regularization to better adapt to the estimation error in D. As discussed in the
introduction, this is beneficial when the rate of convergence of D to D is slower than /(logp)/n,
which is not covered by [1]. Here we consider the same assumptions as in [1] with the only difference

that now we allow for any rate of convergence of D to D. Thus, we replace Assumption (A4) by the
following assumption on the availability of estimators for 0]2», i=1,...,p:

(A5) There exist statistics (}Jz and positive numbers b(e) such that for any 0 < e < 1, we have

P 52 — g?| > <e.
(jgﬁl.}.{,pwj O'J|_b(€)>_6

In what follows, we fix € and set
Ty = 01(e) +04(g), 7 =02(e) +d3(e) and T = b(e) + I5(e).

We are particularly interested in cases where 7o, is of larger order than /(logp)/n. To define the
estimator, we consider the following minimization problem:

gntin{|0\1+)\2t—|—)\oou 2 (0,t,u) € O, |%ZT(y—Z(9)+ﬁ9|OO < ot+Toou+T, [0l2 <t, |0l < u}, (15)

where Ay > 0 and Ao, > 0 are tuning constants and we allow for (0,¢,u) € © where © is a pre-specified
convex set that contains (6*,]6%|2,]0*|s ), see Remark 1.

Let (é,f, @) be a solution of (15). We take 0 as estimator of §* and we call it the {1,042, b0 }-
compensated MU selector. The rates of convergence of this estimator are given in the next theorem.

Theorem 2. Let Assumptions (A1)-(A3), and (A5) hold. Assume that the true parameter 0* is
s-sparse and (0*,]0*|2, |0* o) belongs to ©. Let 0 < e <1 and 1 < q < co. Suppose also that

Fg(8, 14 g + Aoo) > cs™ /1 (16)
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for some constant ¢ > 0 and that

s<e¢ min{ AzAoo " Aco 1} (17)
= (14 X2+ Aoo)? V 1og(p/2)” (14 A2+ Aoo)2b(e) |

for some small enough constant ¢c; > 0. Let 0 be the {1, 42, oo }-compensated MU selector. Then, with
probability at least 1 — 8¢,

N 1 /
6—0%, < Cs'/ %(w*\zﬂ)+051/%(5)\9*|00, (18)

for some constants C > 0 and ¢ > 0 (here we set s1/%° =1).
Under the same assumptions with ¢ = 1, the prediction error admits the following bound, with the
same probability:

o 1 /
Lix@-69; < Os%(w*\zﬂf+csb2(5)|9*|go. (19)

Proof. Throughout the proof, we assume that we are on the event of probability at least 1 — 8¢ where
the results of Lemmas 3, 4 and 5 in the Appendix hold. Property (26) in Lemma 4 implies that
A =6 —6* is in the cone Cs(1+ Xy + Aoo), where J = {j : 07 # 0}. Therefore, by the definition of
the {4-sensitivity and Lemma 5, we have

Ka(s, 1+ A2+ Ao)|Alg < [2XTXA| < pio + a0 — 071 + 112107 ]2 + e |07 oo
where 11 and pg are of the order |/ < log(c/p/e), and 1 and pus are of the order /L log(¢'p/e) +b(e).
Using again (26), we have

|A]1 |Agelt + A7 < (24 A2+ Aoo) A1

(24 A2 4 Aoo)s VYA, < (24 Ao + Aoo)st YA,

IN

It follows that
(Fg(5, 14 X2 + Aoo) = (24 Az + Aoo)pas' D) Aly < o + 1120072 + 10|07 o,
which implies, by (16),
(€= (24 X2+ Aoo)prs)s™ VAl < pro + 12|07 |2 + fhoo |67 cc
in view of the assumptions of the theorem. Recall that
< ay/log(¢p/e) /n{1+ (1 + XA + (14 Aao) A5 '} + ab(e){1 + Ao + A2}/ Ao,

where a > 0 is a constant. Therefore, since we assume (17), and {1 4+ (1 + M)A + (1 4+ Aoo) Ny '} <
(1+ Ao + X2)?/(AoA2), relation (18) follows if ¢; is small enough.
To prove (19), write first

LixARL <1 |XTXA|_ AL

Next remark that from (18) with ¢ = 1, we have

1 /
Al < Cs %(w*b +1) + Csb(€)]6"| o
Lemma 5 in the Appendix yields

ILXTXA| < po+ )0 — 07|12 + p2l07]2 + fioo] 0| (20)
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Combining the above bound for |A]; and (20), we get

Llxap<c

1 /
SIS (141, 4 1)2 + Cst?(e) 07

since p1s < C" for some constant C”' > 0 under our assumptions. This proves (19). O

Theorem 2 generalizes the results in [1] to estimators D that converge with rate b(¢) of larger order

than /(log p)/n. At the same time, if b(e) is smaller than +/(log p)/n, both the conic estimator §€0"
of [1] and the {1, {2, {s }-compensated MU selector achieve the same rate of convergence.

For such designs that condition (17) does not hold, the conclusions of Theorem 2 need to be slightly
modified as shown in the next theorem.

Theorem 3. Let Assumptions (A1)-(A3), and (A5) hold. Assume that the true parameter 0* is
s-sparse and (0*,]0%|2,]0%|oc) belongs to ©. Let 0 < e <1 and 1 < q¢ < co. Let 0 be the {{1,02,0x0}-
compensated MU selector. Then, with probability at least 1 — 8¢,

. y C log(c'p/e y «
g\ oo

for some constants C > 0 and ¢’ > 0.

Proof. Again, throughout the proof, we assume that we are on the event of probability at least 1 — 8¢
where the results of Lemmas 3, 4 and 5 in the Appendix hold. Property (26) in Lemma 4 implies that
A =6 — 0" is in the cone Cy(1 + A2 + A ), where J = {j : 07 # 0}. Since

AL < (0141671 < {1070+ Aolf7]2 + Aocl€7 oo} + 1671 < (24 Ao + A) 671,

we obtain
|EXTXA[ < o+ ] Alr + pa]07]2 + 100" oo < pro + (11 + B2 + f100) (2 + A2 + Aoo) |67

Therefore
“q(s’ 1+ X+ AOO)|A|q < po + (Nl + p2 + ,UOO)(Q + A2+ )‘00)‘0*|17

which implies the result.

O

The result in Theorem 3 parallels the result for generic designs for the conic estimator [1]. Indeed, this
result states that the additional ¢ -regularization does not worsen the guarantees obtained in [1]. For
generic designs, our bounds do not achieve the previous dependence on |6*|3 and |0*| and, instead,
the final dependence is on |6*;.

5. Simulations

This section aims to illustrate the finite sample performance of the proposed estimators. We will focus
on the {{1, {3, {+ }-compensated MU selector only. We consider the following data generating process

yi =] 0"+ &, zi= 2+ ws

Here, &;, w;, r; are independent and &; ~ N(0,0?), w; ~ ./\/'(O,_Uf_lpxp), z; ~ N(0,X) where Iy, is the
identity matrix and X is p x p matrix with elements 3;; = pli=3!l. We consider the vector of unknown
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parameters 0* = 1.25(1,1,1,1,1,0,...,0)T. We set 0 = 0.128, 02 = 0.5, and p = 0.25. We assume
that o is known and we set D = D = 021,,. The penalty parameters are set as 7 = o/log(p/c)/n,

b(e) = o24/log(p/e)/n, for € = 0.05.

In our first set of simulations, we illustrate the finite sample performance of the proposed estimator
by setting Ay = Ao € {0.25,0.5,0.75,1}. The {¢1, £a, £ }-compensated MU selector will be denoted
by {{1, 02, }. We compare its performance with other recent proposals in the literature, namely the
conic estimator (denoted as Conic (Ag) for Ay = 0.25,0.5,0.75,1), and the Compensated MU selector
(cMU). We also provide the (infeasible) Dantzig selector which knows X (Dantzig X) and the Dantzig
selector that uses only Z (Dantzig Z) as additional benchmark for the performance.

n =300 and p = 10 n = 300 and p = 50

Method (A2 = Aso) Bias RMSE PR Bias RMSE PR

Dantzig X 0.0265486  0.0321528  0.0349530 | 0.0301636  0.0349420  0.0386731
Dantzig Z 0.5892699  0.6218173  0.7118256 | 0.6032541  0.7246990  0.7526539
cMU 0.6002801 0.6526144  0.7375240 | 0.6684987  0.7074681  0.8148175
Conic (.25) 1.9261733 1.9567318  2.3165088 1.9952936  2.0190105  2.4085353
{€1,02,055}(.25) 1.7922416  1.8349666  2.1453927 | 1.9035308 1.9325326  2.2875796
Conic (.5) 0.3184083  0.4161670  0.4326569 | 0.3668194  0.4395404  0.4781078
{1,02,0} (.5) 0.2137347  0.3505829  0.3382480 | 0.3489980  0.4491837  0.4605638
Conic (.75) 0.3179691  0.4158134  0.4322128 | 0.3668194  0.4395404  0.4781078
{1,02,0} (.75) 0.2085334  0.3459298  0.3330411 | 0.2699453  0.3786945  0.3896168
Conic (1) 0.3179691  0.4158134  0.4322128 | 0.3661721  0.4390614  0.4773173
{1,02,0} (1) 0.2078373  0.3455287  0.3324356 | 0.2483137 0.3691060 0.3736929

TABLE 1

Simulation results for 100 replications. For each estimator we provide average bias (Bias), average root-mean squared
error (RMSE), and average prediction risk (PR).

n = 300 and p = 100 n = 300 and p = 300

Method (A2 = Aso) Bias RMSE PR Bias RMSE PR

Dantzig X 0.0317776  0.0366155  0.0403419 | 0.0344617  0.0387848  0.0436396
Dantzig Z 0.6039890  0.8364059  0.7910512 | 0.6334052 1.0775665  0.8824695
cMU 0.6908240 0.7359536  0.8472447 | 0.7228791 0.7653174  0.8843476
Conic (.25) 2.0196204  2.0428152  2.4429977 | 2.0833543  2.0985979  2.5281871
{01,02,00}(.25) 1.9363225 1.9646153  2.3321286 | 2.0016163  2.0247679  2.4181903
Conic (.5) 0.5032353  0.6479385  0.6390150 | 0.6809176  0.8886359  0.8367831
{l1,02,0} (.5) 0.4170439  0.5207218 0.5436218 | 0.4694103  0.5507253  0.5975351
Conic (.75) 0.3849631  0.4699933  0.5082582 | 0.4195124  0.4964321  0.5428568
{l1,02,0} (.75) 0.3250997  0.4312186  0.4512656 | 0.3869566  0.4747343  0.5104562
Conic(1) 0.3811186  0.4673239  0.5043246 | 0.4047078  0.4846393  0.5271225
{l1,02,0} (1) 0.2907918  0.4155573  0.4242000 | 0.3573025 0.4569624  0.4819208

TABLE 2

Simulation results for 100 replications. For each estimator we provide average bias (Bias), average root-mean squared
error (RMSE), and average prediction risk (PR).

Tables 1 and 2 provide the performance of the proposed estimator when Ay = Ao, and the perfor-
mance of various benchmarks. As discussed in the literature, ignoring the error-in-variables issue can
lead to worse performance as seen from the performance of Dantzig Z compared to the (infeasible)
Dantzig X. The conic compensated estimator performes better than the compensated MU selector
(cMU) when As € {0.5,0.75,1}. The comparison of the proposed estimator and the conic estimator
is easier to establish as we can parametrize them by Ay (as we set Aa = A\). In this case the conic
estimator penalizes more aggressively the uncertainty of not knowing 012-. In essentially all cases® the
proposed estimator yields improvements. The introduction of /,.-norm regularization seems to allevi-
ate regularization bias. Nonetheless, when setting Ao = 0.25 both the conic estimator and the proposed

1The conic compensated estimator performes slightly better only with respect to RMSE in the case of Ay = 0.5. For
all other parameters and metrics, the proposed estimator performed slightly better or substantially better.
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estimator fail in the experiment. This failure occurs by not having enough penalty to control ¢ — |0|s
and u — |0] which leads to a large right hand side 7ot 4+ Toou + 7 in the constraint

1127 (y — 260) + DO|__ < mot + Toou+ 7

in (15) and similarly the right hand side 7ot + 7 in (5). In turn, this leads to substantial regularization
bias and therefore underfitting. In fact, detailed inspection of estimators in that case reveals that
coeflicients are very close to zero for both conic and the proposed estimator.

In the second set of simulations, we explore the performance of the proposed estimator for the case
Ao # Aoo. Moreover, we also study a modified estimator that contains safeguard constraints. These
constraints aim to mitigate the problem discussed above. The safeguard constraints are described in
Remark 1. We denote by {¢1, {2, s }* the estimator computed with the safeguards.

We consider the same design as before and we explore some combinations of values (A2, A\y) €
{0.25,0.5,0.75,1} x {0.25,0.5,0.75, 1} for both proposed estimators (with and without the safeguard
constraints).

n = 300 and p = 10 n = 300 and p = 50

Method (A2, Aso) Bias RMSE PR Bias RMSE PR

{01,02,0} 1) 0.2078373  0.3455287  0.3324356 | 0.2483137 0.3691060 0.3736929
{01,02,06}* (1,1) 0.2078373  0.3455287  0.3324356 | 0.2483137 0.3691060  0.3736929
{1,02,0} 5) 0.2534465  0.3997941  0.3725479 | 0.5214272 0.7086267 0.6514348
{01,02,00}* 5) 0.2392491  0.3623416  0.3569492 | 0.3980543  0.4729990 0.5112310
{€1,02,050} 1) 0.2077228  0.3455690  0.3322088 | 0.2448911 0.3690180  0.3723095
{01,02,00}* 1) 0.2077228  0.3455690  0.3322088 | 0.2448911 0.3690180  0.3723095
{01,02,0} 75 .75) 0.2085334  0.3459298  0.3330411 | 0.2699453 0.3786945 0.3896168
{01,02,00}* (.75,.75) | 0.2085334  0.3459297  0.3330411 | 0.2699453  0.3786945 0.3896168

{01,02,050}* (.25,1) 0.2078663  0.3458796  0.3322444 | 0.2439496 0.3684173  0.3715836

.5) 0.2137347  0.3505829  0.3382480 | 0.3489980  0.4491837  0.4605638

.5) 0.2137347  0.3505827  0.3382479 | 0.3382218  0.4225007  0.4490958
25 .5) 0.2114159  0.3502938  0.3369809 | 0.3188151  0.4086438 0.4313163
25,.5) 0.2114159  0.3502938  0.3369809 | 0.3188151  0.4086438 0.4313163
25,.25) 1.7922416  1.8349666  2.1453927 | 1.9035308 1.9325326  2.2875796
25,.25) | 0.5477221  0.6050091 0.6780050 | 0.6151622 0.6574460 0.7535672

TABLE 3
Simulation results for 100 replications. For each estimator we provide average bias (Bias), average root-mean squared
error (RMSE), and average prediction risk (PR).

o}
{l1,02,400}
{Zlve%goo}
{l1,02,000}
{l1,02,000}*
{l1,02,0e0}
{l1,02,00}*

(1,
(
(L.
(L.
(-5,
(-5,
(-
(-
{6102, 00} (25,1) | 02078663 0.3458796  0.3322444 | 02439496 0.3684173  0.3715836
(-
(-5,
(-3,
(-
(-
(-
(

Tables 3 and 4 show the performance for different values of Ay and A.,. We note that these parameters
seem to have different impact on the finite sample performance even if Ao+ A, is kept constant. Impor-
tantly, we observe that the addition of safeguard constraints virtually always leads to improvements
although small (even zero sometimes) for most of the tested parameter values. In the case Ay < Aso
using safeguard constraints makes almost no difference and overall performance of both estimators is
better. In contrast, the estimators perform worse when \s > Ao, and the safeguard constraints lead to
improvements. Finally, as expected, the safeguard constraints improve substantially the performance
when Ay = A\, = 0.25. In that case, the performance becomes comparable to that of the cMU esti-
mator. Essentially, the safeguard constraints help to avoid severe underfitting. They are very helpful
when the performance is below of what can be achieved. Nonetheless, we recommend to keep them
in all cases as it does not impact negatively the estimator and the additional computational burden
seems minimal.

In our third set of simulations, we consider a situation with a “crude” estimator of D. The design

is the same as in our first set of simulations, however, in order to compute the estimator of D, we
have independent observations of (X, Z;),i = 1,...,n* where n* < n. We consider p € {50,100} and
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n = 300 and p = 100 n = 300 and p = 300

Method (A2, Aso) Bias RMSE PR Bias RMSE PR

{01,02,05} (1,1) 0.2907918  0.4155573  0.4242000 | 0.3573025 0.4569624  0.4819208
{l1,02,00}* (1 1) 0.2907918  0.4155573  0.4242000 | 0.3573084  0.4569653  0.4819268
{01,02,0c} (1,.5) 0.6707248  0.8687948  0.8260765 | 1.0995021  1.2843061  1.3224733
{01,02,00}* (1,.5) 0.4713115  0.5469680  0.5998890 | 0.5813572  0.6440090  0.7214057
{01,02,0} (.5,1) 0.2813842  0.4123716  0.4183949 | 0.3434854  0.4501870  0.4705890
{€1,02,00}* (.5,1) 0.2813842  0.4123716  0.4183949 | 0.3434113 0.4501763  0.4705578
{01,020} (. 75 .75) | 0.3250997 0.4312186  0.4512656 | 0.3869566  0.4747343  0.5104562
{€1,02,00}* (.75,.75) | 0.3250997 0.4312186 0.4512656 | 0.3869382  0.4747230  0.5104387
{01,02,0c} (.25,1) 0.2791982  0.4113275 0.4166136 | 0.3392525  0.4482318  0.4674070
{01,02,00}* (.25,1) 0.2790174  0.4111578  0.4163974 | 0.3386830  0.4478506  0.4667958
{l1,02,0c} (.5,.5) 0.4170439  0.5207218  0.5436218 | 0.4694103  0.5507253  0.5975351
{01,02,05}* (.5,.5) 0.3977208  0.4819926  0.5218939 | 0.4590288  0.5311414  0.5863702
{1,02,0} (25 .5) 0.3726889  0.4645454  0.4983916 | 0.4324230 0.5082528 0.5569916
{01,02,0}* (.25,.5) 0.3718829  0.4639374  0.497499 | 0.4357035 0.5115011  0.5608083
{€1,02,00} (.25,.25) 1.9363225 1.9646153  2.3321286 | 2.0016163  2.0247679  2.4181903
{01,02,00}* (.25,.25) | 0.6365329 0.6854681  0.7851421 | 0.6669880  0.7127657  0.8198798

TABLE 4

Simulation results for 100 replications. For each estimator we provide average bias (Bias), average root-mean squared
error (RMSE), and average prediction risk (PR).

= {100, 250,500} and n = 500. Table 5 shows how the performance of the estimators change as
less precise estimates of D are used. For example, consider the average prediction risk (PR) for p = 50
as n* goes from 500 to 100 so that the quality of the estimator worsens. Table 5 shows that the cMU
deteriorates by 0.51 (from 1.23 to 0.72), the conic deteriorates by 0.41 (from 0.82 to 0.41), and the
proposed estimator deteriorates by 0.24 (from 0.55 to 0.31). Similarly when p = 100, we observe that
cMU deteriorates by 0.52, the conic deteriorates by 0.47, and the proposed estimator deteriorates by
0.35. In both cases the findings are aligned with the theoretical results that the {1, ¢s, ¢ }-based
estimator is less sensitive to the use of a crude estimator for D.

n = 500, n* = 100, p = 50 n = 500, n* = 100, p = 100
Method Bias RMSE PR Bias RMSE PR
cMU 1.0175038  1.0400870  1.2283635 | 1.0641008 1.0909776  1.2845535
Conic (1) 0.6660582  0.7467607  0.8159505 | 0.7490445 0.8519112  0.9150378
{1,02,0} (.5,1) 0.4275867  0.5005111 0.5477009 | 0.5451567 0.6207584  0.6824172

n = 500, n* = 250, p = 50 n = 500, n* = 250, p = 100
Method Bias RMSE PR Bias RMSE PR
cMU 0.7520123  0.7795984  0.9150986 | 0.7884387 0.8152334  0.9568734
Conic (1) 0.4173097  0.4716240 0.5327973 | 0.4446488 0.4962641  0.5623790
{¢1,02,0} (.5,1) | 0.2615103 0.3503973  0.3697514 | 0.2847444 0.3699376  0.3937119

n = 500, n* = 500, p = 50 n = 500, n* = 500, p = 100
Method Bias RMSE PR Bias RMSE PR
cMU 0.5922077  0.6226468  0.7269638 | 0.6258117  0.6564809  0.7636137
Conic (1) 0.3137644  0.3762319  0.4162300 | 0.3391774 0.3977718  0.4393967
{l1,02,0} (.5,1) | 0.1966452 0.3024311  0.3091859 | 0.2219782  0.3219536  0.3296119

TABLE 5

Simulation results for 100 replications. For each estimator we provide average bias (Bias), average root-mean squared
error (RMSE), and average prediction risk (PR).

Appendix: Auxiliary lemmas

In what follows, we write for brevity &; = d;(¢), & = &}(), and we set A =60 — 6%, J = {j : 07 # 0}.

Lemma 3. Assume (A1)-(A3) and (A5). Then with probability at least 1 — 6e, the pair (6,t,u) =
(0%,10% |2, 10" |s0) belongs to the feasible set of the minimization problem (15).
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Proof. First, note that Z7 (y — Z6*) + nDO* is equal to
— XTwWeo* + XTe + WTe — (WTW — Diag{WTW})6*
— (Diag{WTW} — nD)#* + n(D — D)b*.

By definition of d; and b, with probability at least 1 — 4¢, we have

|5 X € oo + W€ < 02+ 33 (21)
|(1Diag{WTW} — D)b*|o < |:Diag{WTW} — D|w|6| < 85/6"|oc (22)
(D = D)0*| 00 < b(€)[67 oo, (23)

where in (22) and (23) we have used that the considered matrices are diagonal. Also, by Lemma 2,
with probability at least 1 — 2¢, we have

[LXTWO |0 < 611672 (24)
L(WTW — Diag{W W }H6"|oc < 816"]2. (25)
Combining the decomposition of Z7 (y — Z6*) + nD#* together with (21)-(25), we find that
1127 (y — 26%) + DO*| _ < m]07|2 + 0|07 |0 + T,

with probability at least 1 — 6¢, which implies the lemma. O

Lemma 4. Let 0 be the {1, 0y, (s }-compensated MU-selector. Assume (A1)-(A3) and (A5). Then
with probability at least 1 — 6 (on the same event as in Lemma 3), we have

(6= 0%) e[y < (1+ Xz 4 Aao)|(0 = 67) 411, (26)

T— 10" < {(14 Xoo)/X2}0 — %1 and @ — |0%]oe < {(1+ X2)/Aoc}|O — 0%1. (27)

Proof. Set A = 0 — 6*. On the event of Lemma 3, (6%, [0*|2, |0*|o0) belongs to the feasible set of the
minimization problem (5). Consequently,

1011 + A210]2 + Moo |0]oe < 10]1 4 Aot + Moot < [0%]1 + A2]07 |2 + oo |0 oo (28)
This implies
|Aelr + A2lAgela + Aoo|Aueloo < A1+ A2]AJ|2 + Aol As]oo < (14 A2 + Aso)|A g1,

and so
[Ayelt < (14 Ao+ A)|AJ]1-

and (26) follows. To prove (27), it suffices to note that (28) implies
Aot <1071 — 101 4+ 2|07 |2 + Ao |07 |oo — Moot < 0 — 0%[1 + X2]0% |2 + Aoo]0 — 07|

and the result follows since |0]o < @ and |0 — 6%|o < |6 — 6*|1. Similar calculations yield the bound
for o. O

Lemma 5. Let 0 be the {{1, {3, (oo }-compensated MU-selector. Assume (A1)-(A3) and (A5). Then,
on a subset of the event of Lemma 3 having probability at least 1 — 8¢, we have

|EXTX(0—0%)| < o+ ml0— 67| + p2]67|2 + p1oo|6” oo,

where pg = T+ 02 + 03, p1 = 201 + 064+ 05 +b(e) + {(1+ Ao) /A2 }m2 + {(1+A2) /Ao }Toos pi2 = T2 + 67,
Hoo = Too + b(g) + 04 + J5.
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Note that 119 and p are of the order |/ +log(¢'p/e), and pi1 and pi are of the order /L log(c'p/e) +
b(e).

Proof. Throughout the proof, we assume that we are on the event of probability at least 1 — 6¢
where inequalities (21) — (25) hold and (6*, |§*|2, |#*|) belongs to the feasible set of the minimization
problem (15). We have
12XTXAlo <|227(20 — y) — Do + (2 27W — D)
H(D = D)oo + 1527l + [FWT X Ao
Using the fact that (6, £, ) belongs to the feasible set of the minimization problem (5) together with
(27), we obtain
|%ZT(Z9A —y) = Dl < Tol + Tooli+ T
SHM 4 Aso)/ A2} 72l Al + 720072 + {(1 + A2)/Aco }Too | Al1 + Too |07 |00 + 7.

Using that § = 0* + A, Assumption (A5) together with (23) yields that

|%XTXA|OO <{(1 4 Ao)/ A2} 2| Al + 721072 + {(1 + X2) /Ao }Too| A1 + Too [0 0o + T
+|(227W — D)oo + |(D — D)oo + |1 27 €| + |EWTX Al

L+ Aoo)/A2} 72l Alr 4 72[07]2 + {(1 4 A2) /Aoc }Too | A1 + Too 07|00 + 7

+ ‘(%ZTW - D)é|<>o + b(€)]0" |00 + b(e)|Al1 + 02 + 3 + |%WTXA|OO.

Now remark that |(2ZTW — D)0 < [(2ZTW — D)Alw + (1 ZTW — D)#*| . In view of Lemma 2
and (22), on the initial event of probability at least 1 — 6¢,

(5 Z"W — D)b*|

LWTW — Diag{W"W})0*|s + |(2Diag{W" W} — D)0*|oc + |2 XTWO*|

|
<|
<(04 + 05)[07 |00 + 31167 2. (29)

Moreover, we have

(LZ"W = D)Alw < |227W - D||Al;
< (IL(WTW — Diag{W"W})|sc + |1 Diag{W"W} — Dlug + |[LXTW|.0) Al

Therefore,
(LZTW — D)Alo < (81 + 64+ 05)| A1, (30)

with probability at least 1 — 8¢ (since we intersect the initial event of probability at least 1 — 6e with
the event of probability at least 1 — 2 where the bounds 6; and d4 hold for the corresponding terms).
Next, on the same event of probability at least 1 — 8¢,

IEWTXA| < [2XTW || AL < 61|ALL (31)

To complete the proof, it suffices to plug (29) — (31) in the last inequality for [+ X7 XA|, and to
obtain

|%XTXA|OO S[Q(Sl + 04 + 05 + b(E) + {(1 + )\oo)/)\Q}TQ + {(1 + )\2)/)\OO}T00HA|1
+ {12+ 61 }O0 |2 + {Too + b(g) + 8 + 55O |00 + T + 2 + I3.
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