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MINIMAX ESTIMATION OF LINEAR AND QUADRATIC
FUNCTIONALS ON SPARSITY CLASSES

By OLIVIER COLLIER * , LAETITIA COMMINGES | AND ALEXANDRE B. TSYBAKOV !
Modal’X, Université Paris-Ouest®, Université Paris Dauphine’ and CREST-ENSAE}

Abstract For the Gaussian sequence model, we obtain non-asymp-
totic minimax rates of estimation of the linear, quadratic and the
f2-norm functionals on classes of sparse vectors and construct op-
timal estimators that attain these rates. The main object of inter-
est is the class Bo(s) of s-sparse vectors 6 = (01,...,604), for which
we also provide completely adaptive estimators (independent of s
and of the noise variance o) having logarithmically slower rates than
the minimax ones. Furthermore, we obtain the minimax rates on
the £4-balls By(r) = {8 € R? : ||0]|q < r} where 0 < ¢ < 2, and

1/q
101ls = (ijl |0i|q) . This analysis shows that there are, in gen-

eral, three zones in the rates of convergence that we call the sparse
zone, the dense zone and the degenerate zone, while a fourth zone
appears for estimation of the quadratic functional. We show that, as
opposed to estimation of 6, the correct logarithmic terms in the opti-
mal rates for the sparse zone scale as log(d/s®) and not as log(d/s).
For the class By (s), the rates of estimation of the linear functional and
of the fa-norm have a simple elbow at s = v/d (boundary between
the sparse and the dense zones) and exhibit similar performances,
whereas the estimation of the quadratic functional Q(6) reveals more
complex effects: the minimax risk on By(s) is infinite and the sparse-
ness assumption needs to be combined with a bound on the £3-norm.
Finally, we apply our results on estimation of the £2-norm to the prob-
lem of testing against sparse alternatives. In particular, we obtain a
non-asymptotic analog of the Ingster-Donoho-Jin theory revealing
some effects that were not captured by the previous asymptotic anal-
ysis.

1. Introduction. In this paper, we consider the model

where § = (61, ...,04) € R? is an unknown vector of parameters, §; are i.i.d. standard normal
random variables, and ¢ > 0 is the noise level. We study the problem of estimation of linear
and quadratic functionals

L) =>6;  and Q(@):igg,
= i=1

and of the f9-norm
1012 = +/Q(0)

Keywords and phrases: nonasymptotic minimax estimation, linear functional, quadratic functional, sparsity,
unknown noise variance, thresholding
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2

based on the observations 1, ..., yq.

In this paper, we assume that @ belongs to a given subset © of R?. We will be considering
classes © with elements satisfying the sparsity constraints ||6]o < s where ||f|lo denotes the
number of non-zero components of 4, or ||6||, < r where

d 1/q
16]lq = <Z|9i|q> :

=1

Here, 7,q > 0 and the integer s € [1,d] are given constants.
Let T'(¢) be one of the functionals L(0), Q(0) or /Q(). As a measure of quality of an
estimator T of the functional 7'(#), we consider the maximum squared risk

sup Eo(T — T(0))?,

0cO
where Ey denotes the expectation with respect to the probability measure Py of the vector
of observations (y1,...,yq) satisfying (1). The best possible quality is characterized by the
minimax risk

R (0) = inf sup By (T — T(0))?,
T 0€©

where inf; denotes the infimum over all estimators. In this paper, we find minimax optimal
estimators of T(6), i.e., estimators T such that

(2) sup Eg(T — T(6))* = Rp(6).
0cO

Here and below, we write a < b if ¢ < a/b < C for some absolute positive constants ¢ and
C'. Note that the minimax optimality is considered here in the non-asymptotic sense, i.e., (2)
should hold for all d and o.

The literature on minimax estimation of linear and quadratic functionals is rather exten-
sive. The analysis of estimators of linear functionals from the minimax point of view was
initiated in [21] while for the quadratic functionals we refer to [15]. These papers, as well as
the subsequent publications [10, 11, 14, 16, 18, 19, 26, 27, 29, 30, 31, 32, 33, 35, 36|, focus on
minimax estimation of functionals on the classes © describing the smoothness properties of
functions in terms of their Fourier or wavelet coefficients. Typical examples are Sobolev ellip-
soids, hyperrectangles or Besov bodies while a typical example of linear functional is the value
of a smooth function at a point. In this framework, a deep analysis of estimation of function-
als is now available including the minimax rates (and in some cases the minimax constants),
oracle inequalities and adaptation. Extensions to linear inverse problems have been consid-
ered in detail by [7, 8, 17]. Note that classes © studied in this literature are convex classes.
Estimation of functionals on the non-convex sparsity classes By(s) = {# € R? : [|0]|o < s}
or By(r) = {6 € R : ||§]|, < 7} with 0 < ¢ < 1 has received much less attention. We are
only aware of the paper [9], which establishes upper and lower bounds on the minimax risk
for estimators of the linear functional L(#) on the class By(s). However, that paper considers
the special case when s < d® for some a < 1/2, and o = 1/\/& and there is a logarithmic gap
between the upper and lower bounds. Minimax rates for the estimation of Q(#) and of the
ly-norm on the classes By(s) and By(r), 0 < ¢ < 2, were not studied. Note, that estimation the
fo-norm is closely related to minimax optimal testing of hypotheses under the £5 separation
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 3

distance in the spirit of [24]. Indeed, the optimal tests for this problem are based on estimators
of the f3-norm. A non-asymptotic study of minimax rates of testing for the classes By(s) and
By(r), 0 < g < 2, is given in [4] and [40]. But for the testing problem, the risk function is
different and these papers do not provide results on the estimation of the ¢3-norm. Note also
that the upper bounds on the minimax rates of testing in [4] and [40] depart from the lower
bounds by a logarithmic factor.

In this paper, we find non-asymptotic minimax rates of estimation of the above three
functionals on the sparsity classes By(s), By(r) and construct optimal estimators that attain
these rates. We deal with non-convex classes By (0 < ¢ < 1) for the linear functional and
with the classes that are not quadratically convex (0 < g < 2) for Q(¢) and of the f3-norm.
Our main object of interest is the class By(s), for which we also provide completely adaptive
estimators (independent of ¢ and s) having logarithmically slower rates than the minimax
ones. Some interesting effects should be noted. First, we show that, for the linear functional
and the fo-norm there are, in general, three zones in the rates of convergence that we call the
sparse zone, the dense zone and the degenerate zone, while for the quadratic functional an
additional fourth zone appears. Next, as opposed to estimation of the vector 6 in the 5-norm,
cf. [13, 5, 1, 28, 37, 40|, the correct logarithmic terms in the optimal rates for the sparse zone
scale as log(d/s?) and not as log(d/s). Noteworthy, for the class By(s), the rates of estimation
of the linear functional and of the f-norm have a simple elbow at s = v/d (boundary between
the sparse and the dense zones) and exhibit similar performances, whereas the estimation of
the quadratic functional Q(6) reveals more complex effects and is not possible only on the basis
of sparsity described by the condition 6 € By(s). Finally, we apply our results on estimation
of the fo-norm to the problem of testing against sparse alternatives. In particular, we obtain
a non-asymptotic analog of Ingster-Donoho-Jin theory revealing some effects that were not
captured by the previous asymptotic analysis.

2. Minimax estimation of the linear functional. In this section, we study the min-
imax rates of estimation of the linear functional L(f) and we construct minimax optimal
estimators.

Assume first that © is the class of s-sparse vectors Bo(s) = {6 € R? : ||0]|o < s} where s is
a given integer, 1 < s < d. Consider the estimator

d .
I = { =iV ]l{lyj\>0\/210g(1+d/52)} if s < Vd,

where ]1{_} denotes the indicator function.
The following theorem shows that

w(f(s, d) = o2s? log(1 + d/sQ)

is the minimax rate of estimation of the linear functional on the class By(s) and that Lisa
minimax optimal estimator.

THEOREM 1. There exist absolute constants ¢ > 0,C' > 0 such that, for any integers s,d
satisfying 1 < s < d, and any o > 0,

(3) sup Eg(L — L(0))* < Cyk(s,d),
GGB()(S)
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(4) R (Bo(s)) = ey (s, d).

Proofs of (3) and of (4) are given in Sections 8 and 7 respectively. Note that since log(1+u) >
u/2 for 0 < u <1, and log(1 4+ u) < u we have

(5) o?5%log(1 + d/s?) < min(c?s?log(1 + d/s?), od)

for all 1 < s < d. This writing clarifies the fact that the rate exhibits a “hidden” elbow at
s =+d. Thus,

(6) R (Bo(s)) = min(o?s?log(1 + d/s?), o2d).

We consider now the classes B,(r) = {6 € R? : ||§]|, < r}, where 0 < ¢ < 1, and 7 is a
positive number. For any r,0,¢ > 0 any integer d > 1, we define the intege

(7) m =max{s € {1,...,d} : o%log(1+d/s*) < r?s~ %/}

if the set {s € {1,...,d} : 0?log(1+d/s?) < r2s~%/9} is non-empty, and we put m = 0 if this
set is empty. The next two theorems show that the optimal rate of convergence of estimators
of the linear functional on the class By(r) is of the form:

o?m?log(1 +d/m?) if m>1,
r? ift m=0.

w:l;,q(n d) = {

The following theorem shows that w‘f’q(r, d) is a lower bound on the convergence rate of the
minimax risk of the linear functional on the class By (r).

THEOREM 2. If0 < q <1, then there exists a constant ¢ > 0 such that, for any integer
d>1 and any r,o > 0, we have

(8) R1(By(r)) 2 ey o (r, d).

The proof of Theorem 2 is given in Section 7.
We now turn to the construction of minimax optimal estimators on By(r). For 0 < ¢ <1,
define the following statistic

Sy if m>Vd,

A~ d .

Lg =19 Xj=1Y% Ly 1so0\ legtigamyy H 1=m= Vd,
0 if m=0.

THEOREM 3. Let 0 < g < 1. There exists a constant C' > 0 such that, for any integer
d>1 and any r,o > 0, we have

(9) sup Eg(Lg — L(0))* < Cvk (r,d).
0eB,(r) ’
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 5

The proof of Theorem 3 is given in Section 8. Theorems 2 and 3 imply that 1/1(’;47 4(7r;d) is the

minimax rate of estimation of the linear functional on the ball B,(r) and that i}q is a minimax
optimal estimator.

Some remarks are in order here. Apart from the degenerate case m = 0 when the zero
estimator is optimal, we obtain on By(r) the same expression for the optimal rate as on the
class By(s), with the difference that the sparsity s is now replaced by the “effective sparsity* m.
Heuristically, m is obtained as a solution of

o?m?log(1 + d/m?) = r>m?>~2/1

where the left hand side represents the estimation error for m-sparse signals established in
Theorem 1 and the right hand side gives the error of approximating a vector from B,(r) by an
m-sparse vector in squared ¢1-norm. Note also that, in view of (5), we can equivalently write
the optimal rate in the form

o*d if m>Vd,
Lard) < a?m?log(1 4 d/m?) if 1<m <Vd,
r? if m=0.

Thus, the optimal rate on By(r) has in fact three regimes that we will call the dense zone
(m > +/d), the sparse zone (1 < m < v/d), and the degenerate zone (m = 0). Furthermore,
it follows from the definition of m that the rate 1% (r,d) in the sparse zone is of the order
o?(r/o)?11og! ~9(1 + d(o/r)??), which leads to

o’d if m > d,
Pk (rd) < o2(r/o)*log!=1(1 +d(o/r)%) if 1<m <Vd,
r? if m=0.

In particular, for ¢ = 1, the logarithmic factor disappears from the rate, and the optimal rates
in the sparse and degenerate zones are both equal to 72. Therefore, for ¢ = 1, there is no
need to introduce thresholding in the definition of f}q, and it is enough to use only the zero
estimator for m < v/d and the estimator Z?Zl y; for m > V/d to achieve the optimal rate.

REMARK 1. In this section and throughout the paper, theorems on the minimax lower
bounds are stated for the squared loss function only. However, the proofs in Section 7 are
given for the indicator loss function, which is more general. For each of the considered classes
O, they have the form

(10) infsup Po(|7 — T(0)| = ) >,
T 0€©

where inf; denotes the infimum over all estimators, ¢ is the corresponding minimax optimal
rate and ¢ > 0 is an absolute constant. Clearly, (10) implies lower bounds for the minimax
risk with any monotone non-decreasing loss function on R, taking value 0 at 0.
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3. Minimax estimation of the quadratic functional. Consider now the problem
of estimation of the quadratic functional Q(0) = Z;-izl 91-2. For any integers s,d satisfying
1 <s<d, and any o > 0, we introduce the notation

- o's?log?(1 4+ d/s?) if s < Vd,
Vols,d) = { otd it s> Vd.

The following theorem shows that
V8(s,d, k) = min{x*, max{c?k2, 1y (s,d)}}
is a lower bound on the convergence rate of the minimax risk of the quadratic functional on
the class Ba(k) N Bo(s), where Ba(k) = {0 € RY: ||0]|2 < &}
THEOREM 4. There exists an absolute constant ¢ > 0 such that, for any integers s,d
satisfying 1 < s < d, and any k,o > 0, we have
(11) RH(Ba(k) N Bo(s)) > cpd (s, d, k).

The proof of Theorem 4 is given in Section 7.

REMARK 2. Note that the minimax risk Rf)(B2(x) N Bo(s)) is monotone non-decreasing
in s while the right hand side of (11) is not monotone in s. Nevertheless, there is no problem
since &g(s, d) is equivalent, up to absolute constants, to a monotone function of s, for which
(11) remains valid with another constant ¢. For example, we have

(12) Uo(s,d) = d f?(min{1, s/Vd}),

where f(t) = tlog(1 + 4/t2). It is easy to check that the right hand side of (12) is monotone
in s.

One of the consequences of Theorem 4 is that R, (Bo(s)) = oo (set x = oo in (11)). Thus,
only smaller classes than By(s) are of interest when estimating the quadratic functional. The
class Ba(k) N By(s) naturally arises in this context but other classes can be considered as well.

We now turn to the construction of minimax optimal estimator on Ba(k) N By(s). Set

E(X?1 )
e = B(X?| X2 > 2log(1 + d/s?)) = UX1> 210814/}

N P(|X|> /2log(1+d/s?))’

where X ~ N (0, 1) denotes the standard normal random variable. Introduce the notation

Vo(s, d, &) = max{o’w?, 9o (s, d)}.

Thus,
(13) Vg (s,d, ) = min{x", ¥ (s,d, )}
Define the following statistic
d 2 2 : 4
) j=1(yj — Q50 ) ]l{|yj‘>0\/m} if s< \/3 and k* > wo—(S,d, R),
Q= Z;l:l y]2- — do? if s> +/dand k* > ¢y(s,d, k),
0 if k' <y(s,d, k).
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 7

THEOREM 5. There exists an absolute constant C' > 0 such that, for any integers s,d
satisfying 1 < s < d, and any k,0 > 0, we have

(14) sup  Ep(Q - Q(9))* < C (s, d, k).
HEBQ(K)QBo(S)

The proof of Theorem 5 is given in Section 8. Theorems 4 and 5 imply that ¥%(s,d, k) is
the minimax rate of estimation of the quadratic functional on the class Ba(k) N By(s) and
that @ is a minimax optimal estimator.

As a corollary, we obtain the minimax rate of convergence on the class By(k) (set s = d in
Theorems 4 and 5). In this case, the estimator Q takes the form

0, = 2?21 y; —do® if k* > max{o?k?, otd},
* 0 if x* < max{o?k? o*d}.

COROLLARY 1. There exist absolute constants ¢,C > 0 such that, for any k,0 > 0, we
have

(15) sup Eg(Qx — Q())? < C min{x*, max(c?k?, o*d)},
0eBa (k)

and

(16) R§(Ba(k)) > cmin{x? max(c?k?, old)}.

Note that the upper bounds of Theorem 5 and Corollary 1 obviously remain valid for the
positive part estimators Q4 = max{Q,0}, and Q.4+ = max{Qx,0}. The upper rate as in
(15) on the class Bao(k) with an extra logarithmic factor is obtained for different estimators in
26, 27.

Alternatively, we consider the classes By(r), where r is a positive number and 0 < ¢ < 2. As
opposed to the case of By(s), we do not need to consider intersection with Ba(r). Indeed, it
is granted that the f3-norm of 6 is uniformly bounded thanks to the inclusion By (r) C Ba(r).
For any 7,0 > 0, 0 < ¢ < 2, and any integer d > 1 we set

max{c?r?, o*d} it m>Vd,
z/)gq(r, d) = ¢ max{c?r? o*m?log?(1+d/m?)} if 1<m<+d,
r if m=0,

where m is the integer defined above (cf. (7)) and depending only on d,r, o, q. The following
theorem shows that wgq(r, d) is a lower bound on the convergence rate of the minimax risk of
the quadratic functional on the class By(r).

THEOREM 6. Let 0 < g < 2. There exists a constant ¢ > 0 such that, for any integer
d>1, and any r,o > 0, we have

(17) Ry (Bq(r)) = e @y (r. d).
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We now turn to the construction of minimax optimal estimators on Bg(r). Consider the
following statistic

?:1 3/32 — do? it m> \/3,
A d 2 ~ 2 .
Qq = G=1(Yf — Qo) ]l{‘yj|>2a S Tog(Lrd/ma)} if 1<m <V,
0 if m=0,

where &, = E(X?| X? > 8log(1 + d/m?)), X ~N(0,1).

THEOREM 7. Let 0 < q < 2. There exists a constant C' > 0 such that, for any integer
d>1, and any r,o > 0, we have

(18) sup Eg(Qq — Q(0))? < CyZ,(r,d).
0€By(r)

The proof of Theorem 7 is given in Section 8. Theorems 6 and 7 imply that wgq(r, d) is the
minimax rate of estimation of the quadratic functional on the class By(r) and that Qq is a

minimax optimal estimator.
Notice that, in view of the definition of m, in the sparse zone we have

o'm?log?(1 4+ d/m?) =< o*(r/o)?11og? (1 + d(o /7)*?),

which leads to

max{o?r? old} if m>d,
P2, (r,d) < { max{o®r? o(r/0)?1og? (1 + d(o/r)?))} if 1<m <d,
r it m=0.

One can check that for ¢ = 2 this rate is of the same order as the rate obtained in Corollary 1.

4. Minimax estimation of the £2-norm. Interestingly, the minimax rates of estimation
of the fo-norm ||6||2 = /Q(€) do not degenerate as the radius x grows to infinity, as opposed to
the rates for Q(6) established above. It turns out that the restriction to Ba(x) is not needed to
get meaningful results for estimation of \/Q(€) on the sparsity classes. We drop this restriction
and assume that © = By(s). Consider the estimator

N = y/max{Q.,0}

d 2 2 .
Q. _ jZI(yj — Qg0 ) ]l{|yj‘>g\/m} if s< \/&7
j=1 5 — do® it s>V

where

The following theorem shows that N is a minimax optimal estimator of the £y-norm |||z =
Q(0) on the class By(s) and that the corresponding minimax rate of convergence is

WYQ(s, d) = o?slog(1+d/s?) if s<Vd,
o Y o2Vd if s>+/4d.
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 9

THEOREM 8. There exist absolute constants ¢ > 0,C' > 0 such that, for any integers s,d
satisfying 1 < s < d, and any o > 0,

(19) sup Eg(N — [10]]2)> < CvY%(s,d),
HEBO(S)

and

(20) “o(Bo(s)) = /(s d).

Proofs of (19) and of (20) are given in Sections 8 and 7 respectively.
Our next step is to analyze the classes By(r). For any 7,0 > 0, 0 < ¢ < 2, and any integer

d > 1 we set
o2\/d if m>\/a,

WYQ(r d) = o’mlog(l+d/m?) if 1<m <V,

r? if m=0,

where m is the integer defined above (cf. (7)) and depending only on d,r, o, q. The estimator
that we consider when 6 belongs to the class By(r) is

Nq =V maX{QQa 0}

THEOREM 9. Let 0 < q¢ < 2. There exist constants C,c > 0 such that, for any integer
d>1, and any r,o > 0, we have

(21) sup Eg(Ny — [10]|2)? < CyYQ(r, d),
0eBy(r)

and

(22) R /5(Bq(r)) = bY@ (r,d).

Proofs of (21) and of (22) are given in Sections 8 and 7 respectively.

As in the case of linear and quadratic functionals, we have an equivalent expression for the
optimal rate:

o2Vd if m >4,
QA}/,(?(T, d) < 02(r/0)q10g1_q/2(1 +d(o/r)?) if 1<m< Vad,

r2 if m=0.

Though we formally did not consider the case ¢ = 2, note that the logarithmic factor disappears
from the above expression when ¢ = 2, and the optimal rates in the sparse and degenerate zones
are both equal to 2. This suggests that, for ¢ = 2, there is no need to introduce thresholding
in the definition of Nq, and it is enough to use only the zero estimator for m < v/d and the

estimator ( max d_ y? —do?,0 1/2 for m > v/d to achieve the optimal rate.
J=19j
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5. Estimation with unknown noise level. In this section, we discuss modifications
of the above estimators when the noise level ¢ is unknown. A general idea leading to our
construction is that the smallest yj2 are likely to correspond to zero components of 6, and thus
to contain information on ¢ not corrupted by 0. Here, we will demonstrate this idea only for
estimation of s-sparse vectors in the case s < v/d. Then, not more than d — v/d smallest y]2-
can be used for estimation of the variance. Throughout this section, we assume that d > 3.

We start by considering estimation of the linear functional. Then it is enough to replace o
in the definition of L by the following statistic

) 1 1/2
‘7:3<g > y(zj))
j<d—vd

where y(Qj) <. < y(2d) are the order statistics associated to y7,. .., %21~ Note that ¢ is not a
good estimator of o but rather an over-estimator. The resulting estimator of L(0) is

d
L= Zlyj L ys1>6/Foatirazsy
]:
THEOREM 10. There exists an absolute constant C such that, for any integers s and d
satisfying s < Vd, and any o > 0,

sup Eo(L — L(9))* < Cypx (s, d).
9630(8)

The proof of Theorem 10 is given in Section 8.

Note that the estimator L depends on s. To turn it into a completely data-driven one, we
may consider

d
=, '
L= .Zlyﬂ Yiysi>6v/zTogay
J:
Inspection of the proof of Theorem 10 leads to the conclusion that

(23) sup Eg(L' — L(9))? < Co?s?log d.
6’630(8)

Thus, the rate for the data-driven estimator L' is not optimal but the deterioration is only in
the expression under the logarithm.
A data-driven estimator of the quadratic functional can be taken in the form:

d
N 2
Q= ;yﬂ‘ L 156 /aTogd)
J:

The following theorem shows that the estimator @ is nearly minimax on Bs(x) N By(s) for

sg\/&.

THEOREM 11. There exists an absolute constant C such that, for any integers s and d
satisfying s < V/d, and any o > 0,

sup E¢(Q — Q(#))? < C'max {0252, o1s? log? d}.
0€Ba(k)NBo(s)

The proof of Theorem 11 is given in Section 8.
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 11

6. Consequences for the problem of testing. The results on estimation of the fo-
norm stated above allow us to obtain the solution of the problem of non-asymptotic minimax
testing on the classes By(s) and By(r) under the /5 separation distance. For ¢ > 0, u > 0, and
6 > 0, consider the set

©,.u(6) = {6 € By(w) : [6]2 > o).

Assume that we wish to test the hypothesis Hy : # = 0 against the alternative
H;: 0¢ ®q,u(5)

Let A be a test statistic with values in {0, 1}. We define the risk of test A as the sum of the
first type error and the maximum second type error:

PQ(A = 1) + sup P@(A = O)
0€04,.(5)

A benchmark value is the minimax risk of testing

Ryu(d) =inf {Po(A=1)+ sup Py(A=0)}
A 0€0,,4(5)

where infa is the infimum over all {0, 1}-valued statistics. The minimaz rate of testing on
Oy, is defined as A > 0, for which the following two facts hold:

(i) for any € € (0,1) there exists A. > 0 such that, for all A > A,
(24) Ryu(AN) <e,

(ii) for any e € (0, 1) there exists a. > 0 such that, for all 0 < A < a,
(25) Rou(AN) > 1—é.

Note that this defines a non-asymptotic minimax rate of testing as opposed to the classical
asymptotic definition that can be found, for example, in [24]. A non-asymptotic minimax
study of testing for the classes By(s) and By(r) is given by [4] and [40]. However, those papers
derive the minimax rates of testing on 6,4, only up to a logarithmic factor. The next theorem
provides the exact expression for the minimax rates in the considered testing setup.

THEOREM 12.  For any integers s and d satisfying 1 < s < d, and any o > 0, the minimax
rate of testing on O is equal to X = (@b(}/é(s,d))l/z. For any 0 < g < 2, and any r,oc > 0,
the minimax rate of testing on O, is equal to A = (@ZJ}{?(T‘, d))'/2.

The proof of this theorem consists in establishing the upper bounds (24) and the lower
bounds (25). We note first that the lower bounds (25) are essentially proved in [4] and [40].
However, in those papers they are stated in somewhat different form, so for completeness we
give a brief proof in Section 7, which is very close to the proofs of the lower bounds (20) and
(22). The upper bounds (24) are straightforward in view of (19) and (21). Indeed, for example,
to prove (24) with ¢ = 0 and u = s, we fix some A > 0 and consider the test

2 A* =1 .
(26) (8> (A/2) WY % (s.d))1/2)
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Then, writing for brevity ¢ = 1/13/@ (s,d) and applying Chebyshev’s inequality, we have

(27) 'Ro’s(A’(ﬁ) < Po(A* = 1) + sup PQ(A* = 0)
0€600,5(A\/%)
< Po(V > AVI/2)+ sup Po(N [0l < ~A4VT/2
€Bg(s
T 2
<2 sup M <C*A—2

0cBo(s) (A/2)%¢  —

for some absolute constant C > 0, where the last inequality follows from (19). Choosing A.
as a solution of C4AZ? = ¢ we obtain (24). The case 0 < ¢ < 2 is treated analogously by
introducing the test
*
=1 _

T N> (A/2) 7 (rd)) 2}
and using (21) rather than (19) to get the upper bound (24).

Furthermore, as a simple corollary we obtain a non-asymptotic analog of the Ingster-
Donoho-Jin theory. Consider the problem of testing the hypothesis Hy : § = 0 against the
alternative Hy : 6 € ©4(J) where

(28) Os(0) ={0cR?: ||8]o=s, 0, €{0,5}, j=1,...,d}

for some integer s € [1,d] and some ¢ > 0. Papers [22] and [12] studied a slightly different
but equivalent problem (with 6; taking values 0 and 0 at random) assuming in addition that
s = d® for some a € (0,1/2). In an asymptotic setting when ¢ — 0 and d = d, — oo, [22]
obtained the detection boundary in the exact minimax sense, that is the value A = A, such
that asymptotic analogs of (24) and (25) hold with A. = a. and £ = 0. In [12], it is proved that
the detection boundary is attained at the Higher Criticism test. Extensions to the regression
and classification problems and more references can be found in [23], [25], [3]. Note that the
alternatives in these papers are defined not exactly in the same way as in (28).

A natural non-asymptotic analog of these results consists in establishing the minimax rate
of testing on ©4(d) in the sense of the definition (24) - (25). This is done in the next corollary
that covers not only ©4(d) but also the following more general class:

0;(0) = {0 e R 0llo = s, i 16;] o},

We define the minimax rate of testing on the classes ©4 and ©7 similarly as such rate was
defined for O, by modifying (24) - (25) in an obvious way.

COROLLARY 2. Let s and d be integers satisfying 1 < s < d, and let o > 0. The minimax
rate of testing on Oy is equal A = o\/log(1 + d/s?) for s < v/d. Furthermore, the minimaz

rate of testing on ©F is equal to

ov/log(1+d/s?) if s<d,
A=9 odV/1) /s if s>

The proof of the upper bound in this corollary is essentially the same as in Theorem 12.
We take the same test statistic A* and then act as in (27) using that O5(A\) and ©%(A\) are
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 13

included in ©g s(AXy/5). The proof of the lower bound for the case s < v/d is also the same as
in Theorem 12 since the measure p, used in the proofs (cf. Section 7) is supported on s-sparse
vectors 6 with all coefficients taking the same value. For s > v/d we need a slightly different
lower bound argument - see Section 7 for the details.

Papers [22] and [12] derived the asymptotic rate of testing in the form A = c(a)o+/logd
where the exact value ¢(a) > 0 is explicitly given as a function of a appearing in the relation
s =4d% 0 < a < 1/2. Corollary 2 allows us to explore more general behavior of s leading to
other types of rates. For example, we find that the minimax rate of testing is of the order o
if s = +/d and it is of the order o+/Ioglogd if s < v/d/(logd) for any v > 0. Such effects are
not captured by the previous asymptotic results. Note also that the test A* (cf. (26)) that
achieves the minimax rates in Corollary 2 is very simple - it is a plug-in test based on the
estimator of the fo-norm. We do not need to invoke refined techniques as the Higher Criticism
test. However, we do not prove that our method achieves the exact constant ¢(a) in the specific
regime considered by [22| and [12].

7. Proofs of the lower bounds.

7.1. General tools. 'The proofs of the lower bounds in this section use a technique based on
a reduction to testing between two probability measures, one of which is a mixture measure.
This is a special case of what is called the method of fuzzy hypotheses or Le Cam’s method
since Le Cam [34] was apparently the first to consider this kind of argument.

Let p be a probability measure on ©. Denote by [P, the mixture probability measure

Pu:/@POM(dQ)-

A vector 6 € R? is called s-sparse if ||0]|o = s. For an integer s such that 1 < s < d and p > 0,
we denote by 1, the uniform distribution on the set of s-sparse vectors in R? with all nonzero
coefficients equal to op. Let

2(P', P) = / (dP'/dP)*dP — 1

be the chi-square divergence between two mutually absolutely continuous probability measures
P’ and P.
The following lemma is obtained by combining arguments of [4] and [9].

LEMMA 1. Forallo >0,p>0,1<s <d, we have

9 s s 2\°
X(Pupapo)é(ld%—de”) —1.

For completeness, the proof of this lemma is given in the Appendix. We will also need a
second lemma, which is a special case of Theorem 2.15 in [39]:

LEMMA 2. Let © be a subset of R? containing 0. Assume that there exists a probability
measure {1 on © and numbers v > 0,8 > 0 such that T'(0) = 2v for all 6 € supp(p) and
X*(Pu, Po) < 3, Then

- 1
infsupPy(|T —T(0)| > v) > -
T 0eco 4

exp(—0),

where inf denotes the infimum over all estimators.
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7.2. Proof of the lower bound (4) in Theorem 1. Set p = +/log(l+ d/s?). Then, by

Lemma 1,

d\\* 1\*
2 2P, ,P 1—-- 1 —1=114+4-] —-1<e—-1.
R (I
Next, L(f) = osp for all 6 € supp(y,), and also supp(p,) € Bo(s). Thus, the assumptions of
Lemma 2 are satisfied with © = By(s), 8 =e— 1, v = asp/2 = (1/2)os/log(1 + d/s?) and
T(0) = L(#). An application of Lemma 2 yields

inf sup Py <|T— L(0)] > (1/2)0s\/log(1 +d/s2)> > L exp(i— ),
T 9eBo(s) 4

which implies (4).

7.3. Proof of Theorem 4. We start by rewriting in a more convenient form the lower rates
we need to prove. For this, consider separately the cases s > v/d and s < V/d.

Case 5 > \/d. The lower rate we need to prove in this case is min{x*, max(c?s2, o*d)}. It
is easy to check that we can write it as follows:

o?k? if k' > otd?,
(30) min{x?, max(c?s?,01d)} = { old if o*d < k* < otd?,
kA if k*<otd.

Note that the lower rate od for od < k* < o*d? follows from the lower rate k?* for k* < o*d
and the fact that the minimax risk is a non-decreasing function of k. Therefore, to prove
Theorem 4 for s > v/d, it is enough to show that R (Ba(k) N Bo(s)) > c(lower rate), where
¢ > 0 is an absolute constant, and

(31) lower rate = o?k? if Kk'>o0%'d? and s= \/37
LA if k*<o%d ands=d

n (31), we assume without loss of generality that v/d is an integer and we replace without
loss of generality the condition s > v/d by s = v/d since the minimax risk is a non-decreasing
function of s.

Case s < v/d. The lower rate we need to prove in this case is

min{x*, max(c?s?, o1s% log?(1 + d/s*))}.

The same argument as above shows that the analog of representation (30) holds with d replaced
by s2log?(1 + d/s?), and that it is enough to prove the lower rate of the form:

(32) lower rate = o?k? if k' > o'stlogh(1+d/s*) and s < V4,
— K4 if K2 < 048210g2(1+d/82) and s < \/g

Thus, to prove Theorem 4 it remains to establish (31) and (32). This is done in the following
two propositions. Proposition 1 is used with b = log 2 and it is a more general fact than the
first lines in (31) and (32) since Ba(x) N Bo(s) 2 Ba(k) N By(1), and slog(1 + d/s?) > log 2
for 1 < s < v/d. Proposition 2 is applied with b = 1/(log2).
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ProposITiION 1. Let b > 0. If K > bo, then

it sup Py (17— QMO > (3b/8)ox) > | exp(—1/4)
T 9€Ba(k)NBo(1) 4

where inf;, denotes the infimum over all estimators of Q.

PROPOSITION 2. Let b> 0. If &* < b?0*s%log?(1 + d/s?) and 1 < s < d, then

inf  swp Py (|7 - Q(8)] = #?/(2max(b,1))) = ; exp(1 - e),
T 0€Ba(x)NBo(s) 4

where inf; denotes the infimum over all estimators of Q.

REMARK 3. At first sight, the proof of the lower bound seems to exhibit a paradox: the
proof for the rate o2k? involves a two-point comparison, while the trivial rate x* needs a more
elaborate proof. But, in fact it is not surprising since the rate o2£? is independent from the
dimension d, so that it is natural that the proof only uses simple arguments that also hold for
d = 1. On the other hand, the bound x* needs a construction based on multiple hypotheses,
since the dimension-dependent rate o*d derives from it in view of the above argument.

7.4. Proof of Proposition 1. Consider the vectors § = (k,0,...,0) and ¢ = (k—bc /2,0,...,0).
Clearly, 6 and 0 belong to By(x) N By(1). We have

d(6,0") = |Q(0) — Q)| = |0*? /4 — Kkob| > 3okb/4,
and the Kullback-Leibler divergence between Py and Py satisfies

|9_9/|2 b2
K(Py,Py) = o= 552 I 5

We now apply Theorem 2.2 and (2.9) in [39] to obtain the result.

7.5. Proof of Proposition 2. Set p = k/(cy/max(b,1)s). Then p? < log(1 + d/s?) and
due to (29) we have x*(P,,,Po) < e — 1. Next, Q(f) = |03 = so?p® = x?/max(b,1)
for all § € supp(p,), which implies supp(u,) € Ba(k). We also have supp(u,) € By(s) by
construction. Therefore, the assumptions of Lemma 2 are satisfied with © = By(k) N By(s),
B=e—1,v=r?/(2max(b,1)) and T(#) = Q(6). An application of Lemma 2 yields the result.

7.6. Proof of Theorem 2. In order to prove Theorem 2, we will need the following propo-
sition.

PROPOSITION 3. Let b> 0. If k? < b%0%s?log(1 + d/s?) and 1 < s < d, then

inf sup Py (|7 — L(9)] = n/(2max(b,1))) = 7 exp(l - e),
T 9B (k)NBo(s) 4

where inf; denotes the infimum over all estimators.

PROOF. We proceed as in the proof of Proposition 2 with the following modifications. We
now set p = £/(max(b,1)os). Then x*(P,,,Po) < e—1and L(f) = |||, = sop = £/ max(b, 1)
for all 6 € supp(u,), so that supp(u,) € © = Bi(k) N By(s) and Lemma 2 applies with
B=e—1,v=r/(2max(b,1)) and T(0) = L(0). O
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Proof of Theorem 2. First notice that, for an integer s € [1,d], and 0 < ¢ < 1, kK > 0,
(33) Bi(k) N By(s) C By(r) if s'7x% =71,

We will prove the theorem by considering separately the cases m = 0 and m > 1.

Case m = 0. Then, 72 < 0%log(1+d) and the assumption of Proposition 3 is satisfied with
s=1,b=1, and Kk = r. Applying Proposition 3 with these parameters and using (33) with
s =1 we easily deduce that R} (B,(r)) > Cr?.

Case m > 1. We now use the embedding (33) with s = m. Then

(34) Kk =rm' Y1 > omy/log(1 + d/m?)

where the last inequality follows from the definition of m. Furthermore, the fact that m > 1
and the definition of m imply

(35) 2724221 < p2(m 4 1)"Y9 < 6% log(1 + d/(m + 1)?) < o%log(1 + d/m?).

This proves that for & defined in (34) we have xk? < 2%9¢2m?log(1 + d/m?). Thus, the
assumption of Proposition 3 is satisfied with s = m, b = 21/9 and « defined in (34). Applying
Proposition 3 with these parameters and using (33) with s = m we deduce that R} (By(r)) >
Ck?. This and (34) yield R} (B,(r)) > Co?m?log(1+d/m?), which is the desired lower bound.

7.7. Proof of Theorem 6. First notice that, for an integer s € [1,d], and 0 < ¢ < 2, Kk > 0,
(36) By(k) N Bo(s) C By(r) if s79/2k% =r4,

Consider separately the cases m =0, 1 < m < v/d, and m > V/d.

Case m = 0. Then, 72 < 0%log(1 + d) so that the assumption of Proposition 2 is satisfied
with s =1, b = 1, and kK = r. Applying Proposition 2 with these parameters and using (36)
with s = 1 and k= r we get that R{,(By(r)) > Cri.

Case 1 <m < +/d. We start by using (36) with s = m. Then

(37) k= rmt/2 /e > J\/m log(1 4 d/m?)

where the last inequality follows from the definition of m. For this &, using (35) we obtain
x% < 2%/95%mlog(1 4+ d/m?). Thus, the assumption of Proposition 2 is satisfied with s = m,
b = 22/¢ and &k defined in (37). Applying Proposition 2 with these parameters and using
(36) with s = m we deduce that R{,(By(r)) > Ck*. This and (37) prove the lower bound
R§(By(r)) > Co*m?log?(1 4 d/m?).

To show that R{,(Bqy(r)) > Co?r?, we use (36) with s = 1 and k = r. Now, m > 1, which
implies 72 > 021log(1 + d) > 0%(log2). Thus, the assumption of Proposition 1 is satisfied with
s =1,k =r,and any 0 < b < /log2, leading to the bound Rf)(B2(x) N Bo(1)) > Co?r?.
This inequality and the embedding in (36) with s =1 yield the result.

Case m > v/d. Tt suffices to note that the argument used above in the case 1 < m < Vd
remains valid for m > v/d and s = v/d instead of s = m (assuming without loss of generality
that v/d is an integer).
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 17

7.8. Proof of the lower bound (20) in Theorem 8. Let s < v/d. Set p = /log(1 + d/s?).
Due to (29) we have x*(P,,,Po) < e — 1. Next, |||z = opy/s = oy/slog(1 + d/s?) for all
6 € supp(p), and supp(u,) € Bo(s) by construction. Therefore, the assumptions of Lemma 2
are satisfied with © = By(s), 8 = e — 1, v = oy/slog(l + d/s?)/2 and T(0) = ||0]]2. An
application of Lemma 2 yields the result for s < v/d. To obtain the lower bound for s > V/d,
it suffices to consider the case s = Vd (assuming without loss of generality that Vd is an
integer) and to repeat the above argument with this value of s.

7.9. Proof of the lower bound (22) in Theorem 9. If m = 0 we have r? < o2log(1 + d).
In this case, set p = /0, s = 1. Then, p < /log(1 + d) and due to (29) with s = 1 we have
x*(Py,,Po) < 1. Next, [|8]2 = ||6]]q = r for all § € supp(u,). Thus, supp(u,) C Be(r) and
the assumptions of Lemma 2 are satisfied with © = By(r), 8 =1, v =r/2 and T'(0) = |02,

which implies the bound RT/Q(BQ(T)) > Cr? for m = 0.

Case 1 < m < v/d. Use the same construction as in the proof of (20) replacing there s
with m. Then, ||0]|2 = o\/mlog(1 + d/m?), and ||0||, = opm!/ = om'/9\/log(1 + d/m?) for
all @ € supp(u,). By definition of m, we have om!/9\/log(1 + d/m?) < r guaranteeing that
supp(pp) C Bg(r). Other elements of the argument remain as in the proof of (20).

Case m > +/d. Use the same construction as in the proof of (20) with s = v/d (assum-
ing without loss of generality that v/d is an integer). Then p = Iog2, |6z = od'/*\/log 2,
and ||0]|, = 0d'/??\/Tog2 < r (by definition of m) for all @ € supp(y,). Other elements of
the argument remain as in the proof of (20).

7.10. Proof of the lower bounds in Theorem 12 and in Corollary 2. The following lemma
reduces the proof to the argument, which is very close to that of the previous two proofs.

LEMMA 3. If u is a probability measure on ©, then

inf {Po(A = 1) + sup Py(A = 0)} > 1= /x*(P,, Po)
A 0O

where inf A is the infimum over all {0,1}-valued statistics.

PRrROOF. For any {0, 1}-valued statistic A,

Po(A=1)+ 3ug Pop(A=0)>Po(A=1)+ . Po(A =0)u(db)

:Po(A: 1)+PM(A:0) > 1—V(]P’M,PQ) >1-— Xz(PM,Po)

where V (-, -) denotes the total variation distance and the last two inequalities follow from the
standard properties of this distance (cf. Theorem 2.2(i) and (2.27) in [39]). O

Proof of the lower bound in Theorem 12 for ¢ = 0. We use a slightly modified argument of
Subsection 7.8. As in Subsection 7.8, it suffices to prove the result in the case s < v/d. Then,
YYQ(s,d) = o%slog(1 + d/s?), so that our aim is to show that the lower rate of testing on
By(s) is A = oy/slog(1+d/s?). Fix A € (0,1). We use Lemma 3 with © = 0 s(A\) and
p = p, where we take p = Ay/log(1 + d/s?). For all 6 € supp(p,) we have ||0]|2 = op\/s = AN
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while supp(u,) € Bo(s) by construction. Hence supp(p,) C ©gs(AN), so that we can apply
Lemma 3. Next, by Lemma 1,

S

A2\ S 2\°
A
o vz (1505 (0 8) ) (1) s

where we have used that ( +2)4 -1 < A% for 0 < A <1, z>0. The last display and
Lemma 3 imply that Ro s(AX) > 1 — y/exp(A4?) — 1. Choosing a. such that \/exp(a2) — 1 =¢
proves (25).

Proof of the lower bound in Theorem 12 for 0 < q < 2 follows along similar lines but now we
modify, in the same spirit, the argument of Subsection 7.9 rather than that of Subsection 7.8.
The corresponding p in Subsection 7.9 is multiplied by a suitable A € (0,1) and then Lemma 3
is applied. We omit the details.

Proof of the lower bound in Corollary 2. As explained after the statement of Corollary 2,
we need only to consider the case s > V/d for the class ©%. Then, A = od"/*/./s. Instead of u,
we consider now a slightly different measure fi,, which is the uniform distribution on the set
of s-sparse vectors in R? with nonzero coefficients taking values in {—op, op}. Then, similarly
to Lemma 1,

(39) x*(Ba, Po) < (12 S+ > cosh(p?)) 1,

cf. formula (27) in [4]. Fix A € (0,1). We now use Lemma 3 with © = ©%(A4\) and p = [i,
where we take p = Ad'/*/\/s. For all § € supp(fi,) we have |0;| = op = Acd"/*/\/s = A\

and also supp(fi,) C {||€]o = s} by construction. Hence supp(fi,) C ©3(AN), so that we can
apply Lemma 3. Since s > v/d we have p < 1. Using (39) and the fact that cosh(z) < 1 + 22
for 0 < x < 1 we obtain

S A\ s
(B, Po) < (14 72) — 1 < exp(a”) -

and we conclude the proof in the same way as it is done after (38).

8. Proofs of the upper bounds. We will use the following lemma.

LEMMA 4. For X ~N(0,1) and any x > 0 we have

4 2 4 2
40 R <P(|IX]| > ) < —=°/2,
(40) \/27r(:n+\/x2—|—4)6 <P(X]>2) < \/27r(:v+\/x2—|—2)6
2 2 2\ a2
(41) E[X ]l{|X\>;c}} < ;(m + 5)6 )
42 E|[x*1 < |2 (2% + 30+ L)ee?2
( ) [ {|X\>x}} S ;(l‘ + l‘—i-;)e .

Inequality (40) is due to [6] and [38|. Inequalities (41) and (42) follow from integration by
parts.
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MINIMAX ESTIMATIONS OF SOME FUNCTIONALS UNDER SPARSITY 19

In this section, we will use the notation

(43) x =4/2log(1+ d/s?), S = {7 :1yj| >0z}, S={j:0;#0}.

We also recall that the observations are of the form y; = 0; +0&;, j =1,...,d, with i.i.d.
errors §; ~ N(0,1). We will denote by Cj,i = 1,2,..., absolute positive constants, and by C
absolute positive constants that can vary from line to line.

8.1. Proof of the bound (3) in Theorem 1. Clearly, Eg(z;lzl y; — L(0))? = o%d. Thus, in
view of (5), to prove (3) it is enough to show that for s < v/d we have

(44) sup Eg(L, — L(0))? < Co?slog(1 + d/s?)
9630(5)

where
R d
L. = Zlyj L1y, 150+/2log(trd/s)
]:

and C' > 0 is an absolute constant. Recalling the notation set in (43) we have

(45) Le=LO) =Yy —0)— > vi+ > v

Jes jeS\S jes\S

Thus, for § € By(s), we obtain

Bo(Lo~ L) < 3B(306) +3Bo( 05 Lgyicmn) +3B( Y 06 Lgpon)

JeSs jeSs jese

< 30%{(s+ %) + Y E( Lo |

jese
< 302{(3 + s%2?) + d\/z(a: + %)e*lﬂﬂ} (by (41))
< 302{(3 + s2x?) + 32\/Z<x + %)}a

and (44) follows since z > 1/2log 2 for s < V/d.

8.2. Proof of Theorem 3. We will consider only the sparse zone 1 < m < V/d since the
cases m = 0 and m > V/d are trivial. Fix § € B,(r). We will use the notation

d=14d/m? &=22logd, S=1{j:|0;]>0%/2}.
Note that

q
27:) <272 (m +1) < 21792,
ox

(46) Card(S) < (

where the first inequality is due to the fact that § € By(r) and the second follows from the
definition of m.
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Consider first the bias of I:q. Lemma 5 yields
. ) d 2 d 2
(47) (Bo(Ly) — L(0))* < C( D min(l0],02))" < (D 10;](07)'77)
j=1 j=1

r \ 2 -
<C (~) o? log d
oz
< Co’m?logd,
where we have used (46). Next, the variance of ﬁq has the form

d

VaI‘g ZV&I‘Q y] ]1{|yg|>096})
7j=1

Here, for indices j belonging to S, using (46) we have

(48) Z Varg(yj ]l{|yj\>a£}) <2 Z Varg(yj) +2 Z Varg(yj ]1{‘y].|§05})
j€s jes jes
< 2Card(S)o?(1 + °)
< Co’mlogd.

For indices j belonging to S¢, we have

(49) > Varg(y; Ly, soe1) < D Eo(yf Liy,1500)
jese jese
<2y 607 4+20° Y Ep(&] Ly 50m))
jese jese
2 2
<2( 2. |9j|> +20 Z Bl e, 15 v/21oga)
jJeSse

Using the same argument as in (47) we find

(50) (> |9j|)2 < C(iminﬂ&ﬂ,ai))? < Co’m2logd.

jese Jj=1
Finally, (41) implies
(51) o? Z E( §] {\€J|>\/@}) Co*(d/d)\/logd < Co®m?logd
jese

where for the last inequality we have used that logd > log2 for m < v/d. Combining (48) —
(51) we obtain that ) )
Varg(L,) < Co*m?logd.

Together with (41), this yields the desired result:

sup Eg(L, — L(0))* < Co*m?logd.
0eBy(r)
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8.3. Proof of Theorem 5. We will use the notation set in (43). Moreover, we recall the
definition of the estimator studied here:

0, = E] \y; —do® if /@'4>max{c72 2 otdy},
* if x*< max{o?k 2 otd}.

The upper bound k4 for k* < 1y (s,d, k) is trivial since the risk of the zero estimator is equal
to k*. Let now k* > 1y(s,d, k). We analyze separately the cases s > Vd, k* > 1, (s,d, k),
and s < Vd, k* > Vy(s,d, k).

Case s > /d and k* > Vo (s,d, k). Then Q Q* and Theorem 5 claims a bound with the
rate Y% (s, d, k) = ¥y (s,d, k) = max(o?k? 04d) To prove this bound, note that

d d
Qs — Q) =20 0, +0° (£ -1)
= =1

Thus, for all § € By(k),

d d
Eo(Q- — Q)P = 10°B( Y 056;) + (3 - 1)
= =1
(52) = 40%||0|13 + 20*d < 6 max(c2k?, old).

Case s < \/d and k* > v,(s,d, k). Then, Q = Q' where

d
N 2 2
Q= jzl(yj —00") L oo folog (1057}

and ¥&(s,d, k) = max(c?k?,0*s?1log?(1 4 d/s?)). Here and below in this proof, we set for
brevity a = .

Let x be defined in (43). Since s < Vd, we have = > \/21og 2. Using Lemma 4, we find that,
for s < Vd,

E( X% x>z
(53) a= i(\X?lfa:)}) < (x4 2/x)(x+1) < 5z? = 10 log(1 + d/s?).

Similarly to (45), we get

Q-0 =X a8 = X (@ —aot)+ X (4 - ao?

jes jeS\S jeS\S

where S and S are defined in (43). Thus,
A 9 2 2 2
(54) Eg(Q~Q(0))" <3Ep|( Y (v7—a0?-03)) +( 3 (wF-a0?) +( Y (wi-a0?))].
jes jeS\S jeS\S
For 6 € Ba(k) N Bo(s), the first term on the right-hand side satisfies
2 2
Eg(z:(y]2 — ao? —9?)) = E(Z(Qat%fj —1-02(5]2- —a)))
jeSs jeS
(55) < 46%|0||5 + 20*s*(a® + 3)
< 4026|135 + 205 (252 + 3),
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where the last inequality derives from (53). Hence, using the definition of z in (43) we find
2
(56) Eo( Y (y] — a0® = 03))" < C1 (o?|6])3 + o5 log?(1 + d/s?))
JjeSs
< Oy (0%K% + o¥s?log?(1 4 d/s?)).

Furthermore, by definition of S ,

2
Ee( > (Y — ac®) ) < 40*s%log?(1 + d/s?) + 20*s*a?
jeS\S
< Cyots? log2(1 + d/32)

for any 6 € By(s). Finally, a was chosen such that, for any j & S,

Ey [(y? - aaz)]lﬂyjm}} = GQE[(XQ - 04)11{|X>m}} =0,

where X ~ N(0,1). Thus, by independence we have

Bo( X (= a0®)) = X Bo |47 - a0 gy, )|

jeS\S Jjgs
(57) < O'4dE[(X2 _O‘)Q]I{X|>x}]
<1604 B[ X x50

since a < 5X? on the event {|X| > z}, cf. (53). Now, Lemma 4 implies

2
Eg( Z (y]2 - aaQ)) < Cyotdade /2,
JES\S

and by definition of x,

2
Eg( Z (yj2 - a02)> < Cuotsxd < (Cy/v/2log2)ots?zt < Csots? log?(1 + d/s?),
jes\s

where we have used the fact that x > y/2log2. Combining the above displays yields

sup Ey(Q' — Q(@))2 < Cgmax(o?k?, 0152 log?(1 + d/s?)).
e Ba(k)NBo(s)

REMARK 4. This proof elucidates why we have chosen the threshold z in the form (43).

In (54), the three terms on the right hand side are of the order respectively o2x? + o*sx?,

2 . .. .
ots?2z4, and otdade /2. Among these, the expressions containing = are balanced if o4s?z? =

0'4d33‘3€_r2/2, which is equivalent to ze’ /2 = d/s%. This leads to a choice of z in the form
V/21og(d/s?) —loglog(d/s?) < \/2log(d/s?).
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8.4. Proof of Theorem 7. Fix 6 € By(r). We will prove the theorem only for 1 <m < Vd
since the case m = 0 is trivial and the result for the case m > /d follows from (52) and the
fact that ||@]la < ||6]l; < 7. In this proof, we will write for brevity & = G, d = 1 + d/m?,
i = 2(2logd)"/2. Let J C {1,...,d} be the set of indices corresponding to the m largest in
absolute value components of ¢, and let |¢|(;) denote the jth largest absolute value of the
components of 6. It is easy to see that

16]lg
’9|(J) = jl/q ’

This implies

9 5 2 19114\ > 2 1-2
S = X oy <ol X ol < () el = et 2e.

jeJC j>m+1 j>m+1

Therefore, since § € By(r) and due to the definition of m,

(58) Z 9]2- < r?m!'=%1 < 6%mlog d,
jeJe
and
(59) Vied: |05 < rm ™Y1 < oy/logd < o /2.
We have
(60) Q—QO)=> {y—ac® =07} - > {y} —ac?}
JjeJ jeJ\S
+ Z {yj2 —aaQ} — Z 9]2-,
jeS\J JjeJe

where S = {j : |0;] > 0#/2}. Consider the first sum on the right hand side of (60). Since
Card(J) = m, and o < 40logd (which is obtained analogously to (53) recalling that now
a = &y, instead of o = ), the same argument as in (56) leads to

2 ~
(61) EQ(Z {y7 — ao® — 9]2}) < C(a?0]13 + o*m?log? d).
jedJ
Next, consider the second sum on the right hand side of (60). By definition of S,
2 2 ~
(62) Eg( > {y; —ac®} ) < (202(55 + a)) < Co*m?log?d.
jeJ\S JjeJ

Let us now turn to the third sum on the right hand side of (60). The bias-variance decompo-
sition yields

Eo( > {y} - ac?} )2 =By > (4} — a0?) ]1{|yj\>o—5c})2

jes\J jeJe
2
= ZJ: Varg (47 — a0?) Ly, 505 ) + | ZJ: Eo((y — a0®) 1y, 150m) | -
jede jeJe
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Here,

2
Varg (57 — a0%) Ly s00y) < Ba (45 — a0®) Ty, 500))
< OBy (0] +0"¢f +0%0") Ty 5021

< Cl0} +a?0" + 0"B(& g na2y)|  (by (59).

Using now the same argument as in (57) to bound E(f;-1 Lyj¢;|>¢/2}) We obtain
Z Varg((y]z — ac?) ]l{‘y].|>oj}) <C( Z 9? + o*m?log? d)
jeJC jeJC

< C(( Z 0?)2 + o*m? log? J).

jeJe

Furthermore, by Lemma 6,

|3 Eo((f — a0®) Ly mem )| < C X 65

jeJC jeJe
Combining the above displays leads to the following bound :
2 2 -
(63) Eg( > {yF —ao?} ) §C’((Z€J2-) +04m210g2d).
JjeS\J jeJe
From (60) - (63) we deduce that
A 2 21012 2\2 | 4 2. 27
Ey(Qq — Q0)* < C(o2[013+ ( 3 03) +o'm?log?d).
jede
The result now follows if we use (58) and note that [|0|]2 < ||6]|q < 7.

8.5. Proof of the upper bound (19) in Theorem 8. Fix 6 € By(s) and set for brevity

T = (w(}/@(s,d))l/z. We will bound the risk Eg(N — ||0||2)? separately for the cases |||z < T
and [|0]]2 > 7.

Case ||0]|2 < 7. Using the elementary inequality (a — b)? < 2(a? — b%) + 4b2, we find
. . . 1/2
Eg(N — [|0]2)? < 2 Eg(max{Qa,0} — Q(0)) +4Q(0) < 2 (Eo(Qu — Q(6))?) "~ + 472

Note that Qe = Q if we set x = 7 in the definition of (. Furthermore, 6 € By(s) and, in the
case under consideration € belongs to Bo(7). Now, use that for all § € By(7) N By(s), due to
Theorem 5, we have

Eg(Qe — Q(0)* < CY(s,d,7).
Using this inequality and the fact that ¢¥@(s,d,7) = (¢g/@(s, cl))27 we obtain the desired rate:

Eg(N — |0]|2)% < CropyQ(s,d) + 472 = (C7 + 4)Y 9 (s, d).
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Case ||0]|2 > 7. Using the elementary inequality ¥ a > 0,b > 0, (a — b)? < (a® — b*)?/a?,

we find A
Ey(Qe — Q(0))?
1613 '

Now, we bound :E}g(@. - Q(0))? along the lines of the proof of Theorem 5. In particular, if
s > v/d we have Qo = Q., 7 = od'/* and using (52) we obtain

Eg(Qe — 2 25! 25
0(Q 2@(9)) < 462 + o g < 402 + 02d < Cyo®Vd,
16113 16113 T
which is the desired rate. If s < v/d, we have Qs = Q', 7 = 0y/s1og(1 + d/s?) and using (56)

and the subsequent bounds in the proof of Theorem 5, we obtain
Eo(Qs — Q(0))%2 _ 3(C10%|0]|3 + (C1 + Oz + Cs)o*s? log?(1 + d/s?))
2 < 2
1613 1012
427152 2
< Cy <02+0 s*log (21+d/5 )
T

Eg(N — ||0]|2)% <

(64)

) < Croo?slog(1 +d/s?),

which is again the desired rate.

8.6. Proof of the upper bound (21) in Theorem 9. The case m = 0 is trivial. For m > 1, we
use the same method of reduction to the risk of estimators of @ as in the proof of (19). The

difference is that now we set 7 = (1/1(}{?(7“, d))l/ 2, we replace s by m, and we apply Theorem 7
rather than to Theorem 5. In particular, an analog of (64) with s = m is obtained using (61).

8.7. Proof of Theorem 10. Here, we will use the notation set in (43). As in the proof of
the bound (3) and with the same notation, we have, for § € By(s),

~ 2 2 2
Eo(L — L(A))*> < SE( > o—gj) + 3Eo(z Yj ]]-{|yj|§6'z}> + 3E( > ¢ ]1{a|5j|>em«})
JjES jeSs jese

N

< 3{(302 + s°Eg(6%)2%) + 0” 2; E(ff ]1{a|gj|>ax}) }
JES®

Here,

2
B0 (& 1,16, 10 /170777
_ 2 2
= Eq (fj ]l{o|5j|>&,/210g(1+d/s2)}]1{&>0}) + Ey (53' ]1{a|gj\>an/2log(1+d/s2)}]1{6§0})'

The first term on the right hand side satisfies
2 2
120 (5j ]l{a|§j|>[7\/210g(1+d/82)}]l{&>0}> < By (51 ]l{\ﬁj|>\/2log(1+d/82)})

2

< O log(1+d/s2) (by (41).

For the second term, we use Lemma 7 to get
2 4 ~
Eg (fj ]l{a|§j\>&\/m}]l{&§”}> < \/E(51)\/P9(0 <o) < CVdexp(—Vd/C).
Combining the above displays and using Lemma 7 to bound Ey(62) we obtain

Eo(L — L(0))? < Co?s?log(1 + d/s?).
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8.8. Proof of Theorem 11. Set S = {j : |y;| > 6+/2logd} and recall that S = {j : 6; # 0}.
As in the proof of Theorem 5 we get

- ) 2
Eo(Q- Q1) <3E[(X-09) + (X 1) + (X )]
Jjes jes\S jeS\S
We bound separately the three terms on the right hand side. For 6 € Bs(x) N By(s), the first
term on the right-hand side satisfies, due to (56) with oo = 0,
2
(65) EQ(Z(yJQ- — 0]2)) < C (0?0)3 + 0*s?) < C (0%K? + 0*s?).
jes

Using Lemma 7 we find

o yﬂ) _E"(Z% {\y;|<a\/2ng})2

jes\S
(66) < 32E9(0 )(2log d)? < Co*s?log?d.
Finally, we write the third term as follows
(67) B X 4) - EG(Z PG g i) <241+ 4)
jeS\S
where

d 2
242
Ay :EG(ZIU & ]1{a|§j\>& 2logd}]l{&>\/§a}) ’
‘]:

d 2
Ay =Ep( 30’ 1o ay) -
j=1

Using (42) we obtain

d
(68) A< "4E9(j215a2 ]l{léj\>2\/@}>2 <20 PB(X Ly i)
< Co(logd)®/?
where X ~ N(0,1). Next,
d
Ag < U4E9(j21532' 1{&§\/§0’}) < o'd” 2 Eo(&; Lis<yaoy):
Using (42) we find
Ey (&) Liscyaoy) < Ey (&) {|5]\>2\/@}) +Ey(&) 1 {l¢;1<2¢/log d} Lis<vaoy)
< %(log d)3/2 + 16(log d)?Py(6 < V20).

The last two displays and the bound for Py(& < v/20) from Lemma 7 yield
(69) Ay < Co*(logd)®/2.
Combining (65) - (69) proves the theorem.
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9. Appendix: Auxiliary lemmas.
ProOOF OoF LEMMA 1. We first follow the lines of the proof of Theorem 7 in [9] and then

apply a result of [2] (¢f. also Section 6 in [20]) in the same spirit as it was done in [4]. Let ¢,
be a density of normal distribution with mean 0 and variance o2. For I € S(s,d), let

d
911, -, ya) = [ wolys —
j=1
where f; = opljer. The density of P, is

Zgl

d
(s) IeS(s,d)

dP,
XQ(IPMP,PO)—/(CZPO ) Py —1_/——1

where f is a density of n i.i.d. normal random variables with mean 0 and variance o2. Now,

/ f d Z Z /9191"

s IeS(s,d) I'eS(s,d)

and we can write

It is easy to see that

/gjfgp = exp(p*Card(I N 1)),

which implies
g2
/ 7 = EeXP(PQJ)

where J is a random variable with hypergeometric distribution,

()

As shown in [2], J coincides in distribution with the conditional expectation E[Z|B]| where Z
is a binomial random variable with parameters (s, s/d) and B is a suitable o-algebra. This
fact and Jensen’s inequality lead to the following bound implying the lemma:

/—<Eexp Z):<1—2+Zep2) .
O

In the next two lemmas, we will use the notation D;(t) = E(X'ljxsy) for i > 0, > 0,
where X ~ N(0,1). Clearly, Do(t) = 1 — ®(t), and D1(t) = ¢(t) where ® and ¢ are the
standard normal c.d.f. and density respectively. For ¢ > 2 integration by parts gives D;(t) =
£7Lp(t) + (i — 1) Di_o(t). Tt follows that D;(t) = O(t e /2) as t — oo, and each D; as well
as each of its derivatives is uniformly bounded.
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LEMMA 5. Lety ~ N(a,0?) and T = Y Lfjy>ory where T > 0. Set B(a) = E(T)—a. Then
there exists C' > 0 such that
|B(a)| < C'min(|al, o).

Proor. Note that B(a) = E(y 1{<sr}), so that [B(a)| < o7. Thus, it remains to show
that there exists C' > 0 such that |B(a)| < Cla|. We have

B(a) = a(Do(t + a/o) + Do(t — a/o)) + o(D1(T + a/o) — Di(1T — a/o)).
Since all D; and their derivatives are uniformly bounded the result follows. O

LEMMA 6. Lety ~ N(a,0?), and 7 > 0. Let o be such that E{(X2 — ) ]1{|X|>T}} =0,
where X ~ N(0,1). Then there exists C > 0 such that

B[4~ a0®) 1jyp0n]| < Ca?.
PrROOF. We have
E[(1? ~ a0®) L(jyjsery| = 0*(Da(7 + a/0) + Ds(r = afo)) + 2a0(Ds(r + a/o) = Di(r — a/o))
+ (a? = a0?)(Do(7 + a/) + Do(7 — a/0)).

Using that Dg is bounded and D; is Lipschitz continuous, we see that it is enough to check
the condition |f(a)| < Ca? for

f(a) = o? |:D2(T +a/o)+ Da(t —ajo) — a(Dg(T +a/o)+ Do(T — a/a))}.

Now, f(0) = 0 by definition of o and f/(0) = 0 because f is symmetric. Since the second
derivatives of Do and Dg are uniformly bounded Taylor’s theorem gives the result. O

LEMMA 7. For any 6 such that ||0]|o < vV/d we have

(70) E(6%) < 90%,  Ey(6') < Co?,
and
(71) Py(6 < o) < Cdexp(—Vd/C)

for some absolute constant C > 0.

PROOF. Since ||0]o < v/d we have

Denote by F the set of indices i corresponding to the d — ||0]|o smallest values y2. Then

d—|1llo

Yoy =D =Y G+ D> -0 > &
j=1

1€F 1€8¢ 1ESNF i€ESCNEF¢C
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where S = {j : §; # 0}. For any i € SN F and any j € SN F¢, we have

yf < 02532.
Furthermore, Card(S N F') = Card(S¢ N F¢). Therefore,
952
52 < 2
2ty
iese

This implies (70). We now prove (71). Let G be the set of indices ¢ corresponding to the
|d — V/d] smallest y?. Here, |x] denotes the largest integer less than or equal to x. Then we

have
Z y(Qj):Zy?ZUQ Z 57;2202253—2/&0211%%55&27

jgd,\/a i€G i€SeNG eS¢

where we have used that Card(G¢) < 2v/d. This implies:

902 180
~2 2
otz 2 8 -
1€5¢
Thus,
Py(6 < V20) <P (902 Y & — 18Vdo? max? < 2do?)
i€se €5
2 2
(72) < P@ggjc & < 3d) + P(18maxe? > V).

The first term on the right hand side of (72) satisfies

P(3) & <d) <P (Up—D<—2d/3+Vd)

i€5¢

where D = Card(S¢), and Up is a x? random variable with D degrees of freedom. A standard
bound on the tails of x? random variables (see, e.g. [33]) yields

P(Up — D < —t) < exp(—t%/(4D)), Vit>0.
Thus, for d > 2, we obtain

P(3) & <d) < exp(—(2d/3 — Vd)*/(4D)) < exp(—d/C)

i€5¢

where C' > 0 is an absolute constant. Finally, the second term on the right hand side of (72)

satisfies
Vd Vd
25 VY7 <« _y=
P (Hé%xf =73 ) Sdep| T
in view of (40). Plugging the last two displays in (72) we obtain (71). O
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