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Abstract

This paper deals with aggregation of estimators in the context fixed design regression,
with heteroscedastic and subgaussian noise. We derive sharp oracle inequalities in
deviation for model selection type aggregation of affine estimators when the noise
is subgaussian. Explicit numerical constants are given for Gaussian noise and the
procedure is robust to variance misspecification. Then we present a new concentration
result that is sharper than the Hanson-Wright inequality under the Bernstein condition
on the noise. This allows us to improve the sharp oracle inequality obtained in the
subgaussian case. Finally, we show that up to numerical constants, the optimal sparsity
oracle inequality previously obtained for Gaussian noise holds in the subgaussian case.
The exact knowledge of the variance of the noise is not needed to construct the estimator
that satisfies the sparsity oracle inequality.

1 Introduction

We study the problem of recovering an unknown vector f = (f1, ..., f,)7 € R™ from noisy
observations

Yi=fi+&, 1=1,..,n, (11)

where the noise random variables £, ..., &, are zero-mean, subgaussian random variables.
We measure the quality of estimation of the unknown vector f with the squared euclidean
norm in R™:

IE— F13,

for any estimator f of f. When the noise random variables are normal, this is the Gaussian
sequence model, which has been extensively studied [30].
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Two related statistical problems are tackled in the present paper: sparsity oracle
inequalities and aggregation of affine estimators. Given a design matrix X with p columns,
an estimator [ of f is said to achieve a sparsity oracle inequality if it satisfies

~ 2 . 2
I = £13 < uin (C1%6 — £13+ A6lo)) (12)

with high probability or in expectation. In (1.2), C' > 1, |f|y is the number of non-zero
coefficients of 8 and A is an increasing function, which may also depend on problem
parameters such as the variance of the noise or the design matrix X. See (1.3) below for a
typical example of such function A(-). Results similar to (1.2) are of mainstream interest in
theoretical statistics, in particular when the number of covariates p exceed the number of
observations. First approach to get such results can be found in [21], and in an expanded
form in [8, 9], under Gaussian noise with a leading constant C' > 1. The drawback of having
C > 1 cannot be repaired for these penalized model selection procedures [23, Section 6.4.2
and Proposition 6.1]. More recently, aggregation methods based on exponential weights
[36, 35, 41] and then Q-aggregation [14] were shown to achieve sharp oracle inequalities
similar to (1.2). Here, sharp means that the oracle inequality has leading constant C' = 1.
These sharp oracle inequalities were proved for Gaussian noise with known variance. In
Section 4.2, we propose a new aggregation method that satisfies the optimal sharp oracle
inequality, under Subgaussian noise (the Gaussianity assumption is relaxed), and only an
upper bound on the variance is needed to construct the estimator whereas previous methods
require the exact knowledge of the variance.

The second problem tackled in this paper is the aggregation of affine estimators. Several
estimators have been proposed to recover the unknown vector f from the observations:
the Ordinary Least Squares, the Ridge regressors, the Stein estimator and the procedures
based on shrinkage, to name a few. Several of these estimators depend on a parameter that
must be chosen carefully to obtain satisfying error bounds. These available estimators have
different strengths and weaknesses in different scenarios, so it is important be able to mimic
the best among a given family of estimators, without any assumption on the unknown
regression vector f. The problem of mimicking the best estimator in a given finite set is
the problem of model-selection type aggregation, which was introduced in [34, 42]. More
precisely, let fi1, ..., fipsr be M estimators of f based on the data Y7, ...,Y,. The goal is to
construct a new estimator or aggregate f with the same data Y7, ..., Y, which satisfies with
probability greater than 1 — e the sharp oracle inequality

. 2
—f| < min_ g — 3 +0
|F =], < min A5 = 15 + 60 (e),
where 6, 1/(-) is a function of € that should be small.

A first approach to mimic the best estimator in a given family is to use independence by
assuming that the estimators {1, ..., fi,, are independent of the observations Y7, ..., Y, used
for the aggregation step. For example, assume that two independent samples (Y7, ..., Yy)
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and (Y{,...,Y)) are available, with ¥; and Y; independent and identically distributed
for all ¢ = 1,...,n. Then one can use the sample Y7,...,Y,, to construct the estimators
fi1, ..., fipy and use the independent sample Y/, ..., Y, to aggregate them. For the aggregation
step, conditionally on Y7, ..., Y)ys, the estimators i1, ..., fias can be considered deterministic,
thanks to independence. It is possible to obtain such independent samples when the noise
is Gaussian and the variance is known, with sample cloning [41, Lemma 2.1], at the cost of
a factor 2 in the variance of the observations. However, this technique is specific to the
Gaussian case and cannot be used when the noise is only assumed to be subgaussian as in
the present paper.

Among the procedures available to estimate f, several are linear in the observations
Y1,...,Y,. It is the case for example of the Least Squares and the Ridge regressors, whereas
the shrinkage estimators and the Stein estimator are non-linear functions of the observations.
A description of the estimators that are linear or affine in the observations is given in [15,
Section 1.2], [1] and references therein. This linear behavior of the estimators fiy, ..., fias
makes it possible to explicitly treat the dependence between the estimators i, ..., fips and
the data Y7,...,Y, used to aggregate them. Leung and Barron [32] studied the problem of
aggregation of projection estimators, and derived sharp oracle inequalities in expectation
with a procedure based on exponential weights. Then, Dalalyan and Salmon [15] and Dai
et al. [14] gave insights on how to construct an aggregate to mimic the best candidate among
a set or affine estimators. Here we also consider affine estimators. Let y = (Y1,...,Y;,)T
be the vector of observations. An affine estimator is of the form f; = A,y + b; for a
deterministic matrix A; of size n x n and a deterministic vector b; € R".

We consider in Section 3 that the variances of the noise random variables 1, ..., &, are
known and in Section that an upper bound on the subgaussian norm of the noise vector
is known. We refer the reader to [24] and the survey [25] for the problem of estimating the
unknown vector f when the variance of the noise is unknown, which is outside of the scope
of the present paper.

As in the papers [15, 14], we consider the problem of aggregation of M affine estimators
with a prior probability distribution 7y, ..., on the finite set of indices {1, ..., M }. Prior
weights is a common ingredient in deriving sharp oracle inequalities for model-selection
type aggregation [16, 13, 31, 5]. An example of such an oracle inequality is (1.1) below.
The use of sparsity-inducing prior weights is crucial to prove sparsity oracle inequalities via
sparsity pattern aggregation [36, 35, 14, 41]. When the noise is Gaussian with variance o2,
the following sparsity oracle inequality was shown in [14] for an estimator i and a design
matrix X with p columns: with probability greater than 1 — 2exp(—=x),

N . ep /2
— f]|2 < min (||X0 — £||> + co?|0]glo < >)+ca:v, 1.3
= 13 < guin, (1560 = £15 + e ololo o (70 (13
where ¢, ¢’ > 0 are absolute constants and |6|y denotes the number of non-zero coefficients
of 6. A similar result in expectation was shown in [36, 41], also with the assumption that
the noise random variables are normal with known variance. In Section 4.2, we propose an
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estimator that achieves a similar sparsity oracle inequality in deviation, but we only assume
that the noise vector is subgaussian. It extends the previous results [36, 35, 14, 41] to the
subgaussian setting and the statistician does not need to know the exact knowledge of the
variance to construct the estimator.

The papers [15, 14] derived different procedures that satisfy sharp oracle inequalities
for the problem of aggregation of affine estimators when the noise random variable are
Gaussian. Dalalyan and Salmon [15] proposed an estimator 2" based on exponential
weights, for which a sharp oracle inequality holds in expectation:

2
el ;< g, (21, -0 p1os L), )
where (3 is a constant proportional to the largest variance of the noise random variables.
This oracle inequality in expectation holds for #”" under a commutativity assumption on
the matrices A;, which is enough to apply this oracle inequality to orthogonal projectors on
a set of coordinates. In the case where the matrices A; are not symmetric, [15] achieved a
similar oracle inequality by symmetrizing the affine estimators before the aggregation step,
which suggests that the symmetry assumption can be relaxed. Although the estimator "
achieves this inequality in expectation, it was shown in [13] that this procedure cannot
achieve a similar result in deviation, with an unavoidable error term of order y/n. In Dai
et al. [14], a sharp oracle inequality in deviation is derived for an estimator (9 based on
Q-aggregation [13]. Namely, the estimator 49 satisfies with probability greater than 1 — ¢:

2 1 1
— @ i 0. — fl2 2 , - -
£ -a0], < min (HMJ £l + 4o Tr(AJ>+mogﬂj)+mog 5 (15

where (3 is a constant and the noise random variables are i.i.d. with variance o2. This
bound shows that it is possible to achieve oracle inequalities in deviation in the context of
aggregation of affine estimators. However the extra term 402Tr(Aj) may be large in common
situation where the trace of some matrices A; is large. For example, if one aggregates the
estimators i1 = My, ..., fimr = Apy, for some positive real numbers Aq, ..., Ay with the
uniform prior m; = 1/M for all j = 1,..., M, then the remainder term 402Tr(A;) in the
above oracle inequality is of order UQn)\j for each j = 1,..., M, which is large relatively
to the optimal rate o?log M. This term 4G2Tr(Aj) makes the previous oracle inequality
suitable only for scenarios where the matrices A; have small trace.
The contributions of the present paper are the following:

e We propose in Theorem an estimator that satisfies a sharp oracle inequality in
deviation. The remainder term only involves 10g(7rj_1), as opposed to (1.5) where
the remainder term has an extra term proportional to 02Tr(Aj). Thus our estimator
is suitable for situations involving matrices A; with large trace, and it recovers the
optimal rate proportional to log M when the uniform prior is used. The assumptions
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on the matrices Ay, ..., Ay are relaxed. In particular, they can be non-symmetric and
have negative eigenvalues.

e In Theorem 3.2, we prove that this procedure is robust to variance misspecification.

e We show in Theorem 3.3 that the result of Theorem 3.1 can be extended to subgaussian
noise. In earlier results [15, 14], only Gaussian noise was considered. The noise
distributions under which Theorem holds are given in Assumptions 3.1, and

e In order to prove Theorem under Assumption 3.3, we derive in Theorem a
new concentration result for quadratic forms of independent random variables. It is
sharper than the Hanson-Wright inequality under Assumption

o Using sparsity pattern aggregation, we derive a sparsity oracle inequality in deviation
when the noise vector is subgaussian, without assuming independence of the noise
components. Theorem recovers up to absolute constants the sparsity oracle
inequality obtained when the noise is Gaussian [36, 35, 14].

The paper is organized as follows. In Section 2 we define the notation used throughout
the paper. Section 3 defines an estimator and shows that it achieves sharp oracle inequalities
in deviation for aggregation of affine estimators under three different assumptions on the
noise. In Section 4, we derive sparsity oracle inequalities. The concentration inequalities
used in the paper are given in Appendix A and the proofs are given in Appendix

2 Notation

We study an aggregation problem for the regression model with fixed design and het-
eroscedastic subgaussian noise. A random variable X is said to be subgaussian if and only
if the quantity
1X |, = supp™ /2 (E|X|)"/?
p=>1

is finite. Several other definitions are used in the literature, see [43, Section 5.2.3] for a
review of their equivalence.

Let (f1,..., fn)T € R™ be an unknown regression vector. We observe n random variables
(1.1) where &, ...,&, are subgaussian random variables, with E[§;] = 0 and E[¢7] = o2.
The model is heteroscedastic, which means that the random variables £, ..., &, may have
different variances. It can be rewritten in the vector form y = f + & where y = (Y1, ..., ¥;,)7,

£ = (f1yos f) T and € = (&1, s 0T
For any estimator f,, of f, we measure the quality of estimation of f with the loss
|f — fnll3 where ||, denotes the Euclidean norm in R™. Let M > 2. As in [15, 14], we

consider M affine estimators of the form

fij = jy—i—bj, 7=1,..,M.
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The matrices Ay, ..., Ay and the vectors by, ...,byr € R™ are deterministic. Define the
simplex in RM:

M
AM:{eeRM, YN 0;=1, Vi=1...M, ejzo}
j=1

and for any @ € AM | let fig = Zj]\il Ojf1j. Let eq,...,en be the vectors of the canonical basis
in RM. Then fi; = fie, for all j =1,..., M.

Finally, for any n x n real matrix A = (a; ;)i j=1,...,n, define the operator norm of A, the
Hilbert-Schmidt (or Frobenius) norm of A and the nuclear norm of A respectively by:

A
A, = sup 12212,
S el

1Al s =

> ey Al ="Te (VATA).

ij=1,...,n

3 Model-selection type oracle inequalities

3.1 A penalized procedure over the simplex

For any # € AM define

M
H,(0) = | fuoll5 — 2" 1 + 2" 0;Te(Dy A; D) (3.1)
j=1
M 1
+ 3 pen(d) + 8 6;log —,
j=1 J

where § > 0 is a constant, D, = diag(o1, ...,0,) and
M
_ A a2
pen(0) = > 0; o — fll;- (32)
j=1

We consider the estimator fi; where

0 € argmin H,(6). (3.3)
0eAM

When 6 is fixed and deterministic, the term
M
A 12 N
laellz —2y" o +2 ) 6;Te(DyA;Dy) (34)
j=1
in the definition of H,, is an unbiased estimate of the quantity

~ 12 ~ ~ 2 2
Aolls — 287 1o = [l — £l — [I£]l5 (3.5)
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which is the quantity of interest |9 — f||3 up to the additive constant ||f]|3. The term
involving the trace of the matrices D,A; D, comes from the quadratic term in &:

M M
> 0,Tr(DyA;Dy) = E[Y_ 0,67 A€] = E[€7 fig].
j=1 Jj=1

The estimators from [32, 15, 14] are all obtained with an unbiased estimate of the quantity
(3.5), so the term (3.1) comes as no surprise in the definition of H,,.

The penalty (3.2) is borrowed from the Q-aggregation procedure, which is a powerful tool
to derive sharp oracle inequalities in deviation when the loss is strongly convex [13, 31, 5].
Since the estimators fi1, ..., iy depend on the data, the penalty (3.2) is data-driven, which
is not the case when the estimators to aggregate are deterministic vectors as in [13]. In
order to give some geometric insights on the penalty (3.2), let ¢ € R™ satisfies the M linear
equations 2¢% i = || 15 Hg and assume only in the rest of this paragraph that c is well defined,
even though this assumption cannot be fulfilled for M > n. Then

M

— A (12 ~ 112 ~ ~ 112 2 ~ 2

pen(0) = > 0; 12515 — laells = 2¢" i — [l polls = llells — Il — ¢l (3.6)
=1

Assume also only in this paragraph that the function § — jig is bijective from the simplex
AM to the convex hull of {ji, ..., fias}. Then we can write pen(f) = g(jig) for some function
g defined on the convex hull of {/i1, ..., fins}. Equation (3.0) shows that the level sets of the
function g are euclidean balls centered at c. The function ¢ is non-negative, it is minimal
at the extreme points fi1, ..., fias since g(f1;) = 0 for all j = 1,..., M and ¢ is maximal at
the projection of ¢ on the convex hull of {fi1, ..., fiar}. Intuitively, the penalty (3.2) pushes
0 away from the center of the simplex towards the vertices. Thus, the level sets of the
function # — pen(d) in RM are ellipsoids centered at ., where 6, is the unique point in
RM such that fig, = c. If M > n or if the vector c is not well defined, the level sets of
pen(-) are more intricate and cannot be described as simply.
Finally, the term

ol 1
ﬁZHj log; (3.7)
j=1 J

allows to weight the candidates fi1, ..., fias with the prior probability distribution (7;);=1,.. .
based on some prior knowledge about the estimators fi1, ..., fips. In many practical cases,
no prior knowledge is available and uniform weights (7; = 1/M for all j =1,..., M) will
be used, in that case the term (3.7) is constant which means that 5 does not appear in
the definition of the procedure. Note that the prior probability distribution (7;);=1,..
is deterministic and cannot depend on the data Y1, ..., Y,. For example, if the estimators
are projection estimators, one can set prior weights that decrease with the rank of the
projections [35], we use this strategy in Section 4.2. The same term is used in [31] whereas



version 798a216

[14] uses the Kullback-Leibler divergence of 6 from 7. It is shown in [13] that for aggregation
of deterministic vectors, one may use a quantity of the form [ ij\il 6;log(p(0;)/m;) where
p(-) satisfies p(t) > t and t — tlog(p(t)) is convex. This suggests that we could use the
Kullback-Leibler divergence of 6 from 7 instead of (3.7), but in their current form, our
proofs only hold with the “linear entropy” (3.7).

Finally, notice that the function H,, is convex, as it has the form H,,(0) = i || 16]/3 +1in(6)
where lin(+) is a linear function. This can be seen using (3.2) with ¢ = 0. Thus minimizing
H, over the simplex is a quadratic program for which efficient algorithms are available.
The convexity of H,, also proves that 6 is well defined, although it may not be unique (for
example if all fi; are the same then H,, is constant on the simplex).

Under homoscedastic Gaussian noise, the estimator (3.3) becomes (3.8) below and
satisfies the following oracle inequality. Theorem is proved in Appendix

Theorem 3.1. Let M > 2. For j =1,...,M, consider the estimator fi; = A;y + b; and
assume that ||A;jlll, < 1. Let (m1,...,mar)T € AM. Assume that the noise random variables
1, .6, are id.d. N(0,02). Let

M M
A __ 1
0 € argmin || g — y||3 + 202 Z 0, Tr(A;) + 3 pen(d) + 3402 Z 6;log —. (3.8)
0eAM =1 = mj

Then for all x > 0, with probability greater than 1 — 2exp(—x),

. 2 . . 2 2 1 2
litg — £l < min (Huj — £))% + 6802 log Wj) 1 3402z, (3.9)

The sharp oracle inequality in deviation given in [14] presents an additive term pro-
portional to o?Tr(A;), as in (1.5). An improvement of the present paper is the absence of
this additive term which can be large for matrices A; with large trace. Our analysis shows
that the quantities oQTr(Aj) are not meaningful for the problem of aggregation of affine
estimators, and Theorem improves upon the earlier result of [14]. When the uniform
prior is used, i.e., m; = 1/M for all j =1, ..., M, the sharp oracle inequality (3.17) matches
the lower bound from [36, Proof of Theorem 5.3 with S = 1] showing that is optimal
in a minimax sense.

We relax all assumptions on the matrices Ay, ..., Aps, for instance they may be non-
symmetric and have negative eigenvalues. Earlier works studied projection matrices [32],
assumed some commutativity property of the matrices [15] or their symmetry and positive
semi-definiteness [14]. Although it is shown in [12] that all admissible linear estimators are
symmetric with non-negative eigenvalues, some linear estimators used in practice are not
symmetric. For example, the last example of [15, Section 1.2] (“moving averages”), exhibits
linear estimators that need not be symmetric: if two neighbors of the graph ¢,j have a
different number of neighbours, then a;; # aj;. Our result also shows that the restrictions
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on the matrices Aj,..., Ay present in [32, 15, 14] were not intrinsic to the problem of
aggregation of affine estimators.

For clarity we assume in Theorem that the operator norm of each matrix is bounded
by 1. This assumption is not restrictive since all linear estimators of the form Ay satisfy

[|Alll, <1 [12]. This assumption can be relaxed, as seen in Theorem 3.3 below.
The next section provides a similar result when the variance is not known, and Section
generalizes Theorem to non-Gaussian noise distributions.

3.2 Robustness to variance misspecification

In order to construct the estimator (3.8), the knowledge of the variance of the noise is
needed. However, the following proposition shows that the procedure (3.8) is robust to
variance misspecification, i.e., the result holds if the variance is replaced by an estimator &2

as soon as &2 is consistent in a weak sense defined below.

Theorem 3.2 (Aggregation under variance misspecification). Let M > 2 and § > 0. For
j=1,..,M, consider the estimator i = Ajy +bj. Let (m1,...,mar)7 € AM. Assume that
the noise random variables &1, ...6, are i.i.d. N(0,0%). Let 62 be an estimator possibly
constructed with the observation y, and assume that

1
Vi=1,.,M, Aj=Al =42  §:=P (|02 - 6% > 802) < 1. (3.10)

Let 3 = (448/7)6% and let § = argminge yar W, (6) where

M M
. . . _ A 1
Wo(0) = [|fi6ll3 — 25" fig + 26% > 0, Tr(A;) + & pen(d) + B> _ 0, log —. (3.11)
=1 =1 !
Then for all x > 0, with probability greater than 1 —§ — 2exp(—=x),
R 2 : N 2 2, 1 2
g — £l < jnin (!uj — £ + 14407 log Fj) + 5607z (3.12)
The proof of Theorem is given in Appendix . In the condition ( ), the
matrices Ay, ..., Ay are assumed to be orthogonal projectors, so Theorem is a result for

aggregation of Least Squares estimators. As soon as an estimator 62 satisfies with high
probability |62 — 02| < 02 /8, optimal aggregation of Least Squares estimators is possible.
This condition is weaker than consistency, as any estimator 62 that converges to ¢ in
probability satisfies this condition for n large enough. But broader families of matrices
can be aggregated as well. By looking at the proof (in particular ( )), one can see that

condition (3.10) can be replaced by

2
- 14 — Al

< min — > 5:2]?(02—62 >702)<1,
k=1, M: Tr(A;—Ag)#0 | Tr(A; — Ag)| | |

8

9
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for some v > 0. Then by setting 3 = 44862/(7~) in (3.11), the estimator f15 satisfies a
sharp oracle inequality similar to ( ). Lemma ensures that the inequality on the left
of the previous display holds with v = 1.

The papers [24, 25, 3] aim at performing aggregation of Least Squares estimators when
o? is unknown, but unlike Theorem the sharp oracle inequalities obtained have a leading
constant greater than 1.

In the following, we describe several situations where an estimator &
2

2 is accessible.

Ezample 3.1 (An independent estimator 6° is accessible). In [15, Section 3.1], two contexts
are given where an unbiased estimator of the covariance matrix, independent from y, is
available. First, the noise level can be estimated independently if the signal is captured
multiple times by a single device, or if several identical devices capture the same signal.
Second, it is shown that one can construct an estimator 62 if the noise comes from the
device: one can use a known signal in order to evaluate the noise.

Ezample 3.2 (Difference based esimators). In nonparametric regression where the non-
random design points are equispaced in [0, 1], a well known estimator of the noise level is
the difference based estimator 1/(2n — 2) 7= !(y;11 — yi)2. This technique can be refined
with more complex difference sequences [26, 20], and is efficient when the design points lie
in a multidimensional space [33]. For images, where the underlying space is 2-dimensional,
efficient methods which require no multiplication are available [29].

Example 3.3 (Consistent estimation of o2 in high-dimensional linear regression). In a
high-dimensional setting, it is possible to estimate o? under classical assumptions in
high-dimensional regression. First, the scaled LASSO [40] allows a joint estimation of the
regression coefficients and the noise level o2. The estimator 42 of the scaled LASSO converges
in probability to the true noise level o2 [40, Theorem 1], and 62 /02 is asymptotically normal
[40, Equation (19)]. Second, [6] proposes to estimate o2 with with a recursive procedure
that uses LASSO residuals, and non-asymptotic guarantees are proved [6, Supplementary
material]. Third, [7] provides non-asymptotic bounds on the estimation of o2 by the
residuals of the Square-Root LASSO [7, Theorem 2] and these bounds imply consistency. In
Theorem 3.2, we require that |62/0? — 1| < 1/8 with high-probability and this requirement
is far weaker than the guarantees obtained in [6, 40].

To our knowledge, Theorem is the first aggregation result, with leading constant 1,
that is robust to variance misspecification.

3.3 Robustness to non-Gaussian noise distributions

We state here the three different assumptions under which Theorem can be generalized.
The value of § given below is used in the construction of the estimator # defined in (3.3).
The value of 8 depends on the assumption on the noise.

The constant L > 0 is independent of the noise and its role will be specified in
Theorem 3.3. It can be chosen equal to sup; —1 sl 4; — Aklly/2 so its value is always

10
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known by the practitioner. For example, for projection estimators L = 1 is a suitable choice.

Assumption 3.1 (Gaussian noise). Assume that the noise components &1, ...€, are normal,

independent, zero-mean, and &; has variance o;. In this case, let
B = (124 16L + 6L?) (,nllax o§> : (3.13)

Assumption 3.2 (Subgaussian noise). Let K > 0 and assume that the noise components
&1, ...,&n are independent, zero-mean, ||&illy, < K and & has variance o?. Here, let

Hézlw2

8= K> <cw1(2+L)2L+2ci(1+L)2 + 1, (2+ L) ) (3.14)

i=1,.. ,n
where ¢y, , cw, and cp are the absolute constants given in Propositions and

Assumption 3.3 (Bernstein condition on &2, ...,€2). Let K > 0 and assume that the noise
components &1, ...,&, are independent and satisfy

Vp>1,  Elg* < Iplo? K2, (3.15)

Here, let
B = 392 + 1408L + 608 L2 (3.16)

Assumption is the natural assumption to derive a Bernstein concentration inequality
for the sum of random variables &2 + ... + £2. Although Assumption is less common
than Assumptions and 3.2, its interest resides in the concentration inequality given in
Theorem 3.4, which is sharper than the Hanson-Wright inequality. Under this assumption,
it is possible to remove the expression max;—i. ... ||&l|y, /i from the value of j3.

Theorem 3.3. Let L > 0 be a positive real number and M > 2. For j =1,..., M, consider
the estimators fi; = Ajy +bj with b; € R™ and A; a real matriz of size n x n. Assume that
the matrices Ay, ..., Ay satisfy || Aj — Aglll, < 2L for any j, k.

Assume one of the Assumptions 5.1, or on the noise & = (&1, ...,&n) and set the
value of B accordingly. Once B is set, let 6 be defined in (7.7). Then for all x > 0, with
probability greater than 1 — 2exp(—zx),

g 1< pin, (1 =112+ 25108 ) 4 )

In most practical cases where uniform prior weights are used, the value of 3 is not

needed to construct the procedure (3.3) since the term (3.7) is constant. The proof of
Theorem is given in Appendix

Theorem is a generalization of Theorem 3.1. Hence it also improves upon earlier

results: all assumptions on the matrices are relaxed and the remainder term of the oracle

11
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inequality is independent of the trace of the matrices Ay, ..., Ay, as opposed to the bound
(1.5) proved in [14].

One of the contribution of the present paper is to provide a sharp oracle inequality
such as (3.17) under Subgaussian noise. To our knowledge, (3.17) is the first result on
sharp oracle inequality in deviation for model selection type aggregation obtained without
assuming that the noise is Gaussian.

Under Assumption (Subgaussian noise), our analysis leads to a remainder term
that can be large for random variables that have pathologically small variance relatively
to their subgaussian norm: f defined in (3.14) is proportional to max;—1,. p |||y, /0

Under Assumption which is slightly stronger and prevents the variance from being
pathologically small, this issue can be fixed. We will come back to Assumption in
Section below.

The constant 3 in the oracle inequality is of the order K2(1V L?), where K? is the
supremum of the variances or the supremum of the squared subgaussian norms, and 2L
upper bounds the operator norms of all A; — Ay, for j,k = 1,...,M. In most practical
cases, L will be smaller than 1 since all admissible estimators of the form A;y satisfy
l4;]ll, < 1 [12], thus the fact that 3 is proportional to 1V L? is not an issue. Interestingly,
the operator norm of the matrices Ay, ..., Ajys does not appear in the sharp oracle inequality
in expectation given in [15], while it plays a crucial role here. On the other hand, the factor
K? may be more problematic, especially for heteroscedastic noise: /3 is proportional to the
largest variance (resp. the largest subgaussian norm) even if most of the noise random
variables have small variance (resp. small subgaussian norm).

3.4 Outline of the proof of Theorem

The following lemma shows that we can derive a sharp oracle inequality for the estimator
fl by controlling the concentration of terms of the form 7Q¢ and €7v, where Q isan xn
deterministic matrix and v is a deterministic vector in R". The following lemma proved in
Appendix

Lemma 3.1. Let 0 be defined in (3.5). Then almost surely,

X 2 ; 0 2 !
lig = £l < min | (1 = €13 + 20108 — )+ max | G

where
Gir= £'Q;1€ —E[(TQ; €]
+ €T’Uj7k
1
— Blog $I(Ax — A7) Do lfis — 5 11(Ax — Aj)E + br — byll5 , (3.18)

T

12
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and the matriz D,, the matrices Q1 and the vectors vy, are defined by

D, = diag(o1, ..., 0n),
Qj,k = Z(Ak — A]) — %(Ak — A]>T(Ak — Aj), (319)
Vjg =2 (Inxn — (A — Aj)T) (A — Aj)f + bk — b)) (3.20)

In Appendix , we prove Theorem by applying Lemma and controlling the
concentration of terms of the form ETQME and ETUM under the different Assumptions

and 3.3.

A sketch of the proof of Theorem under Assumption (Gaussian Noise) goes as
follows. The quantity le-f,‘clear = L ||(Ar — Aj)f + by — bj||g in (3.18) is of the order of the
variance of ETU]'JC. Using (A.1) applied to v = vjy, it is shown that for all ¢ > 0, with
probability greater than 1 — exp(—t),

)

€M vk — WG < Bt

where v € (0,1) and 3 is the constant given in (3.13). Similarly, the quantity chf};ad =
% |(Ap — Aj)DUHIQ{S in (3.18) is of the order of the variance of £TQM£. Using the con-
centration inequality (/.2) applied to Q;x, we prove that with probability greater than
1 — exp(—t),

¢"Qjx€ —EIE7 Q€] - W™ < (1 - 7).

For fixed j and k, these concentration inequalities and the union bound lead to

vVt > 0, P (Cj,k + Blog > 51&) < 2exp(—t).

T

Finally, the non-random term —glog ﬁ is used to perform the union bound on j, k =
1,..., M, such that for all > 0,

]P’( maxMCj’k>ﬂx>§ P(Cﬁk—i—ﬂlog 1 > B(x + log 1 )>
j M

J,k=1,..., k=T Tk T
< Z T2 exp(—x) = 2exp(—x).
dok=1,....M
The proof is similar under the two other assumptions and 3.3, but different concentration
inequalities are used. The proof of Lemma can be found in Appendix and the proof
of Theorem is given in Appendix

13
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3.5 Assumption : examples and concentration inequality

The goal of this section is to present the motivation behind Assumption and to present
the concentration inequality of Theorem 3.4. This concentration inequality is of independent
interest as it provides sharper bounds than the Hanson-Wright inequality.

This assumption is sufficient to remove the quantity max;—1 . n |||y, /0: from the
expression ( ) of B in the sharp oracle inequality of Theorem 3.3. It was the weakest
assumption we could find that allowed us to remove the quantity max;—1,..p [|£||y. /0

Ezample 3.4. Centered variables almost surely bounded by K and zero-mean Gaussian
random variables with variance smaller than K? satisfy (3.15).

Ezample 3.5 (Log-concave random variables). In [38], the authors consider a slightly stronger
condition [38, Definition 1.1]. They consider random variables Z satisfying for any integer
p > 1 and some constant K:

E[|Z|’] < p K E[|Z]P71], (3.21)

and they showed in [38, Section 7] that any distribution that is log-concave satisfies (3.21).
Thus, if X? is log-concave then our assumption (3.15) holds. See [2, Section 6] for a
comprehensive list of the common log-concave distributions.

The next theorem provides a concentration inequality for quadratic forms of independent
random variables satisfying the moment assumption (3.15). It is sharper than the Hanson-
Wright inequality given in Proposition

Theorem 3.4. Assume that the noise random variable € = (&1, ...,&,)7 satisfies Assump-
tion for some K > 0. Let A be any n x n real matriz. Then for all t > 0,

T Ap  mreT ol 12 t
P(g At —E[¢T Ag] >t) <e p< mm(192K2||ADU||12{S’256K2\HA!H2>>’ (3.22)

where D, = diag(o1,...,0,). Furthermore, for any x > 0, with probability greater than
1- exp(_w)f

¢TAE — E[67 A€] < 256K || Ay« + 8V3K || ADg |lys v/ (3.23)

The proof of Theorem is given in the supplementary material. A key ingredient
to prove this concentration result is a decoupling inequality [19, 18]. A simple decoupling
inequality for quadratic forms can be found in [44] or [22, Theorem 8.11], and we use this
result in order to prove Theorem

When ¢ is small, the right hand side of (3.22) becomes

t2
exp | — ,
P ( 192K ||ADG||%{S>

14
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whereas the right hand side of the Hanson-Wright inequality (A.1) yields

exp | —¢c——— |,
K* || Allgg

for some absolute constant ¢ > 0. The element of the diagonal matrix D, are bounded by K,
so Theorem gives a sharper bound than the Hanson-Wright inequality in this regime. Un-
der the moment assumption (3.15), we were able to remove the factor max;—1,_ (|||l /04)
using the concentration inequality from Theorem

In particular, the sharp oracle inequality (3.17) with /3 given in (3.16) holds for all the
noise distributions described in Examples and

3.6 Simulations

In this section we implement the procedure (3.3) on synthetic data and compare its
performance with that of exponential weights estimator. The uniform prior is used.

Experiment 3.1 (Well specified least squares). Let n = 100, f = 20e;, M = n and for all
j=1..,.M, j;= (e]Ty)ej, i.e., fij is the projection on the j-th coordinate.

Ezperiment 3.2 (Small misspecifications). Let n = 100, f = 20 5219 ;. The set {fi1, ..., fins}
is Up=0,2,4 U?:_f {Z};’;(egy)ek} and M = 3n — 6.

Experiment 3.3 (Medium misspecifications). Let n = 100, f = 20 2%, e;, M and fi, ..., fiar
are the same as in Experiment

Ezperiment 3.4 (High misspecifiations). Let n = 100, f = 0 and M = 8y/n. Let ji1 = o+/ne;
and fi; = o(y/n+ 1)ey for all j > 2. This example is inspired by [13, Section 2.1].

Figure 1 shows the performance of Exponential weights and the procedure of the present
paper, denoted by QQ-PEN in the figure. Exponential weights are computed with temperature
parameters 202,402 and 802 (the temperature 402 is recommended in [32, 17] and the
temperature 802 is recommended in [15]). The procedure (3.3) is implemented with the true
value of o and with a data-driven estimate 62 = MAD(y) where MAD is the normalized Mean
Absolute Deviation which provides a rough upper bound of the variance. The procedure
(3.3) is implemented using the default quadratic program solver of cvxopT. We perform
S = 10000 replications. For different estimators fi, Figure | shows the empirical tail of the
excess risk given by

S
1 ~ 2 . ~ 2 2
EIINT ({0 = min 2, — £ > o} ).

=1l,...

where 1;(E) = 1 if the event E holds at the k-th replication, and 0 otherwise. Note that since
the estimators are valued in the convex hull of {fi1, ..., fias}, the excess risk may be smaller
than 0. This explains the negative values in Figure 1. Exponential weights outperform the
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Figure 1: Empirical tail of the excess risk for Exponential Weights and Q-PEN in Ex-
periments 3.1 (top-left), 3.2 (top-right), 3.3 (bottom-left) and 3.1 (bottom-right). For
Experiments 3.1 and 3.4, the two Q-PEN curves are the same.
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procedure of the present paper when the model is well specified (Experiment 3.1). When
the model presents small misspecifications (Experiments and ), the procedure of
the present paper outperforms exponential weights. In the case of large misspecifications
(Experiment 3.1), exponential weights are clearly suboptimal and present a large risk on an
event of small probability, confirming the theoretical results of [13, Section 2.1]. In these
experiments, a data-driven estimate for the variance in the procedure Q-PEN performs
similarly to the procedure with known variance.

4 Sparsity oracle inequality

The goal of this section is to prove sparsity oracle inequalities. We are given p deterministic
vectors in R™ that are the columns of a n x p real matrix X, and the goal is to find an
estimator § € R? such that the quantity | X0 — f]|3 is close to ||X0* — f |5 for some sparse
0* € RP for which X6* is a good approximation of the unknown regression vector f.

4.1 Adaptation to the variance

First, we derive a sharp oracle inequality under one of the assumptions from Section for
homoscedastic noise, assuming that a sparsity parameter k > 1 is known. This parameter k
is an upper bound on the sparsity of some vector 68* such that X6* is a good approximation
of f.

Consider the family of estimators {fi1, ..., fiar} where for each j =1,..,M, fi; = Ajy
and A; is the projection matrix on a linear span of k linearly independent columns of X. In
particular, M < (i) The estimator fi; is also the least squares estimator on the subspace
V; of dimension k generated by these k columns of X.

Now consider the estimator ég\’;) € RM defined by

0% = axguin [130]3 257 o + 5 o) )
feAM

where pen(-) is the penalty (3.2). It is exactly the procedure (3.3) from Theorem 3.3 with

the uniform prior (7; = 1/M for all j =1, ..., M) since the noise random variables &1, ..., &,

have the same variance and the projection matrices Ay, ..., Ays have the same trace equal

to k. This procedure is fully adaptive with respect to the unknown variance of the noise.

The following result is a direct consequence of Theorem

Corollary 4.1. Let k > 1. Assume that the variance of the noise components are the same:

E[¢2] are equal for all i =1,...,n. Assume one of the Assumptions 7.1, or on the

noise € = (&1, ...,&n) and set the value of B accordingly with L = 1. Let 9%’;) be the estimator
defined above. Then for all x > 0, with probability greater than 1 — 3exp(—zx),

‘ < min  (Ix0—f£3) +cp (k:log (elf) —l—a:),

2 OeRP, |0lo<k

2

frgvo — f
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for some absolute constant ¢ > 0.

Thus, we see that the knowledge of the variance is not needed to get a sharp oracle
inequality when the parameter k& (an upper bound on the sparsity) is known.

4.2 Adaptation to sparsity

Here, we propose a new aggregation method that is adaptive to the sparsity and only
requires an estimator K2 that upper bounds the subgaussian norm of the noise with high
probability. We will make the following assumption on the noise.

Assumption 4.1 (Subgaussian noise). Let K > 0 and assume that the random vector &
satisfies:

2 72
K
VYo € R, Eexp(alé) < exp <”a”; ) .

Contrary to the previous section, the components of € are not assumed to be independent.
The same assumption is made in [13] for aggregation of deterministic vectors. Under this
assumption, the authors of [28] proved the concentration inequality (A.8) and we use this
concentration result to prove the following oracle inequality for aggregation of Least Squares
estimators. Given an estimator K2, define for any 6 € AM

M
% - N __ . 1
Vi (0) = |lfoll5 — 2y" it + & pen(d) + 32K 6;log —
i=1 J
where pen(-) is the penalty (3.2). We consider the estimator fi, of f where

0 € argmin V,(6). (4.1)
0eAM

The function Vn is equal to the sum of fIn (3.1) and some linear function of 6. Thus Vn is
also convex and minimizing V,, over the simplex is a quadratic program.

Proposition 4.1. Let K > 0 be the smallest positive number such that the random vector
& satisfies Assumption /.1. For all j =1,....M, let b; € R" and let A; be a square matriz
of size n that satisfies A; = A;‘»F = A?. Let (71, ...,ma) € AM such that for all j =1,..., M,
Tr(A4;) < log(wj*l). Let K > 0 be a given estimator and let 0 be defined in (/.1). Let
0= P(K2 < K?). Then for all x > 0, with probability greater than 1 — § — 2exp(—x),

. 1
g —£])3 < min ( /i — £]3 + 64K log ) + 28Kz (4.2)
j=1,....M T
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Proposition is proved in Appendix . Compared to (3.17), this oracle inequality
holds for orthogonal projectors under the constraint Tr(A4;) < 10g(7rj_1) forall j =1,..., M.
However, this oracle inequality presents some advantages. First, it holds under Assump-
tion which is weaker that the noise assumptions of Section 3 since the noise coordinates
do not need to be independent. Second, the quantity max;—i, ., ||&l|y./0i appearing in
(3.14) is not present here, which is possible thanks to the constraint Tr(A;) < log(w{l).
Finally, one does not need to know the variance of the noise in order to compute the
proposed estimator; its construction only relies on K which can be any estimate that upper
bounds the subgaussian norm of the random vector €. For instance, assume that £ is
zero-mean Gaussian with covariance matrix 021, x,,, and assume that an estimator 62 of o2
is accessible, and that this estimator has bounded bias. Let v > 1 and € = P(62 < 02 /7).
The quantity e is likely to be small if 2 has a bounded bias and 7 is large enough. Then one
can use the upper bound K? = 62 in Proposition 4.1, which yields that with probability
greater than 1 — 3e,

1
Hﬂé - fH; < min ( | — f||§ + 6462 log ) + 2802 1og(1/e).
j=1,....M T

Thus, v is used to perform a trade-off between the probability estimate and the remainder
term of the oracle inequality. By using an upper bound for K? in Proposition the
oracle inequality holds with slightly worse constants but with high probability. Examples
of estimators 62 are given in Section

We now use the oracle inequality (1.2) to perform sparsity pattern aggregation [36,
35, 14, 41]. For each subset J C {1,...,p}, let ,&55 be the Least Squares estimator on the
linear span of the columns of X whose indices are in J. This estimator satisfies the oracle
inequality ( ) with d < |J|, where |J| denotes the cardinal of J and d is the dimension of
the linear span of the columns whose indices are in J. We aggregate these 2P Least Squares
estimators using the method (4.1) and the prior distribution given by 7y el (|§|)71. As
sparsity pattern aggregation is not central in the present paper, we keep this presentation
short and refer the reader to [36, 35, 14, 41] for more details on sparsity pattern aggregation
and the construction of Least Squares estimators.

Given a subset J C {1,...,p}, the Least Squares estimator ﬂgs is of the form ﬂgs =Ayy
for some projection matrix A; and the inequality Tr(A;) < |J| < log(n;") holds [35,
Section 5.2.1, the normalizing constant is greater than 1]. Define #574 such that

XOPA = fig, (4.3)

where 6 is the estimator from (4.1) and fi4 is obtained by aggregating the M = 2P estimators
(ﬂﬁs )scq1,..py- Then the following sparsity oracle inequality holds, where [6]o is the number
of non-zero coeflicients of 6.

Theorem 4.1. Let X be a deterministic design matriz with p columns Let K > 0 be the
smallest positive real number such that the noise random & satisfies Assumption /.1. Let K
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be a given estimator and let § = ]P)(f(2 < K?). Then, the sparsity pattern aggregate gsPA
defined in (/.3) satisfies with probability greater than 1 — § — 3exp(—x),

|xg574 sz < inf lyxe —f|3 + 31K %

N 1 ep
4K? + 4K? ( 2001 ()) . (4.4
+ (4R + 482 5+ 200lolog (750 ) ) |- (44

Theorem is proved in Appendix . It improves upon the previous results on
sparsity pattern aggregation [14, 36, 35, 41] in several aspects.

First, the noise £ is only assumed to be subgaussian and its components need not be
independent, whereas previous results only hold under Gaussianity and independence of
the noise components. Theorem shows that the optimal bounds previously known for
Gaussian noise [14, 36, 35, 41] are of the same form when the noise is only assumed to be
subgaussian.

Second, to construct the aggregates in [14, 36, 35, 41] one needs the exact knowledge of
the covariance matrix of the noise. In Theorem 4.1, only an upper bound of the subgaussian
norm of the noise is needed to construct the estimator.

Third, we do not split the data in order to perform sparsity pattern aggregation, as
opposed to the “sample cloning” approach [41, Lemma 2.1]. Sample cloning is possible only
for Gaussian noise when the variance is known; it cannot be used here as £ can be any
subgaussian vector.

The estimator of Theorem achieves the minimax rate for any intersection of £
and ¢, balls, where ¢ € (0,2). This can be shown by applying the arguments of [14, 41]
and bounding the right hand side of (4.4). Indeed, although [14, 41] consider only normal
random variables, the argument does not depend on the noise distribution.

The result above holds without any assumption on the design matrix X, as opposed to
the LASSO or the Dantzig estimators which need assumptions on the design matrix X to
achieve sparsity oracle inequalities similar but weaker than (1.1).

The interest of the LASSO and the Dantzig estimators is that they can be computed
efficiently for large p. The sparsity pattern aggregate based on exponential weights can
also be computed efficiently usind MCMC methods [36]. The estimator 05PA proposed
here suffers the same drawback as [8] or the sparsity pattern aggregate performed with
Q-aggregation [14]: it is not known whether these estimators can be computed in polynomial
time, which makes them useful only for relatively small p.

A Concentration inequalities

In this appendix, we gather the concentration inequalities used to prove Theorem
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A.1 Gaussian concentration

Let X be a zero-mean Gaussian random variable with variance o2. A standard bound on
the Gaussian tail is

Vo >0, P (X > oV 237) < exp(—x).

Let v € R™ and let &1, ...,&, be zero-mean independent Gaussian random variables with
E[¢?] = o7 for all i. Then v”¢ is Gaussian with variance ||D,v||3 and thus

Vx>0, P (v"€> | Dyvl,v2e) < exp(—a). (A.1)

Proposition A.1 (Gaussian chaos of order 2). Let &1, ...,&, be independent zero-mean
normal random variables with for all i = 1,....,n, E[¢?] = 02. Let A be any n x n real matriz.
Then for any x > 0,

P (&7 Ag — Ele" A€] > 2| Dy ADs |lys V& + 2|| Do AD, [|,2) < exp(—z). (A.2)

A proof of this concentration result is given in [10, Example 2.12] for diagonal-free
matrices. A slightly modified version is available in [39, Theorem 2.2] for positive semi-
definite matrices. It can be easily extended to the general case via the following argument.

Proof of Proposition . First, notice that if the result holds for standard normal random
variables with variance 1, then by considering the random variables & = §;/o; and the
matrix M = D,AD,, the result also holds when &1, ..., &, have variances different than 1.
Thus in the following we assume without loss of generality that o; =1 for all ¢ =1, ..., n.

Second, if the result holds for all symmetric matrices A, then for a non-symmetric
matrix A one can consider B = ALQAT which is symmetric. Then &7 B¢ = ¢7 A¢ and by the
triangle inequality,

i, + || 47| [4lls + |47
2 2

Thus if the concentration inequality (A.2) holds for the symmetric matrix B, it will also
hold for the non-symmetric matrix A. Without loss of generality, we can consider only
symmetric matrices.

Let &1, ..., &, be standard normal random variables and let A be a symmetric matrix.
There exists an invertible square matrix U with U7 = U~! such that A = UTAU for some
diagonal matrix A = diag(p1, ..., ). By rotational invariance of the normal distribution,
if (X1,...,X,)T = U€ then X1,..., X, are i.i.d. standard normal random variables. As
E[¢"A€] = TeA = Y1y s,

1Bl < 2=l4lly,  IBllus < 5= Allgs

n

ENAE —E[ETAL =) pi(XP - 1).

i=1
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The rest of the proof can be treated exactly as in the proof of [10, Example 2.12], using the
bound
)\2
1—2)\
without assuming that A is diagonal-free. O

VA€ (0,1/2), logEexp(A(§] —1) <

A.2 Subgaussian concentration

Again, we present tools to control terms of the form ¢ Q¢ and v7¢ that appear in Lemma
Proposition below provides a concentration result for the latter.

Proposition A.2 (Hoeffding-type inequality [43, Section 5.2.3]). There exists an absolute
constant Cip > 0 such that the following holds. Let n > 1 and &y, ...,&, be independent
zero-mean subgaussian random variables with max;—1, . n ||&illy, < K for some real number
K >0. Let v e R™.

Then for any x > 0, with probability greater than 1 — exp(—x),
€70 < CuK |oll, V7 (A.3)

where &€ = (&1, ...,&,)7.

The concentration result for a quadratic form of independent zero-mean subgaussian
random variables given in Proposition below is known as the Hanson-Wright inequality.
First versions of this inequality can be found in Hanson and Wright [27] and Wright [45],
although with a weaker statement than Proposition below since these results involve
I (laij|) Il instead of [|Al,. Recent proofs of this concentration inequality with [[|A]|,
instead of || (|ai;|) [, can be found in Rudelson and Vershynin [37] or Barthe and Milman
[4, Theorem A.5].

Proposition A.3 (Hanson-Wright inequality [37]). There exist absolute constants cy,, Cuy,, € >
0 such that the following holds. Let n > 1 and &1, ..., &, be independent zero-mean subgaus-
stan random variables with max;—1,.. n &y, < K for some real number K > 0. Let A be
any n X n real matriz. Then for all t > 0,

T pe T <0 | —emi t? l
P(g A€ — E[¢T A¢] > t) <e p( cmin <K4||AH?{S’ KQH\AH\2>> (A.4)

where & = (&1,...,&)T . Furthermore, for any x > 0, with probability greater than 1 —

exp(—z),
ETAE — E[¢TAL] < cu, K[| Alllgx + cu K2 | Al gg V. (A.5)
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A.3 Concentration under Assumption

Proposition A.4. Letv € R™ and K > 0. Let &1, ...,&, be n independent random variables
satisfying the moment assumption (3.15). The following Hoeffding-type inequality holds:

P (vTE > 2K |jvl|y \/5) < exp(—x). (A.6)

Proposition is proved in the supplementary material.

A.4 Concentration of subgaussian vectors

A direct consequence of Assumption on the random vector £ is the following Hoeffding-
type concentration inequality:

P (a"¢ > K ||a], V22) < exp(—a). (A.7)
Under Assumption 4.1, the following concentration inequality was proven in [28].

Proposition A.5 (One sided concentration [28]). Let & be a random vector in R™ satisfying

Assumption for some K > 0. Let A be a real n X n positive semi-definite symmetric
matriz. Then for all x > 0, with probability greater than 1 — exp(—x),
§1AE < K2 (TrA + 2 || Allyg v + 2[| Ally2) - (A.8)

This result is remarkable as it holds with the same constants as in the Gaussian case
(A.2), under the weak Assumption 4.1. Similar results are obtained in a different form
n [39]. Unlike the previous concentration results given in Appendix A used in Section 3,
the above inequality is only one-sided, and it is not known if the above result holds as
a two-sided inequality or without the positive semi-definiteness of A. Another difference
with the concentration inequalities of Appendix A is that the term TrA in (A.8) is an
upper bound on the expectation of &7 A¢ up to constants. It is not known whether this
concentration inequality holds with the constant term K2TrA replaced by E[¢T A¢]. The

following corollary extends Proposition to general matrices.

Corollary A.1 (Corollary of Proposition for any real matrix A). Under Assumption

and for any real matriz A, with probability greater than 1 — exp(—=x), the following holds:
7A€ < K2 (|| All, + 2| Allgs V& + 2/ Alll,2) - (A.9)

Proof. To see this, let Ag == %(A + AT) and consider |A4| :== /A2, the unique square root
of the positive semi-definite matrix A2. By definition of |As| and the triangle inequality,

ETAE =¢TAL <ETIALlE,  Tr(Adl) = |4l < 1Al
1Ay = Il Asllly < 1Al 11 As|lgg = 1 Asllgg < 1Al s -

Thus applying (A.8) to the matrix |As| proves (A.9). O
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B Proofs

B.1 Proof of Lemma

We start with some preliminary remarks. If R, () := || ,aéHg —2yT iy, Ry(-) is differentiable
and the following identify holds for any j = 1,..., M and § € AM:

VRA(0)" (ej — 0) = ||ij — £lI5 — | 1o — 115 — 267 (i — o) — lli2e — 25113 - (B.1)

The penalty (3.2) satisfies for any g € R™ and any 6 € AM:
M
. 2 . 2,
> 05l —gll; = lliae — gll; + pen(d). (B.2)
j=1

This can be shown by using simple properties of the Euclidean norm, or by noting that the
equality above is a bias-variance decomposition. The function pen(-) is differentiable and
for any j =1,..., M, and 8 € AM_ one can check that

1V pen(0)"(ej — 0) = § |l — 113 — 5 pen(d),

M
~ ~ 112 ~ ~ 2
= llio — sll5 = 5 D On ity — fuell3 (B.3)
k=1

where we used (3.2) with g = fi; for the last equality.

Proof of Lemma 3.1. Let J* =1,..., M be a deterministic integer. Since 6 minimizes H,
over the simplex and H,, is convex and differentiable, a simple consequence of the KKT
conditions [11, 4.2.3, equation (4.21)] yields:

VH, () (e —0) > 0. (B.4)

Let W := VH,(0)T (es- — 0). By simple algebraic calculations using (13.1) and (13.3), we
have

W=l — £ll3 — [litg — £]13 — 267 (71 — fg)

M
+2Tr(Dg Ay Dg) — Y 0, Tr(Dy A D)
k=1

M 1 M 1
1 Aolla A2 5
-5y 0 — |5+ Blog— — B ) 6Oilog —.
2;::1 k| — 113 R kz::l klog —
Since for all j =1,..., M, Tr(D,A;D,) = E[STA]{], (3.4) can be rewritten
. 2 . 1 5
29— £, < 1A~ — £ll2 +281og — + Z(J",6), (B.5)
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where for all J* =1,...,M and 0 € AM,
M
Z(J*,0) = 26" (g — fug+) =2 OE[ET (Ap — Aje)E]
k=1

M ) M 1
— 5> Okl — il —ﬁz9k10g;k — Blog
k=1 k=1

1

T J*

The quantity Z(J*,0) is affine in its second argument 6 € AM thus it is maximized at a
vertex of AM, and the following upper bounds hold:

* N < * — * < . ] ]
2(J%,0) < max Z(J",0) = max Z(J" ex) _j7kglﬁfMZ(]a€k) (B.6)

Let (i = Z(j,ex) for all j,k=1,...,M. From (1.5) and (13.6),

g~ 13 < s — €13+ 28005 —— +  max | G,
where
G = 26" i = ) = 2B[E7 (A — 4] — 3 s — iyl — Blos
Let Bj, = Ay — Aj, so that i, — fi; = Bjp€ + (Bjpf + by, — bj). Then
i — 115115 = | Bjr€lls + | Bjif + b — bjll5 + 267 BL(Bjif + by, — bj). (B.7)

After some algebra, we get
Gr = &' Qi€ —E[E" Q] + € vy
- Blog —— = J 1B Dol — 4 1Bt + b~ byl
where we used the equality HBjchrH2Hs = E[HB]kﬁHg] and where Q; 1, and v;, are defined
in (3.19) and (3.20), respectively. O

B.2 Proof of Theorem

Theorem is a direct consequence of Theorem for homoscedastic Gaussian noise, with
L=1.

In order to prove Theorem 3.3, we need the following notation. We refer the reader
to Appendix for a proof with similar arguments and less notational complexity. Let
K, Cw,,Cw,,Cyg > 0 and a diagonal matrix D be parameters that are specified below
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for each assumption. For any v € R" and any real matrix @, consider the following
concentration inequalities: Va > 0,

P <UT£ >CyK Hv||g) < exp(—x), (B.8)
P (¢7Q¢ ~ ElE Q€] > Cun K QD[ v + Cuy K2IQlly7) < exp(-2). (B9
Let (71-)1-:17,_,, be the diagonal elements of the matrix D and let
2 2 2 2 4z 2
B=K (CW1(2 + L)2L +2CH(1+ L)* + 3Cfy, ,max ;12(2 + L) > . (B.10)

The above concentration inequalities are satisfied under the three assumptions on the noise,
with different constants:

e Under Assumption 3.1, set K = max;—1,..p 04, D = D, and Cy = V2, Cw, = 2,
Cw, = 2. With this choice of constants, the value of g ( ) is equal to the value

(3.13), (3.8) becomes exactly (A.1) and (13.9) is a consequence of (A.2) applied to
the matrix @) and the random vector &.

e Under Assumption 3.2, K is given in the assumption, set
D= diag(Hleszv ey HE”H¢’2)a
Cg = cn, Cwy, = cw, and Cy, = ¢y, where ¢, ¢y, and ¢, are the numerical
constants from Propositions and . With this choice of constants, the value
of B ( ) is equal to the value (3.11), (B3.8) becomes exactly (A.3) and (B.9) is a
direct consequence of (A.5) applied to the random vector (” §1£|1|w e §€ﬁ¢ ) and the
_ _ 2 nllpg
matrix DQD.
e Under Assumption , K is given in the assumption, set D = D, and Cy = 2,

Cw, = 256, Cyw, = 8v/3. With this choice of constants, the value of 3 ( ) is equal
to the value (3.10), (B3.8) becomes exactly (A.0) and (13.9) becomes exactly (3.23)
applied to the random vector £ and the matrix Q).

Proof of Theorem 3.5. Let x > 0. The concentration inequalities (3.8) and (B.9) always
hold, with different constants depending on the assumption on the noise as explained above.
Using Lemma , it is enough to upper bound max;y—1, . s (jr Where (5 is defined

in (3.18). Let j,k =1,..., M be fixed, and let B;, = A, — A;. We apply the concentration
inequality (13.9) to the matrix Q;x (3.19) and the concentration inequality (13.8) to the
vector vj;, (3.20). With the union bound, on the event where both concentration inequalities
hold we get that with probability greater than 1 — 2exp(—z),

Gk SOy K2 Qsllym + Cwo K | Qe DV + C K ujll, v

— plog

1 2 1 2
i 1Bj kDo g — 5 I1Bjkf + b — byl - (B.11)
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Using properties of the operator norm and the Hilbert-Schmidt norm with (3.20), (3.19):
logally <2 (1+ 1B ally) 1Bsaf + bx = byl
1Qixlly < (2+ 3Bl 1Bslls
Q3D = 2 | Bl + 3[BT

< (24 3IByelly) [ B:4D|

HS

where we used in the last display that for any square matrices M, C, | MC|lgs < |M||l5 [|C |l ys-
We plug these inequalities in ( ):

Gw < (24 S1B1all,) (Cow K2IBjallye + Cw, K |[BiaD | V)
200K (14 311 Brally) 1Biaf + b = byll, v

2 2
— Blog = 3 I1BjkDollis — 5 11Bjf + bi — bl -

TET 5

We apply the inequality st < # twice, first with

BjxD
s = Cuy K (24 31IBjxll) MD:HIIZSS '

and t = || Bj 1Dy ||y, second with s = 2Cy K (1 + %|HB7;€|H2) Vzandt = ||Bjf + by — bjl],.

In both cases, the term % cancels and we obtain

|20
”B‘,kDUH%{s

G <K% (Cwy (24 3IB1xlly) I1Bsklly + 3Ci, (24 S1B5all,) )

2
2 72 1 ) _
+2CHK? (14 3IBjxll,) = — Blog et
Let (b;1)ii=1,..n be the elements of the matrix Bj; = A — Aj, and (czi)i:L__.7 be the
diagonal elements of the matrix D. Since

HB"'“DHQHS i b} E:

77,0 3
HBj,kDaHQHS >0, T i=len o}

we obtain (j; < fx — [log ﬁ where (3 is given in ( ).

For any t > 0, let x = t + log ?1”] The inequality (;5 < Bt holds with probability
greater than 1 — 277, exp(—t). Using the union bound on j,k = 1,..., M, we have
max; k=1 M Cjk < Bt with probability greater than 1 — 3., 5/ 2m;m exp(—t) =1—
2 exp(—t). O
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B.3 Proof of Theorem

The following inequality will be useful.

Lemma B.1 (Projection matrices). Let A, B be two squared matrices of size n with
AT = A= A% and BT = B = B% Then

Te(A - B)| < [|A — Bllfss - (B.12)
Proof Without loss of generahty, assume that TrA > TrB. As |A - Blss = |Allfs +
||B||HS — 2Tr(AB) and HAHHS = TrA, ( ) is equlvalent to 2Tr(AB) < 2Tr(B). Notice

that for projection matrices, Tr(AB) = HABHHS <143 HBHHS < HBHHS = Tr(B) and the
proof is complete. O

Proof of Theorem . With the previous notation, D, = ol,xn, AJT = A; = A?. We

perform the same calculations as in the proof of Lemma and obtain that almost surely
1
N 2 .
gt < | min (I~ €13+ 2Blog =)+ max | G

where

Gk = €7Q; 1€ —E[TQ; €] + €T vk — 3 |(Ax — Aj)E + by — b3
2
o' A
+2(6° = 0*)Tr(4; — Ay) = T | Ak — 4 — Blog

KT

the matrices Q; and the vectors v;, are defined in (3.19) and (3.20). Let j, k € {1,..., M}.
The assumption on 2 and ( ) yield that on an event €y of probability greater than
1-9,

2
A~ g
2(6% — o) Tr(Aj — Ap)| < - 14 — Axllis - (B.13)
Let B* = 5602. On the event Qg, B > (* thus
Gk < €7QixE —E€TQ 1) + €T vk — S |(Ar — Aj)E + by — bj||3

0'2 2
vy | A — Ajllgg — 8" log

7T7TJ

Note that [|Qjkll, <6, [|Qjkllys < 3 1Ak — Ajllgg and [[vjklly < 4[[(Ax — A7) + b — bjll,-
We apply (A.2) to the matrix @, and (A1) to the vector v; . For all > 0, it yields that
on an event §2; ;. (x) of probability greater than 1 — 2exp(—zx),

€7 Qj € — ElET Qi8] < 0(122 + 6 1A% — Ajllgs V),
< 480°%z + - ”Ak Ajllys
and ETUj,k; < ov/74 ||(Ak — Ajf + b — b5,
< 80% 4 1 [|(Ak — AE -+ b — by3.
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On the event Qo N Q; x(x + log(1/(mkm;)), we have (j, < f*x. Using the union bound, the
probability of the event Qo N (N k=1, 1 k(x +log(1/(mm;)))) is at least

1—0-— Z 2exp(—x)mjmp =1 — 9 — 2exp(—x).
j7k:17"'7M

Finally, on this event max;p—1 . Gk < 8%z and 26 < 188*/7 = 1440% which completes
the proof. O

B.4 Sparsity oracle inequality

In [28], the authors prove the following oracle inequality for the Least Squares estimator
ﬂ{;s on a d-dimensional linear subspace V of R™. The Least Squares estimator [L\[}S is
defined as the orthogonal projection of y on the linear subspace V.

Lemma B.2 ([28]). Under Assumption /.1, with probability greater than 1 — exp(—x):

2
- f” < min || — f||3 + K*(d + 2Vdz + 2z),
2 pnev
< min ||p — £|3 + K%(2d + 3z). (B.14)
nev
We now use this result to prove Proposition

Proof of Proposztzon . Let B = 32K2 Let J* =1, ..., M be a deterministic integer. Since
6 minimizes V,, over the Slmplex and Vj, is convex and dlfferentlable a simple consequence
of the KKT conditions [11, 4.2.3, equation (4.21)] yields:

V()T (e — 6) > 0. (B.15)
Let W := VV,,(6)T(es- — ). Using (13.1), (13.3) and some algebra, we obtain
W =g = £l = 15 = £l — 267 (e = ig)

M
-3 HMk‘MJ*||2+510g7* 29 10g*

Inequality ( ) can be rewritten as
~ 2 ~ 2 PN 1 % A
I7ig = £ll5 < i = €15 + 28108 — + 2(*,0)

where

M M
2(J5,0) =267 (g — fur) — 3> O ik — =1l — Blog—— 29 10@;*-
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The function z(J*,-) is affine in its second argument. Thus it is maximized at a vertex of
AM and

2(J*%,0) < max z2(J*,0) = k:%%?sz(J*,ek) < j7kI=nl;,i,}f,MZ(j’ ek)-

As it holds for all deterministic J* = 1,..., M, we proved that

N 1
. 2 ; 7 2
g =1l < . in , (W = -+ 2Blow =) 4 o

where

G = 2(joer) = 267 (fu, — f1j) — Blog — ik — a5

Tk

Let Bj. = A — Aj, and note that [|Bji[|, < 2 because Aj and A; are orthogonal projectors.
Using fir, — fij = Bjr€ + (Bjif + by — bj) and (13.7), we get

G = 26" (A = A€+ € age = 3 1Byt +be = byl = 3 | Biu 3 = Blog —.
J

where aji, = 2(Inxn — %B]-T,;)(Bjk.f + by, — b;). The vector o, satisfies
lejilly <201+ 5lIBjkllly) 1Bjkf + b — bjll, < 411Bjsf + by, — byl -

We also have — ||Bjk£\|§ < 0 almost surely.

Let & > 0. We now apply the concentration inequality (A.9) to the matrix 2B;;, and the
Hoeffding-type inequality (A.7) to the vector ajj. Using the union bound, the following
holds with probability greater than 1 — 2exp(—z):

Gk < K2 (2] Bjill, + 4l Bjxlllyz + 41| Bjkll s v/)
+2K(1+ 3(IBjklly) | Bjef + br = bjll, vV2& = 5 [|Bjif + b — by
1

TiTE

— Blog

We upper bound the first line of the RHS of the previous display. By the triangle inequality,
and the assumption Tr(A4;) < log(wj_l), we have [|Bji||, < Tr(A; + Ap) < log((mjmg) ™).
Using simple inequalities,

1
1Bjkllgs vE < (145llus + 1 Akllus)vE < (145117 + | Aklls + 22)/2 < 5 log + .

T

Thus, 2 || Bjill, + 4l Bjllyx + 41 Bjellys va < K*(122 + 4log ).
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Now we upper bound the second line. We apply the inequality st < % with
t = || Bjxf + by — bj, and s = 2K (1 + 3|| Bjx|l,) v2z:

2

2K (1 + 5| Bjkllly) 1 Bjwf + b — bjll, V2 — 5 || Bjsf + by, — byl
2 s

=st—5 <o = AK?(1+ 3| Bjxly)*x < 16 K%z,

For any o’ > 0, let zj; = o’ + ?17% By setting = z,;, the above displays yield the
following bound on (i, with probability greater than 1 — 27,7, exp(—a'):

R 1
= 28K22' — (f — 32K?)log :

Cin < 28Kz — (B — 4K?) log
T Tk Tk

Using a union bound, we obtain that on an event of probability greater than 1 — § —
22]-]‘11 SV mimpexp(—a') = 1 —§ — 2exp(—a'), we have 8 > 32K? and
% < 28K77.
gk:mlaXM Gk < v
O

Proof of Theorem /.1. Let § € RP be a minimizer of the right hand side of (4.4) and let
J C {1,...,p} be the support of 8, hence |f|o = |.J|. Since the RHS of (4.4) is random, 6
and its support are also random.

Let t > 0. For each support J C {1,...,p}, the oracle inequality ( ) applied to
x =t +log(n;") yields that with probability greater than 1 — m; exp(—t),

pLs — sz <||x8 - sz + K2 (2|9|0 +3log (;J) + 3t> . (B.16)

With the union bound, ( ) holds simultaneously for all J C {1, ..., p} with probability
greater than 1 —exp(—t) =1—3 ;11 ) mrexp(—t).

We apply the oracle inequality of Proposition and the oracle inequality ( ) to
ﬂg—s . With the union bound, we have with probability greater than 1 — 0 — 3 exp(—t):

s o
.

SR 1
aLs — fH 4 64K%log — + 28K,
J 2 7

pLs — sz < Hxé - sz + K2 <2e|0 + 3log <7TIJ> + 3t> :

where A7 is the projection matrix such that ,&5—5 = Ajy. The following bound can be found
in with the following bound from [35, Section 5.2.1]:

1 ~ ep 1
log — < 2|0|glog | ——— | + —=.
B S 10]o g<1v|0|0> 5

Summing the two oracle inequalities above and applying the upper bound on log 7%; completes
the proof. 0
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Supplement: additional proofs

C Bounds on moment generating functions

The condition ( ) leads to the following bounds on the moment generating functions of
X and X2, which are crucial to prove Theorem

Proposition C.1. Let K > 0 and let & be a random wvariable satisfying ( ) with
o2 =E[¢2]. Then for all s € R:

Eexp(s&;) < exp(s2K?). (C.1)
Furthermore, if 0 < 2sK? < 1, then
Eexp(sé? — s0?) < exp(s?02K?), (C.2)

Eexp(s&?) < exp <2sal-2> . (C.3)

Inequality (C'.1) shows that a random variable X satisfying the moment assumption
( ) is subgaussian and its 12 norm is bounded by K up to a multiplicative absolute

constant. The proof of Proposition is based on Taylor expansions and some algebra.
Proof of Proposition . To simplify the notation, let X = ¢; and o = ¢;. We first prove
(C.2). We apply the assumption on the even moments of X:
sPEX?P
Eexp(sX?) = 1—}—502—1—2 ,
p!
p=2
2, o 2702 2
o°s oc°K*s
<1+s0?+-— SK2)F =14 5024+ ——
<1+s0°+ 2;( ) +0+2(1—5K2)’

and using the inequality 0 < 2sK? < 1, we obtain:
Eexp(sX?) <14 so? + 0?5’ K? < exp(so? + s20°K?),

which completes the proof of (C.2). Inequality (C.3) is a direct consequence of (('.2) after
applying again the inequality 2sK? < 1.

We now prove (C.1). Using the Cauchy-Schwarz inequality and the assumption on the
moments for p = 2, we get o* < E[¢4] < 02K?, s0 0 < K. Let p > 1. For the even terms of
the expansion of Eexp(sX), we get:

s*PEX2P
(2p)!

(sK)*

|
2p p-
(sK) < ol

(2p)!

IA
NI

9

N[
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where for the last inequality we used (p!)? < (2p)!. For the odd terms, by using the Jensen
inequality for p > 1:

2p+1
2p+1 (p+1)! 2p+2
2p+1 2p+1 2p+1 2p+2 ML
S EX s EX 2p+2 ( 2
( ) < |S Kv|2p+1

e+ = (et = 2+ 1)

< 1 ‘ |2p+1 (p + 1)
- (2p+ 1)

If |[sK| > 1, we use the inequality (p + 1)!? < (2p + 1)! to obtain

sPHEX2PHL  |sK[20HD)
<
Cp+1)! ~ 2+’

and by combining the inequality for the even and the odd terms:

SZpEXZp S2p+1EX2p+1

Eexp(sX)zl—i—pZ:l (217)! + TR

|5K|2(p+1)

<1+ ,
2}; (p+1)!
<1+ Z = exp(s2K?).

p>1
If |sK| < 1, we use the inequality (p+ 1)!p! < (2p + 1)! to obtain
82p+1EX2p+1 (SK)Qp
< )
Cp+1)!  — 2(pY

and by combining the inequality for the even and the odd terms:

S2pEx2p 82p+1EX2p+1

Eexp(sX)=1+ + ,
(sX) ,;1 (2p)! (2p+1)!

2p sK 2:0
<143 B0 )
p>1 p>1

= exp(s?K?).

D Proof of Proposition

Proof. Tt is a direct application of (C.1) combined with the Chernoff bound. Let s =
2K ||v||ly v/z. The Chernoff bound and the independence of ¢, ..., &, yield, for all A > 0,

P (UT£ > s) < exp(—As) ﬁE[exp(Avifi)] < exp(—As + N2 K? HvH%)
i=1
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Now set A = v/z/(K ||v]|5) such that the RHS of the previous display is minimized, and the
proof is complete. O

E Proof of Theorem

The goal of this section is to prove Theorem 3.4. We start with preliminary calculations
that will be useful in the proof. Let A be any n x n real matrix. Let A > 0 satisfy

18| Al KA < 1, (E1)

and define
n = 32K%)\2. (E.2)

The inequality (I°.1) can be rewritten in terms of 7:

512K2|All3n < 1. (E.3)

Let Ay be the matrix A with the diagonal entries set to 0. Then, using the triangle inequality
with Ag = A — diag(a11, ..., ann) and |ay;| < ||A|, for all i =1, ..., n, we obtain

Il 4ollly < 2[IAll,- (E4)

Let B= Al Ay = (bij)i j=1,...,n and let By be the matrix B with the diagonal entries set to
0. Then
Vi=1,...n,  0<b;=3 a%<|A|>. (E.5)
J#i
By using the decomposition By = B — diag(bi1, ..., byn) and the inequality [[v + /|5 <
2 |vl|3 + 2 |1v'[13, (£.5) and (F.4), we have:

n
IBo€ll5 < 2| BE|Is +2> " b2¢2,

i=1
< 2|1 Aoz 4013 + 20 All3 D bisé?,
=1
< 8[|l All3 | Ao€ll5 + 2[IAllz D _ bist?
i=1

Combining the previous display with (£.3), we obtain for any K > 0:

n
n Ui
16K | Bog |3 < (512K |All5n) <4 140815 + 16 an@?) :
=1
U 2, N\
< Aokl + == > biik?. (E.6)
4 16 =
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Proof of Theorem 7./. Throughout the proof, let A > 0 satisfy (12.1). The value of A will
be specified later.
First we treat the diagonal terms by bounding the moment generating function of

n n

_ 2 2

Saiag = Y _ @il — Y aiio.
i=1 i=1

Using the independence of &1, ...,&, and (C.2) with s = a; A with each i = 1,...,n:

E exp(ASgiag) < exp ()\2 Z a?pf[@) , (E.7)
i=1

provided that for all i = 1,...,n, 2]a;|AK? < 1 which is satisfied as (12.1) holds and
|aii| < [ Alll5-
Now we bound the moment generating function of the off-diagonal terms. Let

Soff—diag ‘= > ai&é

i,7=1,...,n19#j

Let the random vector & = (£1,...,£")T be independent of £ with the same distribution
as €. We apply the decoupling inequality [44] (see also [22, Theorem 8.11]) to the convex
function s — exp(As):

E exp(ASoff—diag) < Eexp (4)\ Z aijfgfj) )

1,7=1,...,n:1#j

Conditionally on &, ..., &,, for each i = 1,...,n, we use the independence of &, ...,&, and
(C.1) applied to & with s =4 D=1, ity @i

2
E exp (4)\Zaij§£§j)§]EeXp 16K22% > ( > aijgj) ,
1#] i=1,....,n \j=1,...,n:i#£j

=Eexp (16K2)\2 HAO£H§) =Eexp (;7 ”A0£”§> )

where 7 is defined in (I2.2) and Ay is the matrix A with the diagonal entries set to 0. Let
B = AL Ay = (bij)ij=1,..n- Then [[Ao€|l3 = S0y bii&? + iz bis&is.

We use the Cauchy-Schwarz inequality to separate the diagonal terms from the off-
diagonal ones:

2 n
(Eexp(g \\Aogug)) < Eexp (anii@?) Eexp (an,-jgigj) . (E.8)

i=1 i#j
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For the off-diagonal terms of (1.8), using the decoupling inequality [44] (see also [22,
Theorem 8.11]) we have:

E exp (77 > bijfifj) < Eexp (477 > bijﬁééj) :
i#] i#j

Again, conditionally on &1, ..., &, for each j = 1,...,n, we use (C.1) applied to & and the
independence of &/, ..., &)

2
Eexp (4772()2-]-5;5]-) < Eexp | 16K2n? Z ( Z bi]fj) ,
j=1

i#] i=1 oo i

= Eexp (16K | Bog]3)
n
<Eexp [ L[ Aotl2 + L > bis? ) ,
4 16 =

where we used the preliminary calculation (12.6) for the last display. Finally, the Cauchy-
Schwarz inequality yields

E exp (477 > bz‘jﬁiﬁé’) < \/E exp (g HA05\|§> J Eexp (g > biif?)-
=1

i#]

We plug this upper bound back into (2.8). After rearranging, we find

(e 14 <Bow (13 06 ) | Eew (13 n?
2 2 - n A p S L 1S |-

i=1
As b;; > 0, this implies:
EeXp(g 140€]13) < Eexp (Uzbuf?) :
i=1

For each i = 1,...,n, we apply (C.3) to the variable ¢ with s = b;n > 0. Using the
independence of £2,...,£2, we obtain:

E exp (nzblzé'?) = H E exp(nbi&?),

i=1 =1

3 & 3
< exp <2ﬂzbiiUi2> = exp (277 HAODGHIQ{S) .
i=1
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provided that for all i = 1,...,n, 2K2b;n < 1 which is satisfied thanks to (1°.1) and (I2.5).
We remove 7 from the above displays using its definition (1£.2):

E exp(ASoit aiag) < exp (48X2K? || A0 Ds s , (E.9)

where Ag is the matrix A with the diagonal entries set to 0.

Now we combine the bound on the moment generating function of Sgiag and Sog—diags
given respectively in (I£.7) and (1.9). Using the Chernoff bound and the Cauchy-Schwarz
inequality: we have that for all A satisfying (12.1),

P (Saiag + Sofi—diag > t) < exp(—At)E[exp(ASdiag) €XP(ASof—diag)]s
< exp (—At) \/]E[exp(2)\5diag)] \/E[exp(2/\50ff,diag)],

n
< exp (—)\t + N2 K? (Z oZal +48 HA0D0||12{s>> ,

i=1
< exp (At + 48N K2 [ AD, [[}s) (E.10)

where for the last display we used the equality
n
2 2 2 2 2
|AD; s = Z a;;0; = || Ao Dol s +Zaii0i'
i,j=1,...n i=1

It now remains to choose the parameter . The unconstrained minimum of ( ) is attained
at A =t/(96K? HADoH%{s)' If A satisfies the constraint (I2.1), then

—¢?
P (Sgiag + Soffi—ding > t) < ex '
(Sdiag + Soff—diag > 1) p<192K2 y|ADa\|2Hs>

On the other hand, if X does not satisfy (I.1), then the constraint (I2.1) is binding and the
minimum of ( ) is attained at Ap = 1/(128|||A[|,K?) < A. In this case,

t

- t
—tAp + AASK 2 ||AD,||2e < —tAp + MWMSK2 |AD, [|2e = —tAp 4+ A\ = —— .
b + b || ”HS — b + b || ||HS b + 9 b 256K2|HAW2

Combining the two regimes, we obtain

t2 t
P (Sdiag + Soff—diag > t) < exp [ — min , .
(Stiag + Sotr—diag > 1) < p( (192K2HADUH§{S 256K2|HA|”2>>

The proof of (3.22) is complete.
Now we prove (3.23). The function

t? t
t — z(t) = min ,
(192K2 IADs s 256K2”|A||2>
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is increasing and bijective from the set of positive real numbers to itself. Furthermore, for
all t > 0,

t < 8VBEK || ADsllyg /(1) + 256 K2 || Al (1),

so the variable change x = z(t) completes the proof of (3.23). O
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