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We consider the problem of model selection type aggregation in the context of density estimation.
We first show that empirical risk minimization is sub-optimal for this problem and it shares this
property with the exponential weights aggregate, empirical risk minimization over the convex
hull of the dictionary functions, and all selectors. Using a penalty inspired by recent works on
the Q-aggregation procedure, we derive a sharp oracle inequality in deviation under a simple
boundedness assumption and we show that the rate is optimal in a minimax sense. Unlike the
procedures based on exponential weights, this estimator is fully adaptive under the uniform
prior. In particular, its construction does not rely on the sup-norm of the unknown density. By
providing lower bounds with exponential tails, we show that the deviation term appearing in
the sharp oracle inequalities cannot be improved.

Keywords: aggregation, concentration inequality, density estimation, minimax lower bounds,
minimax optimality, model selection, sharp oracle inequality.

1. Introduction
We study the problem of estimation of an unknown density from observations. Let (X, u)
be a measurable space. We are interested in estimating an unknown density f with

respect to the measure p given n independent observations X7, ..., X,, drawn from f.
We measure the quality of estimation of f by the L? squared distance

lg— fI? = /(f )= gl — 2/§fdu+ T (L.1)

for any g € L?(u) possibly dependent on the data Xi,...,X,. Since the term ||fH2 is
constant for all §, we will consider throughout the paper the risk

R(G) = al* -2 [ a7 (1.2)

An estimator § minimizes R(-) if and only if it minimizes (?7?).

* This work was supported by GENES and by the grant Investissements d’Avenir (ANR-11-IDEX-
0003/Labex Ecodec/ANR-11-LABX-0047).
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Given M functions fi,..., far € L?*(u), we would like to construct a measurable
function § of the observations Xi,..., X, that is almost as good as the best function
among f1,..., far. The model may be misspecified, which means that f may not be one
of the functions fi,..., far. We are interested in deriving oracle inequalities, either in
expectation

ER(g) < Cj_rlninM R(f;) + 0n 1,

or with high probability, i.e., for all £ > 0, with probability greater than 1 — ¢

R(g) <C min  R(f;) 4 0n.m + dna(e),
Jj=1,....M

where 0y, 3 is a small quantity and d,, a7(+) is a function of € that we call the deviation
term. We are only interested in sharp oracle inequalities, i.e., oracle inequalities where
the leading constant is C' = 1, since it is essential to derive minimax optimality results.

We consider only deterministic functions for fi,..., fas. They cannot depend on the
data X1,...,X,. A standard application of this setting was introduced in Wegkamp [26]:
given m + n i.i.d. observations drawn from f, use the first m observations to build M
estimators fl, ey fM, and in a second step use the remaining n observations to select
the best among the preliminary estimators fl, ey f M- A related problem is selecting the
best estimator from a family fl, ey f M where these estimators are built using the same
data used for model selection or aggregation. Such problems were recently considered in
Dalalyan and Salmon [4] and Dai et al. [3] for the regression model with fixed design.

We are also interested in deriving sharp oracle inequalities with prior weights on
the model {f1,..., far}. To be more precise, for some prior probability distribution
T1,...,mp over the finite set {f1,..., far} and any e > 0, our estimator f,, should
satisfy with probability greater than 1 — e

N

Rej) < win, (RO +

Jj=1,...,

% 1og i) (o), (1.3)
n Uy

for some positive constant S and some deviation term d,, ps(-). The Mirror Averaging
algorithm [8, 6] is known to achieve a similar oracle inequality in expectation. The analysis
of Juditsky et al. [8] shows that the constant 5 scales linearly with the sup-norm of the
unknown density, which is also the case for the results presented here. Model selection
techniques with prior weights were used in order to derive sparsity oracle inequalities
using sparsity pattern aggregation [23, 20, 6].

Another related learning problem is that of model selection when the model is finite
dimensional with a specific shape, for example a linear span of M functions or the convex
hull of M functions. This is the aggregation framework and it has received a lot of
attention in the last decade to construct adaptive estimators that achieve the minimax
optimal rates, especially for the regression problem [24, 17, 23, 11, 20] but also for density
estimation [27, 10, 21].

The main contribution of the present paper is the following.
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Optimal exponential bounds for aggregation of density estimators 3

e We provide sharp oracle inequalities and the corresponding tight lower bounds for
two procedures: empirical risk minimization over the discrete set {f1,..., fas} and
the penalized procedure (3.1) with the penalty (3.2). Here, tight means that neither
the rate nor the deviation term of the sharp oracle inequalities can be improved.
The sharp oracle inequalities are given in Theorem 2.2 and Corollary 3.1 and the
tight lower bounds are given in Theorem 2.1 and Theorem 3.2. These results lead
to a definition of minimax optimality in deviation, which is discussed in Section 4.

While proving the above results, we extend several aggregation results that are known
for the regression model to the density estimation setting. Let us relate these results of
the present paper to the existing literature on the regression model:

e In Theorem 2.2, we derive a sharp oracle inequality in deviation for the empirical
risk minimizer over the discrete set {f1,..., fasr}. This is new in the context of
density estimation, and an analogous result is known for the regression model [20].

e In Theorem 3.1, we derive a sharp oracle inequality in deviation for penalized em-
pirical risk minimization with the penalty (3.2). With the uniform prior, this yields
the correct rate (log M)/n of model selection type aggregation. This penalty is in-
spired by recent works on the Q-aggregation procedure [14, 2] where similar oracle
inequalities in deviation were obtained for the regression model. The first sharp
oracle inequalities that achieve the correct rate of model selection type aggregation
were obtained in expectation for the regression model in [27, 1].

o We extend several lower bounds known for the regression model to the density
estimation setting. We show that any procedure that selects a dictionary function
cannot achieve a better rate than \/(log M)/n and that the rate of model selection
type aggregation is of order (log M)/n. We also show that the exponential weights
aggregate and the empirical risk minimizer over the convex hull of the dictionary
functions cannot be optimal in deviation, with an unavoidable error term of order
1/4/n. Earlier results for the regression model can be found in [24, 20] for lower
bounds on model selection type aggregation and the performance of selectors, while
[12, 2, 13] contain earlier lower bounds on the performance of exponential weights
and empirical risk minimization over the convex hull of the dictionary.

An aspect of our results is not present in the previous works on the regression model.
In the literature on aggregation in the regression model, lower bounds are proved either
in expectation or in probability in the form

P (R(Tn) > min_ R(f;) +wn7M> > ¢, (1.4)
j=1,....M

for any estimator Tm a risk function R(-), a rate 1, pr and some absolute constant ¢ > 0,
usually ¢ = 1/2. The tight lower bounds presented in Theorem 2.1 and Theorem 3.2
contrast with lower bounds of the form (?7?) as they yield for any estimator T;,,

V>0, P (R(Tn) > min R(fj) + tn,n + %) > cexp(—x), (1.5)
i=1,...,
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4

i.e., they provide lower bounds for any probability estimate in an interval (0, 1/c) where
¢ > 0 is an absolute constant. Moreover, these lower bounds show that the exponential
tail of of the excess risk of the estimators from Theorem 2.2 and Theorem 3.1 cannot be
improved. The tools used in the present paper to prove lower bounds of the form (?7?), in
particular Lemma 5.1, can be used to prove similar results for regression model. The tight
lower bounds of the present paper contrast with the existing literature on the regression
model, since to our knowledge, there is no lower bound of the form (??) available for
regression.

In the regression model with random design, given a class of functions G, a penalty
pen(-), a coefficient v > 0 and observations (X1,Y7), ..., (X,,, Y,), penalized empirical risk
minimization solves the optimization problem

n

. 1 2

min - ;(Q(Xz) Y;)? + v pen(g). (1.6)

But if the distribution of the design is known, the statistician can compute the quantity

E[g(X)?] for all g € G and solve the following minimization problem that slightly differs

from (?7):
5 2%\

min - Blg(X)%] - & ;Q(Xz)}/z +v pen(g). (1.7)

In the regression model, the distribution of the design is rarely known so the penalized

ERM that solves (??) has not received as much attention as the procedure (??) when

the distribution of the design is not known. The density estimation setting studied in

the present paper is closer to the regression setting with known design (?7?) than to the

regression setting with unknown design (??) studied in [14]. There are differences with

respect to the choice of coefficient of the penalty (3.2), and to the form of the empirical

process that appears in the analysis. These differences are more thoroughly discussed in
Section 3.4.

The paper is organized as follows. In Section 2 we show that empirical risk minimiza-
tion achieves a sharp oracle inequality with slow rate, but this rate cannot be improved
among selectors. Two classical estimators, the exponential weights aggregate and empir-
ical risk minimization over the convex hull of the dictionary functions, are shown to be
suboptimal in deviation. In Section 3, we define a penalized procedure that achieves the

optimal rate loe M i deviation, and we provide a lower bound that shows that neither

n
the rate nor the deviation term can be improved. Section 4 proposes a definition of min-
imax optimality in deviation and shows that it is satisfied by the procedures given in

Sections 2 and 3. Section 5 is devoted to the proofs.
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Optimal exponential bounds for aggregation of density estimators 5

2. Sub-optimality of selectors, ERM and exponential
weights

2.1. Selectors

Define a selector as a function of the form f; where J is measurable with respect to
X1,..., X, with values in {1,..., M}. It was shown in the regression framework [8, 20]

log M 2
n

that selectors are suboptimal and cannot achieve a better rate that o where o

is the variance of the regression noise. The following theorem extends this lower bound
for selectors to density estimation. The underlying measure p is the Lebesgue measure
on R? for d > 1.

Theorem 2.1 (Lower bounds for selectors). Let L > 0, and M > 2,n > 1,d > 1 be
integers. Let F be the class of all densities f with respect to the Lebesgue measure on R?
such that || f|lec < L. Let © > 0 satisfying

log(M) + z

n

< 3.

Then there exist f1,..., fu € L*(R) with ||fjllc < L such that the following lower
bound holds:

. 2 . L |z+logM 1

inf sup Py ( 1S, = fIP = _inf |If; = fI? = oy [0 ) =
S fEF i=1M V3 n

where Py denotes the probability with respect to n i.i.d. observations with density f and

the infimum is taken over all selectors S,,.

The proof of Theorem 2.1 is given in Section 5. It can be extended to other measures
as soon as the underlying measurable space allows the construction of an orthogonal
system such as the one described in Proposition 5.4 below.

For any g € L?(u), define the empirical risk

M
Ru(9) = |l9lI* - %ZQ(Xi)~ (2.1)
j=1

The empirical risk (??) is an unbiased estimator of the risk (??). In order to explain
the idea behind the proof of our main result described in Theorem 3.1, it is useful the
prove the following oracle inequality for the empirical risk minimizer over the discrete

set {fl; . .,f]w}.
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Theorem 2.2. Assume that the functions fi,..., far € L*(u) satisfy Il fillo < Lo for
all j=1,...,M. Define

R 2
J € argmin 12 =2 (X))
arguin (IIfyll =3 5l >>

i=1

Then for any x > 0, with probability greater than 1 — exp(—x),

) < .
R(fj) < min R(f;)+ Lo <4\/§ L+ — M)\

Together with Theorem 2.1, Theorem 2.2 shows that empirical risk minimization is
optimal among selectors. Unlike the oracle inequality of Theorem 3.1 below, this result
applies for any density f, with possibly | f||., = oo. Its proof relies on the concentration
of R,,(g) — R(g) around 0 for fixed functions g with ||g|| ., < Lo.

Proof of Theorem 2.2. We will use the following notation that is common in the
literature on empirical processes. For any g € L?(p), define

Pg = /gfdu, (2.2)
Png = % Zg(Xz)
=1

With this notation, the difference between the real risk (??) and the empirical risk (?7)
can be rewritten

R(g) = Ru(g) = (P — P.)(=29). (2.3)

Let J* be such that R(fy-) = min;—; _ a R(f;). The definition of J yields R, (f;) <
R, (fs+). Using (??), it can be rewritten

R(f;) = R(fs+) < (P = Po)(=2f;+2fs-).

We can control the right hand side of the last display using the concentration inequality
(5.1) with a union bound over j =1,..., M. For any ¢t > 0, with probability greater than
1 — Mexp(—t),

(P—Pu)(=2f;+2fs) < _mnax I(P = Po)(=2f; +2fs),

yeeey

12t 8Lt
<o\ —+—,
n 3n

where 0? = maxj_1,a P(—2f; + 2fs-)* < 16L%. Setting z = ¢ — log M yields the
desired oracle inequality. O
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Optimal exponential bounds for aggregation of density estimators 7

By inspecting the short proof above, we see that the slow rate term \/M%M comes
from the variance term in the concentration inequality (5.1).

We can draw two conclusions from Theorems 2.1 and 2.2.
log M

n b

o In order to achieve faster rates than

we need to look for estimators taking
values beyond the discrete set { f1, ..., fas}. In Section 3, we will consider estimators
taking values in the convex hull of this discrete set.

e The proof of Theorem 2.2 suggests that a possible way to derive an oracle inequality
with fast rates is to cancel the variance term in the concentration inequality (5.1). In
order to do this, we need some positive gain on the empirical risk of our estimator.
Namely, for some oracle J* we would like our estimator fn to satisfy R, ( fn) <
R, (fs+) minus some positive value. This value is given by the strong convexity of
the empirical objective in Proposition 3.1.

Define the simplex in RM:

M
AM=S0eRM, Y 0;=1, Vj=1...M0;>0,. (2.4)

j=1

Given a finite set or dictionary {fi,..., fu}, define for any 0 € AM

M
fo=>_0;f;. (2.5)
j=1
In particular, f; = fe, where e1,..., ey are the vectors of the canonical basis in RM.

Two classical estimators, the ERM over the convex hull of f1, ..., fa; and the exponen-
tial weights aggregate, are known to be sub-optimal in the regression setting [2, 12, 15, 13].
In the following we show that the same conclusions hold for density estimation with the
L? risk.

2.2. ERM over the convex hull

A first natural estimator valued in the convex hull of the dictionary functions is the
ERM. However, as in the regression setting [12], this estimator is suboptimal with an
unavoidable error term or order 1//n.

Proposition 2.1. Let X = R and p be the Lebesgue measure on R. There exist absolute
constants Cy, C1,Co,Cs > 0 such that the following holds. Let L > 0. For any integer
n > 1, there exist a density f bounded by L and a dictionary {f1,..., fa} of functions
bounded by 2L, with Co/n < M < Cy\/n, such that with probability greater than 1 —
12exp(—Cao M), .

L
||féER,M - f”2 > j r1r711n7M Hf] - f”2 + —=

- Jn

where OPFM = argming yu Rn(fo).
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The proof of Proposition 2.1 can be found in Section 5.5.2.

2.3. Exponential Weights

The exponential weights aggregate is known to achieve optimal oracle inequalities in
expectation when the temperature parameter 8 > 0 is chosen carefully [16, 5, 8]. Given
prior weights (1, ...,mar)T € AM it can be defined as follows:

M
A~ A~ A A n
FEV =307, 0P e AM 07 o exp (—ERH( fj)) :

Jj=1

The following proposition shows that it is suboptimal in deviation for any temperature,
with a error term of order at least 1/+/n. This phenomenon was observed in the regression
setting [2, 12], and Proposition 2.2 shows that it also holds for density estimation. As
opposed to [2], the following lower bound requires only 3 dictionary functions.

Proposition 2.2.  There exist absolute constants Cy,C1, Nog > 0 such that the following
holds. Let X = R and p be the Lebesgue measure on R. For all n > Ny, L > 0, there
exist a probability density f with respect to p, a dictionary {f1, f2, f3} and prior weights
(71,72, m3) € A3 such that with probability greater than C,

R 2 CiL
EW _ > : o2, 4L
fa fH = min, If; = fII" +

Vﬁi’

Furthermore, || f| < L, and | f;||., < 3L for j =1,2,3.

The following proposition shows that the optimality in expectation cannot hold if the
temperature is below a constant, extending a result from [12] to the density estimation
setting.

Proposition 2.3. Let X = R and p be the Lebesgue measure on R. There exist absolute
constants cg,c1,co > 0 such that the following holds. Let L > 0. For any odd integer
n > co, there exist a probability density f with respect to p with ||f|| < L, and a
dictionary { f1, f2} with f; : X — R and || f;|| ., < L for j = 1,2 for which the following
holds: ) oL

B8 — 7| = min sy - 717+ T2 < e,

The proofs of Proposition 2.2 and Proposition 2.3 can be found in Section 5.5.3.
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Optimal exponential bounds for aggregation of density estimators 9

3. Optimal exponential bounds for a penalized
procedure

3.1. From strong convexity to a sharp oracle inequality

In this section we derive a sharp oracle inequality for the estimator f; where 0 is defined
in (3.1). Define the empirical objective H,, and the estimator 0 by

s 2 1 B 1
Hn(0) = | I foll” — n Zf&(Xi) + B pen(f) + n Zej log gt (3.1)
i=1 j=1 J
0 € argmin H,(6), (3.2)
feAM

for some positive constant § and
M
¥o € AM, pen(0) = 0;lfs — f;1”- (3.3)
j=1
The simplex A and f, are defined in (??) and (?7).
The term "
Ié; 1
E Z HJ log 7'(_]
Jj=1

is a penalty that assigns different weights to the functions f; according to some prior
knowledge given by 71, ..., Tas, in order to achieve an oracle inequality such as (?7?).

The penalty (3.2) as well as the present procedure are inspired by recent works on Q-
aggregation in regression models [22, 2, 14]. The choice of the coefficient % for the penalty
(3.2) is explained in Remark 3.1 below. An intuitive interpretation of the penalty (3.2)
can be as follows. A point fg is in the convex hull of {fi,..., far} if and only if it is the
expectation of a random variable taking values in {fi,..., far}. The penalty (3.2) can
be seen as the variance of such a random variable whose distribution is given by 6. More
precisely, let n be a random variable with P (n = j) =6, for all j =1,..., M. Denote by
Ey the expectation with respect to the random variable 7. Then Eq[f,] = fo and

pen(6) = Eq | f, — Eolf]lI”,

which is the variance of the random point f,. The penalty (3.2) vanishes at the extreme
points:
Vi=1,..., M, pen(e;) =0,

and pen(f) increases as § moves away from an extreme point e;. Thus we convexify the
optimization problem over the discrete set {f1,..., fa} by considering the convex set
{Eo[f,],0 € AM} which is exactly the convex hull of {f1,..., far}, and we penalize by
the variance of the random point f,,.
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It is also possible to describe the level sets of the penalty (3.2). Assume only in this
paragraph that the Gram matrix of fi, ..., fas is invertible and let ¢ € L?(u) be in the
linear span of fi,..., far such that for all j = 1,..., M, [2cf;dp = ||f]H2 Then simple
algebra yields

pen(8) = [le|* = [l = foll*.
Thus the level sets of the penalty (3.2) are euclidean balls centered at c.
Last, note that fj, coincides with the Q-aggregation procedure from [2] since

n M
2 1 1 1
<|fe|2 -2 Zfeom) 45 pen(6) = Ra(6)+ 5 pen() = 5 | Ru(6) + > 0,70 (/)
i=1 j=1
We propose an estimator f; based on penalized empirical risk minimization over the
simplex, with 6 defined in (3.1). This estimator satisfies the following oracle inequality.

Theorem 3.1. Assume that the functions fi,... fa satisfy || f;ll. < Lo for all j =

1,..., M, and assume that the unknown density f satisfies || f||,, < L. Let 0 be defined
in (3.1) with
8Lg

= 4L+ —2.
B +=

Then for any x > 0, with probability greater than 1 — exp(—x),

. B 1 Bz
;) < )+ Slog— | + £ .
R(f;) < [ oin (R(fj) +o log h + - (3.4)

The following proposition specifies the property of strong convexity of the objective
function H,(-) defined in (??), which is key to prove Theorem 3.1.

Proposition 3.1 (Strong convexity of H,). Let H,, and 0 be defined by (7?) and (3.1),
respectively. Then for any 6 € AM,

H,(0) < H(6) — 5 1o — 531 (3.5)

For any # € AM | empirical risk minimization only grants the simple inequality

~

Ry (0) < Ry(6),

but with Proposition 3.1 we gain the extra term % Hfg — féHZ. To prove Theorem 3.1, we
will use this extra term to compensate the variance term of the concentration inequality
(5.2). Strong convexity plays an important role in our proofs, and we believe that our
arguments would not work for loss functions that are not strongly convex such as the
Hellinger distance, the Total Variation distance or the Kullback-Leibler divergence.

The proof of Proposition 3.1 is given in Section 5.3. We now give the proof of our
main result, which is close to the proof of Theorem 2.2 except that we leverage the
strong convexity of the empirical objective H,,.
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Optimal exponential bounds for aggregation of density estimators 11

Proof of Theorem 3.1. Note that pen(e;) =0 for j =1,..., M and let

J* € argmin (Ilfgll 2 [ fyan-C 1og—) — argmin E [H, (e;)].

Jj=1,..., Uy Jj=1,..., M

Using (??) of Proposition 3.1

R 1
Hy(0) = Holes) < =5 |l = fi

~—

R.(0) + ﬁZGIOgi—R(eJ*)—élog !

Uy =

1 1 "
< 3 HfJ* — fé”2 3 pen(),

)

| M
5 2
AT
j=1
where we used Proposition 5.1 with g = f;« for the last display. Using (??), we get

R(f3) - R(f1) - Slog — < 2,

where

Z = (P~ P)(~2f5 +2f7) -

SITb

M R 1 M
ZGIOg——QZ 15 = £ P

and the notation P and P, is defined in (??) and (?7?). The quantity Z, is affine in 0
and an affine function over the simplex is maximized at a vertex, so almost surely,

Zn < max | —2(P— P)(fo— f1-) — Za e — £l ——ZQlog— :

B 1

Let £k = 1,...,M fixed. Applying Proposition 5.3 with g = —2(fx — fs+) and 7 = 7,
yields

= s, (<2 = PO~ 120) = 5 15— S P

1 Bx
P (<2 - B~ ) - 31— P~ Dros 2 > 2 < p(a)
7Tk n
To complete the proof, we use a union bound on & =1, ..., M together with Zﬁl T =1
and (?7):

P (Z > —) Zwk exp(—x) = exp(—z).
O
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Remark 3.1 (Choice of the coefficient of the penalty (3.2)). Let v € (0,1). With minor
modifications to the proof of Theorem 3.1, it can be shown that the oracle inequality
(??) still holds with

2L 8L
4 8o

min(v, 1 — v) 3

2 & By 1
H(6) = <||fe||2 - Zfeom) +vpen(d) + — > 0;log —,
i=1 j=1 J

b=

)

0 € argmin H,,(6).
OeAM

The oracle inequality (??) is best when f3 is small. Thus the choice v = 1 is natural since

2
it minimizes the value of f3.

The optimization problem (3.1) is a quadratic program, for which efficient algorithms
exist. We refer to [2, Section 4] for an analysis of the statistical performance of an algo-
rithm that approximately solves a optimization problem similar to (3.1) in the regression
setting.

The estimator 6 of Theorem 3.1 is not adaptive since its construction relies on L, an
upper bound of the sup-norm of the unknown density. However, in the case of the uniform
prior m; = 1/M for all j = 1,..., M, Corollary 3.1 below provides an estimator which
is fully adaptive: its construction depends only on the functions f1,..., fas and the data
X1,...,Xn. A similar adaptivity property was observed in [14] in the regression setting,.

Corollary 3.1 (Adaptive estimator). Assume that the functions f1,... far satisfy || ;1]
Lo forall j=1,...,M, and assume that the unknown density f satisfies || f||., < L. Let

. 2 1
0 € argmin <||f92 - = Zf.g(Xﬁ) + 3 pen(). (3.7)
OcAM n =

Then for any x > 0, with probability greater than 1 — exp(—x),

; 8Ly \ log(M) +
R(fy) < min R(f;)+ (4L+ T(J) W_

Proof of Corollary 3.1. With the uniform prior, 7; = 1/M for all j =1,..., M, the
quantity

M
B 1 _ B
EZGjlogﬂ—j = ElogM
Jj=1
is independent of § € AM. The minimizer (??) is also a minimizer of the empirical

objective (??) used in Theorem 3.1. Thus, the estimator f; satisfies (?7) which completes
the proof. O
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Optimal exponential bounds for aggregation of density estimators 13

Corollary 3.1 is in contrast to methods related to exponential weights such as the
mirror averaging algorithm from [8] as these methods rely on the knowledge of the sup-
norm of the unknown density. The method presented here is an improvement in two
aspects. First, the estimator of Corollary 3.1 is fully data-driven. Second, the sharp
oracle inequality is satisfied not only in expectation, but also in deviation.

However, the method of Theorem 3.1 loses this adaptivity property when a non-
uniform prior is used, and we do not know if it is possible to build an optimal and
fully adaptive estimator for non-uniform priors.

3.2. A lower bound with exponential tails

The following lower bound shows that the sharp oracle inequality of Corollary 3.1 cannot
be improved both in the rate and in the tail of the deviation.

Theorem 3.2 (Lower bounds with optimal deviation term). Let M > 2,n > 1 be two
integers and let a real number x > 0 satisfy
log(M) +
g( n) z

Let L > 0 and d > 1. Let F be the class of densities f with respect to the Lebesgue
measure on RY such that || f| e < L.

3.

Then there exist M functions fi, ..., far in L>(R%) with I fill <L satisfying
. . 2 : o L [log(M)+=x 1

— — P _ —= > —
lﬁfﬁggpf (‘ In fH jzrlr,l.l.r.l,MHfJ > 24 n 24 exp(—)

where the infimum is taken over all estimators T, and Py denotes the probability with
respect to n i.i.d. observations with density f.

W < 3 is natural since the estimator T;: = 0 achieves

log(M)+x

Notice that the restriction

a constant error term and is optimal in the region > ¢ for some absolute constant
c. Indeed, as the unknown density satisfies || f|| < L, we have with probability 1:

R 2
-] =P <z< _imf 15 -5+ (3.8)

R(T*) < inf R + L.

Jj=1,...,

Thus it is impossible to get the lower bound of Theorem 3.2 for arbitrarily large %.

3.3. Weighted loss and unboundedness

The previous strategy based on penalized risk minimization over the simplex can be
applied to handle unbounded densities or unbounded dictionary functions, if we use a
weighted loss.
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Let w : X — R™ be a measurable function with respect to p. Define the norm (or
semi-norm if w is zero on a set of positive measure)

g%, = / Gwdu, Vg e L*(u).

Then we can define the estimator f; where

n M

R . 2 1

0 = argmin V. (0), Val®) = P | Ifolls, = =D fo(Xaw(Xe) + 5 30 15 = foll,
€ i=1 j=1

The function V,, is strongly convex with respect to the new norm ||||fu As in the proof
of Theorem 3.1,this leads to

.....

.....

0k < =2(P = Po)((fx — f7-)w) [(f(X) = fr (X)) *w(X)?].

-~ _E
2L
We apply (5.2) to the random variables (fr — f+)(X;)w(X;), which are almost surely
bounded by L. Using the union bound on k£ = 1,..., M we obtain maxy—1, . a0 <

B(z + log M) /n with probability greater than 1 — exp(—x). and thus

175 = FI2 <t = £I2 + 8 (%) |

where 8 = ¢ (L + Lg) for some numerical constant ¢ > 0.

3.4. Differences and similarities with regression problems

Here we discuss differences and similarities between aggregation of density and regression
estimators. Some notation is needed in order to compare these settings.

We first define some notation related to the Density Estimation (DE) framework
studied in the present paper. Let X be a random variable with density f absolutely
continuous with respect to the measure p, let D*® = {f1,..., far} be a subset of L?(1u)
and define for all g € L?(u) and z € X,

lgl* = /g2du, l"(x) = |lgl* — 2g(x), ¢ = argmin||g — f|* = argmin E[ly" (X)].
gEDPE gEDPE

Given n i.i.d. observations X7, ..., X,, and some fixed function g, one can use the empirical
risk P, (19%) = Y1) LI08(X;).

=1 n"g
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Optimal exponential bounds for aggregation of density estimators 15

We now define similar notation for the regression problem with the L? loss. Let (X,Y)
be a random couple valued in X x R, let Px be the probability measure of X, let f be
the true regression function defined by f(z) = E[Y|X = z|, let D* = {f1,..., f;} be a
subset of L?(Px) and define for all g € L?(Px),

g5, =Elg(X)?],  ¢" =argmin|lg - f|3,.
geDr
For Regression with Unknown Design (RUD) i.e., when the distribution of the design X
is not known to the statistician, a natural choice for the loss function [, is

15 (x,y) = (9(z) —y)*,  Vo,ye X xR,

and the oracle g* defined above satisfies g* = argmin ¢ e E[lg""(X,Y)]. For Regression
with Known Design (RKD), the quantity || g||§3x is accessible for all g. Thus we can define
the loss
2
ZEKD(may) = ||g||PX - 29(3:)2/7 vay € X x R7

and the oracle g* satisfies g* = argming ¢« E[l5*"(X,Y)]. Thus, two natural functions
l, arise in the regression context, depending on whether the distribution of the design
is known or unknown. Given n ii.d. observations (X;,Y;) with the same distribution
as (X,Y), the empirical quantities P,(I"") and P, (Ig*") can be used to infer the true
regression function f. An estimator constructed using the quantity P, (I3*") is used, for
example, in [24] for the problem of linear and convex aggregation.

Linear or quadratic empirical process. The empirical process (P, — P)(ly — lg+)
indexed by g plays an important role in the proofs of Theorem 2.2 and Theorem 3.1. This
empirical process also appears in the analysis [14] for regression with unknown design
with the loss [j"". For density estimation and regression with known design, this empirical
process is linear in g:

(Po=P)(ly"=1g") = =2(Pn=P)(9—g"),  (Pa—P)(I;""=1;:") = =2(P—P)[(9—9")dl;

where the function g(-) above is defined by Vz,y € X x R, y(z,y) = y. For regression
when the design is unknown, the empirical process is quadratic in the class member g. To
control the behavior of this quadratic empirical process, the contraction principle is used
in [14], whereas this principle is not needed for density estimation or regression when the
distribution of the design is known.

The penalty (3.2) and its coefficient. In the regression problem when the distri-
bution is known, given a dictionary of potential regression functions {fi, ..., fas}, the
quantity

M
> 00t = follp, (3.9)
Jj=1

is accessible and a procedure similar to the one proposed in Theorem 3.1 and Corol-
lary 3.1 can be constructed, with the penalty coefficient 1/2 which is a natural choice as

imsart-bj ver. 2014/02/20 file: ms-density.tex date: June 30, 2015



16

explained in Remark 3.1. For regression with unknown design, the above penalty cannot
be computed: the procedure [14] for the L? loss is the estimator [y where

0 = argmin (P, (I5°) + vPu(f5 = fo)?)

HGAIW
= argmin ( Z (Y; — fo(X:)* + z Z(f] - f@)Q(Xi)) )
0cAM i—1 n i=1

for some coefficient v € (0,1) and where we chose the uniform prior for clarity. Thus
the procedure [14] can be formulated as a penalized procedure where the penalty is the
empirical counterpart of (??) with the coefficient v. Although 1/2 is a natural choice for
regression with known design and density estimation, for regression with unknown design
the expression of the optimal coefficient is more intricate [14, Minimize /5 in (1.4)].

Sketch of proof for the regression model with known design. In order to show
the similarities between density estimation and regression problems when the design is
known, we now give the main ideas to derive an oracle inequality similar to Corollary 3.1
for regression with known design. Note that the framework studied in [14] does not cover

the estimator defined below, since the function I3*" depends on the quantity || qll? py - Given
n i.i.d. observations (X1,Y7), ..., (X,,Yy), deﬁne

~

f = argmin V,,(6), V() = Py (I57) Ze 1 = foll5, -

0eAM

Analogously to the argument of Proposition 3.1, we note that the function V;, is strongly
convex and V,,(0) <V, (es-) — 3 |f]* féHQPX for any J* = 1,..., M. As in the proof of
Theorem 3.1, this leads to

2 2 1 2
1= 1 < Mo = Ffot s G 8= (PP~ S o — Sl

As explained above, when the distribution of the design is known, the empirical process
is linear in fx — fy+:

) 1
O = =2(P = Ba)(fi = f3)i) = 5 s = S+ 15
If for some b > 0, |Y| < b and max,=1 | f;(X)| < b almost surely, then

1

Ok < =2(P = Pa)((fi = f5-)9) = Bl (fie(X) = £ (X))].

Using (5.2) and the union bound on k = 1,..., M, we obtain maxy=1, . a0r < B(x
log M) /n with probability greater than 1 — exp(—=z) and thus

log M
175 = Il < 155+ = £l +5 (“%) :
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Optimal exponential bounds for aggregation of density estimators 17

where 38 = c¢b? for some numerical constant ¢ > 0.

In conclusion, the density estimation framework studied in the present paper is close
to the regression problem when the distribution of the design is known, while it presents
several differences with the regression problem when the design is not known.

4. Minimax optimality in deviation

The goal of this section is to state a minimax optimality result based on the lower bound
of Theorem 3.2 and the sharp oracle inequality of Corollary 3.1. In this section, the
underlying measure y is the Lebesgue measure on R? for some integer d > 1.

Minimax optimality in model selection type aggregation is usually defined in expecta-
tion [24], by studying the quantity

sup inf sup (ER(TTL) — inf R(fj))
feF  Tn feFa J=1... M
Jj=1,....M

where the infimum is taken over all estimators T),, F is a class of possible functions for
the dictionary and Fy is the class of all densities satisfying some general constraints.

Let p be the Lebesgue measure on R% and for some L > 0, let 7 = {g € L?(p), ||g| . <
L} and Fy be the set of all densities f with respect to y satisfying || f||., < L. Then, by
an integration argument, Corollary 3.1 and Theorem 3.2 provide the following bounds
for some absolute constant ¢, C > 0 and any M > 2,n > 1:

Llog M A Llog M
¢ 28 < sup inf sup <ER(Tn) — inf R(fj)> <C e Ry
n f;€EF Tn fEF4 j=1,....M n

J=1,.., M

This shows that % is the optimal rate of convergence in expectation for model
selection type aggregation under the boundedness assumption.

But our results are stronger that the above optimality in expectation since the de-
viation term in the sharp oracle inequality of Corollary 3.1 and in the lower bound of
Theorem 3.2 are the same up to a numerical constant.

The central quantity when dealing with optimality in deviation is, for ¢ > 0,

sup inf sup P (R(Tn) — inf  R(f;) > t) .
fi€F  Tn  feFa g=1 M
j=1,.,M

The results of Section 3 provide upper and lower bounds for this quantity.
We propose the following definition of minimax optimality in deviation.

Definition 4.1 (Minimax optimality in deviation). Let F be a subset of L?(u) and Fy
be a set of densities with respect to the measure p. Let &, be a set of estimators. Denote
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by Pgan 7, (t) the quantity

PP L ()= sup inf  sup P <R(Tn) — inf  R(f;)> t) .
T fi€F  Th€&n fEF4 j=1....M
j=1, M

A function pp a(-) is called optimal tail distribution over (&,,F,Fq) if for any n >
1,M > 2 and any t > 0,

cpu(dt) S PR 2 (8) < pu()

where ¢, > 0 are constants independent of n, M and t.
The following proposition is a direct consequence of Corollary 3.1 and Theorem 3.2.

Proposition 4.1. Let M >2,n > 1 and L > 0. Let F = {g € L*(RY), 9|, < L}
and Fy be the set of all densities f with respect to the Lebesgue measure on RY with
| flloo < L. Let &, be the set of all estimators. Define

3tn
Pn,m(t) = M exp <—m> Ljo,1(1),

where 14 denotes the indicator function of the set A. Then for allt > 0,

1 "
5P (1601) < P 2 () < po (1)

Thus, ppa(+) is an optimal tail distribution over (€, F, Fq) according to Definition 4.1.

Proof. The regime t > L corresponds to the trivial case where (??) holds and 7* = 0
is an optimal estimator. In this regime p,, ar(t) = 0.

For t < L, by setting t = ﬂlog(ﬂf)ﬂ = 2L log(ﬂf)ﬂ in Corollary 3.1 , we get

P?]\?:J:d S Pn,M (t)

s

while Theorem 3.2 implies that

1 24 - 20 .y
ﬂpn,M< 3 t) <Pg rr,()

Similarly, the results of Section 2 imply the following proposition.

Proposition 4.2. Let M > 2,n > 1 and L > 0. Let F = {g € L*(RY), g/l < L}
and F, be the set of all densities f with respect to the Lebesque measure on R® with
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Optimal exponential bounds for aggregation of density estimators 19

| flloo < L. Let S, be the set of all selectors, i.e. the measurable functions valued in the
discrete set {f1,..., fa}. Define

t2n
T el

where 14 denotes the indicator function of the set A. Then for all t > 0,

qn, M (t) = M exp (—

Sytnr (VBAVE+8/3)1) < PR, 2 () < guar (1)

Thus, qn m(+) is an optimal tail distribution over (Sy,F,Fa) according to Definition 4.1.

Proof. The regime t > L can be treated similarly as in the proof of Proposition 4.1.
Fort < L,let t = L(4v/2+8/3)4/ IHOgM in Theorem 2.2. For this definition of ¢ and

x, 1> 4/ I'H;’IgM > I'H;’lgM. Then

M
Pgn,]-‘ Fa (t) < qn,M (t)

and Theorem 2.1 implies

1

5 InM (\/3(4x/§+ 8/3) t) < Pgnffff 7,(0).

5. Proofs

5.1. Bias-variance decomposition

As discussed in Section 3, the penalty can be viewed as the variance of a random element
of the discrete set {f1,..., far} and it satisfies the following bias-variance decomposition.

Proposition 5.1. For any g € L*(p) and 6 € AM,

M
> 0155 = gli* =1 fo — gll* + pen(0) (5.1)

Jj=1

where pen(-) is the penalty defined in (3.2).

Proof. Let n be a random variable with P (n = j) = 6; for all j =1,..., M. Denote by
Ey the expectation with respect to the random variable n. Then Eg[f,] = fo and the
bias-variance decomposition yields

2 2 2
Eo [1fo = gl” = llg = Eolfolll” + Eo |l £y — Eolfn]lI",
which is exactly the desired result. O
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5.2. Concentration inequalities

Proposition 5.2. Let Yq,...,Y, be independent random wariables, such that almost
surely, for all i, |Y; — EY;| < b. Then for all x > 0,

- b
P (Z)@ —EY; > V220 + ;) < exp(—1), (5.2)
i=1
where v =" V(Y;).

Proposition 5.2 is close to Bennett and Bernstein inequalities. A proof can be found
in [18, Section 2.2.3, (2.20) with ¢ = b/3].

The following one-sided concentration inequality is a direct consequence of Proposi-

tion 5.2 and the inequality 2\/uv < & +av for all @, u,v > 0. Under the same assumptions
as Proposition 5.2 above, for all z > 0 and any a > 0,

i <% anyi —EY; —aV () > < L g) %) < exp(—z). (5.3)

. 2a
=1

Proposition 5.3. Let Xq,..., X, be i.i.d. observations drawn from the density f with
1flloo < L. Let g € L*(p) with ||g||., < 4Lo. Let B = 4L + 322 Define

1., 8. 1
n — P_Pn -3 — =1 )
G = (P~ Pu)g— 5 lgl* ~ D1og -

where the notation P and P, is defined in (??). Then for all x > 0,
P (Cn > B—;) < wexp(—x).
Proof of Proposition 5.3. As the unknown density f is bounded by L,
V(9(X0)) < P(s") = [ i< Ll
<ol <~V (X))
Thus almost surely
G < (P Pag— oV (9(X1) ~ Dlog ~.

8L n T

Define n i.i.d. random variables Y7,...,Y,, by

Y = g(Xa).
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Optimal exponential bounds for aggregation of density estimators 21

Almost surely, |Y;| < 4L and |Y; — EY;| < 8Lg. By applying (5.2) to Y7,...,Y, with

b=8Lpand a = 8%, we get that for any ¢ > 0 with « :t—l—log%,

P (P Pg - 57V x> ) < exp(a),

8L
B 1 6. 1 pjt
)< - - —Zlog=>2) < —t).
P (cn > 52 < ((P-Pag— v (000 - 1o 5 2 < e
[l
5.3. Strong convexity
Proof of Proposition 3.1. We will first prove that for any 6,6,
1
H(6) = Ha(0') = (VHA(0),0 = 6) + 5 [fo = for I (5.4)

Using the bias-variance decomposition of (??) with g = 0, we get
M M
2 2 2
pen(0) =Y 0 llfo = £ilIF = = I foll* + D 05 11
Jj=1 j=1

Thus H,, can be rewritten as H,(¢) = 3 | foll> + L(6) where L is affine in 6. If we can

prove N(8)—N(0') = (VN(0'),0—0")+||fo — for||* where N(8) = || fo||*, then (??) holds.
By simple properties of the norm,
I foll® — I for|I> = 2/fe'(fe — for)dp+ | fo — forll”
=20 GO 0)+ | fo— fol®,

where G is the Gram matrix with elements G = [ f;frdp for all j,k =1,..., M. The
gradient at 6’ of the function @ — || fo||* is exactly 2G6’ so (??) holds.

The function H,, is convex arAld differentiable. If § minimizes H,, over the simplex, then
for any 6 € AM (VH, (0),0 — ) > 0 which proves (??). O

5.4. Tools for lower bounds

Proposition 5.4. There exists a countable set of functions e, €, ... defined on [0, 1]
such that for all j, k > 0 with k # j,

YVu €[0,1), €;(u) € {-1,1},
/ €;j(z)ex(z)dx =0,
(0,1]
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Furthermore, if U is uniformly distributed on [0, 1], then e1(U), e2(U), ... are i.i.d. Rademacher
random variables.

See [7, Definition 3.22] for an explicit construction of these functions and a proof a
their properties.

If P < @Q are two probability measures defined on some measurable space, define their
Kullback-Leibler divergence and their x» divergence by

K(P,Q) = /log (%) ap, x2(P,Q) = / (% - 1>2dQ.

The following comparison holds

Furthermore, if n > 1 and P®" denotes the n-product of measures P,
K(P®",Q%") = nK(P,Q). (5.6)

The proofs of (??) and (??) are given in [25, Lemma 2.7 and page 85].

Lemma 5.1. Let (2, A) be a measurable space andm > 1. Let m > 1 and Ay, ..., Ay €
A be disjoint events: AjN A =0 for any j # k. Assume that Qq, . .., Qm are probability
measures on (Q, A) such that

%ZK(QMQO) < X < 00.
=1

Then,

max Q;(2\ A7) > o min(1, mexp(~3x)).
7=0,..., m

Lemma 5.1 can be found in [9, Lemma 3]. It is a direct consequence of [25, Proposition
2.3] with 7* = min(m ™!, exp(—3y)).

Corollary 5.1 (Minimax lower bounds). Let n > 1 be an integer and s > 0 be a

positive number. Let m > 1 and qq, ..., qn be a family of densities with respect to the
same measure p. Assume that for any j # k,
g — axll* = 45 > 0. (5.7)

If P,fb" denotes the product measure associated with n i.i.d. observations drawn from the

density qi, assume that
m

ZK(PJ@M’P(?n) =X

j=1

1
m
for some finite x > 0. Then, for any estimator T),,

~ 1
ax ]P’,;@" <||Tn — qk||2 > s) > - min(1, mexp(—3y)).

)
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Proof of Corollary 5.1. For any estimator T}, for any j = 0,...,m define the events

o

These events are disjoint because of the triangle inequality and (??). Applying Lemma 5.1
completes the proof. O

~ 2
Tn—qu <S}.

5.5. Lower bound theorems

5.5.1. Lower bounds with exponential tails

Proof of Theorem 3.2. Let €a,...,ep be M — 1 functions from Proposition 5.4. Con-
sider the dictionary {fi,..., far} such that for all (uy,...,uq) € R?

L L\
fl(ul, R ,ud) = 51[071] (511,1) q:l_[2 1[071] (uq),

and for j > 2

d
L log(M) + = L L
filur, ... uq) = 7 <1 + %fj (§U1>> 10,9 (§U1> (1:H21[0,1](Uq)~
Since % < 3, these functions are densities and satisfy || f;| . < L.
For any j # k,
log(M) + =
1 — full? > o) v e Gn) (5.8)

and (??) is true with equality when j = 1. If P®" denotes the probability with respect
to n ii.d. random variables with density f;, the properties (??) and (??) give that for
any k > 2,

K(PE", PP") = nK (PP, PP,
S nXQ(P]?17P{81)7

2 2
=nz | fi = Al
_ log(M) +
r—
Applying Corollary 5.1 with m = M — 1 yields that for any estimator 7},,
. 2 log(M) + x 1 . M-1
pen ‘Tn— H >t FTT S L in(, —2)),
sw P ( o = 22BN 5 Lning, L exp(-a))
1
> _
2 o1 exp(—x)

O
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Proof of Theorem 2.1. Let €1,...,ep be M functions from Proposition 5.4.
For (uy,...,uq) € R, we define a dictionary {fi,..., far} by

d
L L L
fj(U17. . .,Ud) = 5 <1 +€] <§U1)) 1[011] <§U1> H 1[071](’114(1),
q=2

and we define M densities {d1,...,dn}:

d
L L L
dj(ul, - ,ud) = 5 (l + ve; (§u1>> 1[0’1] (§u1> H 1[0)1] (uq),
q=2

for some v € (0, %) that will be specified later. Due to the properties of the (e;), the
following holds for any j # k

L
e = dslI* = 51 +92),

L
£ — dslI> = 5(1 —-7)?

Id; — di]|* = Ly?.

Thus if S,, is any selector taking values in the discrete set {f1,..., far}:

180 — d; 1 — ,_inf lfi = dill> = 19 = i |1> = |1f5 = dlI* = 2171 Ly (5.9)

Let PE” be the product measure associated with n i.i.d. random variables drawn from

the density dj. Equation (??) ensures that with probability P?"(gn # fj), the excess
risk is 2L~.
For any k # 1, using (?7?) and (??), we obtain

K(PZ™, PP™) = nK (PP, PPY),
S nX2(P]?17Pi81)7

4
< Znllde— i,

=4ny?,
where we used that di(u1,...,uq) > L/4 almost surely on the common support of d
and d;.
Now we choose v = ﬁ ””H+gM such that Vk # 1, K(P2", PP") < W%M. Let

S, be any estimator with values in the discrete set {fi,-..,fu}. Forany j=1,...,M,
define the event A; = {S,, = f;}. The events are disjoint if f; # fi for all j # k (if
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this is not satisfied, we can always remove the duplicates). By applying Lemma 5.1 with
m=M—1and y = %(x—i—logM), we get

Since (M —1)/M > 1/2,

. M—1
®n a2 2 > _
ax B (IISn 4l = _inf Ilfi = djll >2Lv> > Toap OP(-2),
1
> 57 oxp(=)

5.5.2. ERM over the convex hull

Proof of Proposition 2.1. By homogeneity, it is enough to prove the case L = 2. Let
D1y ey O, Oar+1 be M + 1 functions given by Proposition 5.4. Consider the probability
density f = 1jg,1) and the dictionary of 2M + 1 functions

D= {1[0.,1]} U {(1 +9jom+1)1p0,1),7 = 1, ,M}

The true density is in the dictionary thus mingep || f — g|I> = 0. Also, all the elements of
the dictionary are uniformly bounded by L = 2.
The convex hull of the dictionary is the set

{or = (1+ fadnm1)lpay, A€ RM A <1},

where f) = E;Ai1 A\j¢; and |- |1 is the ¢4 norm in RM.
For all A € RM with |Al; <1, ||f — gal* = |2 where | - |5 is the £, norm in RM.
Let £y = |lgall® = 2gx + 2f — | fII> = |A2 — 2faéars1- Since the empirical process
is linear in A, the proof from [12] can be adapted as follows. Given n i.i.d. observations
X1, ..., X;, generated by the density f, [12, Lemma 5.4] states that for every r > 0, with
probability greater than 1 — 6 exp(—CoM),

r rM rM r
coy/77 Sy — < sup Po(fabrrir) < oy —, < e34/ 77,
M n AERM |2 <7 n M

where ¢, c1, c2,c3 > 0 are absolute constants.
Let r < 1/M that will be specified later (such that if [A|]2 < /7 then [A]; < 1). On
the one hand,

inf P,Ly<r-2 sup P,(f\drre1)-
AERM Ao < AERM A2 <\ /T nl +)
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Given that n ~ M?, using the above high probability estimate, there exists a positive
absolute constant ¢, such that for all < ¢Z/(4M), with probability greater than 1 —
6 exp(—CaM), infycra |z,<r Py < Vr(V71 —c3/VM) < —ca\/T/M, where cq =
63/2.

On the other hand, if p < 1/M, with probability greater than 1 — 6 exp(—Co M),

sup [P = P)Ls| =2 sup|(Pa = P)fadar| < 265/ 17

AERM |N25/p AeRM [X2</p

Finally, choose r, p such that 2c3+/p/M < cgr/r/M and p > c5/+/n for some absolute
constant ¢; > 0, then with probability greater than 1 — 12 exp(—CaM),

. P r .
inf P,Lyx>— su P, — P)LCy\| > —2¢34/ — > —c44/— > inf P,L,.
MAbsys M )\,\Mgg\/ﬁK | VM T TNV M T s

Thus with high probability, infy |x,<,/5 PnLx > infy |5, <1 P L. The inequality is strict
so the empirical risk minimizer has a risk greater than p. As p satisfies p > C3/+/n, the
proof is complete. O
5.5.8. Exponential Weights

If Y1,....Ys, are i.id. with P (Y7 = £1) = 1/2, then for all u € [0,/m/4],

1

i exp(—4u®) <P (Y1 + ... + Yo, > uy/m) < exp(—u?/2). (5.10)
A proof of the lower bound can be found in [19, 7.3.2] and a standard Chernoff bound

provides the upper bound. The following proof uses arguments similar to [2].

Proof of Proposition 2.2. By homogeneity, it is enough to prove the case L = 1. Let
€1, €2, €3 be 3 functions from Proposition 5.4. Let f = 19 1) be the unknown density and
let

fi=Ff+e, f2:f+(1+%)625 f3:f2+%637
m = 1/(8v/n), Ty = 1/(8v/n), T3 =1—1/(4v/n),

where 0 < a < n'/* will be specified later. The best function in the dictionary is fi:

1y = fI7 = mingoy e 15— £
Let E be the event {R,,(f2) +2/v/n < R, (f1)}. By simple algebra,

E= {1 4y — 2UnP(e2) < 20(Pa(es — 61)} > {7\/5 < 20 (P (e — 61)},

where for the inclusion we used 1 < y/n and |P,(e2)] < 1. The 2n random variables
(€;(X5))j=1,2; i=1,... n are i.i.d. Rademacher random variables, so applying the lower bound
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of (??) with m = 2n and u = 7v/2/4 yields P (E) > Cy > 0 for some absolute constant
Cs. Now set a? = 8log(2n/Cs), and choose Ny such that for all n > Ny, 8log(2n/Cs) > 0
and o? < \/n.
Let F':={R,(f3) < R,(f1)} and define
G = {2(a/V/n)P,(e3) < a*/n —2/v/n}.
Since Rn(f3) = Ru(f2) + a?/n — 2(a/v/n)P,(e3), we have ENG¢ C F. As o® < \/n
holds, we have a? — 2\/n < —a? and

G C{(2(a/vVn)Pa(es) < —a?/n} = {~nPy(e3) > vna/2}.

The random variable —nP,(¢;) is the sum of n independent Rademacher random vari-
ables. Applying the upper bound of (??) to u = /2, we have P (G) < exp(—a?/8) =
C2/(2n) since a = 8log(2n/Cs). Now as F© C E°UG,

IE”(ECUFC)g]P’(ECuG)g(l—CQ)Jr%§1—02/2<1.
n

The probability of the event N F is greater than Cj := C3/2. On this event, R, (f2) <
R, (f1) and R, (f3) < R, (f1) thus

GEWB _ w1 exp(—Rn(f1)/8)
! m1 exp(—Rn(f1)/B) + m2 exp(=Ry(f2)/B) + 73 exp(—Rn(f3)/B)’
T exp(—Rn(f1)/5) 1

St mm)ep(—Ra(f1)/B) L 8Yn

Let 6 = élEW’B for simplicity. As (e1, €2, €3) is an orthonormal system,

[ fomwa = FII° = I = FI7 = [160f1 + (L= 00) f2 — fIP = 12 = FIP,
=(1—00)?fa— FIP = (L=} Ifr = I
>2(1—61)*/vn+[(1—61)* — (1-067)],
> 1/(2v/n) — 261,
> 1/(2v/n) — 2/(8v/n) > 1/(4v/n).

O

The proof of Proposition 2.3 is based on estimates from [13] and highlights the simi-
larities between regression with random design and density estimation with the L? risk.

Proof of Proposition 2.3. By homogeneity, it is enough to prove the case L = 1. The
strategy is to construct an example for density estimation such that the calculations from
[13, Proof of Theorem A] can be leveraged. Let fy be the probability density

fr(p) = { YAV itz €1-2,0),
y(z) = 1/4—-1/(2y/n) ifx € (0,2],
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and 0 elsewhere. Let {f; = 21;_5¢y, f2 = 21}92)} be the dictionary. Let

Lo(y) = | 12l = 2£2(0) + 2F2(w) = [ F2]*. Yy ER,
and observe that L2(Y) = —X where X = 19 2)(Y) — 1[_2,0)(Y) so that X satisfies

X 1 with probability 1/2 — 1//n,
| -1 with probability 1/2+1/\/n.

By definition of Lo,
PLy =ELy(Y) = |lfo— fr|> = I — fr*.

As PLy = E[-X] =2/y/n >0, f1 is the best function in the dictionary and PLs is the
excess risk of fo. Finally, let

1A= Fl* _ vo

PL, 2

For any 0 € [0,1], let fo = 6f1 + (1 —0)f2. An explicit calculation of the excess risk of
fo yields

Ifo = Sy IP = lf2 = fI” = 62 [ 2l + (1 = 0)* 1 fall” = 2E{fo (V)] + 2E[/1 (V)] = | Aal)”
=—0(1—0) || fi — fol* + (1 — O)E[-X],
=(1-0-6(1-0)a)PLs.

Given n independent observations Y1, ..., ¥, with common density f, define X; = 19 9)(Y;)—

1{_2,0)(Y3) as above. The exponential weights estimator with temperature  can be writ-
ten as

A A A A 1
FEYV =011+ (1 —01)fo, b1 = n ;
’ 1+ exp(—(n/B)y i, [-Xi))
o 2 ~ ~ ~
and its excess risk is Hf/‘fw — fyH —Ifi=fylP =1 =6, —6:(1 — 61)a)PLy.

The constants o and PLs, the law of X17...7Xn,é1 are the same as in [13, Proof
of Theorem A], thus the lower bounds in expectation and probability of the quantity
(1 —60; — (1 — 6,)) in Lecué and Mendelson [13] also hold here and yield the lower
bound of Proposition 2.3. O
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