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Abstract

Since the late 90s, regression discontinuity designs have been widely used to esti-
mate local treatment effects. When the running variable is observed with continuous
errors, identification fails even if the dispersion of measurement errors is small. As-
suming non-differential measurement errors, we propose a consistent nonparametric
estimator of the LATE when the true running variable is observed in an auxiliary sam-
ple of treated individuals. Such auxiliary information is usually collected by agencies
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1 Introduction

The regression discontinuity (RD) design has been widely emphasized for its internal va-
lidity to estimate local treatment effects and has been widely used since the late 1990s
(Imbens & Lemieux, 2008, Lee & Lemieux, 2010). Such a method relies on the fact that
assignment to the treatment 7 is determined (at least partially) by a continuous running
variable Z being on either side of a fixed threshold. If the joint distribution of the re-
alized outcome Y, the treatment 7" and the running variable Z is observed, then a local
treatment effect is identified (Hahn et al., 2001). However, for many practical reasons,
variables are often subject to measurement errors, especially with survey data (Bound
et al., 2001). In RD designs, smoothly distributed measurement errors in Z have drastic
consequences : even with a small dispersion of measurement errors, the discontinuity in the
assignment probability vanishes (see for example Hullegie & Klein, 2010 or Cahuc et al.,
2014). Hence, usual RD estimators using the running variable observed with measurement

error are inconsistent. The problem is similar to that of IVs with weak instruments.

In this paper, we show that the identification of the treatment effect can be recovered,
when auxiliary information about the distribution of the true running variable is observed.
More precisely, we consider the typical case when the econometrician observes the dis-
crepancy between the running variable and its noisy measure in a sample of treated in-
dividuals. This happens when the agency in charge of delivering the treatment collects
data on treated individuals, specifically their eligibility (the true running variable). We
can restore identification by assuming that conditional on the true running variable, its
noisy measure is independent of treatment and potential outcomes, i.e. the measurement
error is non-differential (see Bound et al., 2001). This allows us to use the structure of the
error identified on treated individuals to infer the true running variable for non-treated
individuals. Fuzzy RD designs with treated individuals on both sides of the threshold are
particularly adapted to our approach. In that case, the econometrician observes the error

structure on the whole support of the true running variable. When there are no treated



individuals below the threshold, supplementary assumptions on the error structure are
needed. Under classical measurement error, we can ensure nonparametric identification

using a deconvolution strategy (Schennach, 2004, Hu & Ridder, 2012).

To give an intuition of our approach in the fuzzy RD design, let us denote Z* the true
running variable, T' the treatment and Z a noisy measure of Z* such that Z 1L T|Z*. If
the distribution of (7, Z,TZ*) is identified by the data, following D’Haultfceuille (2010),
the assignment probability p(Z*) = E(T|Z*) is identified by the conditional moment
E([p(Z*)] T =1,Z) = [E(T|Z)]"'. This conditional moment condition can be writ-
ten in a form similar to usual nonparametric IV conditions: E(T/p(Z*) — 1|Z) = 0. We
thus adapt sieve estimation strategies from the nonparametric IV literature (Ai & Chen,
2003, Newey & Powel, 2003, Chen, 2007, Chen & Pouzo, 2012, Peter & Joel, 2005, Darolles
et al., 2011). More precisely, as estimating the treatment effect in the RD design requires
pointwise convergence of the estimator p(.) of p(.) at the threshold value, we follow strate-
gies that ensure uniform convergence (Ai & Chen, 2003, Chen, 2007 and Chen & Pouzo,
2012). We adapt the regularity conditions of usual nonparametric IV estimation to our
framework. First, we take into account the discontinuity of the take-up p(.) at the thresh-
old. Second, we relax usual conditions on the density of the variable Z to cope with the fact
that measurement error usually vanishes at the boundary of its support.! We show that
under those relaxed conditions, our sieve estimator is consistent. Monte-Carlo simulations
show that our estimator outperforms naive RD estimator that ignores the measurement

error.

Our paper relates to the burgeoning literature on measurement issues in the running vari-
able of RD designs. Most of the theoretical RD literature focuses on discreteness or round-
ing error. Lee & Card (2008) show that, in RD designs with a discrete running variable,
researchers need to account for specification errors in the model. This affects the precision

of the estimated treatment effect. However Lee & Card (2008) do not really consider that

'In the usual nonparametric IV framework, the density of the instrument Z is assumed to be bounded

away from zero on its support (see for example Ai & Chen, 2003 or Chen & Pouzo, 2012).



discreteness of the observed variable is the result of measurement error of a true continuous
underlying variable.

More directly related to our paper is thus the contribution of Dong (2014) which explicitly
addresses issues raised by rounding errors in a parametric setting. Such errors typically
prevent researchers from observing individuals just above and just below the threshold,
and the source of identification in the RD design is lost. To restore identification, Dong
(2014) uses auxiliary information on the distribution of the true running variable, as we
do. In addition, her approach makes use of parametric assumptions and of the determin-
istic relation between rounding errors and the true running variable. In our paper, the
precise form of measurement error is a priori unknown and our identification strategy is
nonparametric.

Another close contribution is Pei (2011), which assumes classical measurement error in
sharp or one-sided fuzzy RD designs. He further assumes that both the observed and the
true running variables are discrete and have bounded support. Then, when there is no
treatment on one side of the threshold, the true distribution of the running variable is
identified (using a deconvolution argument). In his context, the assignment status (which
is observed without error) informs about the position of the true running variable with
respect to the threshold. In our paper, auxiliary information on the measurement error

helps us to deal with continuous running variables and two-sided fuzzy RD designs.

When confronted with continuous measurement errors, applied researchers tend to adopt
a fully parametric approach. For example, Hullegie & Klein (2010) estimate the impact of
private health insurance on expenditures and health. They clearly illustrate that the dis-
continuity in the assignment probability disappears when their running variable (which is
income) is measured in a survey. To recover identification, they make parametric assump-
tions about the relation between the potential outcomes and the true running variable and
assume that income is measured with Berkson type error (see Wansbeek & Meijer, 2000,
Section 2.5 for a simple exposition of Berkson’s model or the original paper of Berkson,

1950). Our contribution is to show how ad-hoc parametric specifications can be abandoned



provided that auxiliary information is available.

Our paper also complements other applied RD contributions that focus on contaminated
or corrupted data sampling, in which the observed running variable Z is a mixture of the
true running variable and of a noisy proxy (i.e. P(Z = Z*) > 0, see Horowitz & Manski,
1995). In a paper that investigates the causal effect of retirement on consumption with
contaminated data, Battistin et al. (2009) assume that the measurement error is non-
differential (i.e. Z LL (Y(0),Y(1),7)|Z*) and that z — P(Z = Z*|Z = z) is continuous at
the threshold, and thus recover the parameter of interest. However, this last assumption
of continuity can be violated when rounding errors generate heaping patterns in the data.
In the case of heaped data, Barreca, Guldi, Lindo & Waddell (2011) and Barreca, Lindo
& Waddell (2011) propose to remove observations at heaping values and estimate the
treatment effect in the decontaminated sample (this approach is called Donut-RD). Our
paper addresses a different problem where there is no mass of observations with correct
values (i.e. P(Z = Z*) = 0). Then there is no useable information on the true running
variable in the main sample. This difficulty can be circumvented with the observation of

auxiliary information on the treated individuals.

The paper is organized as follows: in the second section, we show in detail how a measure-
ment error in the running variable Z smoothes any discontinuity in assignment and leads
to the loss of identification. In the third section, we present and discuss our identification
results. We distinguish two cases depending on the support of T|Z*. In the case (a), when
there are treated individuals below and above the true threshold, we only assume that the
measurement error is non-differential. In the case (b), when there are no treated individ-
uals below the threshold, we further assume that the measurement error is classical. The
fourth section is devoted to estimation issues in the more general case (a), we then provide
Monte-Carlo simulations to investigate the finite sample behavior of our estimator. The

last section concludes.



2 Framework

2.1 Regression Discontinuity design

Let T be a binary variable of treatment, Z* a continuous random variable with support
Z C R and 0 an interior point of Z, 0 is the cutoff of the Regression Discontinuity (RD)
design. Following Rubin’s framework, we define (Y (0),Y (1)) the potential outcomes with
respect to T'and Y = Y (0)(1—T)+Y (1)T is the observed outcome. The usual assumptions

of RD design are as follows:
Assumption 1 (RD Design)
1. lim, o+ E(T|Z* = 2) > lim, ,o- E(T|Z* = 2)
2. It emists Zy a neighborhood of 0, such that almost surely it exists an increasing random

function T from Zy to {0;1} such that 7(w)(Z*(w)) = T(w) for all w € Z*7Y(Zy).

3. 2= EY()|Z* = 2,7(07),7(07)) is continuous (almost-surely) fort =0, 1.

Assumption 1.1 states that the assignment probability (or take-up) is discontinuous at the
cutoff 0, which is known by the econometrician. Assumption 1.2 is a form of monotonicity
condition. It rules out the existence of defiers, individuals who would abandon the treat-
ment had they crossed the cutoff. Assumption 1.3 states that the conditional expectations
of the potential outcomes are continuous at the cutoff. Under Assumption 1, it is well

known that the Local Average Treatment Effect (LATE)

0=E[Y(1)-Y(0)|Z*=0,7(0") > 7(07)] (2.1)

is equal to a Wald’s ratio %gé:gigigg\‘g:g:)) (see Hahn et al., 2001).

It follows that if the joint distributions of (Y, Z*) and (T, Z*) are identified by the obser-
vation of a large number of independent realizations, 6 is identified. Estimation in such
contexts relies on consistent estimators of the four quantities E(Y'|Z* = 07), E(Y|Z* = 07),

E(T|Z* = 07%), and E(T|Z* = 07). Our general framework is less favorable: we observe a

proxy variable of Z*.



2.2 Measurement error

We denote Z the noisy measure of the true running variable Z*. We adopt the following

assumptions on the measurement error generating process:

Assumption 2 (Measurement error)

1. (Z,Z*) admits a density with respect to the Lebesgue measure in R2.

2. The measurement error is non-differential: Z 11 (T,Y(0),Y (1))|Z*.

The first assumption describes “continuous” measurement error. Specifically it rules out
rounding errors and contaminated data. The second assumption characterizes non-differential
measurement error (Bound et al., 2001). It states that the noisy measure does not yield
any supplementary information on the variables of interest, once we condition on the true
running variable. Classical measurement error verifies those assumptions. More gener-
ally, any transformation of a classical measurement error model verifies those assumptions.
(Z,7*) is a transformation of a classical measurement error model if there exist p and v
increasing C! diffeomorphisms with derivatives bounded away from zero on Supp(Z) and
Supp(Z*) such that p(Z) is a classical measurement error of v(Z*). A direct consequence
of the transformation definition is that the difference u(Z) — v(Z*) is independent of Z*.

A multiplicative error such that Z = Z* x ¢ is a transformation model.

2.3 Loss of identification

The following proposition shows that if instead of Z* we observe Z a noisy measure of Z*,

the probability to be treated is a continuous function of Z. As a consequence, the usual

framework of the RD design fails to identify the LATE 6.

Proposition 2.1 (Continuity of the take-up)
Under Assumptions 1 and 2, z — E(T|Z = z) is a continuous function on the interior of

the support of Z if one of the following condition holds:



1. 2+ fZ‘Z*:z*(z) 18 continuous z*-almost-everywhere and E (supz fZ|Z*(Z)) < 00.

2. (Z,7%) is a transformation of a classical measurement error model and the density

of Z* is bounded.

The first part of Proposition 2.1 states that under mild conditions on the measurement

error, the take-up z — E(T'|Z = z) is continuous. In particular, there is no discontinuity

E(Y|Z=01)—E(Y|Z=0")
E(T|Z=07)—E(T|1Z=0-)

at the RD design cutoff. The denominator of the usual Wald’s ratio
defined on the observed noisy running variable, is null. The second part of Proposition 2.1
considers the specific case of a transformation of a classical measurement error. In such a
case, the boundedness of fz« ensures the continuity of the take-up. No extra assumption
on the density of the error is needed.?

Proposition 2.1 shows the continuity of the take-up. Similar arguments can be used to show
the continuity of the outcome with respect to the noisy running variable. As a consequence,
the numerator of the usual Wald’s ratio is also null. We discuss below the implications of
those continuity results for the naive estimation of the Wald ratio.

Let K be a symmetric kernel function, and h,, a decreasing sequence tending to 0. A popular

estimation of the Wald’s ratio in the RD framework is based on local linear regression:

+ _ = n 7%
az/r—a}_,’ with af = arg minminz (Ui —a—BZ)V K (—’) 1{Z; € R*} (2.2)
ap — Qp « B I hy,

For a given value of h,,, this estimator boils down to the weighted two stage least square of
Y on T with covariates Z* x 1{Z* € R*} and Z* x 1{Z* € R™}, and excluded instrument
1{Z* € R*}. This estimator is widely popular, because the usual inference is valid in such
a semi-parametric model (Hahn et al., 2001). However, when only a noisy measure of Z
is available, the naive adaption of such an estimator, replacing Z* by Z in Equation 2.2,

leads to dramatic results.

2Note that in the case of a transformation model, the result holds even if fz- is not bounded provided
that the error density is bounded. Then the first condition of the proposition is verified. To illustrate this
point, let us consider the case of classical measurement error. Then fz|z-(2) = f-(z — z*) is bounded if f.

is bounded.



Proposition 2.2 Let (Z,Z*) be such that one of the two following conditions holds:

1. 2= [z)z+=2+(2) is twice continuously differentiable z*-almost-everywhere

and E (supz fg‘)z(z)) < oo forj=1,2.

2. (Z,7%) is a transformation of a classical measurement error model and the density

of Z* is twice continuously differentiable.

Moreover let us assume that it exists § > 2 such that B (|Y]°) < oo, that z* — E(Y?|Z* =
2*) is bounded and that Assumptions 1 and 2 hold. Then for h, ~ n='/® and for any K

bounded, symmetric and nonnegative-valued kernel with compact support,

~ T —ao n 7.
TR = ai—a{’ with af; = arg min minz (U; — o — BZZ-)2 K (—Z) 1{Z; € R*}
4r = Ar R fin

Cov(YT|Z=0) 1 conle (V(Y|Z:O) (Con(Y,T|Z:O))1/2‘

V(T|Z=0) B

tends in distribution to a Cauchy of location V(T12=0) V(T 7=0)

The two first conditions in Proposition 2.2 reinforce the conditions of Proposition 2.1. This
ensures that E(7'|Z) are twice continuously differentiable. Associated with the bounded-
ness of E(Y?|Z*), this also ensures also that E(Y|Z), E(Y?|Z) and V(Y|Z) are twice
differentiable. The condition E(]Y|°) < oo is mild but allows us to apply the Lyapounov’s
Central Limit Theorem to derive the asymptotic properties of the estimator. If K is not
symmetric, the limit distribution is no more a Cauchy but a ratio of normal with non null
expectation. The assumption on the support of K is made for simplicity but can also be
relaxed with simple conditions on the tails of K.

The main message of Proposition 2.2 is that the naive estimator does not converge to 6,
(and nor to any value!). The situation is similar to what happens in the two-stage least
squares with completely uninformative instruments. In that case, the IV estimator is also
inconsistent.

Finally, under the assumptions of Proposition 2.1, the marginal density of the noisy running
variable Z is continuous (see proof in the Appendix). This means that the McCrary test

of non-manipulation of the running variable is never rejected, when there is measurement



error in the running variable. Similarly any tests of continuity of the covariates are not

rejected.?

3 Identification with auxiliary information

To recover the identification of the LATE in the presence of measurement errors in the
running variable, we rely on an auxiliary sample of treated individuals, for whom we
observe the true running variable Z*. This naturally occurs when individuals apply to
an independent agency in order to be treated and then, declare their running variable on
their application form. In such a context, it is very likely that the agency in charge of the
treatment checks the eligibility conditions and keeps a record of the correct running variable
for the treated. Many programs, which could be evaluated in RD designs, feature this
institutional process: means-tested treatment as in Hullegie & Klein (2010), conditional
subsidies to firms as in Cahuc et al. (2014), etc.

In the following, we distinguish two types of RD designs, depending on the support of
the score P(T" = 1/Z*). In the first subsection, we consider two-sided fuzzy designs, i.e
P(T = 1]Z*) > 0 almost-surely. In the second subsection, we consider the case when
individuals below the cutoff cannot apply for treatment (P(T" = 1|2*) = 0 with a positive

probability).

3.1 RD Design with support condition on the score

Assumption 3 (Observation from the data)

We observe an iid sample S of (Y,T,Z) with n observations and an iid auziliary sample

Sa of (Z,Z%)|T = 1 with n, observations.

Assumption 3 holds when we observe an iid sample of (Y, Z,T,TZ*), i.e. when S, is a

3This is true as long as the measurement error is non-differential in the most general terms: for any

variable X, Z 1l X|Z*



subset of S and when we can match the two samples. However Assumption 3 is more

general: samples may not be nested or cannot be matched.

Assumption 4 (Completeness Condition)

Vg such that E(g(Z")]) < +o0, E(9(Z%)|Z) =0 = g = 0.

Assumption 4 is equivalent to the rank condition when Z* and Z have finite support:
rk[P(Z* =i|T = 1,Z = j)]iz1,..1,j=1,...; = I where I is the dimension of the support of
Z*. Intuitively, this means that there is enough variation in Z to identify g € L'(Z*)
when we observe E(g(Z*)|Z). Assumption 4 is usual in the nonparametric IV framework.
Examples of data generating processes such that the completeness condition holds can be
found in Newey & Powel (2003) or D’Haultfeeuille (2011). Interestingly, D’Haultfoeuille
(2011) shows that in the context of a transformation model, the completeness condition
holds for all the usual classes of parametric distributions of the measurement error (as soon
as the error characteristic function has isolated zeros). For estimation issues, we will further
assume that E(Y|Z*) is bounded and that there exists ¢ > 0 such that ¢ < P(T = 1|2%),
then the completeness condition may be replaced by the weaker bounded completeness
condition.*

We now state the main result of identification when the support condition on the score is

verified.

Theorem 3.1 (Identification of Fz« zry and 6)
Under Assumptions 1, 2, 3 and 4, when the support condition on the score is verified, i.e.
P(T = 11Z*) > 0 Z*-almost-surely, the joint distribution of Z*,Z, T,Y and the LATE ()

are identified.

The complete proof of the identification of the joint distribution (Z*, Z,T,Y’) and of the
LATE is reported in the Appendix. We now briefly give some intuition about the identifi-

cation of 6.

4The bounded completeness condition holds if the implication is true for any bounded function g(.).

10



To identify 6, we need to identify P(T' = 1|Z* = z*) = p(z*) and E(Y|Z* = 2*) = m(z*) in
the neighborhood of z* = 0. Under Assumption 2 and the support condition on the score,

m and p are solutions of the following moment conditions:

1 1
. (p<Z*> T=1, Z) " E(112) 31)
m(z7), .\ _E(Y|Z)
2 (579 T =12) = 51 32

Under Assumption 3, the right-hand sides of these equations are identified because the
distribution of (Y, T, Z) is identified from the main sample S. Moreover, V known function
[y, E(f(Z9)|T = 1,7) is identified, because the distribution of (Z*, Z)|T = 1 is identified
from the auxiliary sample S,. Hence, the region of identification of 1/p(z*) (respectively
m(z*)/p(z*)) is the set of functions f such that E(f(Z*)|T = 1,2) = 1/E(T|Z) (respec-
tively E(Y|Z)/E(T|Z)). Assumption 4 ensures that these regions reduce to a single element
because E(f(Z*)|T = 1,7Z) = 0 implies that f(Z*)p(Z*) = 0, and that f(Z*) = 0, because
of the support condition. So 1/p(z*) and m(z*)/p(z*) are identified and then, m(z*), p(z*),
and finally 6 are identified.

A similar reasoning can be performed to prove the identification of E(¢(Y,T)|Z* = z*) for
any function g(.). As a consequence, the conditional distribution (Y,7")|Z* is identified.
The identification of the full joint distribution (Z*, Z, T, Y") naturally follows (see the proof
in the Appendix).

Under mild conditions on the measurement error, the support condition is likely to be
necessary to obtain identification. We cannot directly adapt the previous proof to the case
without support condition. To see this, let us consider that the econometrician knows the

set S ={z":p(z*) > 0}. If P(Z* € S) < 1, then Equation 3.1 has to be adapted into:
. (]1{2* e S} P(Z* € §|2)
p(Z*) E(T]Z)

In such a case, identification fails because P(Z* € S|Z) is not identified without any

yT:1,Z> -

supplementary assumption. The auxiliary sample of treated individuals only identifies
(Z,Z2*)|Z* € S,T = 1, which is not informative on the distribution of (Z, Z*)|Z* ¢ S. To
recover identification, we need supplementary assumptions that enable us to extrapolate

outside of S.

11



In many practical cases, institutional rules ensure that P(7' = 1|Z*) = 0 if Z* is below (or
respectively over) a fixed threshold. For instance, many public benefits are means-tested.
In such cases, the support condition fails to hold. So, we next reinforce our assumptions

to ensure the LATE identification.

3.2 RD Design without support condition on the score

To extrapolate the distribution of Z* outside of the support of the score, we use a supple-
mentary Assumption on the structure of error. We assume a classical measurement error.
Such a structure is sufficiently informative so that we can relax the assumption on what
we observe from the data. Measurement error is identified even when the true running

variable and its noisy proxy are observed in different samples.

Assumption 5 (Observation from the data)

We observe an iid sample of (Y,T,Z) and an iid sample of Z*|T = 1.

Assumption 6 (Classical measurement error)
1. Z=7"+¢withe LLY(0),Y(1),T, Z*.
2. (Z*,¢) is dominated by the Lebesque measure on R2.

3. The sets of zeros of the Fourier transforms of f. and of fz«r—1 have an empty

nterior.

As already mentioned Assumption 6 implies Assumptions 2 and 4. More precisely, the
classical measurement error is non-differential (Assumptions 6.1 and 6.2 imply Assumption

2). Furthermore, Assumption 6.3 is a form of completeness assumption.

Theorem 3.2 (Identification of Fy- z 1y and 6)
Under Assumptions 1, 5 and 6, the joint distribution of Z*,Z,T,Y and the LATE (8) are
identified.

12



Identification relies on the properties of Fourier transforms. Let Fy(t) = [ f(z)e"dx
be the Fourier transform of an integrable function f. F is continuous and tends to 0
at infinity. Such a transform is injective and F; then characterizes the distribution of
€. Moreover, if we denote x the convolution product of two integrable functions, then

Fivg = FsFy. Under Assumption 6, we have fz = f.x fz+ and fzir=1 = fex fz+r=1. Then,
‘;Efs = ‘FfZ|T:1/FfZ*|T:1

Assumption 5 ensures that the denominator is identified by the sample of Z*|T' = 1 and
the numerator is identified by the sample of (Y, Z,T'), then Fy_(t) is identified V¢ such that
Fz+ir=1(t) # 0. Given Assumption 6.3, the continuity of F. ensures that Fy. is identified.
For any integrable function g of (Y, T), we also have E(g|Z) f7 = f-x(E(g|Z*) fz+). It follows
that E(g|Z*) fz is identified for any g, then the distribution of (Y, T")|Z* is identified, which
is sufficient to identify 6. The identification of the joint distribution (Y, Z, Z*, T') naturally

follows.

4 Nonparametric estimation

We now propose an estimation strategy of the LATE in the case with support condition
(two-sided fuzzy design). When the support condition holds, our identification strategy
relies on the nullity of conditional moments that are similar to those involved in the estima-
tion of nonparametric IV models. So, following Newey & Powel (2003), Ai & Chen (2003),
Chen (2007), Chen & Pouzo (2012), Blundell et al. (2007), we adopt a sieve estimator.
We prove consistency. Further, we perform Monte-Carlo simulations to illustrate its finite

sample performance and how it can be used in practice.

13



4.1 Consistency

The LATE depends on the values in the neighborhood of 0 of three functions: p(z*) =
E(T|Z*), mo(z*) =E(Y|T =0,2* = 2*) and my(2*) = E(Y|T =1, Z* = 2*). It writes:

mo(07)(1 — p(07)) + ma (07)p(07) — mo(07)(1 — p(07)) —ma (07)p(0~)
p(0%) = p(07)

In this section, we write the LATE as a function of both mg and m;, whereas it could have

Oy =

been written as a function of m(z*) = E(Y|Z* = z*) only. As it will become clearer below,
this distinction is useful when the main and auxiliary samples can be matched. Accordingly,
we adapt the moment conditions 3.1 and 3.2 to identify p, mg and m;. Denoting W =

(T, Z,Z*,Y), the conditional moment conditions write:

E(pp(W;p)|Z2) = B(T/p(2%) = 1|Z) = 0 (4.1)
E(po(W; p,mo)|2) := E(mo(Z27)(1/p(Z") = )T =Y (1 =T)|Z) =0 (4.2)
E(pr(W5m)|Z) = E((mi(Z27) = Y)T|Z) = 0 (4.3)

The previous identification conditions ensure that
Q(p, mo, m1) = E (E (p,(W; )| 2)*) + E (E (po(W; 5, m0)|2)°) + E (E (o1 (W;m1)| 2)%)

is null only for (p, mg, m1) = (p, mg, m1). Our estimation strategy is based on the minimiza-
tion of an empirical counterpart of Q). We consider a sieve GMM estimator of (p, mg, m1)
(or equivalently a sieve minimum distance (MD) estimator, see Chen (2007), Section 2.2.4

for a discussion of the relation between sieve-MD and sieve-GMM).

First, we define series estimators of the conditional moments. Recall that n and n, are the

sizes of the main and auxiliary samples, respectively S and S,. Let ZF (respectively Z°

n,MNg

and 7, . ) be a sequence of finite dimensional subspaces of L>*(Z), such that J, , ZF, is

n,Nag

dense in L>(Z) for the supremum norm. Let BP(z) = (01(2), ..., U, .1 (%)) (vespectively

= Up(nng

B%(2), B'(z)) be a row vector of elements of L>°(Z) such that span(BP) = ZF

P e 1P(n,mg) is

the dimension of Z , . The series estimator of E(p;(W)|Z = z) based on B? (for j = p,0,1)
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is:
E(p;(W)|Z = 2) = B/ (:)E(B/ (2)B(2))"E(B7(2)p;(W)).
It is natural to define I/E\Z(Bj/(Z)Bj(Z)) as the mean in the main sample. p; can be written
as p;(W) = ¢;(Z*)T + r;(Y,T), then a consistent estimator for ]E(Bj/(Z)pj(W)) is:
~ . 1 *
E(B (Z2)p;(W)) = (E;TZ> < EZSBJ' $)4;(Z7) ) ( ;Bﬂ )7 Y,,TZ))

Given the above definition of series estimators, the sieve-GMM estimator p, mqg, m; is the

solution to the following minimization program :

min Qo) (D, Mo, M) 1= min Z ZE pi(W)|Z = Z,)?,

,mo,m1)EH ymo,m1)EH .
(pymo,m1)EHn ng (p,mo,m1) nna pOl pyaye

where My, = HE,, X Hy . X H, , is asequence of finite dimensional functional spaces
such that Un,na Hyn, is dense for a given norm in H = HP X HO x H' a functional
space containing (p,mg, m1). To avoid that the minimization of @, ,, gives an infinity of
solutions, we naturally impose that dim(Z¢, ) > dim(H?E, ), dim(Z), ) > dim(H],, )
and dim(Z),,, ) > dim(H,,,, ).

Note that, in the previous program, we have, for j = p, 0, 1:

IS B (W) Z =2 = E(B(Z)p;(W)) [2X,es B (Z0) B (Z:)] E(BY(Z)p;(W)).

Note also that, when the two samples can be matched, S, = {i € S : T; = 1} and then
E(Bp’(z)pp(W)) reduces to + . o B?(Z;) (p(z*) - 1). Similar simplifications occur for
the two other moments. Then, our framework is very close to Ai & Chen (2003), except

that, in their case, the model is such that the finite dimension parameter 6 is \/n estimable.

The convergence of (p, myg, my) depends on the degree of ill-posedness of the problem, and
on the rate of uniform convergence in probability of @), ,, towards (), which we control

assuming the following regularity conditions on the data generating process.

Assumption 7 (Regularity Conditions)
1. The support of Z* is [—1;1],

15



2. The conditional probability p(z*) = P(T = 1|Z* = z*) is bounded below by a known

constant ¢ > 0, and my and my are bounded by a known constant c,

3. p, mg and my are C* on [—1;0[ and ]0; 1] and their first derivatives are bounded by a

known constant C,

4. fz has a compact support [l,u], is bounded below on any compact included in |, u[, is
differentiable with derivative f’ and it ezists Cy, C), cu, cq > 0 such that fz(z) ~.
Culu = 2)*, fz(2) ~amt Ciz = 1), f7(2) ~emw = Cu(u — 2)* 1 and f7(2) ~.m
a;Cy(z — 1)L,

5. 2+ fz1z0=2+(2) is continuously differentiable z*-almost-everywhere and for any z, €

Jl,ul, it exists a neighborhood V (z) such that E(sup.ey (.. [f7 1) < 0.
Assumption 7.1 essentially means that Z* has a compact support with the discontinuity
threshold inside this compact. The choice of [—1;1] is simply a normalization that can be
assumed without loss of generality. Assumption 7.2 is a small reinforcement of the support
condition that is necessary for identification. Assumption 7.3 is a convenient way to ensure
that the model is well-separated. Indeed in this case, (p, mg, m1) belongs to a compact and
the continuity of the theoretical objective function ensures that the model is well-separated.
This kind of Assumption is usual in parametric framework (see for instance Chapter 5, page
46 and Problem 5.27 of van der Vaart (2000)). Assumption 7.3 also imposes a regularity
condition that ensures that the problem is not ill-posed, which is usual in nonparametric
frameworks (see for instance Chen (2007) or Newey & Powel (2003) for the case of sieve
estimators).

Assumption 7.4 is necessary to control the rate of uniform convergence of @Q,, ,,, to ). Newey
(1997), Burman & Chen (1989), Huang (1998), Blundell et al. (2007) or Chen & Pouzo
(2012) use a stronger assumption, assuming that f is bounded below on its support.
In our framework, this is not a credible assumption, because measurement errors entail
smoothness and continuity at the boundary of the support of f;. For example, in the case

of classical measurement error, 7 = Z*+¢ with Z* and ¢ independent, with convex compact
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support and fz+ and f. bounded below by positive constants on their supports, then fz
tends towards 0 at the bounds of its support. However it verifies Assumption 7.4 with
a, = o = 1. More generally, in the case of a transformation of a classical measurement
error model (such that Z = p~'(v(Z*) +¢) with v and p increasing C-1 diffeomorphisms),
i fr(2) ~ Ch(1 = 25, V(@) ~y CHOL = )%, (1 Y(2) ~y Ol — 2)"0
and f.(x) ~z CH(E — 2)* for = supSupp(e), then Assumption 7.4 is verified with

ay=af +af+1—af +af 1y As a consequence, the decreasing to 0 at the boundary of

(u—
the support of f7 prevents us from using usual results from the approximation theory (see
Huang (1998)) and we find lower rate of convergence. Assumptions 7.4 and 7.5 ensure that

if G is a class of functions uniformly bounded, then the functions z — E(g(Z*)|Z = z) are

uniformly bounded and satisfy a Lipschitz condition (see Lemma A.3 in the Appendix).

In practice, we consider for ), = the piecewise linear functions bounded by the known
constant ¢ and with Lipschitz constant C'. More precisely, it exists éo,go (independent of

(n,n4)), integers kot . ko and knots (1 = 223;

n,Ng?

0+ 0+ _ (g —
>sz+ > . > 0 >z =0=

207 > > Zk?fna > Zk?fnaﬂ —1) verifying m < |zj — zj71| < %, such that:
( )
f3a)), . O (@;)j=1,...,k%‘na such that
0o _ f(z*) = fO)Lsoy + ZJ"O a; et — Z )]l{z 20450}
n,ng

+f(07) L zecoy + nga aj (2" — Zj_)]l{z—z?*<o}
(z")| < C

sup,- |f(z*)| < ¢ and sup,.

/

We obtain a sequence of such functional spaces 7-[27% by increasing the number of knots
with n and n,. The union of the resulting sequence enables us to approach any function my

verifying Assumptions 7.1, 7.2 and 7.3. Similar spaces are considered for H! = associated

n,MNg?

with constants ' , 0" and k)=, knots zjl.i. HE ., 1s defined similarly except that the

condition sup,. | f(2*)| < ¢ is replaced by ¢ < f < 1.

Theorem 4.1 (Consistency)

Under Assumptions 1, 2, 3, 4 and 7, if% — A €]0; +o0], then:

mo(07) (1 — p(0*)) + ma (07)p(0") — mo(0~)(1 — p(0~)) — ma(07)p(07)
p(0*) —p(07)
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converges in probability to 6y if minj_, o1 (K3, k17, ) — 0o with max;_, 1 (dim(Z],, ) =

n,Ng’ YN,Ng

O(nl/(2+max(au 70¢l)) ) .

The proof of Theorem 4.1 is reported in the Appendix. In Theorem 4.1, we show that,
when n and n,, tend to infinity, the estimator (p, mg, my ) consistently estimates (p, mg, m1),
if the dimension of H,, , tends to infinity and the dimension of Z7, ~(for all j = p,0,1)

tends to infinity sufficiently slowly.

When the samples can be matched, an alternative estimator may be of interest. It consists
in estimating m; by local linear regression on the one hand, and p and mgy using Equations
4.1 and 4.2 on the other hand. A straightforward adaptation of the proof of Theorem 4.1

ensures the consistency of this alternative estimator.

4.2 Monte-Carlo Simulations

In this section, we investigate the finite sample properties of our main sieve estimator by
Monte-Carlo simulations. We assume that Z* is uniformly on [—1;1] and that P(T" =
1zx = 2*) = 1/8+1/4-®(5-2") + 1/2 - 1{z* > 0}, in which ® is the cdf of the
standard normal distribution. The conditional probability to be treated increases with
Z* from 1/8 in -1 to 7/8 in 1 and jumps from 1/4 to 3/4 when Z* crosses the threshold
0. Consequently, the proportion of compliers is 1/2 whereas always-takers (respectively

never-takers) represent 1/4 of the population. The DGPs of the potential outcomes are:
Y(0) = 4437+ v,
Y(1) = 1{C} +21{AT,NT} + 3Z* + vy,

where 1{C} and 1{AT, NT'} are dummies for the types of individuals (compliers versus

1/2
always or never-takers), and (vo, v1)|2*,C, AT, NT ~ N(0,%) with ¥ = & /
12 1

The true LATE 6y = E(Y (1) — Y(0)|Z* = 0,C) is then equal to 1 —4 = —3.

The noisy running variable is drawn from the following multiplicative process:

Z4+1=(Z"+1)(e+1),
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with e uniformly distributed and independent of (Z*,7,Y(0),Y(1)). To investigate the
impact of the size of the measurement error, we let the dispersion of € vary. Below we
consider two cases: (i) small measurement error with & ~ Uj_1,0.1), and (ii) large measure-
ment error with € ~ U_g2,0.9). In the Appendix, we also present simulations in the case of

additive classical measurement error.

We compare our sieve estimator (p(Z*) = E(T|Z*) or m(Z*) = E(Y|Z*)) to the naive
estimator obtained by ignoring measurement error (E Lor(T|Z) or ErL r(Y|Z)). The naive
estimation relies on a standard local linear regression (LLR) where Z* is directly replaced
by Z. We make the following assumptions on the parameters of our sieve estimation.
We choose the same space for Z¢ I ~and Z , , namely linear splines with equidistant

knots on Supp(Z). Similarly, H?

n,Ng’?

H, ., and M~ have the same equidistant knots.
The numbers of knots are chosen such that dim(Z%, ) = dim(H?, ). Consequently, all
the functional spaces manipulated have the same dimension. Last, concerning the bounds
¢, ¢, and C of functions in H, ,,, we have chosen 0.05, 15 and 10. Note that, given the
underlying DGP, every value lower than 1/8 is admissible for ¢, every value larger than 7

is admissible for ¢ and every constant larger than max(ﬁﬂ, 3) =~ 3.14 is admissible for C.

Figure 1 plots the take-up (upper panel) and the mean outcome (lower panel) conditional
on the true or noisy running variables. These are usual RD graphs used in applied research.
The left panel plots one simulation obtained with a small measurement error (case (i)),
while the right panel corresponds to the case (ii) with large measurement error. We simu-
late 25,000 observations. On each graph, we plot the true conditional expectation (E(7|Z*)
or E(Y|Z*)), the naive estimate of the conditional expectation obtained by ignoring mea-
surement error (E1.z(T|Z) or Erpp(Y|Z)) and our sieve estimate (p(Z*) = E(T|Z*) or
m(Z*) = IAE(Y|Z *)). Figure 1 clearly illustrates that the discontinuity vanishes when mea-
surement error is ignored: dashed lines do not reproduce the discontinuity of full lines.
The loss of discontinuity is clear in all graphs, except maybe in the left lower panel. When
the measurement error is small, the conditional expectation is steep at the cutoff value.

Consequently, it may appear as discontinuous if the bandwidth of the local linear regression
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is too large. Figure 1 also illustrates that our proposed estimator is able to recover the

discontinuity of the true conditional expectation.

Figure 1: Monte-Carlo simulations

Small measurement error Large measurement error
Theoretical and estimated probability of treatment Theoretical and estimated probability of treatment
1 ‘ ‘ ‘ ‘ 1 : : ; ‘
0.8 ra 1 0.8f e ]
0.6 —_—rr=1z) 7 0.6 7‘:‘—P(T,1\z*) 1
. 11 najve est inmmr(APLLn (T'=1|2)) E 11011 naive estimator(Prig(T = 1|2))
0.4+ = our estimator (P(T = 1|Z*)) 4 0.4+ our estimator (P(T = 1|2°)) 4
02 A 1 02f A ]
0 1 1 1 1 O 1 1 1 1
-1 -0.5 0 0.5 1 15 -1 -0.5 0 0.5 1 15

Theoretical and estimated outcome Theoretical and estimated outcome

5 PR 5 PN

&

/ i
2 1 2 &
i —_—(Y|27) Vg —_—(Y|Z")
1 /' 10 naive estimator(Ern(Y(2)) || 1 ,,/ "1 naive estimator(ELzr(Y|Z))
our estimator (E(Y|Z*)) our estimator (E(Y|Z"))
0 : : ‘ : 0 : : ‘ :
-1 -0.5 0 0.5 1 1.5 -1 -0.5 0 0.5 1 1.5

Notes: the panel plots the take-up (upper panel) and the mean outcome (lower panel) conditional
on the running variables. The left panel plots the simulations obtained with a small measurement
error, while the right panel corresponds to the case with large measurement error. On each
graph, we plot the true conditional expectation (E(T'|Z*) or E(Y'|Z*)), the naive estimation of
the conditional expectation obtained by ignoring measurement error (IE LLr(T|Z) or ErL r(Y|Z))
and our sieve estimator (p(Z*) = E(T|Z*) or m(Z*) = ]E(Y|Z*)) The naive estimation relies
on a a standard local linear regression with bandwidth around 0.1, where Z* is directly replaced
by Z. Our sieve estimator is obtained with three positive and three negative knots. We select

for each column one simulation of the DGP described in section 4.2 with 25,000 observations.

Table 1 reports the bias, variance and MSE of various estimators, averaged over 1,000
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Monte-Carlo simulations. In Columns 3 to 5, we report results concerning our sieve es-
timator; in Columns 6-8, those concerning the naive estimator; and, in Columns 9-11,
those concerning the unfeasible estimator obtained by LLR assuming that Z* is observed.
In the upper panel, we report results when the measurement error is small; in the lower
panel when it is large. We report results for three different sample sizes 1,000, 5,000 and
25,000 observations. We also let the number of knots of our sieve estimation vary. When
the number of knots is null, the approximating functions are linear on both sides of the
threshold. When the number of knots is one (resp. two), we allow for one (resp. two)
change in slope on each side.

Overall, the absolute bias of our estimator is below one, whatever the size of the measure-
ment error, the sample size or the number of knots. It outperforms the naive estimator
which is almost always over one in Table 1. As expected, the absolute bias of the unfeasible
estimator is below 0.05. The variance of our estimator is always lower than the one of the
naive estimator. Consistently with Proposition 2.2, the bias of the naive estimator and
its variance are quite erratic across the Table, and its variance does not decrease with the
sample size.

Table 1 also informs us about the influence of the number of knots on our sieve estimator.
For a given sample size, the bias tends to decrease with the number of knots and the
variance tends to increase. This reflects the usual influence of smoothing parameters on
the trade-off between bias and efficiency.

Our estimator performs better, when the measurement error is small. When the difference
between the bias with small and large errors is significant, it is lower in the case of small
measurement errors. Moreover, the variance is smaller with small measurement error,

except for the estimation with only one segment (or 0 knot).

In the Appendix, we report supplementary Monte-Carlo simulations. First, we explicitly
consider the case when the main and auxiliary samples are matched. As explained above,
we can estimate the conditional mean of the outcome on the treated by LLR. The results

are very close to those of our main sieve estimator (see Columns 6-8 of Table 2 in the
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Table 1: Estimation in finite samples, Multiplicative Error

Nb. of Sample Our estimator Naive estimator Unfeasible estimator

knots size Bias Var. MSE Bias Var. MSE Bias Var. MSE

A. Small Measurement Error

1000 -0.969 10.63 11.57 -1.840 6689 6693 0.021 0.168 0.168
0 5000 0.344 1.009 1.128 -1.526 3.993 6.323 0.011 0.043 0.043
25000 0.678 0.024 0.484 -2.013 5773 581.4 0.006 0.011 0.011

1000 -0.53 2498 2526 -0.881 53.66 54.44 0.040 0.154 0.156
1 5000 0.351 0.328 0.451 -1.463 4.929 7.070 0.005 0.043 0.043
25000  0.512 0.078 0.340 -2.597 6.486 13.23 0.011 0.010 0.011

1000  -0.738 325.0 3255 -1.715 7341 737.1 0.014 0.169 0.170
2 5000 0.074 0.578 0.584 -1.484 1541 17.61 0.011 0.045 0.045
25000 0.172 0.097 0.127v -2.355 52.38 57.93 0.004 0.012 0.012

B. Large Measurement Error

1000  -0.009 2.818 2.818 9.125 40095 40178 0.021 0.168 0.168
0 5000 0.681 0.127 0.591 136.3 2x107 2x107 0.011 0.043 0.043
25000 0.806 0.018 0.667 -60.54 3x10% 3x10° 0.005 0.011 0.011

1000  -0.188 31.85 31.89 -0.794 34973 34973 0.040 0.154 0.156
1 5000 0.349 0423 0.545 -2.919 50204 50212 0.005 0.043 0.043
25000 0.512 0.110 0.373 2.605 1076 1083  0.011 0.010 0.011

1000 0.249 9439 9439 -91.40 7x10° 8x10% 0.014 0.169 0.170
2 5000 0.142 2.639 2.660 0.897 1140 1141 0.011 0.045 0.045
25000 0.174 0.573 0.603 -4.893 25264 25288 0.004 0.012 0.012

Note : Computation obtained with 1000 simulations. The same set of simulations is used for
all the estimators on the same line. The set of simulations changes across lines.

Z+1=(Z"+1) - (1+¢) with € ~ U_g.1,0.1) for the DGP with small measurement error and
€ ~ U_0.2,0.2) for the DGP with large measurement error. Number of knots equal to 0 means
that p, mg and my are approximated by linear functions on [—1; 0] and [0; 1]. When the number

of knots is 1 (resp. 2), change in slope is allowed at —1/2 and 1/2 (resp. —2/3, —1/3, 1/3, 2/3).
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Appendix). Second, we compare our main estimator to the Donut estimator (see Dong,
2014 or Barreca, Guldi, Lindo & Waddell, 2011). The Donut estimator corresponds to the
naive estimator in a truncated sample. Observations around the threshold (according to the
noisy measure) are removed from the estimation sample. The bias of the Donut estimator
is large (around 2) and greater than the bias associated with the naive estimator (see
Columns 9-11 of Table 2 in the Appendix). Third, we repeat all the previous Monte-Carlo
exercises, replacing the multiplicative error by an additive classical measurement error.
Our estimator clearly outperforms the naive estimator when the sample size is larger than
5,000. The influence of the number of knots on the bias and on the variance is qualitatively

similar to the case with multiplicative error (see Tables 3 and 4 in the Appendix).

5 Conclusion

Non-differential measurement error in the running variable has dramatic consequences for
the identification of treatment effects in Regression Discontinuity designs. As soon as there
is no mass of individuals with correct values of their running variable, all discontinuities are
smoothed out in the noisy data. The usual estimator of the Local Average Treatment Effect
(LATE) is then inconsistent. In this paper, we proposed to take advantage of naturally-
occurring auxiliary data to recover identification. Agencies in charge of delivering the
treatment usually keep record of the correct running variable for the treated individuals.
Under the assumption of non-differential measurement error, the auxiliary information can
be used to extrapolate the true running variable distribution on the non-treated, and to
identify the joint distribution of the true running variable, the treatment and the potential
outcomes. We then proposed a sieve estimator for the LATE, showed its consistency and
investigated its performance in finite samples. Our simulations suggest that our estimator
outperforms the naive estimator that ignores measurement error.

The estimator we proposed can be extensively applied. In many surveys, running variables,

such as income, firms’ size, even test scores, are measured with errors. Hullegie & Klein
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(2010) and Cahuc et al. (2014) are perfect examples of the loss of discontinuity in the take-
up when the running variable is noisy. Provided that administrative data about eligibility
are matched with those samples, the LATE of those different programs could be easily
estimated using our approach. Our approach could also be applied to the estimation of the
return of schooling using discontinuity in tuition costs with respect to the parental income.
Schools only check and record the parental income of students that effectively decide to
follow a supplementary year of schooling, whereas, for individuals who stop their schooling,
the econometrician only observes a proxy of income (for instance, parental income in the

previous academic year).
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A Appendix: Proofs

A.1 Proof of Proposition 2.1

We begin by proving the first part of the proposition. This is a direct application of the

dominated convergence theorem. Our function of interest verifies:

E[T|Z = fs(z) = E[E[T|Z* = 2,2 = 2)|Z = 21 f4(2)
= E[E[T|2" =2"]|Z = 2]f2(2)
= [E[T|Z* = 2 212022+ (2) f2+ (27%)d2,

where we use that the error is non differential (Z 1L T|Z*). We also have:

fz2(2) = ffZ|Z*:z*(Z)fZ*(Z*)dZ*~

The dominated convergence theorem then ensures that z — E[T|Z = z]fz(z) and z —
fz(z) are both continuous for all z if the first condition holds. As a consequence, z

E[T|Z = z] is continuous on any interior point of Supp(Z).

We now prove that the second condition is also sufficient to ensure the continuity of
z +— E[T|Z = z]. Note that because p~! is continuous, the continuity of z — E(T|Z = z)
is equivalent to the continuity of Z — E(T|u(Z) = Z). Moreover, the boundedness
of the density of Z* is equivalent to the boundedness of the density of v(Z*) because
inf«csupp(z+) V' (2*) > 0. So without loss of generality, we can restrict the proof to the
case where 1 = v = id, i.e. the case of classical measurement error (where 7 = Z* 4 ¢
with ¢ LI Z*). Note also that boundedness of f. ensures that the first condition of the
proposition holds, because f7z+=.«(2) = f.(2 —2*). Then we obtain directly the continuity
of z — E(T'|Z = z). The proof is different in the case of classical measurement error with

a bounded density on fz-.

Let us begin with some usual notation. For any function f, let 7, f denote the func-

tion z +— f(h — z). For any measurable function f, let ||f||; and || f||o denote respectively
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the L' and the supremum norm of f: ||f|[1 = [|f(2)|dz and ||f||c = sup, |f(2)| (both

could be equal to +00).

Let us consider our quantity of interest. In the case of classical measurement error, it

writes as follows:

f2(2) = [ fz1z0=2(2) f2-(2*)d2"
f2(2) = [ fe(z—=2%).fz:(2")dz" -
fz(z) = szfg(z*).fZ*(z*)dz*

We are now able to prove the continuity of z — fz(z), using Lemma A.1, because

[fz(z+h) = f2(2)| < |[fzllocl|Tetnfe — T2 felln
< [f2llecllmnfe = Fellr-

The proof is similar for the continuity of z — E(T|Z = z)fz(z). It follows that z —

E(T|Z = z) is continuous on the interior of the support of Z.

Lemma A.1 limy, || f — f||1 = 0 for any integrable f.

Proof of Lemma A.1: For any continuous function g with a compact support, the
dominated convergence Theorem ensures that lim, o ||7,9 — g||1 = 0. Because the space
of continuous functions with a compact support is dense (for the norm ||.||;) in space of
integrable functions, we know that for any integrable function f and any ¢ > 0, it exists g

continuous with compact support such that ||f — g||; < ¢ and then:

rnf = fll < mf — gl + ll7ng — gl +1lg — flIx
<26+ ||mhg — gl
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A.2 Proof of Proposition 2.2

Let us introduce some notations:

(f0+°° u?K (u )du)2—( T W3 K (u) du)( uK(u du)

BT =
2<f0+°° u?2 K (u) du)(f0+°° K(u du) ( JrOOuK )

g - LewEma)’~() ) ([, u (1)
Z(f(_) u2K(u)du)( ) ( uK(u)du)

vVt o= [(f0+°° 2K(s)ds) ( sK(s)ds)u] K (u)?du
fa( [(eroouQK(u du)(ﬁ‘”K u)du )~ (f+°°uK( )du)2]2

V- — L0 (S0 52K (s)ds) — (S0 K (s)ds )u]” K (u) 2 du

T2 O)[(J° o w2 K () (o K (@) (o uk (w)du)’]

Under Condition 1 of Proposition 2.2, the dominated convergence Theorem ensures that
fz and E(T|Z) are twice differentiable on the interior of the support of Z, similar reasoning
holds for E(Y?|Z) and E(Y|Z), because E(Y?|Z*) and then |E(Y|Z*)| are bounded. Then
Assumptions 1, 2, 3 and 5 of Hahn et al. (1999) hold. Under Condition 2 of Proposition
2.2, the dominated convergence Theorem ensures that the convolution product of f,z+
and f. is twice continuously differentiable, then Assumptions 1, 2, 3 and 5 of Hahn et al.
(1999) also holds in such case.

The conditions on the kernel K and the bandwidth ensure that Assumptions 4 and 7 of
Hahn et al. (1999) hold.

Last, the condition E(|Y']°|Z) < oo of Proposition 2.2 ensure that E(|[Y —E(Y|2)|°|Z) < oo
which is a sufficient condition to Assumption 6 of Hahn et al. (1999), when § > 3.

Hence, we can directly apply Hahn et al. (1999) when § > 3. Moreover, their reasoning,

which is based on Lyapounov’s central limit Theorem, also holds for § €]2;3[. We obtain:
o —E(XIZ=0) (g [ PEEOIZ=07) - V(Y|Z=0%)  Cou(Y,T|Z =0%)
@t -P(T =1|Z=0) O2P(T =1|Z = 01) Cov(Y,T|Z =01) V(T|Z =07)

25 ay —E(Y|Z=0) e E(Y|Z=07) - V(Y|Z=07) Cov(Y,T|Z =07)
ar —P(T =1|Z =0) FPP(T=1Z=07) Cov(Y,T|Z =07) V(T|Z =07)

The symmetry of K ensures that Bt = B~ and V* = V~. Moreover, the continuity of

z + O’E(T|Z = z) on the interior of the support of Z ensures that °E(T|Z = 0F) =
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O’E(T|Z = 07) = O?E(T|Z = 0). Similar argument holds for O?E(Y|Z = 0), V(Y|Z = 0),
Cou(Y,T|Z = 0) and V(T'|Z = 0) = E(T|Z = 0)(1 — E(T'|Z = 0)). The continuous

mapping Theorem ensures that:

at —ay 0 VY|Z=0 Cov(Y,T|Z =0
n2/5 Y Y . N : 2V+ ( | ) ( | )
ay — dp 0 Cov(Y,T|Z =0) V(T|Z=0)
It f o . S . . Cov(Y,T|Z=0)
ollows that 0,z tends in distribution to a Cauchy of location ~(TiZ=0) and scale

V(T|Z=0) V2(T[Z=0)

<V(Y\Z:O) (Covz(Y,T\Z:O)> 1/2

A.3 Proof of Theorem 3.1

We follow the steps of D’Haultfeeuille (2010). We first prove that P(T' = 1|2*) = p(Z*) is
identified. Under Assumption 2, the support condition and the law of iterated expectation,

we have:

1 1
E(P(T:1|Z*)|T:1’Z) T P(T=1/2) (A1)

Under Assumption 3, the right hand side of this equation is identified because the distri-
bution of (Y, T, Z) is identified from the main sample. Moreover, for any known function
f, E(f(Z)|T = 1,Z%) is identified because the distribution of (Z*, Z)|T = 1 is identi-
fied from the auxiliary data. It follows that the region of identification of 1/p(2*) is the
set of functions f such that E(f(Z*)|T = 1,Z) = 1/E(T|Z). Suppose that there exist
two functions f and g verifying equation A.1. Then their difference verifies: E(f(Z*) —
g(ZH)|T = 1,7Z) = 0. Using Assumption 2 and the law of iterated expectation, we have:
E((f(Z*) —g(Z%).p(Z*)|Z) = E(f(Z*) — g(Z*)|T = 1,Z).P(T = 1|Z). This ensures that
E((f(Z*) — g(Z*)).p(Z*)|Z) = 0. Following the completeness condition (Assumption 4),
this implies that (f(Z*) — g(Z*)).p(Z*) = 0. Because of the support condition, we ob-
tain that f = g. The region of identification reduces to one single element and p(Z*) is
identified.

For any function g, we now prove identification of E(g(Y,T)|Z* = 2*) = h(z*). We follow
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the same reasoning as above. The identifying moment condition writes:

h(z") E(g(Y.T)|Z)
“(rre1m" - 7) ~Hr-1 2

We obtain that the ratio h(z*)/p(z*) is identified. As p(z*) is identified above, h(z*) =
E(g(Y,T)|Z* = z*) is identified. As this is true for any function g, the joint distribution
of (Y, T)|Z* is identified. This is sufficient to identify the Wald ratio 6.

The distribution of Z|Z*, T = 1 is identified from the sample of treated and Assumption 2
ensures that the distribution of Z|Z* is identified and then the distribution of (Y, T, Z)|Z*.
The distribution of Z* is identified because P(T" = 1|Z*) is identified by Equation 3.1 and
the distribution of 7" and Z*|T" = 1 are directly identified from the data. It follows that
the distribution of (Z*, Z,T,Y") is identified.

A.4 Proof of Theorem 4.1

Let & = (p,mg, m1) and £ = (p, mg, m1). Note that Q(&) > 0 for any £ € H and the
condition of identification ensures that Q(§) = 0 < & = &. Let ||§— &olloo = sup(||p —
Dlloos 1175 — 10| Joo, |71 — m1]]oe) We will prove that for any § > 0, P (HE— Eoll > 5)
tends to zero.

For any sequence &, ,, € Hnn, the following inequalities hold:

~ ~ ~

QO < QO ~ Quau® + Q6 — QuaeGna)
+Qn,na (gn,na) - Q(gn,n,) + Q(fn,na)

~

S Qn,na (5) - Qn,na (gnma) + 2 Supfe?—[n,na |Qn,7"m (6) - Q(€)| + Q(fn,na)

Let Uppn, = infecp, .. lle—gollwo>0 @(§). Assume that Q (&, ) = 0 (Unn, ) and SUPecry, . Qi (€)—
Q)| = 0p (Upn,)- In that case:

lim sup P (HE ~ &l > 5) < limsup P (Un,na < Quina (€) = Quna (nna) + op(Un,na))

n,Nq ,Na
The right hand side tends to zero because @y, », (E) — Qnng(&nn,) < 0and U,,, >0, and
in that case the consistency of our estimator is ensured.

So the proof is decomposed is three steps:
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1. Control of infeepy,, .. Jje—¢ol|cc>s Q&)

2. Existence of a sequence &, ,, such that Q(&,.n,) =0 (inféeﬂn,na,\lﬁfolloozé Q(é’))
3. Uniform control on Hy, p,: SuPeey,, - |Qnn, (§)—Q(E)] = 0, (infgeyn,na,ngfgonoozé Q(f))

In the first step of the proof, we will show that it exists ¢(J) an increasing function of §
that does not depend on n,n, such that infecy,,  ie—eolj>s @(§) > ¢(d) > 0. Then, in the
second and third step, we only need to show that Q(&,n,) = 0,(1) and supeeqy,, , [Qn(§) —
Q&) = op (1).

In the following for any integer d > 0 and any vector in v € R?, ||v||y denotes the Euclidian

norm of v.

1. First step: Control of infecy,, .. 1e—¢oljo>s @(§)-

Let C, =14+ C,Cy = C; = ¢+ C, and Bp closed balls of radius C. of the Holder
space CM1(] = 1;0[UJ0; 1)), ie. |If|ln = ||flloo + sup,., LE=LEN < R We have
Hpne CH C Be, X By, x Be,. The Arzela-Ascoli Theorem ensures that Bc, and
Bg, , are compact for the supremum norm. Then B¢, x B%O’l is a compact space (for

the norm |[€||sc = sup(||ploos ||70]|s0, [|1]|s0))- As a close subset of a compact, H

and then H N {{ : ||£ — &ol|eo = 0} are compact.

Moreover Q(€) is continuous for the supremum norm on H, then Q(H N {¢ : ||£ —
&olloo > d}) is compact. And the condition of identification ensures that () is mini-
mum (and null) only for & = &.

So, it exists & € HNA{ : [|€ — &oll = I} that does not depend on n,n, such

that infﬁeﬂn,na,\l&éollo@& Q(f) Z infﬁGHME*ﬁoHooZé Q(g) 2 Q(f*) > 0. Then it follows

(with a slight abuse of notation) that "o, (infees, .. fle—ollwzs @(E)) = 0,(1)" and

"o (infeep, ., [le—gollzs @(E)) = o(1)".

2. Second step: Existence of a sequence &, ,,, such that Q(&,,,) = o(1).
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The spline properties ensures that for every & in H, it exists £, = (Prngs 7000 M1nma)
such that ||§n,na - §0||OO = O((mm%ﬁi 7k£_n >k2—; 7k2_n 7krlLtza7 k111_n ))_1)' The con-

dition of the Theorem 4.1 ensures that ||&,,, — (p, M0, M1)||cc = 0(1) and then by
continuity of @ on H, Q(&,,) tends to Q(&) = 0.

. Third step: uniform control of @, (&) — Q(&) on Hi, p,.

We have:

SUPecr, . |Qnuna (€) — QE)] <
LS s E(p(W.6)|Z = Z,)* — E(p,(W,€)|Z = Z;)°

ijp,o,l SUP¢I et ng

In the following, we prove that:

1 ~
S|SB (W01 = 20° = B (p(W.0)|Z = 2)°
EHn,ng i€S

= Op(ln.n, /1)

The same reasoning and the same results hold for the two others terms (7 = 0,1) of

the previous sum.

First, we restrict the proof to the case where we observe an iid sample of W =
(Y,Z,TZ*,T), in this case ), g T; =ng and S, = {i € S : T; = 1}.

Forany ¢ € HY,,,,. 1ot G,(2,€) = E(pp (W, €)|Z = 2) = Bp(z)IE(Bp’<Z>BP<Z>>*1E<BP’<Z>pp<W, )
and g,(z, &) = E(p,(W1, )| 21 = 2), with p,(W.§) = —1. For any £ € H} , and

any ¢ € S, we have:

/9\12;(21'7@ - gi(Zif) = (9p(Zi,6) — gp(Zs, 5))2 +29,(Zi,€) (Gp(Zi,§) — 9p(Zi,6))
< (9(Z, §) — 9p(Zi, 5))2 +2 |9p(Zi7£)| |/g\p(Zi;§) - gp(Zia§)|

Then by Cauchy-Schwartz inequality,

LN GZ,8) — g2(Zi,€) < AN (Gp(Zi,6) — 90(Z06))°

12 (A0, (297 (B0, @020 ) — 9(Z,€)%)
LS G20 €) — 92, ))?

+2sup (1,1 = 1) (2 X0, G0(26) — 90(20.€)°)

IN

10 I»—A
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Then to control = 3" | §2(Z;,€) — g2(Z;, &), uniformly on 12, . we have to control

i=1 n,ng
uniformly %Z?:l (9p(Z3,€) — 9p(Z;, f))z

Adapting the proof of Theorem 1 of Newey (1997), we can show that for any § € HE
that £ > (9,(Z;,€) — 9,(Z:,€)) = 0, <l”% + l;}la>. However this result is not
sufficient because it is not uniform. To show that this holds uniformly on Hf , . we

will use various theorems related to the behavior of empirical process, as explained

in van der Vaart (2000), Chapter 19 or in van der Vaart & Wellner (1996).

Up to an affine change from [0; 1] to [/; u], the base B considered in Lemma A.2 verifies
Assumption 2 of Newey (1997), i.e. E(B'(Z)B(Z)) has a smallest eigenvalue bounded
away from 0 uniformly in l,,, = dim (Z2,, ) by A and sup, ||B(2)||2 < Co(lum,) =
l,&?ﬁ:(a“’al)ﬂw. The condition of the Theorem 4.1 ensures that (o(lyn, )*lnn, /17 — 0.
Let B(z) = B(2)E(B/(2)B(Z))™?, B is such that sup, ||[B(2)|l2 < Collnn,) =

%CO(ln,mZ)u with Zo(ln7na)2ln7na/n — 0and E <§/(Z)§(Z)> =1I;,,.+1. Because means

square prediction is invariant by linear transformation of regressors, we can assume

without loss of generality that B(Z) is used as the base of Z¢ , .

Let A, = 1{inf,cpr v'E (E’(Z)E(Z)) u > |[u]2/2}, the dummy variable that the
smallest eigenvalue of the empirical estimator E <§/(Z VB(Z )) =iy, B(Z)B (%)
is greater than 1/2 (or equivalently the dummy variable that the highest eigenvalue
of [% Sy E/(Zi)El(Zi)] B is lower than 2). Under the conditions of Theorem 4.1,

namely 17 = o(n!/@tmax(ewan)) " A tends to 1 in probability.

Let B the matrix of size n x k of elements B;(Z;), and let G,(£) the column vector
of component E(p,(W,€)|Z = Z). We define §,(Z;,€) = B(Z)(BB)'B'G,(€).
Following the usual strategy (see for instance Newey (1997) or Chen & Pouzo (2012)),
we use the triangle inequality to split £ 3" | (9,(Z;, &) — g,(Z;, £))? in three terms:

1/2

[% anl (L/q\p(Zi: 5) - gp(Zia ’5))2} < [% Z:’L:l @p(zi, 5) - gp(Ziy 5))2}
+ [A S0 @(Z06) — B(Z)me)’]
FEYn, B - az00)]

1/2

1/2
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The second term can be bounded by the third one, because of the projection prop-

erties of B:

LS (B(Z)me — 3(Z,6))" = 130, (F(Zz-)(F'F)*F' (Bme — Gp(f))>2
L (Bre — G,(€)) B(BB) "B (Bre — G,(€))
L (Bre — Gy(€)) (Bre — Gy(£))

LS (B(Z)me — 90(Z:,6))"

IA I

Applying Lemma A.3 to the function z* — E(p,(W)|Z* = 2z*), we know that there
exists m¢ such 2 37 | (B(Z;)me — g,(Z, 5))2 = O,(1,7,.) uniformly on H, ,,.

The rest of the proof is dedicated to bound the first term of inequality 3. This is
sufficient to bound this term under the condition of event A,, (because A, tends to 1
in probability). Let (&) the vector of component €;(£) = p,(W;, &) — g,(Zi, §). When
the smallest eigenvalue of E(B'(Z)B(Z)) = %EIE is greater than 1/2 (A, = 1), we
have:

AnsWen,, ., 7 Loict (Gp(Z1:€) = 5p(2:,€))°

< Awsupgey 1 3y (9p(Z€) = 5p(Z2:,€))”

= A, Supgey %5(5)’? <§/§> o Fle(ﬁ)

< 24, supgey iz (€) BB e (€)

= 2An supeey Y4 (3 iy Bi(Z)ei(©))’

< 24, Y subeey (2 00 Bi(Z)=i(€)”
Moreover, the Markov inequality ensures that there exists a constant M (uniform in

lyn,) such that :
ln,ng n 2 "
P (ijl sUPeey, (3 2oim1 Bj(Zi)ei(€))” > MlT)
n ln,na n D) 2
< Mln,naE< 2 SWPeey (7 o1y Bj(Zi)ei(€)) )

— 2
< qpmaxigi<y,,, B | supecy (\/% i1 Bj(Zz‘)ﬁz'(f)> )
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Conditions of regularity imply that the class & of functions f(W;) = B;(Z:)ei(€)

)

indexed by & € HP has for enveloppe function

T
|7 -EEIZ=2)
c

F1;) = [B,(2)] x o | - B(712 = 2)

which is always square integrable and such that:

Bi(Z2)*(1+c ') 2 E(FY(W)*Z) = Bj(2)*(1 - ¢)*.

Then for any j =1,...,1,,,, because E (Ej(Zi)si(ﬁ)) = 0, Theorem 2.14.5 of van der

Vaart & Wellner (1996) ensures that it exists an universal constant M, such that:

B ( (supcen |35 S B(2026)))
< ME (supéeﬂ \/Lﬁ Yoy Ej(Zi)gi(f)D
+My(14 ¢

Theorem 2.14.2 of van der Vaart & Wellner (1996) ensures that it exists another

universal constant M, such that:

1/2

du

E <SUP§€H \/La Z?:lgj(zi)fz’(f)b <M(1+ct) fol (1+ LogNy (u(l = ¢), & || r2m))

where, for a class of function 7 C L"(W), the bracketing number Nj(u, F, L"(W))
denotes the minimum number of u-bracket necessary to cover F. A wu-bracket in
L"(W) is a set of the form {f € F: f < f < f} with f,f € L"(W) and ||f —
Sy <.

Let O; the class of functions f(W;) = B;(Z;)p,(W, &) indexed by ¢ € H. For any
f1, f2 € & it exists &, & € HP such that f(W) = B;(2)p,(W, &) —B;(Z2)E(p,(W, &)| Z).

The triangle inequality ensures:

1f1 = follL2owy

VAN

1B5(2)pp(W. &1) — Bi(Z)pp(W, &)l 120w
1B5(2)E(pp(W. 1)1 Z) — Bj(Z)E(pp(W. &)1 2) ] 2(w)
< 2/[Bj(2)ps(W.&1) — Bi(Z)pp(W, &2)l| 2w

_l_

It follows that Ny (u, &}, ||.||r2m)) < Ny (%, 05,11/l 22w)) -

9
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Moreover, for any fi, fo € Oj, it exists &,& € HP such that |fi(w) — fo(w)] <
5 B, 1/2
@Hél — &[0 With (E <%4Z)2)) _

Theorem 2.7.11 of van der Vaart & Wellner (1996) ensures that:

IR

2u
Ny (gaoja ||-||L2(W)) < N (u, H [|]]o0)

where the covering number N (u, F, L"(W)) denotes the minimal number of L"(1V)

balls of radius v needed to cover the functional set F.

Under assumptions 7.1, 7.2, 7.3 defining HP, Theorem 2.7.1 of van der Vaart &

Wellner (1996) ensures that it exists an universal constant M, such that:

logN (u, H?, [].|]|ee) < Mou™,

It follows that:

P (S0 supeen (4 0 Bi(Z0)e:(©))” > M=)

ln,na

1/2
< Moy {1 My (1 ) du]

n,Nq n B> 2
Then 22;1 SUPgey (% Z¢:1 Bj<Zz‘)5z‘(f)) = Op(ln,na/n>‘

We now extend this result to the general case of Assumption 3, when the two samples
cannot be matched. Let §,(z, &) the previous unfeasible estimator of E(p,(W)|Z = z)

computed under the assumption that (Y, 7T, Z,TZ*) is observed in the main sample.

By triangle inequality,

1/2 1/2

[% anl (/g\p(Zia 5) - gp(Zia 5))2] < [% 27';1 (/g\p(Zia 5) - gp(Zh 5))2}
+ [% Zﬁ:l (gP(ZlJ g) - gP(ZiJ €)>2] 2 )
We already have shown that the second term is such that Supg 711 Z?:l (Gp(Zi, &) — 9p(Zi, 5))2
Op(ln,na /n)

The first term is such that:
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Awsupg 3 S0y (G5(Zi,€) = 3p(2,€))°

24, Yo supe (2 (S Tk ) Sics, BAZ)/EZ) — Sias BAZITE(Z))
64, Tl supe [2 Tocs T [ £ Tcs, By20/6(2) ~ B (B,(2)/e(2)|T = 1)
+64, 501 supe (2 (Lies T) E (By(2)/6(29)T = 1) — E (B, (2)T/6(2))))’
+64, 5 supe (£ 30es Bi(Z)T1/6(20) — E (By(2)T/6(27)))°

Ot mast, ., 0 [3 e, Bi)6027) ~ B (By(2) 6T = 1)
s (LS T B(T = 1)) maxicai, ., sup E (B (2)/6(29)|T = 1)°
+6 A, maxigjc, ,, S (2 Yies Bi(Z)T/E(20) — E (By(2)T/6(27)))

IN

IN

IN

-1
The first inequality holds because A,u’ [B/B} u < 2A,u'v and sup, Y, fi(z) <

> sup, fr(x). The second because (a+b+c)? < 3(a*+b*+¢?). The third inequality
holds because T' < 1 and E (B;(2)/£(Z*)) = E (B;(2)/&(Z*)|T =1)P(T = 1) and
SO sup, fi(z) < K maxy sup, fi(z).

We have
E (B;(2)/6(27)|T = 1)°

IN

E (B;j(2)*/§(Z°)*|T =1)
E(TB;(2)*)

IN

1
ZP(T=1)

L
237

IN

2

and (J; Lies T~ P(T = 1)) = Oy(1). Then,

6 Anbune 2 max su INT = n
( =3B 1>> 0 (B(2)/6(2)IT = 1)° = Oyftu /),

n 1<5<1
€S =J=tnna

Moreover (by Markov inequality),

P (maxis, ., 0D (2 Yoo By (Z0T/6(Z0) — B (By(2)T/€(27)))" > M)
b S BAa)T /20 - B BT/ 2) ) )

iz i, 00 (7 Sics, Bi(Z)/E(Z) ~ E (By(2)/6(Z)|T = 1)) > Mlees
e S B8 - B (B2 = 1)) )

IN

maxi <;j<i, ,, £ <(SUP56H

& gl

Q

1

=,
/N

1
< 37 MaXigj<ty, n, B <(Supgey
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The classes F; = {f : f(z,2%,1) = B;(2)t/&(2"),§ € H?} (respectively Fj =
{f @ f(z,2") = Bj(2)/&(2%),6 € HP}) has for envelope function F7i(z,z*t) =
Bj(2)/c (vespectively F7i(z,2*) = B,(2)/c). We have E (F%i(Z,72*,T)?) = ¢ 2
and E (Ff}(z, Z*, TY|T = 1) —E(B;(2T =1)c?€ ¢l

Theorems 2.14.5 and 2.14.2 of van der Vaart & Wellner (1996) ensure that it exists

positive numbers M3, ... Mg (depending only on ¢) such that:

. ((Supéeﬂ Ly Bi(Z)T/E(Z7) — B (E(Z)T/ﬁ(z*))bz)

1/2
< My + My fy (14 LogNy(Msu, Fj, || 2w))) * du

and
B ( (swpeen| e Sies, Br(20/6(20) - E B2y /(20 = )))

1/2
< Mg+ My [} (1+ LogNy(Msu, F1, |||l c2wir=n)) " du

Ej z t . 5} EJ z
2| < Bl |6 — &, with E(B;(£)°T) < 1 and |£15 —

)| < |BCQ ‘||§ — &|oo, With ]E( ;(2)*|T =1) < ¢'. Then Theorems 2.7.11 and

Moreover, | ?j((;

fz
2.7.1 of van der Vaart & Wellner (1996) imply that it exists My and Mj depending

only on ¢ and C' such that:

Ny, Fy L) < NGl By(2)T oy, Fy, 1 lzaw) < N(uw/2,HP, 1 o) < exp(Mou?),
and

Ny(w, Fi |- 2 wir=1y) < Ny(uc?||Bi(2) 2w ir=1), F) > 2 owir=1))
< N(uc?/2,HP |].]|oo) < exp(Myou™").

It follows that:

St supe [ g, BAZ)/E(20) ~E (By(2)/6( 2T = 1) = Opllna ),
St supe [ e Bi(Z)T/6Z0) — B (BADT/EZ)])* = Opllun, /).

And then %Z?:l (/g\p(Zijf) - gp(Zuf))Z = Op<ln,na/n)-

Lemma A.2 (Smallest eigenvalue)

Let f be a positive continuous integrable function from [0;1], bounded away from 0 on
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every compact included in |0;1] and f(t) ~pq1 C1(1 — )™ and f(t) ~poo Cot™. Let
3 <1<6,tg=0<t < .. <t,=1suchthat tiyy —t; € [§/k;0/k] and bi(t) =
LN (8) 4+ e L (1) for i = 1,00k = 1, bo(t) = B=lg,,1(t) and by(t) =

ti—ti1 tir1—t;

Sty (). Let By(t) = [bo(t), ..., bx(t)] the row vector of size k + 1. The smallest

1—tp_1

eigenvalue of kma(@0.a1)+1 f[0~1] By (t)By(t) f(t)dt is bounded away from zero.

Proof of Lemma A.2:

Let u = (ug, ..., up41) € R¥L we have:

/ /71u " o (ty =) (¢ — )t L
u( /{0 ) Bk<t)3k<t>f<t>dt)u - ) [ Pt s, o)

(tp — 1)t t?
k—2
_|_

M

bt (tiv1 —1)? (tip1 — E)(t =ty
U/erl, uz’+2) / ( f(t)dt(uiH’ Ui+2)/
ti t

= (tisa — i1 — )t —1t) (t—t;)?

1 ' (t—1) (tey — )t —1)
Ukes Ukt t)dt (ug, wpsr)’
+(1 —tk_l)Q( ks Uk+ )/tk1 (bos — )t — 1) ey — 1)? S () dt(ug, wri)

For sufficiently large k then f(t) > min(f(t1), f(1 — tx_1)) > min(Cp, C; )k~ max(@0.a1) for

any t € [t1;tg_1], we have:

iz bt (tiy1 —t)? (tigr —8)(t — 1
> e ) / | FO i, i)
= (tir1 — ts (tiv1 —t)(t—t;) (t —t;)*
5 k—1
tit1 tivg —t)? tiv1 — )t —1; 1 1/2
Because / (fia =) (i =) "t = (ti1 — t:)°/3 /
b (tiy1 —t)(t —t;) (t —t;)? 121
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The first term is bounded below by:

1 ol (ty — )2 (t, — )t
t—2(U1,U,2) / f(t)dt(ul,UQ),
1 0 (t, — )t t2
C ol (b —t)? (t—t)t
> —0(U17U2> =t) (=) todt(uy, us)’
2t2
1 0 | (tp—t)t t2
ao+3/ 1 2 1 ao+3/ 1 1
= CO( ) B o ~me Tan) U (s~ as) ( )
N Qt% itz ap+3 1 1 ap+3 1 Y1, U2
tl (Ot0+2 o a0+3) tl (M)
Cos®0 1)
> Sparr (uf + ud)
Where ) is smallest eigenvalue of
1 2 1 1 1
aotl ~ apt2 + ao+3  ao+2  ao+3
1 1 1
ap+2 ag+3 ag+3

Similarly, the last term is bounded below by %(ui + u3,,), where K; depends only on
Qaq, Cl and é
At least, kmax(@o,a1)+1 Jioa Bi(t) Br(t) f (t)dt is bounded away from zero.

Lemma A.3 Let R be the set of function from [—1;1] to R bounded by 1 and B the base
of linear normalized B-splines [l,u] of cardinal k + 1. Under Assumption 7.4 and 7.5, it

exists a constant M and v > 0 such that for any p € R it exists m, € R* such that:
E ([E(p(2°)|2) — B(Z)m, ") < Mk~

Consequently,

lim sup suplP ( > Mk”) =0

M=00 pe_1;1](-1:1] neN

S B (217 = 2) - BZ7,)

Proof of Lemma A.3:

Let I = [l + [K?]/k;u— |k|/k] with 8 < 1, for any z € I:

1
S/ Sup‘f/mz*:z* fz-(2")dz"
—1 z€el

50 = | [ S
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This implies that it exists Dy such sup,; |f/(2)] < Dy (1 + (L%°]/k) min(a”’al)_1>, similarly

max(ag,0n)

it exists Dy such that sup.¢; 1/|fz(2)| < Ds (|k°]/k) .

SE(p(2)17 = 2) = —j;ﬁi fz+>

0z
So it exists Ds such that : | 2E(p(Z*|Z = z)| < D5 (1 + k(=AU -min(ar0u))) p1=5)max(aron))

B((Z)|Z =)+ 5 [ H e (e (27)d

Let m, the vector of size k with ith component equal to 0 for i = 0,..., |k’| — 1 and
i=k—|kP|+1,...,k and ith component equal to E (p(Z*)|Z = i/k) otherwise. Let 7 =
max (ay, o, 1 — min(oy, ) + max(aq, o). It exists Dy such that for all p: sup,.; |[E(p(Z*)|Z =
2)—B(z)m,| < Dyk P71 Tt follows that, [, [E(p(Z*)|Z) — B(Z)7,) fz(2)dz < D3A1-P7-2,

Moreover, it exists D5, Dg such that:

I+|kP ) /k I+k2) /k
[ @) - B fiz < [ fale)de < Dbt e
l l

u

/ E(p(2°)|7) — B(Z)m,)? f2(2)dz < / f2(2)dz < Dgk(F=DtD
u—|kB] /k u—|kB] /k

For 3 sufficiently close to 1, we have v := min (2 — 2(1 — 8)7, (1 — 8)(a + 1), (1 = B)(ay + 1)) >
0 and M = max(D3, D5, Dg) such that:

E ([E(p(2")|2) - B(Z)m,2) < Mk~

The Markov inequality implies that:

n

%Z(E(P(Z*”Z = Zi) - Hp(Zi))2

lim sup suplP <

M—o0 p€[—1;1][=1:1] neEN

>Mk”> =0

B Appendix: Tables
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Table 2: Estimation in finite samples, Multiplicative Error

(% 6 Donut estimator
Nb. of knots  Sample size Bias Var. MSE Bias Var. MSE Bias Var. MSE
A. Small Measurement Error

1000 -0.969 10.63 11.57 -1.091 10.61 11.80 1.867 0.059 3.543

0 5000 0.344 1.009 1.128 0.212 1.033 1.078 1.846 0.012 3.421
25000 0.678 0.024 0484 0541 0.025 0.318 1.854 0.002 3.438

1000 -0.530 24.98 25.26 -0.547 20.44 20.73 1.870 0.062 3.557

1 5000 0.351 0.328 0.451 0.291 0.334 0.419 1.854 0.012 3.449
25000 0.512  0.078 0.34 0.444 0.079 0.277 1.850 0.002 3.425

1000 -0.738 325.0 325.5 -0.790 312.0 312.7 1.875 0.059 3.572

2 5000 0.074  0.578 0.584 0.054 0.562 0.565 1.857 0.012 3.461
25000 0.172  0.097 0.127 0.137 0.100 0.119 1.849 0.002 3.421

B. Large Measurement Error

1000 -0.009 2.818 2.818 -0.105 2.827 2.839 2392 0.153 5.874

0 5000 0.681 0.127 0.591 0.561 0.133 0.448 2.361 0.025 5.598
25000 0.806 0.018 0.667 0.674 0.018 0.472 2.365 0.005 5.597

1000 -0.188 31.85 31.89 -0.223 22.60 22.65 2.389 0.149 5.856

1 5000 0.349 0.423 0.545 0.277 0.382 0.458 2.376 0.029 5.675
25000 0.512 0.110 0.373 0422 0.104 0.283 2.362 0.005 5.586

1000 0.249 943.9 9439 0.044 700.2 700.2 2.419 0.160 6.009

2 5000 0.142  2.639 2.660 0.122 1.430 1.445 2367 0.027 5.631
25000 0.174  0.573 0.603 0.119 0.441 0.456 2.363 0.005 5.589

Note : Computation obtained with 1000 simulations. The same set of simulations is used for
all the estimators on the same line. The set of simulations changes across lines.

Z+1=(Z2"+1)-(1+¢) with e ~ Uj_g.1,0.1) for the DGP with small measurement error
and € ~ U[_q.2,0.29] for the DGP with large measurement error. Number of knots equal to 0
means that p, mo and m; are approximated by linear functions on [—1;0] and [0; 1]. When the

number of knots is 1 (resp. 2), change in slope is allowed at —1/2 and 1/2 (resp. —2/3, —1/3,

1/3, 2/3). 0 refers to the estimator we present in the paper. 6 differs from 0 by the fact that

my is estimated by local linear regression on the treated. For the Donut estimator, the Wald

ratio is estimated using averages of Y and T, on individuals whose Z belong to [—0.2; —0.1] and

0.1;0.2].
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Table 3: Estimation in finite samples, Additive Error

Our estimator

Naive estimator

Unfeasible estimator

Nb. of knots = Sample size Bias Var. MSE Bias Var. MSE Bias Var. MSE
A. Small Measurement Error

1000 -5.006 269.3 294.3 3.815 23638 23653 0.021 0.168 0.168

0 5000 -1.729 8.133 11.12 -1.050 106.5 107.6 0.011  0.043 0.043
25000 -0.443 2.688 2.884 -2.740 27.93 35.44 0.005 0.011 0.011

1000 -1.250 120.4 121.9 -1.045 24.15 25.24 0.040 0.154 0.156

1 5000 -0.445 3.475 3.673 -1.557 6.614 9.038 0.005 0.043 0.043
25000 -0.612 0.882 1.257 -2.726 18.53 25.96 0.011  0.010 0.011

1000 1.939 836.7 840.4 -2.321 655.6 661.0 0.014 0.169 0.170

2 5000 -0.124 18.80 18.81 -1.511 15.28 17.56 0.011 0.045 0.045
25000 0.027 1.535 1.536 -2.524 4.734 11.10 0.004 0.012 0.012

B. Large Measurement Error

1000 -4.040 123.9 140.2 -0.835 1526 1526 0.021 0.168 0.168

0 5000 -1.326 6.770 8.529 -2.688 2418 2425 0.011  0.043 0.043
25000 -0.149 1.843 1.865 -7.633 38282 38340 0.005 0.011 0.011

1000 -2.231 890.4 895.4 -1.856 3535 3538 0.040 0.154 0.156

1 5000 -0.22 3.520 3.569 0.237 2250 2250 0.005 0.043 0.043
25000 -0.309 1.122 1.218 0.383 10663 10663 0.011 0.010 0.011

1000 -15.91  2x10°  2x10° -2.564 9040 9046  0.014 0.169  0.17

2 5000 0.661 285.2 285.6 28.798  8x10° 8x10° 0.011 0.045 0.045
25000 0.211 9.276 9.320 1.890 15287 15291 0.004 0.012 0.012

Note : Computation obtained with 1000 simulations. The same set of simulations is used for

all the estimators on the same line. The set of simulations changes across lines.

Z = Z* + ¢ with € ~ U|_g.1,0.1) for the DGP with small measurement error and & ~ U[_g.2,0.2]

for the DGP with large measurement error. Number of knots equal to 0 means that p, my and

my are approximated by linear functions on [—1;0] and [0;1]. When the number of knots is 1
(resp. 2), change in slope is allowed at —1/2 and 1/2 (resp. —2/3, —1/3, 1/3, 2/3).
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Table 4: Estimation in finite samples, Additive Error

0 6 Donut estimator

Nb. of knots  Sample size Bias Var. MSE Bias Var. MSE Bias Var. MSE

A. Small Measurement Error

1000 -5.006  269.3 294.3  -5.244 2872  314.7 1.851 0.059  3.483
0 5000 -1.729  8.133 11.12 -1.938 8.313 12.07 1.838 0.012 3.390
25000 -0.443  2.688 2.884 -0.644 2,760 3.174 1.843 0.002  3.401
1000 -1.250 120.4 121.9  -1.344 96.30 98.10 1.859 0.065  3.522
1 5000 -0.445  3.475 3.673  -0.594 3.509 3.862 1.843 0.012  3.409
25000 -0.612  0.882 1.257  -0.767  0.901 1.490 1.841 0.002  3.392
1000 1.939 836.7 840.4 0.995 793.6 7946 1.861 0.060 3.525
2 5000 -0.124 18.8 18.81  -0.237 15.61 15.67 1.846 0.012  3.421
25000 0.027 1.535 1.536  -0.046 1.357 1.359 1.839 0.002  3.386

B. Large Measurement Error

1000 -4.040  123.9 140.2  -4.243 125.3  143.3 2335 0.136  5.586
0 5000 -1.326 6.77 8.529 -1.528 6.899 9.234 2301 0.024 5.321
25000 -0.149  1.843 1.865 -0.344 1.897 2.015 2.307 0.005 5.325
1000 -2.231  890.4 895.4  -2.263 1008 1013 2.328 0.131  5.550
1 5000 -0.220  3.520 3.569  -0.37 3474 3.612 2.315 0.027 5.385
25000 -0.309  1.122 1.218  -0.456 1.106 1.315 2.302 0.005 5.307
1000 -15.91  2x105 2x10° -4.12 20937 20954 2.356 0.135  5.685
2 5000 0.661  285.2 285.6  0.426  189.6  189.8 2.309 0.025  5.357
25000 0.211  9.276 9.320  0.097 6.973 6.982 2.303 0.005 5.309

Note : Computation obtained with 1000 simulations. The same set of simulations is used for
all the estimators on the same line. The set of simulations changes across lines.

Z = Z* + ¢ with € ~ U|_g.1,0.1) for the DGP with small measurement error and & ~ U|_g.2,0.2]
for the DGP with large measurement error. Number of knots equal to 0 means that p, my and
my are approximated by linear functions on [—1;0] and [0;1]. When the number of knots is 1
(resp. 2), change in slope is allowed at —1/2 and 1/2 (resp. —2/3, —1/3, 1/3, 2/3). 0 refers to
the estimator we present in the paper. 0 differs from 6 by the fact that m; is estimated by local
linear regression on the treated. For the Donut estimator, the Wald ratio is estimated using
averages of Y and T, on individuals whose Z belong to [—0.2; —0.1] and [0.1;0.2].
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