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Abstract

The objective of the present paper is to develop a minimax theory for the varying co-
efficient model in a non-asymptotic setting. We consider a high-dimensional sparse varying
coefficient model where only few of the covariates are present and only some of those covari-
ates are time dependent. Our analysis allows the time dependent covariates to have different
degrees of smoothness and to be spatially inhomogeneous. We develop the minimax lower
bounds for the quadratic risk and construct an adaptive estimator which attains those lower
bounds within a constant (if all time-dependent covariates are spatially homogeneous) or
logarithmic factor of the number of observations.

Keywords: varying coefficient model, sparse model, minimax optimality

AMS 2000 subject classification: 62H12, 62J05, 62C20

1 Introduction

One of the fundamental tasks in statistics is to characterize the relationship between a set
of covariates and a response variable. In the present paper we study the varying coefficient
model which is commonly used for describing time-varying covariate effects. It provides a more
flexible approach than the classical linear regression model and is often used to analyze the data
measured repeatedly over time.

Since its introduction by Cleveland, Grosse and Shyu [9] and Hastie and Tibshirani [14]
many methods for estimation and inference in the varying coefficient model have been developed
(see, e.g., [38, 15, 12, 19] for the kernel-local polynomial smoothing approach, [16, 18, 17] for the
polynomial spline approach, [14, 15, 8] for the smoothing spline approach and [13] for a detailed
discussion of the existing methods and possible applications). In the last five years, the varying
coefficient model received a great deal of attention. For example, Wang et al. [37] proposed a
new procedure based on a local rank estimator; Kai et al. [20] introduced a semi-parametric
quantile regression procedure and studied an effective variable selection procedure. Lee et al.
[22] extended the model to the case when the response is related to the covariates via a link
function while Zhu et al. [41] studied the multivariate version of the model.

One important aspect that has not been well studied in the existing literature is the non-
asymptotic approach to estimation, prediction and variables selection in the varying coefficient
model. Although, in practical applications, only a finite number of measurements are available,
existing methods typically provide asymptotic evaluation of the precision of estimation proce-
dures under the assumption that the number of observations tends to infinity. Recently, few



authors used a non-asymptotic approach to the problem. Li et al. [23] applied group Lasso
for variable selection while Lian [24] used extended Bayesian information criterion. Klopp and
Pensky [21] carried out variable selection by nuclear matrix norm penalization. Fan et al. [11]
applied nonparametric independence screening, their results were extended by Lian and Ma [25]
to include rank selection in addition to variable selection.

Some interesting questions arise in this non-asymptotic setting. One of them is the funda-
mental question of the minimax optimal rates of convergence. The minimax risk characterizes
the essential statistical difficulty of the problem. It also captures the interplay between dif-
ferent parameters in the model. To the best of our knowledge, our paper presents the first
non-asymptotic minimax study of the sparse heterogeneous varying coefficient model.

Modern technologies produce very high dimensional data sets and, hence, stimulate an
enormous interest in variable selection and estimation under a sparse scenario. In such sce-
narios, penalization-based methods are particularly attractive. Significant progress has been
made in understanding the statistical properties of these methods. For example, many au-
thors have studied the variable selection, estimation and prediction properties of the LASSO in
high-dimensional setting (see, e.g., [2], [4], [5], [35]). A related LASSO-type procedure is the
group-LASSO, where the covariates are assumed to be clustered in groups (see, for example,
[40, 1, 7, 27, 28, 26|, and references therein).

In the present paper, we also consider the case when the solution is sparse, in particular,
only few of the covariates are present and only some of them are time dependent. This setup is
close to the one studied in a recent paper of Liang [24]. One important difference, however, is
that in [24], the estimator is not adaptive to the smoothness of the time dependent covariates.
In addition, Liang [24] assumes that all time dependent covariates have the same degree of
smoothness and are spatially homogeneous. On the contrary, we consider a much more flexible
and realistic scenario where the time dependent covariates possibly have different degrees of
smoothness and may be spatially inhomogeneous.

In order to construct a minimax optimal estimator, we introduce the block Lasso which can
be viewed as a version of the group LASSO. However, unlike in group LASSO, where the groups
occur naturally, the blocks in block LASSO are driven by the need to reduce the variance as it is
done, for example, in block thresholding. Note that our estimator does not require the knowledge
which of the covariates are indeed present and which are time dependent. It adapts to sparsity,
to heterogeneity of the time dependent covariates and to their possibly spatial inhomogeneous
nature. In order to ensure the optimality, we derive minimax lower bounds for the risk and show
that our estimator attains those bounds within a constant (if all time-dependent covariates are
spatially homogeneous) or logarithmic factor of the number of observations. The analysis is
carried out under the flexible assumption that the noise variables are sub-Gaussian. In addition,
it does not require that the elements of the dictionary are uniformly bounded.

The rest of the paper is organized as follows. Section 1.1 provides formulation of the prob-
lem while Section 1.2 lays down a tensor approach to estimation. Section 2 introduces notations
and assumptions on the model and provides a discussion of the assumptions. Section 3 describes
the block thresholding LASSO estimator, evaluates the non-asymptotic lower and upper bounds
for the risk, both in probability and in the mean squared risk sense, and ensures optimality of
the constructed estimator. Section 4 presents examples of estimation when assumptions of the
apper are satisfied. Section 5 contains proofs of the statements formulated in the paper.



1.1 Formulation of the problem

Let (W;,t;,Y;), i =1,...,n be sampled independently from the varying coefficient model
Y = WTE(t) + o€. (1.1)

Here the noise variables &; are independent and o is known, W € R? are random vectors of pre-
dictors, £(-) = (f1(-),-. .-, fp(-))T is an unknown vector-valued function of regression coefficients
and t € [0, 1] is a random variable with the unknown density function g. The triple (W,¢,Y) is
independent. The goal is to estimate vector function f(-) on the basis of observations (W;, ¢;,Y;),
1=1,...,n.

In order to estimate f, following Klopp and Pensky (2013), we expand it over a basis
(¢1(-)),1=0,1,...,00, in Ly([0,1]) with ¢o(t) = 1. Expansion of the functions f;(-) over the
basis, for any t € [0, 1], yields

L o)
Fi) = augu(t) + pi(t) with p;(t) = > audi(t). (1.2)
1=0 I=Lt1

If ¢(-) = (¢o("),...,¢r(-))T and A denotes a matrix of coefficients with elements A7) = a;y,
then relation (1.2) can be re-written as f(t) = AT¢(t) + p(t), where p(t) = (p1(t), -, pp(t))T.
Combining formulae (1.1) and (1.2), we obtain the following model for observations (W, t;, Y;),
1=1,...,n:

Y = Te(AT@(t)W]) + Wip(ti) + 06, i=1,...,n. (1.3)

Below, we reduce the problem of estimating vector function f to estimating matrix A of coeffi-
cients of f.

1.2 Tensor approach to estimation

Denote a = Vec(A) and B; = Vec(¢(t;)W7). Note that B; is the p(L + 1)-dimensional vector
with components qbl(tl-)WZ(]), l=0,---,L,j=1,--- p, where ng) is the j-th component of
vector W;. Consider matrix B € R™ P+ with rows BY i=1,---,n,vector & = (&1, ,&,)T
and vector b with components b; = Wl p(t;), i = 1,--- ,n. Taking into account that

Tr(AT (1) W) = B Vec(A)

we rewrite the varying coefficient model (1.3) in a matrix form

Y =Ba+b+0é. (1.4)
In what follows, we denote
Q=W,W/, & =0¢t)ot)", Zi=2ce, (1.5)
where €2; ® ®; is the Kronecker product of €2; and ®;. Note that €2;, ®;, and X; are i.i.d. for
t=1,---,n, and that €; and ®;, are independent for any 7; and 73. By simple calculations,
we derive
a™BB"a = Y (Bfa)’ =) [Tr(ATe(t)W])]"
i=1 i=1
= > WIATo(t)p" (t) AW, = Y _a” (2 @ ®)a,
i=1 =1



which implies

n
B'B=) Q,0@,. (1.6)
=1
Let
. n
S=n""B"B=n") 3% (1.7)
=1

Then, due to the i.i.d. structure of the observations, one has

C=EX, =Q@® with Q=EW;W?) and & =E(¢(t1)¢" (t1)). (1.8)

2 Assumptions and notations

2.1 Notations

In what follows, we use bold script for matrices and vectors, e.g., A or a, and superscripts to
denote elements of those matrices and vectors, e.g., A9 or al’). Below, we provide a brief
summary of the notation used throughout this paper.

e For any vector a € RP, denote the standard [; and Iy vector norms by ||a||; and |a||2,
respectively. For vectors a,c € RP, denote their scalar product by (a,c).

e For any function ¢(t), t € [0,1], |lg||2 and (-, ), are, respectively, the norm and the scalar
product in the space L2 ([0, 1]). Also, [[q[loc = supsejoq lg(t)]-

e For any vector function q(t) = (q1(t),- -+ ,gp(t))T, denote
1/2

p
la®)lle = > llgli3
=1

e For any matrix A, denote its spectral and Frobenius norms by ||A | and ||A||2, respectively.
e Denote the k£ x k identity matrix by I.
e For any numbers, a and b, denote a V b = max(a,b) and a A b = min(a,b).

e In what follows, we use the symbol C for a generic positive constant, which is independent
of n, p, s and [, and may take different values at different places.

*

_ T * __ ol / i L ek
o Ifr =(ry,---,7p)", denote ri=rj Ar;and i, = min; 7.

2.2 Assumptions

We impose the following assumptions on the varying coefficient model (1.3).

(A0). Only s out of p functions f; are non-constant and depend on the time variable ¢, sg
functions are constant and independent of ¢t and (p—s—sg) functions are identically equal to zero.



(A1). Functions (¢x(:))k=0,.. 00 form an orthonormal basis of Ly([0,1]), K =0,1,---, and are
such that ¢o(t) =1 and, for any t € [0, 1], any { > 0 and some Cy < 00

l
D Gr(t) < CH1+1). (2.1)

k=0

(A2). The probability density function g of ¢; is bounded above and below 0 < g1 < g(t) <
g2 < co. Moreover, the eigenvalues of E(¢p¢’) = ® are bounded from above and below

0< ¢min = )\min(cp) < )\max((ﬁ) = d)max < 0.

Here, ¢min and ¢max are absolute constants independent of L.

(A3). Vectors W; are i.i.d copies of a random vector W having distribution II on a given set
of vectors X'. Here II is such that matrix E(WW7) = Q has eigenvalues bounded above and
below

0 < Wmin = )\mln(n) < )\max(ﬂ) = Wpnax < 00,

and, for any j =1,---,p, E(W(j))4 < V. Also, for any p > 0, there exist positive constants U,
and C,, and a set W, such that

WeW,= ([[W]2<U,)N <.HilaX
J=L1,,p

IW0)| < CM> , POWew,) >1-2n""  (22)

Here, wmin = wmin(p>7 Wmax = wmax(p)a U,LL = U,u(p)a Cu = C,u(p) and V = V(p)

(A4). Functions f;(t) have efficient representations in basis ¢;, in particular, for any j =
1,---,p, one has
[o¢]
D agrl’ (k+ 1) < (Co), v =1+ 1/2 = 1]y, (2.3)
k=0

for some Cy > 0, 1 < vj < 0o and rj > min(1/2,1/v;). In particular, if function f;(t) is constant
or vanishes, then r; = co. We denote vectors with elements v; and rj, j =1,--- ,p, by v and r,
respectively, and the set of indices of finite elements r; by J:

J={j: rj <ool (2.4)

(A5). Variables &, i=1,---,n, are i.i.d. sub-Gaussian such that
E& =0, E&Z =1 and ||&y, <K

where || - ||, denotes the sub-Gaussian norm.



2.3 Discussion of assumptions

e Assumptions (AO0) corresponds to the case when s of the covariates f;(¢) are indeed
functions of time, sg of them are time independent and (p — s — sg) are irrelevant for
representation of EY .

e Assumptions (A1) and (A2) deal with the basis of L2([0,1]). There are many types of
orthonormal bases satisfying those conditions.

a) Fourier basis. Choose ¢o(t) =1, ¢r(t) = 2sin(2wkt) if k£ > 1 is odd, ¢ (t) = 2 cos(2wkt)
if k > 1 is even. Basis functions are bounded and Cy = 2.

b) Wawvelet basis. Consider a periodic wavelet basis on [0, 1]: 1 (t) = 2//24(2"t — i) with
h=0,1,---,i=0,---,2" — 1. Set ¢o(t) = 1 and ¢;(t) = 1p;(t) with j = 2" +4i + 1. If
l =27, then Cp = ||¢)||o- Since for 27 <1 < 277! one has (I +1) > (2/%1 +1)/2, for any
l it is sufficient to choose Cy = 2||¢|| -

Assumption that ¢min and ¢max are absolute constants independent of L is guaranteed by
the fact that sampling density ¢ is bounded above and below. For example, if g(t) = 1,

one has ¢min = Pmax = 1.

e Note that since all assumptions on vectors W; are satisfied up to a multiplicative constant,
we assume that the expected length of the vector W is equal to one, i.e. E(WTW) = 1.

Assumption (A3) is satisfied for many collections of vectors. In particular, it holds when
W, are normally distributed with zero mean vector and covariance matrix p~'I; when W;
are uniformly distributed on the set of canonical basis vectors e;,j = 1,---,p; or when

ng ), i=1,---,n,5=1,--- p, are independent symmetric Bernoulli variables.

e Assumption (A4) describes sparsity of the vectors of coefficients of functions f;(t) in basis
¢, 3 =1,---,p. If v; =2, then f; belongs to a Sobolev ball of smoothness r; and radius
Cq. If v; < 2, coefficients aj; of f; are sparse. For example, in the case when basis ¢; is
formed by wavelets, condition (2.3) implies that f; belongs to a Besov ball of radius Cj.
Note that Assumption (A4) allows each non-constant function f; to have its own sparsity
pattern.

e Assumption (A5) that & are sub-Gaussian random variables means that their distribution
is dominated by the distribution of a centered Gaussian random variable. This is a conve-
nient and reasonably wide class. Classical examples of sub-gaussian random variables are
Gaussian, Bernoulli and all bounded random variables. Note that ng = 1 implies that
K<1.



3 Estimation strategy and non-asymptotic error bounds

3.1 Estimation strategy

Formulation (1.4) implies that the varying coefficient model can be reduced to the linear regres-
sion model and one can apply one of the multitude of penalized optimization techniques which
have been developed for the linear regression. In what follows, we apply a block LASSO penal-
ties for the coefficients in order to account for both the constant and the vanishing functions f;
and also to take advantage of the sparsity of the functional coefficients in the chosen basis.

In particular, for each function f;, j = 1,---,p, we divide its coefficients into M +
1 different groups where group zero contains only coefficient ajp for the constant function
¢o(t) = 1 and M groups of size d ~ logn where M = L/d. We denote ajo = ajo and
aj = (aai-1)+1, " ,aj,dl)T the sub-vector of coefficients of function f; in block [, [ =1,--- , M.
Let K; be the subset of indices associated with aj;. We impose block norm on matrix A in (1.3)

as follows
p M
1A Iblock = X D llajille. (3.1)
j=1 =0

Observe that ||Al|}ock indeed satisfies the definition of a norm and is a sum of absolute values
of coefficients ajo for the constant portions of functions f; and I3 norms for each of the block
vectors of coefficients aj;, j = 1,--- ,p, I =1,--- , M. The penalty which we impose is related to
both the ordinary and the group LASSO penalties which have been used by many authors. The
difference, however, lies in the fact that the structure of the blocks is not motivated by naturally
occurring groups (like, e.g., rows of the matrix A) but rather our desire to exploit sparsity of
functional coefficients a;;. In particular, we construct an estimator A of A as a solution of the
following convex optimization problem

A = arg min {n—l d [vi- Tr(ATqb(ti)WiT)}z + 5||A!|block} , (3.2)
i=1

where the value of § will be defined later.
Note that with the tensor approach which we used in Section 1.2, optimization problem
(3.2) can be re-written in terms of vector a = Vec(A) as

a = argmin {n"'[|Y — Ba + dl[alsioct } (3.3)

where ||al|piock = || Allpiock is defined by the right-hand side (3 1) with vectors aji being sub-

vectors of vector a. Subsequently, we construct an estimator f(t) = (fi(t),- -, fp( NT of the
vector function f(t) using

L

k=0

In what follows, we derive the upper bounds for the risk of the estimator a (or K) and
suggest a value of parameter 6 which allows to attain those bounds. However, in order to obtain
a benchmark of how well the procedure is performing, we determine the lower bounds for the
risk of any estimator A under assumptions (A0)—(A5).



Remark 1 Assumption that K = L/d is an integer is not essential. Indeed, we can replace the
number of groups K by the largest integer below or equal to L/d and then adjust group sizes
to be d or d + 1 where d = [logn], the largest integer not exceeding logn.

3.2 Lower bounds for the risk

In what follows, we consider a class F = Fy s r(Cq) of vector functions f(¢) such that s of
their components are non-constant with coefficients satisfying condition (2.3) in (A4), so of
the components are constant and (p — s — sp) components are identically equal to zero. We
construct the lower bound for the minimax quadratic risk of any estimator f of the vector
function f € Fy) s v +(Cy). Denote rpqp = max{r; : j € J} and

20.2/{ <6>27‘maz+1
Njow = —5—————— max<{ 1, [ - , 3.5
o Cg Wmax ¢max { S ( )
2 2 2 ot
KO Sg 1 P 0K 2rj+l
Al S0,S8,N, ) = max — = C J <> . 36
ower( ) 4N Wimax ¢max 8 Z ¢ N Wmax ¢max ( )

JjeT
Then, the following statement holds.

Theorem 1 Let s > 1 and so > 3. Denote by F = Fs, s.vr(Ca) a class of vector functions f(t)
satisfying conditions (A0) and (A4) in the basis ¢;, | = 0,1, -, that obeys assumptions (A1)
and (A2). Consider observations Y; in model (1.3) with W;, i = 1,--- | n, such that assumption
(A3) holds. Assume that, conditionally on W; and t;, the variables & are Gaussian N(0,1)
and that n > ny,. Then, for any k < 1/8 and any estimator £ of £, one has

N V2 ( 2/<;>
inf supP (||f — |2 > Ajower(s0,8,1,7)) > ——— (1 =2k — /) —— | . 3.7
inf sup (IF—£13 > A <sOsm>)_1+\/E 5\ oa3 (3.7)

Note that condition sp > 3 is not essential since, for sg < 3, the first term in (3.6) is
of parametric order. Condition n > nj,, is a purely technical condition which is satisfied for
the collection of n’s for which upper bounds are derived. Observe also that inequality (3.7)
immediately implies that

- V2 < 2&)
inf sup E||f — £||2 > Awer (S0, S, 0,7 1—2k— . 3.8
sf Sup B £ > Arower (30 >L+ﬂ Vi (5:5)

3.3 Adaptive estimation and upper bounds for the risk

Denote
t:(t17"' 7t’n)7 W:(Wla 7Wn)7 (39)
i.e., W is the p X n matrix with columns W;, i =1,--- ,n. Let also 8 > 0 be such that
o2p(L+1) =nP’. (3.10)

Note that, since we are using non-asymptotic approach, this relation just means that g =
log(p(L + 1))/logn. If, however, n is large, relation (3.10) implies that p(L + 1) cannot grow
faster than a power of n.



In order to establish an upper bound for the minimax quadratic risk over the class F =
Fso.s,v.x(Cq) of vector functions f(t), we need two kinds of large deviation results. First, we

need to show that, with the high probability, the ratio between the eigenvalues of matrices 3
defined in (1.7) and ¥ = EX is bounded above and below. Second, for any vector a € RP(EHD)
we need to obtain an upper bound for |(a, BT€)|. This is accomplished by the following lemmas.

Lemma 1 Let p in (2.2) be large enough, so that

2
N L (3.11)
Ut log®(n)
and n/logn > Ny where, for ( defined in (3.10) and for some v >0 and 0 < h < 1,
Ny = 80(;25U3(L + 1)¢maxwmax (2(7 + 5) +5 h/4) (3 12)
h2¢?ninw12nin ' ‘

Let W, be the set of points in RP such that condition (2.2) holds and Wf?" be the direct product
of n sets W,,. Then,

P ({Hi _3 < hd)minwmin} n Wﬁ”) >1 - —2p kL (3.13)
so that, on the set WEQ”, with probability at least 1 —n~" — 2n~**L one has simultaneously

)\min(i) 2 (1 - h)¢minwmin7 )\max(i) S (1 + h)¢maxwmax- (314)

Lemma 2 Let vector a € RPUEAD be partitioned into subgroups the way it was done for vector

a = Vec(A). Then, for any given t and W and any v1 > 1 one has

2 BT . L+1
P (‘M < &)\l biock t,W> SRR (3.15)
n n
where
. ~ 1/2
§=20(1+CK\A) (mlxmax(z) logn) . (3.16)

Lemma 1 ensures that the lowest eigenvalue of the regression matrix 3 is within a constant
factor of the respective eigenvalue of matrix 3. Since p may be large, this is not guaranteed by
a large value of n (as it happens in the asymptotic setup) and leads to condition (3.12) on the
relationship between parameters L, p and n. If matrix S is such that )\min(i) is automatically
bounded by below, assumption (3.12) can be removed.

Lemma 2 establishes an upper bound on the random term and, by applying a combination
of LASSO and group LASSO arguments, allows to obtain the following upper bound for the
quadratic risk. Define

N — { BC2UZ(L + 1) $maxwmax (2(v + B) + 2) (v +BU2 (v + B) } | 517)

D) 3 s s
h2¢minwmin 2 92Wmax g2



Theorem 2 Let ming(ry A7) > 2, L+1 > n'/* and n/logn > N. Suppose that conditions
(3.10) and (3. 11) hold. If a is an estimator of a obtained as a solution of optimization problem
(3.3) with § = 0, and vector function is recovered using (3.4), then, for any~y >0 and p > y+1,

one has R
P(Hf—fug < Also, 8,1, r)) >1-8n77 (3.18)

where

32 (1 + OK?(y + ﬂ)) o%(s + s0) logn
(1 - h)(bmin NWmin

2rj

2 2 P (mvi)s
2/(2r41) [ 607 (1+CK?*(y+8) |7 e
+ ]EZJ Cq < SRS TrR—— (logmn)¥i®mi (3.19)

1 maxy¥max
A(SO>37n7r) = ( +h)w i {

(1 - h)wmin¢min

C2s
+ E L (g2 + (1 — h)¢min)} :

Note that construction (3.3) of the estimator a does not involve knowledge of unknown
parameters r and v or matrix X, therefore, estimator a is fully adaptive. Moreover, conclusions
of Theorem 2 are derived without any asymptotic assumptions on n, p and L.

In order to assess optimality of estimator a, we observe that, under Assumption (A2),
the values of ¢npin and ¢max are independent of n and p, so that the only quantities in (3.18)
which are not bounded above and below by an absolute constant are o, wmin, Wmax, s and sg.
Hence, A(sg,s,n,r) < C Aypper(S0, 5,1, 1) with

27‘j

2 2 sy (2—vj)4
Wmax | 0°Splogn o J e, S
Aupper(SO, s, n, I') = + E (10g n) 5 (2rj+1) +—1, (320)
Wmin NWmin jeq NWmin n

where C' is an absolute constant independent of n, p and 2.

Inequality (3.20) implies that, for any values of parameters, the ratio between the upper
and the lower bound for the risk (3.6) is bounded by, at most, C'lognw? /w2, . Note that
Wmax/Wmin 1S the condition number of matrix Q. Hence, if matrix € is well conditioned, so that
Wmax/Wmin 18 bounded above by a constant, estimator f attains optimal convergence rates up
to, at most, a logn factor. Moreover, if s/sg is bounded or nwpyin/0? is relatively large, then
estimator f attains optimal convergence rates up to a constant factor if all functions f;(t) are
spatially homogeneous, i.e., if min;jv; > 2. In particular, if all functions in assumption (A4)

belong to the same space, then the following corollary is valid.

Corollary 1 Let conditions of Theorem 2 hold with r; =r and v; =v, j—1,--- ,p, and matriz
Q be well conditioned, i.e. Wmax/Wmin i bounded by for some absolute constant independent of
n, p and o. Then,

N ) Clogn, if 0*(s/50)* ! > nwmin,
upper (80, 8,1, T @-v)4
Atower (50,5, 1,1) — C(logn) @0 if a%(s/s0)* ! < nwmin, 1 <v < 2, (3.21)
ower ) )
C, if 02(s/50)* ! < nwmin, v > 2.

10



3.4 Adaptive estimation with respect to the mean squared risk

Theorem 2 derives upper bounds for the risk with high probability. Suppose that an upper
bound on the norms of functions f; is available due to physical or other considerations:

12 < O2. .22
fgfngfJHQ <% (3.22)

Then, ||a|* < pC’]% and a given by (3.3) can be replaced by the solution of the convex problem

a=argmin {n"'|Y - Balj + dllallpocr  st. [la]* <pCF}, (3.23)

and estimators fj of fj, 7 =1,---,p, are constructed using formula (3.4). Choose v in Theorem
2 large enough, so that
16pC7 < n'7 L. (3.24)

Then, the following statement is valid.

Theorem 3 Let 1’ > 2, L+ 1> n'/* and (3.10), (3.11) and (3.17) hold. If a is an estimator
of a obtained as a solution of optimization problem (3.28) with § = § and vector function is
recovered using (3.4), then, for any v satisfying condition (3.24) and u > v+ 1, one has

E||f — f]|2 < CAupper(s0, 5,1, T) (3.25)

where C' is an absolute constant independent of n, p and o.

4 Examples and discussion

4.1 Examples

In this section we provide several examples when assumptions of the paper are satisfied. For
simplicity, we assume that g(t) = 1, so that ¢min = dmax = 1.

Example 1 Normally distributed dictionary Let \/pW;, i = 1,--- ,n, be ii.d. standard
Gaussian vectors N(0,1,). Then, & =1, /p, so that wmin = Wmax = 1/p. Moreover, \/I)W(j) are
independent standard Gaussian variables and pW;FWZ- are independent chi-squared variables
with p degrees of freedom. Using inequality (see, e.g., [3], page 67)

IP’(X?, <p+2ypr+2z)>1—€e" x>0,
for any non-negative py and po and any j = 1,--- | p, obtain
P (WlTWl < (14 \/§M1)2) > 1—exp(—ppi/2), P(WY| < o) > 1 — exp(—13/2)/\/ 2mpia.

Choose ¢ > 0 and set pu? = 2ulogn/p and p3 = 2ulogn + 2logp. Then, exp(—pu2/2) =
pexp(—p3/2) = n~* and Assumption (A3) holds with

O, =+/2plogn +2logp, U, =1+ +/2ulogn/p.
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Example 2 Orthonormal dictionary Let \/pW;, ¢ =1,--- ,n, be uniformly distributed on
a set of canonical vectors ey, k = 1,--- ,p. Then, again, Q = I,/p, so that wmin = Wmax = 1/p.
Moreover, |[W1|3 = 1 and WU) are independent Bernoulli variables, so that [WU)| < 1.
Therefore, for any u,

Cu=1, Ui=1,

and one can set y = oo.

Example 3 Symmetric Bernoulli dictionary Let \/;BWZQ), i=1,---,n,5=1,---,p, be
independent symmetric Bernoulli variables

PW = /p) =PWY = —/p) =1/2,

Then, 2 =1,/p, Wmin = Wmax = 1/p and, for any px,

Cu=1/yp, U.=1,
and, same as in Example 2, one can take pu = oo.

Note that in all three cases above, Ny in (3.12) is of the form Ny = Cp(L + 1) where
constant C' depends on the type of matrix W. Under conditions of Theorem 2, the upper
bounds for the risk are of the form

2Tj

2 2\ 2141 (2=vj)y
o°psologn po it St 8
Aypper (S0, s,n,1) =C | ———— + E () (logn) ®rith 4+ =
NWmin p\n n

4.2 Discussion

In the present paper, we provided a non-asymptotic minimax study of the sparse high-dimensional
varying coefficient model. To the best of our knowledge, this has never been accomplished be-
fore. An important feature of our analysis is its flexibility: it distinguishes between vanishing,
constant and time-varying covariates and, in addition, it allows the latter to be heterogeneous
(i.e., to have different degrees of smoothness) and spatially inhomogeneous. In this sense, our
setup is more flexible than the one usually used in the context of additive or compound functional
models (see, e.g., [10] or [31]).

The adaptive estimator is obtained using block LASSO approach which can be viewed as
a version of group LASSO where groups do not occur naturally but are rather driven by the
need to reduce the variance, as it is done, for example, in block thresholding. Since we used
tensor approach for derivation of the estimator, we believe that the results of the paper can be
generalized to the case of the multivariate varying coefficient model studied in [41]. However,
this is a matter of a future investigation.
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5 Proofs

5.1 Proofs of the lower bounds for the risk

In order to prove Theorem 1, we consider a set of test vector functions o (t) = (fiw, * » fow)?
indexed by binary sequences w with components

2op—1

frw(t) = wrour + > wpvedn(t), (5.1)

I=lok

where wy; € {0,1} for I = log, lox + 1, -+ ,2lor — 1, k = 1,--- ,p. Let Ky and K1, respectively,
be the sets of indices such that KoN K7 = 0 and u, = u if k € K; and u;, = 0 otherwise, v, = v
if k € Ky and v, = 0 otherwise, so that uvy = 0.

In order assumption (2.3) holds, one needs u < C, and

2lpr—1
VY I+ 1) < (Cy), jET. (5.2)

I=log

By simple calculations, it is easy to verify that condition (5.2) is satisfied if we set
U< Cyy, v =Cy(2op)” xF1/2), (5.3)

where the constancy of v implies that lo; in (5.3) are different for different values of k.

Consider two binary sequences w and @ and the corresponding test functions f(t) = fi, (%)
and f(t) = f(t) indexed by those sequences. Then, the total squared distance in Lo([0,1])
between f,(t) and £ () is equal to

2Uor—1

D? = ? Z |wko — @rol + v Z Z Wi — @pal- (5.4)

keK1 keKy I=lok

Let Pr and P; be probability measures corresponding to test functions f and f, respectively.
Using that, conditionally on W; and ¢;, the variables &; are Gaussian N(0, 1), we obtain that
the Kullback-Leibler divergence (P, P;) between P and P; satisfies

K(Pr, Py) = EZ[QZ —QD)] = @) mE Qi) - )]

where

Qi(f) = Wi f(t:)
and, due to conditions (A2) and (A3),

ElQuh) -] = E(¢-HT et ¢ - b)) =E (Bt - Hin)

~ 2
Wmax E <H(f - f)(tl)H2> < Wmax (bmaxDza

IN

where D? is defined in (5.4).
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In order to derive the lower bounds for the risk, we use Theorem 2.5 of Tsybakov (2009)
which implies that, if a set © of cardinality M + 1 contains sequences wy, -+ ,wps with M > 2
such that, for any j =1,---, M, one has || fw, — fw,| > D >0, Puw,; << Puw, and K(F;, Py,) <
klog M with 0 < k < 1/8, then

VM < 2K >
inf su P(||f —f5lle > D/2) > ——— (1 — 2Kk — . 9.9

Now, we consider two separate cases.
Case 1. Let the first so functions be constant and the rest of the functions be equal to

identical zero. Then, v = 0 and K; = {1, - ,s0}. Use the Varshamov-Gilbert Lemma (Lemma
2.9 of [34]) to choose a set © of w with card(©) > 2%/8 and D? > u?sy/8. Inequality

K(Pfj,Pfo) < (202)71nwmax¢maxU250/8 < HlOg (C&I‘d(@))
is satisfied if u? = 2 0%Kk/(NWmax®max). Then, D? = (500%k)/(4n Wmax Pmax) and u < Cy pro-

vided n > 2 0%k/(C2wWmaxGmax)-

Case 2. Let the first s functions be time-dependent and the rest of the functions be equal
to identical zero. Then u = 0, v is given by formula (5.3), Ko = {1,---,s}. Let rg, k € Ko,
coincide with the values of finite components of vector r. Denote

L= lo.
k=1
Use Varshamov-Gilbert Lemma to choose a set © of w with card(©) > 24/8 and D? > v2£/8.

Inequality KC(P;, Pr,) < xL/8 holds if
v? < (0'2%)/(4” Wmax Qbmax)a
which, together with (5.3) and (5.4) imply that

Y _ 2
lor, = \‘1 (403 nwmax¢maX> 2Tk+lJ +1 1)2 > Cg ES: <4 Cg nwmax¢max> 2rptl

2 02K =16 02K
k=1

where |z] denotes the integer part of x. Condition £ > 3 for any s > 1 is satisfied provided
n 2 Niow-
5.2 Proofs of the large deviation inequalities

Proof of Lemma 1. Let W, be the set of points described in condition (2.2) of Assumption
(A3). Denote the direct product of n sets W, by WE)”. Then,

POVE™) > 1 —2n~ 71,
Consider random matrices
Z;=%3;-Y=Q;0®,-Q®, ( =3IW,) —-EEIW)).
Then, ¢; are i.i.d. with E¢; = 0. We apply the matrix version of Bernstein’s inequality, given

in Tropp [33]:
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Proposition 1 (Theorem 1.6, Tropp (2011)) Let {4, ...,¢, be independent random matri-

ces in R"™*™M2 gych that E({;) = 0. Define
1/2 1/2

)

_ 5N T
o¢ = max Hn;E(CZ’C" )

Tll;E (¢7¢.)

and suppose that ||C;|| < T for some T > 0. Then, for all t > 0, with probability at least 1 — e~

one has
1< t +log(d) ., t+log(d)
n;@ SQmaX{UC - , T " }7 (5.6)
where d = mq + mao.
In order to find a¢s note that
1 n
EZE(QC?) = |ECCDI < [ECETIOWV)( + EE IV ESTION,)|
i=1
= [E[(21© 21)(21 @ 2)IW)] || + [|E[(€21 @ @1)IW,)] [
= |E[(Q1921) © (2120)IW)] || + [EC@IOV)IP[E(®1)]*
< |[E(@120)][[1E [(2:Q20)IWV)] | + [EQIOV) 1P [E(®1)]1%,
and, similarly,
1 n
- SOEETC)| < IE@i®0)]| B [(2:Q20)TIW)] | + [IEQIOV) 2 E(®1)]1%.
i=1
Here,
IE(®1®1)[| < |CF(L+1)@|| = C3(L + 1)Pmax
and
[E[(@2)IW)]| = [E[Wi W W WITW,)] ||
< UZIEW W) = UZ[92 = U wimax,
so that
0¢ < 205U (L + 1) maxmas- (5.7)

Now, observe that, since matrix E(3;I(W,)) is non-negative definite and matrices ®; and €2;
have rank one for any ¢, one has

T = sup €| < 25up [S1IW,)) | = 2sup [RAW|I|81]| < 2C2U2L+1).  (5.8)

Apply Bernstein inequality (5.6) with UZ, and T given by formulae (5.7) and (5.8), respectively.
Then, using (3.10) and ¢ = 7y logn, obtain for any v > 0, with probability at least 1 —n™7

-4 {%UML 1) Gmaximax(1 + B) logn CRUR(L +1)(3 + ) 1ogn}
< 4 max , )
NG n

n

1
=~ G

=1

(5.9)
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Now, in order to apply inequality (5.9) to Z;, observe that Z; — ¢; = 3;,I(Wy) — E(3;1(W;) and

IEEIWVOIP = [IE(QIW;) @ E(®:)|” < [E (uI0V))) [12IE(2))]1?
< (BQIV) B @3 < V2 n'THCH(L + 1)2 (5.10)

due to the fact that E(WU))* <V for any j = 1,--- ,p. Hence, combining (5.9) and (5.10), we

derive
} (W e WE"}) >P ({HiZC
=1

1 n
n
i=1
<z-Cj(L+ 1)p\/Vn1“} N{W e Wf?”}) >1-—n""—2n #*

<z-— HE(El}I(Wﬁ))H} N{W e Wj?"})

> ¢

=1

15
({2

for any z such that

CUA(L+1 ]
z > 4 max CoUu/ (L +1) ¢maxwmax(’}’+5)logn 2(L+1)(y + B)logn
vn -
+ C(L+1)pVVnl-r, -

Note that under condition (3.11), one has
C3(L+1)pVVnl=# < CZUNL+1)n~" log(n).

It is easy to check that, whenever n > Ny where Ny is defined in (3.12), condition (5.11) is
satisfied with

= 4C¢U,u\/n_1 (L + 1)¢maxwmax(')/ + 5) log(n) +5 C;Ui(L + 1)n_1 < A Wmin ¢min7

which implies that
i <|y§ ~3| < hwmin¢min) >1—2p!H — 7, (5.12)

In order to complete the proof, observe that Amin(E) > Amin(E) — |2 — 2| and Apax(E) <
)\maX(E) + HE - EH

Proof of Lemma 2. Note that

-1/2 T -1/2 T ¢\ (4,
w7 (e BTG < n7H? max [(BTE)0Y) Z\ajo\ (5.13)
5 &
T k 2
£ e 57 (BTN Y ﬁ
1<i<nr \| keK; j=11=1 \ kek,
Fix vectors Wy, --- , W, and t. Using Hoeffding-type inequality for sub-gaussian random vari-

ables (see, e.g., Proposition 5.2 in [36]) we obtain that, for any v; > 0,

—1/2 T ]O 2 -
P (n [ax |(B7 €)Y < \/CK V1 Amax(2) log(n)

t,W) >1—epn™ M (5.14)
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where C > 0 is an absolute constant.

For the second maximum in (5.13), we use a corollary of the Hanson-Wright inequality
for sub-gaussian random vectors (see Theorem 2.1 in [30]), which states that, for any matrix
Q € R™ and any 7, > 0, one has

P (”Q£H2 < ||Q||2 + CK2)\max(Q) 72 10g(n)) >1- 2n ",

Applying this inequality with matrix Q = n~1/2 B;;, where B;; is the n x d sub-matrix of

matrix B, and observing that Amax(Q) < 1/ Amax(Z), 1Ql3 < dAmax(E) and d = log n, obtain
for any v > 0

| = 2pL
—-1/2 T e\GF) | < 2 >1_ p
Pn ' max Y [(B £) ] <(1+4CK ‘FVQ)\/AmaX(E) log(n) |6, W | 21— =00
1<I<M kEK;
(5.15)

where we used M = L/log(n).

5.3 Proofs of the upper bounds for the risk
Proof of Theorem 2. The proof is based on fairly standard LASSO theory arguments and

two supplementary lemmas, Lemma 3 and Lemma 4, formulated and proved in Section 5.4.
Fix t and vectors W, j =1,--- ,p. Set 71 = v+ [ and consider a set = of values of the
vector & such that

! (a-a,BTE)| <dlla- allors for €€E, (5.16)

2on

and P(Z) > 1— % — 1—n"" where § is given by formula (3.16). This set = exists according
to Lemma 2.
For any a € RP(L4D) | one has

n~!Ba = Y3+ 6l|allpock < 1 |Boe— Y|3 + 8|ctl[piock-

Using (1.4), for £ € E, one obtains

q — 2 _ 2 2
Ba—a)lz _3[Ble—a);  8|bl;
n

- - — 20|a[p0ck + 26| t|lbrock + 20]|a — |piock-  (5.17)

Denote by J the set of indices corresponding to non-constant functions and 7€ its complemen-
tary set. For 1 < j < p consider sets

Goo=1{j:1<j<p, ajo=0}, Gor=1{j:1<j<p, ajo# 0},
Gjo={l:1<I<M, |lajilla =0}, Gy ={l:1<1<M, |lajil]2 # 0}
It is easy to see that [ € G o whenever j € J¢. Choose ;o = ajo if ajo # 0, ajo = 0 otherwise,

and a; = aj if j € J and [ € Gj1 and a;; = 0 otherwise. Set § = 5. Then, using the fact that
Amin(Z) [[e]l2 € n7Y|Bell3 € Amax(E)]|c||2 for any vector ¢, rewrite inequality (5.17) as

Amin(B)[[A—a)[5 < 3Amax(Z)||( —a)|l5 + 8n"|b]l3 (5.18)
+ 20 Y lajo—ajol +26 ) D llaj —ajla.
JE€Go JET 1€Gj
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Note that
: A 1 & . 86%card(Gy;)
252 Z a1 — ajill2 < 5)‘min(2) Z Z & — aﬂ”% + )\—2] )
jeT 1€Gj je7 |iec, min (%)

and similar inequality applies to the first sum in (5.18). By subtracting 0.5 Amin(2)[/a — al|3
from both sides of (5.18) and plugging in the values of 0 and «, derive for £ € E and any given
(t, W):

e 6hu(S) 8/l "
la-a) < S Y fal+ . (5.19)

)\mln( j=1 1€Gjo 3n}‘max( )

(Gj1)logn

1602 (1 + CK%*(y + B)) (s0 + s) logn . Z 1602 (1 4+ CK*(y + §)) card

3P Amin () = 3 nAmin(2)

6% (1+ CK2(y + ) g
n)\mln(ﬁ)

Choose sets Gj1 so that | € Gjy iff ||a;[|3 > ¢ = and observe that

for any 1 < j < p one has

+CK + card(G1j) logn 302(1 4+ CK ¥ B)2logn
S gl + 22A+ OKVIF B) eard(Gg) log <me<|aﬂu2 L+ RV + P)log )

1€Gjo 31 Amin(Z) 7 Amin(2)

602 (1 + CK*(y + B)) logn
M Amin ()

Application of inequality (5.22) with e = (see Lemma 3) yields that,

for any given (t,W) and & € =

3202 (1 + CK?(v+ B)) (so + s)logn N 16 ||b||3
n)\mln(z) )\max(z)n

QT‘J
2 2 2r;+1 (2—v;) 4
+ Z Cg/(%j"rl) 6o (1 +CK /S’Y + 6)) ! (log n) Vj(?r]]-+1)
; N Amin ()
jeT

Amx@:)
(3

. (5.20)

la—alf <

Now, consider a set 71 € W™ such that (3.13) and (3.14) hold for t,W € F; and a set
F2 € WZ™ such that, by Lemma 4, one has .~ bl < g2 C2Cq%swmax(L+1) 4 Let F = FiNFs.

min = min; ;. Choose L +1 > n'/4 and note that T > 2.
Using (5.24) we obtain ||f f2 < |la— a3 + C2s(L + 1)~2"min, which implies

Denote r] =71 A r and r*

IE —£[13 < [la—al3+ Casn!
Now, (5.20) together with Lemmas 1,2 and 4 imply

P (Hf — 2 < A(sg, 5,7, r)) >1—nY—P(F)>1-8n".
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Proof of Theorem 3. Let sets = and J; be such that (5.20), (3.13) and (3.14) hold
and denote F = EN Fy. Then, P(F) > 1 —4n~7 and (5.20) yields

Ela-al} < E|[la-al3iF)]|+E|la-al3iFo)]

2
o201 2\ 701 ey gE| b2
o= [U B Ogn”( b ) (1og n) ety + SEIDIR) +16pCin™"

Wmin NWmin NWmin NWmax

IN

< C Au;laper(507 s, n, T)a

due to (3.24), (5.27) and (L + 1) > n'/4,

5.4 Proofs of supplementary lemmas

Lemma 3 Let function f(t) = o, axdr(t) satisfy condition (A4), i.e.

(o)
S lapl (k+ 1) <CY v =r+1/2- 1y, (5.21)
k=0
for some C, > 0,1 <v <ooandr>min(1/2,1/v). Let a; be blocks of coefficients ay of length
d, so that a; = (ag_1ya41, " >@d)- Then, for any e >0 one has
>0 ) 2 5, (2w
> min(|lay|3,ed) < CF T drEE, (5.22)
1=0

Moreover, if ' > 2 and basis {¢r} satisfies assumption (A1), then

J
1f = Frlloo < CaCo(J + 1)1 with f5(t) =Y axei(t). (5.23)
k=1

Here, r* = min(r,r’), (z)+ = x if > 0 and zero otherwise.
Proof. First, let us show that for J > 1

> ap<CIHI+1)7. (5.24)
k=J+1

Indeed, if v > 2, the Cauchy inequality yields

00 0o ) 2/v oo ol 1-2/v U_9 v/2—1
Y a4 < (Z yaky”w> (Z k‘) gc};( 2w> (J+1)7%.

k=J+1 k=J+1 k=J+1

Since (v — 2)/(2rv) < 1 for v > 2, inequality (5.24) holds. If 1 < v < 2, then

00 2—v oo
2 —r'y vyr'v 2 —2r’
Y @ < (kmjfk) (J+1) (2: axlk )scaml) ,

k=J+1 k=J+1

so that (5.24) is valid.
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Now, using (5.24), we prove (5.22). Again, we consider cases ¥ > 2 and 1 < v < 2,
separately. If v > 2, then partitioning the sum into the portion for [ < J and [ > J (which
corresponds to k > Jd), we derive

(o)
Y “min(||ay|3,ed) < Jed+ Cr(Jd)7*.
=1

Minimizing the last expression with respect to J, we obtain (5.22) without the log-factor. If
1 <v <2, then

> min(|lag]3,ed) < Jed+ (de) 2D ayls.

=1 I=J+1
Since for 1 <v < 2
1d 1d 2/v
lalz =Y ap < > al” :
k=(1—1)d+1 k=(1—1)d+1
one has
o0 oo
!
STllals < > Jal” < CE(Jd+1)T
I=J+1 k=Jd+1
and

> min(|[alf3,ed) < Jed + CY(de)' /2 (Jd)T.
=1

Minimization of the last expression with respect to J yields (5.22).
In order to prove (5.23), observe that for any J > 1 and r* > 3/2, one has

oo | JI+1)—1 J(I+1)—1

If=fille < sup > 4l Y. Al Y dRt) < CaCy > VIIJI+1)T
=1

tel0,1] ;= k=Jl k=Jl

which completes the proof.

Lemma 4 Let v} =r; Ar and v}, = min; 77 > 2 in assumption (A4) and

Zmax{(wmvi (wﬁ)}

) 5.25
2 goWmax 92 ( )

logn
Then, for any ~ such that condition (3.12) holds, one has
P ({n bl3 < g2 C2C3 swmax(L+ 1)} N {W e WE™}) > 1—2n77 — 2071 (5.26)
Here b is the vector with componentsb; = Wxp(t;),i=1,--- ,n, where p(t) = (p1(t), - , pp(t))T
and p;i(t) are defined in (1.2).
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Proof. Introduce i.i.d. random variables (; = bg — Ebg with Ef; = 0. By direct calcula-
tions, it is easy to check that, for any i,

p 1 1 P
Eb; = E(n'[bl3) = > 9(”’”’)/0 pjl(t)pjz(t)g(t)dtSQQ)\max(Q)/O > Pyt
j=1

J1,j2=1

so Lemma 3 yields

IN

E (n~![b|3) 920203 Wrpaxs (L + 1) "2+l (5.27)
op =EB? < Eb} < g5ChC3s%w? (L + 1) Wrimin=2), (5.28)

max

It is also easy to see that, for any i and W € WS)", by (5.23), one has,
Up = max(b?) < max p(t)113 Amax (WiWT) < C2C3C, U2 s(L+1)"min=b_ (5.29)

Now, applying Bernstein inequality to 3; = BIW,) —E(BIW,)),i =1, ,n with o}
and U, given by (5.28) and (5.29), respecively, and ¢ = «ylog(n), one obtains, for any v > 0,
with probability at least 1 — n”

1 <~ -
(n ;Bi

Since B; — B; = BiI(WS) — E (BI(WS)), derive
1<~ -
- Z;B

< z— 292020; WmaxS(L + 1)_2Trtlin+1} N {W € WE"}) >1—n"Y—2p HtHl

§2max{ab (VJF/@?;)lOg”,Ub(wrﬂ)log”}. (5.30)

n

P({n '|bl3 <z} n{WeWwWs"})>P ({
(fle

=1

<o om <n1ubn3>} n{we w;?“})

for any z such that

(v + B)logn

n

Uy

+2 g2C2C5 Wimaxs(L + 1) 72 min L,

1
z22max{ab (v +5) ogn}
n

For n satisfying (5.25) one can choose

z= 4920303) WmaxS(L + 1)*27”&““_
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