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The risk analysis in portfolios of credits, or life insurance contracts, is
made difficult by the nonlinearities of risk models, the dependencies between
the individual risks, and the large size of the portfolios, which can include
several thousands of contracts. The granularity principle has been intro-
duced in the Basel II regulation for credit risk to solve these difficulties when
computing the reserves. The principle requires three steps. First, the mod-
elling step considers a Risk Factor Model (RFM), which distinguishes the
systematic risks from the unsystematic risks. Second, this model is applied
to a virtual portfolio of infinite size, leading to the so-called Asymptotic Risk
Factor Model (ARFM). This gives in general explicit formulas for the Value-
at-Risk and other risk measures, and thus for the required capital. Third,
for a portfolio of large but finite size, closed form approximations are de-
rived from an expansion around the ARFM. This provides the granularity
adjustment for the required capital. In fact, the granularity principle can be
applied to a variety of related problems. It can be applied for instance for
efficient estimation in panel factor models with micro- and macro-dynamics,
for improving macro-predictions from micro-data, or for pricing derivatives
written on large portfolios. The aim of this book is to provide a first overview
of granularity theory by following a progressive pedagogical approach.

This state-of-the-art book on granularity theory is ideal for graduate stu-
dents, researchers and professionals. All will benefit from the emphasis on
practical aspects of financial and insurance risk modeling. Doctoral candi-
dates will appreciate the inclusion of mathematical derivations of the deeper
results as well as the more advanced questions concerning risk control and
credit derivative pricing. By establishing the link between Basel III and Sol-
vency II regulations, the book also addresses the needs of applied researchers
employed by financial institutions. A minimal background in statistics and
finance is required, but easily completed by the review chapters included in
the book.
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Chapter 1

Introduction

The granularity principle is a methodology to perform asymptotic expansions
for panel models with common factor and large cross-sectional size. The panel
observations are doubly indexed by individual and time. The granularity

principle consists of two steps:

i) First, one analyzes the Cross-Sectional Asymptotic (CSA) model

corresponding to a (virtual) panel with infinite cross-sectional size n = co.

ii) Second, the cross-sectional size is assumed large, but finite, and an

expansion in 1/n is performed around the asymptotic model.

The granularity approach has been first introduced to analyze the risk in
large financial portfolios, and in particular to get accurate approximations
of the required capital in the framework of the recent Basel 2 regulation [see
BCBS (2001), Gordy (2003) and Chapters 6, 7]. The same principle can be
used for large portfolio management, or for pricing derivatives written on
large sets of risks such as longevity bonds, or derivatives written on an index
of Credit Default Swaps, such as the iTraxx (see Chapter 5). This principle
can also be used for analyzing the asymptotic behavior of estimators in large
panel models, or for obtaining approximate filtering and prediction formulas
of the underlying unobservable factor (Chapters 2-5).

9



10 CHAPTER 1. INTRODUCTION

The importance of granularity theory is due to a lack of robustness of the
standard asymptotic theorems, such as the Law of Large Numbers (LLN)
and the Central Limit Theorem (CLT), in presence of a common factor. We
briefly review in Section 1.1 the standard asymptotic theorems with their
underlying regularity assumptions. In Section 1.2, we modify the standard
regularity assumptions by introducing a common unobservable factor and
discuss the new asymptotic behavior of the sample mean of the observations.
Finally, in Section 1.3, we present the different panel models with common

factor to which the granularity theory will be applied.

1.1 The Basic Asymptotic Theorems

In the basic framework, the asymptotic theorems are presented under a sim-

ple set of regularity conditions.

Assumption A.1: The observations Y;, i = 1,...,n, are independent, iden-

tically distributed, with finite second-order moments.

The observations Y; can be multidimensional, with dimension K, say. The
mean (resp. the variance-covariance matrix) of Y; is a (K, 1) vector denoted
by m = E(Y;) [resp. a (K, K) matrix denoted by V(Y;) = X]. The compo-
nents of the mean vector are the expectations of the components of Y;. The
variance-covariance matrix contains the variances of the components of Y;
on the diagonal, and the covariances between pairs of components out of the
diagonal.

Then, we have the two following theorems:

Theorem 1.1: Law of Large Numbers (LLN). Under Assumption A.1,

_ 1 —
the sample mean Y, = — g Y; converges almost surely to the theoretical
n
i=1

. X/ a.s.
mean m, that is, Y, — m, as n — o0.

Theorem 1.2: Central Limit Theorem (CLT). Under Assumption A.1,

the sample mean is asymptotically (multivariate) Gaussian, that is, \/n(Y, —
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m) <, N(0,%), where % denotes the convergence in distribution as n — oo.

Thus, the first term in the asymptotic expansion of Y,, is deterministic equal
to m (by LLN), whereas the second term is stochastic of order 1//n (by
CLT).

The LLN and CLT are used in statistics and econometrics to prove the
consistency and asymptotic normality of maximum likelihood and moment-
type estimators (under standard regularity assumptions). They can also be
used to derive core results in economic and finance theory. As an illustration,
let us consider n risky assets ¢ = 1,...,n, with unitary price at date ¢ and
returns Y; ;11,4 = 1,...,n on period (¢, + 1). Let us assume that the risky
returns satisfy Assumption A.1 with mean m; and variance ¥;, and denote

1+ the riskfree return on the same period.

A portfolio including 1/n shares of each risky asset has a unitary price at
date ¢t and a return on period (¢, + 1) equal to the cross-sectional average
_ 1 — _
return Yy, 141 = — th“' By applying the LLN, we see that Y, ;41 tends
n

i=1
to my. Equivalently, in financial terms:

Proposition 1.3: Under Assumption A.1, the risk is totally eliminated by

diversification for a large size portfolio.

Since the (asymptotic) portfolio is riskfree, we deduce by no-arbitrage

that m, = 77, (see Review B.2 for the definition of no-arbitrage).

Proposition 1.4: Under Assumption A.1 and no-arbitrage, the (condi-

tional) expected return of the individual assets is equal to the riskfree rate.

Thus, in an economy satisfying Assumption A.1, the individual assets
cannot generate a conditional expected return strictly larger than the riskfree

rate. Equivalently, they necessary pay a zero risk-premium.
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1.2 A Lack of Robustness to Cross-Sectional

Dependence

The LLN and CLT can be extended to sequences of variables satisfying
weaker conditions than Assumption A.1, for instance to stationary time se-
ries, or to variables with heterogenous distributions. However, the limit the-

orems can be strongly modified for other changes in the basic assumptions.

As an illustration, let us assume that the one-dimensional observations

are such that:
Y, =F+wu;, i=1,...,n, (1.1)

where F,uq,...,u,, are independent variables, uq,...,u, have a same dis-
tribution with zero-mean and variance o2, and F is a random variable with
mean j, variance 1%, and probability density function (pdf) g. The variables
Y;, i =1,...,n have identical marginal distributions with mean E(Y;) = u,
variance V (Y;) = o2 + 7% However, these variables are dependent due to the

common factor F. For instance, the correlation between two observations is
2

n . .
Corr(Y;,Y;) = Ry for 1 # j.

Let us consider the sample mean. We have:

N 1 &
YH:E;YQ:F—FE;W.

By applying the LLN to the average of the idiosyncratic terms u;, we deduce

the following asymptotic behaviour:

Proposition 1.5: Under factor model (1.1), the sample mean tends to the
factor value. In particular this limit is stochastic and different from the

common mean E(Y;) = .

In financial terms, the ”idiosyncratic risks” u;,i = 1, ..., n can be diversified,

but not the common risk! F. Thus, diversification cannot totally eliminate

1Often called systematic or systemic risk in the financial literature.
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the risk.

Let us now consider the asymptotic distribution of the sample mean of

variables Y;.

i) If the cross-sectional dimension n is infinite, we have lim Y, = F' and

n—o0o

the asymptotic distribution of the sample mean is simply the distribution of
F.

ii) If n is large, but finite, we obtain a more accurate approximation of
the distribution of this mean by applying the CLT to w4, ..., u,, conditional

on factor F'. Conditional on factor F', we have approximately:
Y,|F < N(F,02/n).

Then, we can integrate out the unobservable factor to get the approximate
pdf of Y,, as:

1 n(y — f)°
ha(y :/7@@{_7 g(f)df,
D= Jarotin 22| I
that is, a mixture of Gaussian distributions. In the limiting case n — oo,
the Gaussian kernel concentrates at its mean and h,, tends to g, which cor-

responds to limiting case i).

In this example we have to distinguish between the cross-sectional
asymptotic (CSA) analysis corresponding to the virtual situation n = oo
and to the limiting distribution h.(y) = g(y), and the granularity adjust-
ment (GA), equal to h,(y) — g(y), which has to be applied when n is large,
but finite.

The derivation above relies on the application of the standard LLN and
CLT conditional on factor F. When the conditional application of asymp-
totic theorems is possible, the model is said to be infinitely granular or
infinitely fine grained. The granularity terminology has been first intro-
duced by Gordy [Gordy (2003)]; see also Wilde (2001) and Martin, Wilde
(2002).
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1.3 Panel Model with Common Factor

We first define the notion of homogenous population before describing the

panel models of interest.
i) Homogenous population

The difference between model (1.1) and the i.i.d. Assumption A.1 is the
dependence between observations, which is the same across any pair. This

leads to the definition of an exchangeable, or homogenous, set of variables.

Definition 1.6: A set of variables Y;,i = 1,...,n is exchangeable (or
homogenous), if and only if the distribution of Y1, ... Y, is the same as the
distribution of Yy, ..., Ye(m), for any permutation o(-) of the set of indexes.

The notion of exchangeability is also valid for a set of individual histories
Yi=(Y1,...,Yis,...),i=1,...,n, that is, for panel data.

Loosely speaking, the exchangeability condition requires that all the in-
dividuals are equivalent. This condition is satisfied for an i.i.d. sequence of
variables, but it is also compatible with a specific form of dependence (called

equidependence) between the variables, as seen in model (1.1).

A representation theorem for an exchangeable (homogenous) set of vari-
ables has been first derived by de Finetti (1931) and extended by Hewitt,
Savage (1955). We provide below the version of this theorem appropriate for

panel models.

Theorem 1.7: Factor representation of an infinite set of exchange-
able histories (n = o0). The infinite set of histories Y; = (Yis, t € N),i =
1,2,..., is exchangeable, if and only if there exists an underlying factor pro-
cess ' = (F;,t € N) such that the individual processes Yy, ...,Y,, are i.i.d.

conditional on process F', for any n € N.

The underlying factor process is generally multidimensional. Theorem
1.7 implies that an homogenous (exchangeable) set of histories is such that
the standard LLN and CLT can generally be applied conditional on factor
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path I, that is, this set is infinitely fine grained.
ii) Homogenous dynamic panel models

In the rest of the book, we generally consider an homogenous set of in-
dividual histories with state space dynamics. In terms of autoregressive

equations of order one ?, these models can be written as:

State equation:

Fy=a(F—1,me), (1.2)

Measurement equations:
Yir = C(yi,t—h Ey gi,t)a 1= ]-7 - N, (13)
where 1, t € N, and ¢;4, ¢ = 1,...,n, t € N, are i.i.d standard Gaussian
vectors. Thus, the dynamics of individual histories (y;+),7 = 1,...,n is de-

fined in two steps. For fixed factor path, there is an individual dynamics, or
microdynamics, defined by autoregression (1.3). Then, the common dy-
namics, or macrodynamics, of the factor defined by (1.2) will also influence

the individual histories.

Functions a and ¢ can be nonlinear, which will induce complicated serial
dependence and codependence between the variables. However, model (1.2)-
(1.3) is tractable, since the joint process (Fi, Y1, ..., Yn:) depends on the
past by lagged values of order 1 only, which is the Markov assumption on

this joint process.

In economic or financial applications, special cases of model (1.2)-(1.3)

are considered. For instance, the "standard approach” of Basel 2 regulation 3

2They can equivalently be written in terms of transition distributions (see Appendix

1.4). We use in the next chapters one, or the other specification.
3The Basel 2 regulation allows for a choice between a basic risk analysis, called stan-

dard approach, and more sophisticated ones, called advanced approach. Ceteris
paribus, the required capital is higher under the standard approach. In our framework,

an advanced approach may consider multiple and dynamic factors, for instance.
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suggests a static model, that is a model without micro- or macro-dynamics,

and with Gaussian factor, such as:

State equation: F, = 1y, (1.4)

Measurement equations: y;; = c(Fy,e0), 1=1,...,n. (1.5)

The standard Gaussian linear state space model, which underlies the

implementation of the linear Kalman filter, assumes:

State equation: F, = ®F,_1 +n, (1.6)
Measurement equations: y;,;, = o+ F+e,, i=1,...,n. (1.7)

In this latter model, the whole dynamics passes through the common factor
and this dynamics corresponds to a Gaussian Vector AutoRegressive (VAR)

model.

1.4 Summary

In an homogenous population, the dynamics of individual histories can al-
ways be represented by means of unobservable dynamic factors. When the
joint dynamics of (F}, ;4@ = 1,...,n) admits an autoregressive state space
representation, the model is easy to simulate, and the cross-sectional asymp-

totic analysis easy to interpret, as seen in the next chapters.
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1.5 Appendix: Autoregression and Transition

Density

i) One-dimensional continuously-valued process

Let us consider a one-dimensional process (F;) with continuous distri-
bution, and denote by H(f;|fi—1) = P[F; < fi|Fi—1 = f;—1] its transition
cumulative distribution function (cdf). We have the following Lemma (see
also Review A.1):

Lemma 1.8: The variable nf = H(Fi|F;—1) is independent of F,_y and

follows a uniform distribution on (0,1).

Proof: We have

P[U? < U|Ft—1 = ft—l] = P[H(Ft‘Ft—l) < U‘Ft—l = ft—l]
= P[F, < H ' (u|fi—1)|Fi—1 = fi-1]
= HH ulfi)lfir] = u, Ve (0,1),

where H!(u|f;_1) denotes the inverse of H(f|f;_1) with respect to f. The

result follows, since G(u) = w is the cdf of the uniform distribution on (0, 1).
QED

Thus, 7, = @ !(n}), where ® is the cdf of a standard Gaussian distri-
bution, is also independent of F;_; and is N(0,1) distributed. We have
=@ (n;) = @ H(F|F;—1)]. We deduce the autoregression:

Fy = H® ()| Fia] = a(Fi_1, m), (say).

This type of result can be extended to multivariate processes, but also to dis-
crete, or qualitative processes [see e.g. Gouriéroux, Monfort (1996), Section

1.4 and the reference therein].

ii) The exchangeable dynamics in terms of distributions
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Let us introduce the information available at time ¢ — 1:

Jio1 = (Ft—h Yit—1,-- - Ynt—1, Fi o, Y1,t—25- - Ynt—2, - - )

The conditions equivalent to (1.2)-(1.3) are the following:

State equation: The conditional distribution of F} given J;_; depends on the
past by means of lagged factor value F;_; only. The transition density of the
factor is denoted by g(fi|fi—1)-

Measurement equations: Conditional on (J;_1, Fy), the variables yi4, ..., Yt
are independent. The conditional distribution of y;; given (J;_1, F;) depends
on (y;¢—1,F;) only and this dependence is identical for all individuals. The
conditional pdf is denoted by h(y; +|yi+—1, fi), with function h independent of
individual .

iii) The joint distribution of individual histories

We deduce the joint density of (F},y14,...,YUne,t = 1,...,T) given the

initial values fo,¥10,...,Yno. It is given by:

H { (H h(Yi el Yie—1, ft)) g(ft|ft—1)} :

t=1 i=1

Then, by integrating out the unobservable factor path, we get the joint den-
sity of the individual histories only (given Jy) as :

/.. / H { (H h(yit|Yi-1, ft)) g(ft|ft_1)} det,

This joint density involves an integral of a very large dimension, i.e., a di-
mension equal to the number of dates multiplied by the number of common

factors, which explains the need for tractable approximations of this density.
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Chapter 2

Gaussian Static Factor Model

The linear static factor model with Gaussian errors is a benchmark in panel
econometrics [see e.g. Rao (1971), Harville (1977)], portfolio management
[Markowitz (1952), Lintner (1965)], and arbitrage pricing theory [Ross (1976),
(1982), Chamberlain, Rothschild (1983)]. This type of panel model is com-
pletely analyzed in this chapter. In Section 2.1, we first discuss the model
and its structure. Then we make explicit the granularity adjustment for the
estimation of micro- and macro-parameters in Section 2.2. Granularity ad-
justment for portfolio management is considered in Section 2.3. For both
applications, we discuss the introduction of individual heterogeneity in the

basic exchangeable model.

2.1 The Model

The panel model considered in this section is known in the literature as the
variance-component, or random effect model. Its simplest version allows
for a closed form expression of the maximum likelihood estimators, easy to

interpret and to analyze [see e.g. Searle (1971)].
i) The regressions

Let us first introduce the state and measurement equations [see (1.2)-

21
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(1.3)]. We assume one-dimensional observations y; ; and factor F;, and impose

a linear static structure. Then, the state equation is:
F, = wy, (2.1)
whereas the measurement equations are:
Yir=Fi4e,, i=1,....n, (2.2)

where (u;) and (g;;) are i.i.d. Gaussian variables, u; ~ N(u,n*) and &;; ~
N(0,0%). Note that the errors in both the state and measurement equations
have not been standardized and that the error in the state equation is not
zero-mean.

The model (2.1)-(2.2) is called Gaussian Linear Single Risk Factor
(LSRF) model. It involves two types of parameters: p and n? are macro-
parameters associated with the common factor, whereas o2 is a micro-parameter
summarizing the individual (or idiosyncratic) risk. We will come back later
on the micro- or macro-interpretations of these parameters. The model (2.1)-
(2.2) has been used rather early in the literature on risky individual contracts.
This is the Buhlmann model considered in the actuarial science, which is the
basis for credibility theory [Buhlmann (1967), Buhlmann, Straub (1970)].

ii) First- and second-order moments

Let us denote by 9 = (Y14, - .., Yn+)" the vector of individual observations

at date t. We have:
E(g) = pe, (2.3)
where e is the (n,1) vector with unitary components e = (1,...,1). The

variance-covariance matrix of g, is:
V(7)) = o*Id + n*ee’ = Q, say, (2.4)

whereas the random vectors 7; and gy corresponding to two different dates

are uncorrelated. The dependence between individual observations (i.e. the
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cross-dependence) is captured by the term n%ee’ in the variance-covariance

matrix, which makes (2 non diagonal.

It is interesting to analyze more deeply the structure of variance-covariance
matrix 2. For this purpose, let us first remark that the matrix M; = ee’/n
[resp. My = Id — ee’/n] is the orthogonal projector on the 1-dimensional
linear space generated by vector e (resp. on the (n — 1)-dimensional linear
space orthogonal to the space generated by vector e). We recall that a ma-
trix M is an orthogonal projector if it is symmetric and idempotent, that is,
M’ = M and M? = M. The variance-covariance matrix can be decomposed

in terms of orthogonal projectors as follows:

e€e e€e
QO =0c%(Id— —)+ \N— 2.5
o*(1d ~ %) 1 22 (25)
with:
N = o? + nn?. (2.6)

The decomposition (2.5) can be used to derive the spectral decompo-

sition ! and the inverse of matrix  (see Appendix 2.4).

Proposition 2.1: i) The matriz Q admits as eigenvalues o, with multiplicity
order n — 1, and \* with multiplicity order 1. The eigenspace associated with
A2 is the space € generated by vector e. The eigenspace associated with o? is
the vector space £+ orthogonal to €. In particular, det Q = (o)~ 1\2.
ii) The inverse of Q) is:
ee 1 ee

1
O t=—(Id-— ——.
S(1d—)+

o A on

iii) The cross-sectional distribution of the observations
In terms of the transition and measurements pdf’s [see Appendix 1.4 ii)],
model (2.1)-(2.2) can be specified as:
1 (fe — w)* }
2
3L, = expy ———— ¢, 2.7

!The spectral decomposition of a matrix is the set of its eigenvalues and the associated

eigenvectors.
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and

h(yiel fr0°%) = . eXp{—M}. (2.8)

2mo? 202

Thus, the density of g; is [see Appendix 1.4 iii)]:

(G 0%, )
B /Hh(yz-,tlft;02)g(ft;u,n2)dft
=1

1 1 1 .
i /Wexp{_fﬂz(y“_m}WGXP{—W(ft—u>2}dft.

This joint pdf has a simplified expression, which can be derived directly
by noting that the vector g, is Gaussian g; ~ N(ue, ) [see Subsection ii)].
We deduce that :

0" ) = g 0 { 30— e =) |
By Proposition 2.1, we know that:
det Q = (0%)" 1 \?, Ol=—(Id— —)+ ——.
We deduce:

l(@tv 027 ,LL, )\2)
! e
(Qﬂ)n/z(JQ)"T*l()\z)l/Q

1 ee .
- ﬁ(yt — ue)’;(yt — ue)} :

1. , ee .
Xp {—ﬁ(yt — pe) (Id = —) (g — pe)

This likelihood is written in terms of the new parameter A? and this parame-

ter involves the number n of cross-sectional observations [see equation (2.6)].
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ee’

Since (Id — —)e = 0, we get:
n

1 1 ee’
177 2 )\2 — _ 7 (Id — ~
(yta o, H, ) (27‘(‘)”/2(0'2)";1 ()\2)1/2 €Xp { 20.2 yt( n )yt

— sl e

Let us now introduce the following cross-sectional summary statistics of

the panel data:
1 n
Uy = - Zl Yit (2.10)

is the cross-sectional sample mean of the individual data, and:

n

1 _
of =3 (e = 7). (2.11)

i=1
is its cross-sectional variance. It is easily checked that:
(e —pe) = n(y—p), (2.12)

i ee . 9
yt([d—;)yt = noj. (2.13)

By substituting in the expression of the pdf, we get:

U§; 02, py A?)

— 1 n 2 n _ 9
T (2m)2(02)(=D/2(\2)1/2 exp {_@Ut - W(?Jt — i) } . (2.14)

This means that the pair (g;, 07) defined in (2.10)-(2.11) is a sufficient statis-

tic to capture all the information contained in the observations of date t.

2.2 Estimation of the Parameters

i) Maximum likelihood (ML) estimators
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From the simplified expression (2.14) of the cross-sectional pdf, we deduce

the log-likelihood function:

T
Ln,T(027 M, )‘2) = Z 1Og l(gtu 027 M, )‘2)
t=1

T T(n—1 T
= —% log(2m) — L) log o — 3 log \?
n T n T
T 52 o — e > @ —w)’ (2.15)
t=1 t=1

The log-likelihood function can be first optimized with respect to the mean

parameter u. The first- order condition is:

aLn,T
op

T

— Z(?jt—ﬂ)zo

t=1

T
1
—_— u==3 4. 2.16
0 T;lyt (2.16)

(0% 11, A%) =0

Let us now introduce the following additional summary statistics of the

T n
= nLTZZ?Ji,t, (2.17)

t=1 i=1

observations:

N[l

is the sample average over all observations,

1 T

B(y) = T Z(@t - 7)% (2.18)

t=1

is the variance between the cross-sectional averages of different dates, and:

W(y) = % >t (2.19)

is the sample average of the variances within dates.
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From (2.16), the ML estimator of the mean is:
[ = 7. (2.20)

Then, the log-likelihood can be concentrated with respect to parameter pu.
The concentrated log-likelihood, that is the log-likelihood preliminarily opti-

mized with respect to pu, is:

T Tn—1 T
L;,T(a27 )\2) = —% log(2m) — L loga2 -3 log A2
nT nT
) - ——B(y). 2.21

This concentrated log-likelihood is the sum of a function of o and a function
of A\2. Therefore, the optimizations with respect to these parameters can be

performed separately. We get:

R n
Gir = W), (2.22)
Xy = nBly), (2.23)

and the ML estimator of n? is deduced by using equation (2.6).

The results above are summarized in the following proposition:

Proposition 2.2: The maximum likelithood estimators of the parameters are:

Wiy)
n—1

N = ~ n o
fing =T,  Oop= — W), My = Bly) —

Thus, the ML estimators of the parameters have closed form expressions
in the basic variance component model. They are functions of the total
empirical mean, and of the within and between variances. Their properties

will be deduced from the properties of these three summary statistics.
ii) Asymptotic behaviour

As usual in panel models, there exist different settings for asymptotic
analysis, since we can have either n large, or T large, or both n and T

large. The appropriate asymptotic setting depends on the application and
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the available data. In the applications we are interested in, the individuals
are typically financial assets, contracts, or companies, and the number n can
be of the order of some thousands. The order of the time dimension T is
related to the frequency of observations. The number of observations dates
can be about 20 — 50 with yearly data (e.g., for corporate rating histories),
or of the order of some hundreds with monthly data (e.g. for households
mortgages).

Let us assume that the time and cross-sectional dimensions 7" and n are

both large, and focus on the effect of n.

(*) The ML estimator of p can be decomposed as:

n

1 T 1 T n
(Ft—i-&t):T;E—f‘ﬁzz&t.

t=1 =1

1 T
/ln,T = ﬁ Z

t=1 =1

Thus:

T n

. 1 1
fin — 10 =7 D (F—p)+ T YD e (2.24)

t=1 t=1 i=1

The first term in decomposition (2.24) is Gaussian, zero-mean, with order
1/ VT, while the second term is Gaussian, zero-mean, with order 1 /VnT.

Moreover, the two terms are independent. We have:

2 2
. n o
Vfinr) = T + T

When n = oo, only the first term matters, and the speed of convergence of
the estimator of y corresponds to the number of observation dates T', which
is compatible with the interpretation of 1 as a macro-parameter. When n is
large, but finite, the second term in the decomposition provides the necessary

adjustment for the cross-sectional effect, that is, the granularity adjustment.
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(**) The ML estimator of 0% can be written as:

T T n
. n 1 1 _
0721,T = n—l?z fz(yivt_yt)Ql
t=1 L= =1
T T n
n 1 1 B
- Y e
t=1 L i=1
n
= Wie).
— W)
Since the idiosyncratic errors are i.i.d. Gaussian, the variables

Z(‘Eivt — &;)%*/0?, t varying, are independent, with chi-square distribution
i=1
x*(n —1). Then, by the CLT we deduce that that 67, ;- tends to ¢ at speed

1/v/nT. This speed involves the total number of observations nT', which
corresponds to the interpretation of the idiosyncratic variance as a micro-
parameter. In the limiting case n = oo, the estimator coincides with the true

parameter value o2. Thus, the order of the granularity adjustment is equal
n
to the order of 1W(5) — 0, that is, to the order 1/v/nT.

n —

(***) Let us finally consider the behavior of the estimator of n* for infinite

cross-sectional size n = oco. For n = oo, we get:

T
1 _
9 _ _ =2
Mo = B(y)—T;:l(Ft‘f‘&—F_g)
1 T
= IR

t=1
since & = &€ = 0, by the LLN. Thus, the CSA ML estimator is equivalent
to the empirical variance of the factor; it tends to n? at speed 1/ VT, corre-

sponding to the interpretation of 7% as a macro-parameter.
The results above are summarized in the Proposition below:

Proposition 2.3: i) If n = oo, the estimator of 0% is constant equal to the

unknown true parameter value. The estimators of i and n* are stochastic;
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they tend to the true value of the associated parameters when T tends to
infinity, at the macro-speed 1/\/T

ii) The different estimators are consistent, if both n and T tend to infin-
ity, with different speeds of adjustment, that are the micro-speed 1/ VnT for
parameter o2, the macro-speed 1/\/T for parameters j and n?.

The difference between cases i) and ii) in Proposition 2.3 provides the gran-
ularity adjustments for the distributions of the maximum likelihood estima-

tors.
iii) Finite sample behaviour

Let us now investigate the finite sample behaviour of estimators fi, r,
o ¢ and 7 ;. Figures 2.1, 2.2 and 2.3 display the pdfs of these estimators
for different combinations of cross-sectional and time sample sizes, that are
n="7T=20,n=20and T = 100, n = 100 and T" = 20, n = T = 100.
The true values of the parameters are u = 0, 02 = 1, > = 1. The pdfs
of the estimators are obtained by simulating 10,000 independent samples,
computing the estimates of i, 02 and n? for each sample, and then computing

the kernel density of the estimates.
[Insert Figure 2.1: Pdf of estimator fi, ;.]
[Insert Figure 2.2: Pdf of estimator &7 ,.]
[Insert Figure 2.3: Pdf of estimator 77, ,.]

In Figure 2.1 it is seen that the pdf of the estimator of i is centered around
the true value of the parameter. The pdf gets more concentrated when the
time dimension T of the sample increases (compare left and right panels),
but is rather insensitive to the cross-sectional dimension n (compare upper
and lower panels). This finding is compatible with the asymptotic analysis
in the previous section and the macro-speed 1/ VT of parameter p. The pdf
of estimator fi,r is Gaussian for all sample sizes, since the estimator is a
linear transformation of the Gaussian data.

Figure 2.2 shows that the variance of the estimator of 02 decreases, when
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either the time dimension 7T or the cross-sectional dimension n increase.
This confirms the interpretation of o2 as a micro-parameter with rate of
convergence 1/v/nT. The pdf of &7 appears rather close to a Gaussian
distribution for the considered sample sizes. In fact, from (2.25) the finite
sample distribution of &7 ;- is o*x*[(n — 1)T]/[(n — 1)T]. Finally, in Figure
2.3 it is seen that the distribution of the estimator of parameter n* gets
more concentrated around the true value when the time dimension increases,
but not when the cross-sectional dimension alone increases. Indeed, we have
seen in the previous section that parameter n? admits a macro interpretation
and its estimator features a 1/ VT rate of convergence. For sample size
T = 20, the distribution of estimator 72 ;» is rather far from Gaussian, even
for n = 100. The distribution is close to Gaussian for 7" = 100.

iv) Choice of the state-space representation

There exist different state space representations of a same dynamic system
with unobservable factor since the notion of factor is not defined in a unique

way. For instance system (2.1)-(2.2) can be equivalently written as:
System (1):

State equation: Fy = pu+nuy, uy ~ IIN(0,1),

Measurement equations: v,y = F; +0e;y, €14~ IIN(0,1).
System (2):

State equation: Fy = nuy, u, ~ IIN(0,1),

Measurement equations: y;p = p+ Fy + oei, €0~ IIN(0,1).
System (3):

State equation: Fy, = uy, u; ~ IIN(0,1),

Measurement equations: y;p = p+ nky +oeiy, €0~ 1IN(0,1).

For a relevant economic interpretation, it is preferable to select a repre-
sentation including the micro-parameters in the measurement equations and

the macro-parameters in the state equation. We deduce ex-post from the
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analysis of the asymptotic properties of the estimators (see Proposition 2.3)
that the appropriate state-space representation is System (1), that is, the
initial representation (2.1)-(2.2).

v) Model with observed heterogeneity

The results derived for exchangeable panel models can be extended to
models including observed heterogeneity. To highlight this point, let us

consider the following extension of model (2.1)-(2.2):
State equation: Fy = uy, uy ~ TTN[u, n?],

Measurement equations: y;p = BiFy +¢€ir, €ix ~ IIN(O, 02),

where (3;, 1 = 1,...,n, are known scalars.

The parameter 3; represents the sensitivity of observation y,; to factor
F;. In the model above the sensitivities can differ across individuals. The
sensitivities are usually called beta’s in the financial literature, which justifies

our notation.

By following an approach similar to the method used for the model with-

out heterogeneity, we get (see Appendix 2.4):

Lor(0?, 1, \?) = _nt log(27) — Tn=1) log o? — r log \?
2 2 2
R T U (A (R )i
—QUQtE;yt(Id—ﬁﬁ/w)yt—W;—w ,

where the new parameter \? is equal to A\ = o2 + n?3'8.

Let us focus on the estimation of the factor mean u. By writing the

first-order condition with respect to u, we get:

. 1 3%
finr(B) = = = (2.25)
' T; 68

This estimator admits a two step interpretation. Let us consider the model
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for given date t, i.e,
yi,t:ﬁiFL‘—i_éi,tu /L.:]_,...,n, €Z‘tNIIN(0,O'2).

This cross-sectional equation could be considered as a regression model, with
unknown regression parameter F;. In this case, F; would be approximated

by the cross-sectional OLS estimator:

Foe=B5,/8'8. (2.26)

Intuitively, the common factor expectation p = E(F}) is accurately approxi-
mated by:

1 < 1<
w~ TZEN TZFTL,&
t=1 t=1
which is exactly formula (2.25).

Let us now derive the factor decomposition of the estimator fi, r(5). We

get:
T T 5
purld) == 3 3=+ 3 Y5
where &, = (€14, ...,&n:)". The finite sample distribution of this difference is

Gaussian with zero mean and variance:

n o? 1 n? 2 1
4+ — =4 - -
T T2ﬁ2 T  nT(j,)? +03,
where 3, = Zﬁz, Ofpn = _Z(ﬁi — [3)* are the empirical mean and
i n

=1
variance of the sen81t1V1ty coefficients, respectively.
Let us assume that the individual heterogeneity is well-distributed across
individuals in the sense that G, = lim,_. 3, and 0% 0o = limy, o0 05, exist.

It is always possible to assume (3., = 1, possibly by changing the definition
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of parameters p,n?. Thus, for n large, the distribution is approximately
2
o 1
Gaussian with variance — + — ————. We get the following Proposition:
T nT1+ 0500

Proposition 2.4: In a Gaussian static factor model with observed beta het-
erogeneity, the distribution of the ML estimator of p for n = oo does not
depend on the individual heterogeneity and has a variance proportional to
1/T. The granularity adjustment, i.e. the term of order 1/(nT) in the vari-
ance, depends on the individual heterogeneity > by means of the variance of

the sensitivity coefficients.

The estimator is the least accurate, when aé,oo = 0, that is, when the

distribution of the betas is the most concentrated.
vi) Granularity Adjustment for factor prediction

Let us still consider the static factor model with observed heterogeneity.

The theoretical prediction of F; given all observations y; ¢ = 1,...,n,t =
1,....T, ie. the smoothed value of F}, is:
ElRly] = E(F|)

= E(F,)+ Cov (Fy, 5)V (%)~ (5 — E(G)),

by using standard results for Gaussian random vectors (see Review A.5). We

have:

E(F) = p, E() = pp,
COU(Fta gt) = COU(Fta ﬁﬂ) = 7725,7
V(g) = Q=d*Id+n°6"

By using the results in Appendix 2.4, we get:

B
58

2Also called concentration [Lutkebohmert (2008)].

159
NPT

B(Ely) = n+d |50 (G — 18).
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that is,
"o, -
E(Fly) = p+ T(Fm — )
2
A o A
N ;RS -
t o2 +7725’ﬁ( t M)
2
N o N
~ nt (Fnyt - ,LL)
o? +nn?[l + O-E?,oo]
s T p 2.27
~ n,t — an[l T U/%’OO]( nt ,U/), ( . )

when n is large. We deduce that:

(*) The cross-sectional OLS estimator F’m of F} is an accurate approxi-
mation of the smoothed factor value if n = co. In other words, Fn,t is the
CSA optimal predictor of Fj.

(**) The cross-sectional OLS estimator has to be corrected for large, but
finite, sample size n. The granularity adjustment for prediction is equivalent
to:

N T
Onr NI l -
ni2p (1+03,) <F T Z F) ’

after substitution of the parameters by consistent estimates.

2.3 Mean-Variance Portfolio Management

In this section, we consider a static linear factor model for excess asset returns
and analyze the standard mean-variance portfolio management. This allows
to distinguish the effects of the common factor and idiosyncratic errors on
the efficient allocation and Sharpe performance, respectively.

We assume that the excess asset returns on period (¢ — 1,¢), that are
the differences between the risky and riskfree returns, satisfy the model with

heterogeneity of Section 2.2 iv), namely:

yi,t:ﬁiFt—i_gi,t? Z.Zla"'?n?
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where F; ~ IIN(u,n?) and €;; ~ IIN(0,0%). Thus, the expected excess
returns are E(y;:) = Oy, and the idiosyncratic risk is measured by V' (g;;) =
o?. There exists a systematic source of risk, through the common factor. This
creates an additional individual risk of 5?n?, but also a dependence between

excess returns of two different risky assets, since the correlations:

- BiBm?
corr (Yi, Yje) = (8212 + 02)12(62n2 4 02)1/2’
) J

are non-zero for ¢ # j.
i) The mean-variance efficient allocation

Let us consider a mean-variance efficient allocation based on the n risky
assets and the riskfree asset, held at time ¢ for horizon 1. The vector of
efficient allocations in the n risky assets is proportional to ® [Markowitz
(1952), and Review B.1]:

Qnt = V;t(gtJrl)ilEt(gtJrl)a

where E; and V; denote the conditional expectation and variance, respec-
tively, given the information at date t. Due to the static assumption, the
conditional and unconditional moments coincide and the efficient allocation

is time independent, given by:

Qp = V(ng)‘lE(gtH)

= Q7'
g po, 1 Bp
I et e
that is,
A’ (2.28)

an = o2 + n2B'B

The associated Sharpe performance, that is, the marginal expected return

3with a scale depending on the absolute risk aversion of the investor.
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adjusted for risk of the n risky assets [Sharpe (1966) and Review B.1], is:

Sy = E(QHl)/V(@tH)*lE(QtH)

_ 2| Lgg B8y 1PE
112
= xfP
B0
_ OQ’LW (2.29)

We get the next result.

Proposition 2.5: i) The efficient allocation in the LSREF model with hetero-
geneity 1s:
w5
0-2 + WZB/ﬂ
i) The associated Sharpe performance is:

Y 4 B G s

et wsB ot ot nfs

As usual in such a factor model, the vector of efficient allocations is
proportional to the vector of beta’s. The Sharpe performance depends on

the beta’s by means of 3’ and is an increasing function of this quantity.
ii) Large portfolio

Proposition 2.5 provides the explicit expressions of the efficient alloca-
tion and Sharpe performance. Let us now study their behaviours for large

portfolio size, that is, for large n. Let us recall that:
Boo =1, and F'8 ~ n(1 + az,oo).

We deduce the following Corollary:

Corollary 2.6: We have: lim,_.o a,; =0, for any portfolio component j;
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To understand the result above, let us consider the excess return of the
whole portfolio. Indeed, even if the allocation in each single asset tends to
zero, the whole risky portfolio return does not necessarily vanishes, due to

the increase in the number n of included assets. More precisely, we have:

- pf’ .
- M 3R
&nyt 0_2 + 772/3,/3 (/B t + gt)

uB' s 7 pB'E

_ _ 2.30
o2 +1n20'f t+02+772ﬁ’ﬁ ( )
Since 3'&; ~ N[0, 023 (] is of order y/n, we deduce that:
g~ L F, (2.31)
n

does not vanish asymptotically. The results are summarized below.

Proposition 2.7: For an infinitely large portfolio, the efficient risky alloca-
tion 1s constructed to perfectly hedge the common factor. In particular, the

Sharpe performance of the n assets tends to the Sharpe performance of the

(ER) 12
V(R) g 7T

From a financial point of view, the common factor does not correspond a

common factor, namely

priori to the return of a tradable asset. Nevertheless, the efficient portfolio a,,
defines a new asset, which is tradable, and mimicks perfectly factor F; when
n = oo. It is called the asymptotic mimicking portfolio. This portfolio

diversifies the idiosyncratic risks to capture the relevant common risk.
iii) Granularity adjustment

In practice the set of assets available to an investor is large, but not
"asymptotically large”. The portfolio performance is therefore influenced by
a residual of undiversified idiosyncratic risk. To account for this residual
risk, we can consider the next terms in the expansion with respect to n of
the Sharpe performance. For this purpose, let us assume that the square of

the beta’s are also well-diversified across individuals in the sense that:

% S8 = (1+02,.)] = Ay % N(0,A), say.
=1
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We have:

-1
17 o

s - £(1+-2)
772( n*p' 3

Uk UNERE!
2 2
10 o 1 1 9
= 2L h-Z o(1
Uk Pal+of)) A, +o/m)
VAl %)
w1 pto? 1 1 p2o? A

— + +O(1/n?).
7?oonogt T+og, nvnont (1+05,)° (/%)

We deduce the Proposition below:

Proposition 2.8: i) The second term (or granularity adjustment) in the
expansion of the Sharpe performance is deterministic, of order 1/n. It in-
volves the Sharpe performance of the factor, the ratio of the idiosyncratic and
factor risks, and a measure of heterogeneity (concentration).

ii) The third term in the expansion is of order 1/(n\/n), and is stochastic.

It captures the uncertainty of the squared beta’s distribution.

Such expansions can also be performed for the efficient allocation, or
for the whole net portfolio return [see Gouriéroux, Monfort (2011), where
the extension to portfolio management under short-sell restrictions is also

considered].

2.4 Summary

The Gaussian linear single risk factor model is often used since it is simple
to understand and to implement. In particular we get closed form expres-
sions for the maximum likelihood estimators, for the predictions of the latent

factor, for the mean-variance efficient allocation and the associated Sharpe
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performance. These closed form expressions can be used to disentangle the

CSA and granularity adjustment components of the object of interest.
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2.5 Appendix: Structure of the Variance-Covariance
Matrix

Let us consider a variance-covariance matrix of the type:
Q=o’Id+ 160,

where o2, n? are two positive scalars and 3 a vector of dimension n. By
introducing the orthogonal projectors S3'/p'5 and Id — B3'/F'3, we can
write:

QO =o2(Id—pB6/8B) + (6> +n*8'6) (866 3). (a.1)

This equation provides the spectral decomposition of matrix €. Its eigenval-

ues are:

o?, with multiplicity order n—1, and associated eigenspace the orthogonal
of the space generated by vector f3;

A2 = 0% + n?B'3, with multiplicity order 1, and eigenspace the space
generated by [3.

In particular:
det Q = (02)"71\?,

since it is equal to the product of the eigenvalues taking into account their

multiplicity orders, and:

O = o (1d— 7 109) + 55 (59/99),

as easily checked by computing the product of this latter matrix with matrix
Q.
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Figure 2.1: Pdf of estimator fi, ;.

Pdf of fiy,, 7 for n =20, T =20 Pdf of i, r for n =20, T =100
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The Figure displays the pdf of estimator fi,r for different sample sizes, that are
n =T = 20 in the upper left panel, n = 20, T' = 100 in the upper right panel, n = 100,
T = 20 in the lower left panel and n =T = 100 in the lower right panel. The true values

of the parameters are = 0 and 02 = 7% = 1.
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Figure 2.2: Pdf of estimator &7 ,.
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The Figure displays the pdf of estimator &Z’T for different sample sizes, that are

n =T = 20 in the upper left panel, n = 20, T = 100 in the upper right panel, n = 100,
T = 20 in the lower left panel and n = T = 100 in the lower right panel. The true values

of the parameters are = 0 and 02 = n? = 1.



46

1.4

1.2

0.8
0.6
0.4

0.2

14

1.2

0.8
0.6
0.4

0.2

CHAPTER 2. GAUSSIAN STATIC FACTOR MODEL

Figure 2.3: Pdf of estimator 72 ,.
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The Figure displays the pdf of estimator ﬁZ’T for different sample sizes, that aren =T = 20

in the upper left panel, n = 20, T = 100 in the upper right panel, n = 100, T = 20 in

the lower left panel and n = T = 100 in the lower right panel. The true values of the

parameters are u = 0 and 02 = n? = 1.



Chapter 3

Static Qualitative Factor Model

This chapter proposes a unified setting for static factor models applied to
panels of qualitative observations. We first describe in Section 3.1 the Single
Risk Factor (SRF) model suggested in Basel 2 regulation for the analysis
of default correlation [BCBS (2001)]. This model is a probit model with a
common Gaussian factor. In Section 3.2, we consider a general qualitative
model with Gaussian factors and macro-parameters only. Then, we explain
how to get the CSA maximum likelihood estimator and GA estimator with
adjustment for the variance, and derive their asymptotic properties. In some
special cases the estimators and their asymptotic variances have closed form
expressions. These models are discussed in Section 3.3. Finally, the results
are applied to more complicated settings, such as stochastic intensity factor
model (in Section 3.4), or factor analysis of dependence between qualitative

variables (Section 3.5). Proofs are gathered in Appendix 3.6.

3.1 The Single Risk Factor Model for Default

This model has been initially introduced by Vasicek (1991) and is based on
Merton’s structural model [Merton (1974)].

i) The structural model

47
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The structural model defines the default of a corporation from a (crude)
analysis of its balance sheet. Let us denote by ¢, for i = 1,...,n, the corpo-
ration assumed to be alive at the beginning of period (¢,¢ + 1). The amount
of debt to be reimbursed at the end of the period is known at date ¢ and
denoted L;; (L for liability). The future asset value A, is uncertain.
Then, the corporation defaults at ¢ + 1 if, and only if, the amount of asset
is not sufficient to pay the debt, that is, if A;;+1 < L;;. Thus, the default

indicator is:

Yiewr = 1, if Ay < Ly,

= 0, otherwise,

or equivalently:

}/ji,t+1 = ﬂlogAi,t+1<logLi,t7 (31)

where 1 denotes the indicator function.
If the log-asset value is Gaussian with mean m, ;; and variance 07 ; ,, con-
ditional on the information available at time ¢, the conditional distribution

of the default indicator is a Bernoulli distribution with parameter:

(3.2)

log Lis — M,
PlYip1 =1 =90 { e it~ A ’t} :

OAit
The probability of default depends on the debt amount, on the expected

log-asset value and on its volatility.
ii) The Single Risk Factor (SRF) Model

Merton’s structural model is the basis for the specification proposed by
Vasicek (1991), which concerns jointly n firms and allows for default correla-
tion. In the original model, it is assumed that the n firms are identical. We
describe below an extension in which the set of companies can be partitioned
into K homogenous subpopulations, or cohorts, indexed by £k =1,..., K.

We characterize by a double index (i, k) the corporation i in cohort k,
fort=1,...,np and k=1,..., K. In cohort k, the latent model for the log
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asset /liability ratio is:
log Aj jt+1 — 1og Lt = ak + bpFy + wi s, (3.3)

where the variables F} and w; ¢, with 7, k, ¢ varying, are independent, such
that F, ~ N(0,1) and u;x, ~ N(0,07). The variable F} is a common factor
representing systematic risk, while the errors w; j ; correspond to idiosyncratic
(or unsystematic) risks. The parameters ay, by and o, are equal for all firms
within cohort k, but may differ across cohorts. From (3.3) we deduce that
the individual default indicators are independent conditional on the factor

path, with conditional default probability:

b. F,
PDyy = PV = 1|F] = ® (—M) .

Ok

(3.4)

The conditional default probability is stochastic and driven by the systematic
factor Fj.

As usual in a dichotomous qualitative model, the parameters are identi-
fiable up to a positive scaling factor. Equivalently, identifiable functions of
the structural parameters ! are oy, = —ag /oy and By = —by /oy, say. Then
the model becomes:

PlYig1 = 1|F] = ®(ou + B F). (3.5)

Remark 3.1: An alternative parameterization is proposed in the documents
of the Basel Committee [see BCBS (2001), (2003)]. Since the unconditional
distribution of the log asset-to-liability ratio log(A;kt+1/Lik:) is Gaussian
with mean a;, and variance o + b7, the unconditional probability of default
(PD) in cohort k is: 2

PDy=P(Yi=1) = | e |.
\Voi + b

1Up to the sign for £y
2The unconditional default probability PD}, is different from the conditional default

probability equal to PDy s = ®(ay + B Ft) (see also Figure 3.1).
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Moreover, the correlation between the log(asset/liability) of two firms in a

same cohort, called asset correlation, is: 3

Corrllog(Aikt+1/Likt), 10g(Ajkee1/Ljke)] = bi/(bi + 0,%) = pr > 0, say.
Thus, we get:

a b
P(}/z‘,k,tJrl - HFt) = @ |:__k _ _kFt:|
-1
= & M_b_]ﬁ};’t
or/\ R+ b
o~1(PD,) — F
—‘P( (D ‘/p_'”). (3.6)
N

This new parameterization through the unconditional probability of default

PD, and asset correlation p, is interesting for financial interpretation, al-
though it is less convenient than the initial parameterization (3.5) for es-
timation purpose. Formula (3.6) shows how the conditional probability of
default stochastically varies in time around its historical mean equal to PDy.
This is illustrated in Figure 3.1 for a simulated path of the factor F} in a
cohort of firms with unconditional default probability PD = 0.05. We con-
sider two different values of asset correlation, that are p = 0.10 and p = 0.30,

respectively.
[Insert Figure 3.1: Time-varying conditional default probability]

The conditional default probability features peaks at dates with large neg-
ative shocks in the factor. The time variability of the conditional default

probability is more pronounced for larger values of the asset correlation.
Specification (3.5) can be written in a hierarchical way as:

Pt[Y;,k,tJrl = 1] = q)(&k,t>7With At = Qf + Brky,  Fy~ I]N(Oa 1):

3In the Basel documents, the asset correlation is denoted p7 instead of py.
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or equivalently as:

(

Pt(Yi,k,tH = 1) = q)(ak,t)a

where vectors a; = (a4, ...,ax,)’, t varying, are independent, (3.7)

| with distribution N(a, B3, a=(ay,...,ag), 8= (5,-..,0k).

System (3.7) defines the canonical factors a; and introduces restrictions on
their distribution. These restrictions correspond to an exact factor structure

for the components of vector a; induced by the reduced factor F;.

In the next two subsections we introduce simple estimation methodologies

for parameters a and (.
iii) CSA estimator

Due to the homogeneity within cohorts, the individual observations can

be summarized by the default frequencies:

_ 1 <k
Yitr1 = - Z Yikit1 (3.8)
kit

To get the intuition for the CSA estimator, let us consider for a moment the
(virtual) limiting case where the cohorts have infinite size, that is, ny = oo,
Vk =1,..., K. Then, the cross-sectional default frequencies are equal to the

conditional probabilities of default:
Vi1 = Et(Yigie1) = PDyy = ®(ag,),
and the values of the canonical factors are known equal to:
ary = aps = P (Vi) (3.9)

We have to distinguish between the case with a single cohort, namely K =1,

which corresponds to the original Vasicek (1991) model, and the extension
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with K > 2 cohorts. In the first case, from (3.7) the canonical factor is such
that:
a; ~ IIN(a, 3%). (3.10)

Then, (3.9) and (3.10) suggest that the scalar parameters o and 3 can be

estimated by ML applied to the time series of estimated canonical factors ay,

to get:
T T
6 = z S Vi),
t=1 t:1
1 & 1 < 1< ’
A2 A N2 —1/% —1/%
5 = thl(at—a) —ftz;(@ (Yk,tﬂ)—ftz;@ (Yk,t+1)> .

These estimators are called CSA estimators. Although the CSA estimators
have been motivated by the limiting argument of infinite cohort sizes, they
can be computed with finite cohort sizes and are expected to yield rather
accurate estimates when the cohort sizes are sufficiently large. The large
sample properties of the CSA estimators are discussed in Section 3.2 iii) for
the general model.

When we have more than one cohort (K > 2), a similar approach cannot
be followed since the distribution of the canonical factors in (3.7) is degen-
erate with a singular variance-covariance matrix. This is because we have
a linear deterministic relationship between the canonical factors. Indeed, in
the limiting case of infinite cohort sizes, we could deduce without error the
values of parameter vectors «, # and factor values F;, t =1,...,T by solving

the system of KT equations:
ape =+ GO F, k=1,..., K, t=1,...,T,

in the 2K +T unknown quantities. When the estimation error for the canon-
ical factors is taken into account, it is seen in the next subsection that a non-
degenerate log-likelihood function is recovered. However, with more than one
cohort, it is natural to include cohort-specific effects in the canonical factors.

Then, the distribution of the canonical factors becomes non-singular and a
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well defined CSA estimator can be derived [see Section 3.3 ii) and in par-
ticular the discussion in Remark 3.3 for the financial relevance of including

cohort specific effects].
iv) Variance Granularity Adjusted (VGA) estimators

Since in reality the cohort sizes are large, but finite, we may expect that
the CSA approach can be improved by taking into account the estimation
error on the canonical factors. By applying the CLT by date and cohort, we

see that the default frequencies Yj 4, are asymptotically independent, with
PDy(1—-PD o 1—-@
mean PDy, = ®(ay,) and variance ke k) _ Plar)] (a;m)]'
Ny ng

By applying the delta method and noting that the derivative of function
d1(.) is 1/¢[@71(.)], where ¢ denotes the pdf of the standard normal distri-
bution, we deduce that the approximations of the canonical factors are also

independent and asymptotically Gaussian:

o1~ Yowd))

nk@(@k,t)Q

app = qu(}_/k,tﬂ) ~ N (ak,ta

Equivalently:

~ d(a 1—®(a 1/2
gt = Qgg+ ( (ar0)] (2 kt)]) Ukt
nrp(agt)

LRI A
N2

~ ap+ Ok + ( —
(G t)

where F} and vy, k,t varying, are independent, standard Gaussian variables.
Let us denote by A; the K x K diagonal matrix with elements ®(ay+)[1 —
D(agy)]/[nrelar)?], k =1,..., K. The parameters o and 3 will be estimated
by optimizing the VGA log-likelihood function:

LV a,B) = i {—5 log(2m) — llog det(B0" + A)
— 2 2

_ %(at — ) (B8 + A) i —a)}. (3.11)
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These estimators are called Variance Granularity Adjusted (VGA)
maximum likelihood estimators. In order to take into account the fi-
nite cross-sectional size, we have introduced an adjustment of the variance

of the error term, which explains the terminology.

Remark 3.2: The VGA maximum likelihood method has to be compared
with the finite sample ML method. The true log-likelihood function is:

L(e, B)
Zlog [/g{q)(@k"'ﬁkf)nk’t[l_ B, + B f)]™ 0 } \/—GXP (—f2/2)df

t=1

(3.12)

Nk

where n;, = ZY”” = nkth is the number of defaults in cohort k for

=1
period (t —1 t) When the true log-likelihood is maximized, the integrals in

(3.12) are often approximated by simulation, leading to simulated maximum
likelihood estimators [see e.g. Gouriéroux, Monfort (1996)]. The approxima-
tion (3.11) circumvents the computation of the 7" integrals involved in (3.12).
We will see in Chapter 4 that function LY%4(a, 3) can be derived from an
asymptotic expansion of L(«, ) when the cohort sizes ny, are large, and the
estimators obtained by maximizing LY %4 (a, 8) are asymptotically equivalent
to the ML estimator. Moreover, we will see that it can be appropriate to

introduce a granularity adjustment for the mean too.

3.2 The General Model and its Estimation

The approaches described for the SRF model can be extended to more general

static qualitative factor models.
i) The model

As in the SRF model for default, let us consider a set of cohorts and

individual observations of a qualitative variable Y., for ¢« = 1,... ng,



3.2. THE GENERAL MODEL AND ITS ESTIMATION 25

k=1,...,K, t =1,...,T. The qualitative variable is polytomous with
J alternatives *.

The model is defined in two steps. We first explain how the distribution of
the observations depends on underlying canonical factors; then, restrictions

on the canonical factor distribution are introduced.
(*) Distribution of the observations given the canonical factors

The individual observations are assumed independent, conditionally on

canonical factors ay, k=1,..., K, t=1,...,T"

PlYge = jla] = p(j; ary), (3.13)

where p(j;.) denotes the elementary probability of alternative j, for j =
1,...,J. The distribution can depend on cohort and time by means of the
canonical factor, but does not depend on the individual within the cohort.
The canonical factor can be multidimensional, with dimension dim(ay,) = S,

say, and we assume that it can take any value in IR,
(**) Joint distribution of the canonical factors

The model is completed by specifying the distribution of the canonical

factors. Let us introduce the K .S-dimensional vector of canonical factor val-

ues at date ¢, denoted by a; = (aj,,...,d},)’. We assume that the random
vectors a;, t = 1,...,T, are independent with identical Gaussian distribu-
tions:

gy ~ [IN[M(H)a Q(Q)]a (3'14)

where 6 is a p-dimensional unknown parameter, and matrix 2(6) is invertible.
The model is static due to the assumption of serial independence of the

factors.

4Recall that a one-dimensional polytomous variable with J alternatives can be equiva-
lently represented as a J-dimensional vector of dichotomous qualitative components. The

components are the indicators of the J different alternatives and sum up to one.
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The likelihood function of model (3.13)-(3.14) is:

T K ng
Wyr;0) = H/---/an(yi,k,ﬁ@k,t)
t=1 k=1 i=1
1 1 ! —1
(27)SK72[det Q(6)]1/2 exp _Q[at — w(O))'Q0) [ar — p(0)] ¢ day,
(3.15)
where yr denotes the individual histories y;1,...,y;7 fori = 1,...,n. The

likelihood function depends on macro-parameter # and involves multidimen-
sional integrals with dimension KS. Since the cohorts are homogenous, the
likelihood function can be simplified. Let us denote by n;; the number of

observations taking alternative j, in cohort k, at time ¢. We get:

k=1 j=1

Wyr;0) = tli/.../ﬁﬁp(j;%t)nj,k,t
1

T P | 3l — HO920) = 0)] |

(3.16)

Thus, without loss of information, the cross-sectional observations for cohort

k can be summarized by the J cross-sectional aggregates n;:,j =1,...,J.

The likelihood function (3.16) is complicated because of the 7' numeri-
cal integrals of dimension K.S. We consider below estimators of 6 that are

computationally simpler than the Maximum Likelihood (ML) estimator.
ii) The fixed effect maximum likelihood estimator

By analogy with the discussion of the SFR model in Section 3.1, let us
consider the cross-sectional observations for a given date ¢, and treat a; as an

unknown parameter. Approximate factor values are the fixed effects ML
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estimators defined by:

ng
Gk, = argmax Y 1og p(yis; as) (3.17)
R
J
= argmaXan,mlogp(j;am), (3.18)
Akt =1

where the argmax operator provides the argument a;; that maximizes the
objective function.

Identification assumptions have to be introduced to ensure a unique so-
lution to the cross-sectional optimization above. Intuitively, we must have
less "parameters” than (linearly independent) aggregate observations, that
is the order condition:

S<J-1. (3.19)

When S = J — 1, the canonical factors are just-identified; they are overiden-
tified, if S < J — 1.

The LLN and CLT can be applied conditionally on the canonical factor
values, if n is large for any £k = 1,..., K. Hence, the standard asymptotic
results for maximum likelihood estimators are valid. More precisely, the fixed
effect ML estimators ay,, for Kk =1,...,K,t =1,...,T are asymptotically
independent, with:

Vs — ags) = N0, Siy), (3.20)
where )
0? log p(Yi k45 Gk ) -

Y= F |— — ) 21

kit { [ Dada! |ak:,t (3 )

The asymptotic variance of a; is the inverse of an information matrix com-
puted as if ax; were a (multidimensional) parameter. The derivatives are
taken with respect to a;, and the computation of the expectation is per-

formed conditional on ay ., that is, as if a;, were a vector of constants.

iii) The CSA maximum likelihood estimator
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The motivation for the CSA estimator is best understood if we consider
for a moment the limiting (virtual) case where the cohort sizes are infinite,
that is, n, = oo for k = 1,..., K. Then, the fixed effects ML estimators
would coincide with the unknown canonical factor values by the LLN. The

log-likelihood function would become:

T

LOSA() o~ logdet 0(6) — 5 3 lan — p(0)]26) i — p(6)].  (3.22)

t=1

This argument suggests to consider the CSA maximum likelihood estimator
of 6 defined by:
0% = arg max L), (3.23)

Let us now discuss the asymptotic distribution of the CSA estimator
when both the cross-sectional dimension 7" and the time dimension n are large
(n,T — o0). When the cross-sectional dimension n is much larger than 7" (i.e.

054 is the same as if the canonical

T/n — 0), the large sample distribution of
factors were observable a; = a;, and we can apply the standard asymptotic
theory with respect to time (T — oo) for the log-likelihood function (3.22)
[see references in Chapter 4 for the regularity conditions]. We deduce that the

CSA estimator is consistent, at speed 1/ VT, with asymptotic distribution:

ACSA d L 132LCSA(9) o
VT (6 ) 5 N <0, [Z;ZZZ TR : (3.24)

In particular, the CSA estimator GCSA s asymptotically equivalent to the
true ML estimator of # that maximizes the likelihood (3.16). For the SRF

model with K = 1 cohort [see Section 3.1 iii)], the asymptotic variances of

1 A 2
the CSA estimators are AsVar(&) = Tﬁ2 and AsVar (%) = Tﬁ‘l, and the
estimators of o and (3 are asymptotically independent.

iv) The VGA maximum likelihood estimator

The VGA estimator accounts for the difference between the fixed effects

estimates and the true factor values when the cohort sizes are large, but
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finite. From (3.20) we deduce that:

R 1
Qg ™ Qp + —E,lﬁ{ka,t, (3.25)

NG

where the errors (vg;) are standard normal, independent of each other, and
independent of the ay; ’s. Therefore, by integrating out the unobservable

canonical factors, we get:

~

d; ~ N[u(6), 6) + S, (3.26)

where f]m = diag [ikt /], and S is a consistent estimator of ;.

The variance granularity adjusted log-likelihood function is:

LYOA(0) o —5 ) logdet[Q(6) + X, (3.27)
5 Sl — wlOIO6) + £ i~ p(6)). (3.28)

Compared to the CSA log-likelihood function (3.22), the variance has been
adjusted to account for the variability of the fixed effects estimators of the

canonical factors. The VGA maximum likelihood estimator of 0 is:
6VeA = arg max LYSA(0). (3.29)

For large n and T (n,T — oo, T'//n — 0), the asymptotic distribution
of the VGA estimator is the same as the one of the CSA estimator given in
(3.24). In particular, the VGA estimator is consistent at speed 1/v/T and
asymptotically normal. The VGA estimator differs from the CSA estimator
in terms of higher order asymptotic properties, more specifically, in terms of
the bias at order 1/n (see Chapter 4, Section 4.3).
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3.3 Closed Form Expressions of the Estima-

tors

The CSA and VGA log-likelihood functions have closed form expressions,
and, in particular, they do not involve the multiple integrals appearing in the
finite sample likelihood function [see equation (3.16)]. In important special
cases of static qualitative model with factors, it is possible to get also closed
form expressions of the CSA maximum likelihood estimators themselves, and
of their asymptotic variance [see Gouriéroux, Monfort (2010)]. We describe

below such simplifications.
i) Just-identified canonical factors

Let us denote by p;r: = p(J; ax:) the true elementary probabilities and
by pet = (P1kt, - - - Pske) the associated vector of probabilities for cohort &
and time ¢t. Under the assumption of just identification S = J — 1, we can

write:
Pt = (ag.), (3.30)

where II is a one-to-one function of IR7~! onto the simplex of IR/, that is,

the set of discrete probability distributions:

J
{(ph""p‘]),’ withp; >0, =1,...,J.) pj = 1}.
7=1

In several examples (see below and Sections 3.4, 3.5), function II can be
inverted to express the canonical factors in terms of elementary probabilities

as:
apt = c(Pre), say. (3.31)
It is easily checked that the solution of optimization (3.18) is such that:

P = H(age), (3.32)

where pr: = (n1t/Nk, .., Nyke/ni) are the observed cross-sectional fre-

quencies of the alternatives at date t. We deduce the closed form expression
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of the fixed effects ML estimators of the canonical factors:
. = c(Pr)- (3.33)

It follows that [see e.g. Gouriéroux, Monfort (1989), Example 7.19, and the
d-method]:

. dc , , L0c !
Vin(ang — ang) 2 N 0,22 150000 ) — et ) 2P} (334
apkt apk,t

)

and that the variance-covariance matrix X, in (3.21) is consistently esti-
mated by:

g 9cPre) Oc(pr.r)’
kit — .
T op, Opis

To summarize the result above, the derivations of the fixed effects ML

(diag prs — ﬁktﬁ;ct) (3.35)

estimator of the canonical factor and of their estimated asymptotic variance
become simple, if the canonical factor can be interpreted as a reparameteri-
zation of the qualitative model by J — 1 real parameters. Such real parame-
terization have often been considered in the literature on qualitative models
for the purpose of introducing quantitative exogenous variables. We review
below such standard reparameterizations for the main qualitative models.
For expository purpose, we keep the index j, but omit indexes k and . We

provide for each example the function II and the function c.

Example 3.1: Dichotomous probit model (J = 2)

P1= q)(al)a p2=1-— cb(al)'

This corresponds to the Merton (1987) - Vasicek (1991) default model de-
scribed in Section 3.1. The probability p; is displayed as a function of the

canonical factor a; in Figure 3.2.
[Insert Figure 3.2: Parameterization of the dichotomous probit model]

This mapping from IR to (0, 1) is one-to-one. We deduce a; = ®~(p;), where
®~! is the quantile function of the standard normal distribution, called probit

function.
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Example 3.2: Dichotomous logit model (J = 2)

p1=[1—exp(—a1)]™", ps=exp(—ar)[l +exp(—ar)]”"
The probability p; is displayed as a function of the canonical factor a; in

Figure 3.3.
[Insert Figure 3.3: Parameterization of the dichotomous logit model]

We deduce a; = log[p;/(1 — p1)] and function c is the inverse of the logistic
function, that is the logit function [see Berkson (1944)].

Example 3.3: Multinomial logit model [McFadden (1973), (1976), any
J>72

The model is reparameterized as:

J
pj = exp(a)[Y expa)]™, j=1,...,J

=1

with the convention a; = 0. We get:

a; =log(p;j/m), Jj=2,...,J.

The canonical factors are log transforms of appropriate odd ratios. For the
case of J = 3 alternatives, we display in Figure 3.4 the canonical factors as

and a3 as functions of the elementary probabilities (py, pa, p3).
[Insert Figure 3.4: Canonical factors in the multinomial logit model]

The vector function (as, asz) is a one-to-one mapping from the simplex in IR?
onto IR%. The component function a, admits large positive (resp. negative)
values close to the boundary of the simplex with p, = 0 and p; > 0 (resp.
p1 =0 and ps > 0). We have ay = 0 on the intersection of the simplex with
the plane p; = po, which corresponds to the lightest part of the coloured
surface. The point p; = 0, po = 0, p3 = 1 is singular, since function as

can admit any real value in a neighbourhood of this point. The component
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function a3 features a similar behaviour interchanging ps with p,. For in-
stance, the lightest part of the coloured surface is obtained for p; = p3, that
is, 2p1 + po = 1.

Example 3.4: Ordered polytomous probit model (any J > 2).

The model is reparameterized as:
pj = ®(a;) — P(aj-1), j=1,....J,
with the convention ay = —00,a; = +00. We deduce:
a; =0 '(p1+...+pj). (3.36)

This new parameterization does not completely fulfill our assumptions.
Indeed, parameters a;, j = 1,...,J, are real, but constrained to form an
increasing sequence. However, the Gaussian assumption on the canonical
factor [see (3.14)] is still relevant, if it concerns parallel shift on the canonical

factors only, that is, if we write:
aje = o + BI, (3.37)

with aq < ay < ... < ay_1, where F} is a Gaussian random variable. Indeed,
since scalar parameter [ is independent of the alternative, the ordering of
the intercepts implies the similar ordering for the canonical factors.

The Gaussian distribution of the random vector a; implied by (3.37) is
degenerate, because of the deterministic relationships between the canonical
factors associated with the different alternatives. We have already encoun-
tered a similar feature in the SRF model with several cohorts in Section 3.1.
Due to this degeneracy, the results of Section 3.2 on the rate of convergence
of the estimators do not apply. In particular, some of the parameters among
a; and [ have a micro-interpretation, and feature a convergence rate 1/ vnT.
The estimators of parameters «; and 8 and their asymptotic properties can
be derived by using the results presented in Chapter 4, where we consider
models with both macro- and micro-parameters (see in particular Section 4.3

on rating migration models based on ordered qualitative specifications).
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ii) Gaussian factor analysis of the canonical factors

In order to structure the cross dependence between the canonical factors,

let us introduce a linear Gaussian factor model for the distribution of a;. The

model is defined by:
a;=a+ BF +nw, t=1,....T, (3.38)

where « [resp. [] is a vector of dimension K S [resp. a matrix of dimen-
sion (KS,L)], n is a positive scalar, (F;) are independent Gaussian vectors
F, ~ IIN(0, Id) with size L < K S, and w; are independent standard Gaus-
sian vectors with size K S, that is, wy ~ IIN(0, Id). Moreover, the factors
(F}) and the errors (w;) are independent. We deduce that the common dis-

tribution of the canonical factor is:
a; ~ N(a, 33"+ n*Id). (3.39)

Thus, model (3.38) implies a special structure on the variance-covariance
matrix of the canonical factors. Indeed, the cross-covariances are captured
by means of a matrix 43" of reduced rank L, where L is the number of

underlying static factors.

Remark 3.3: It is important to compare the static factor model (3.38)
with the latent factor model (3.3) usually introduced in the SRF model for
default. Model (3.3) includes individual error terms u; j +, whose effects vanish
by cross-sectional aggregation. This explains, why the associated model for
canonical factors reduces to a; = o + [GF;, that is, does not include the
error terms w;. When K > 2, a consequence is the non invertibility of the
matrix Q = V(a;) = /', and the degeneracy of the CSA likelihood function
[see Section 3.1 iii)]. More importantly from a financial point of view, by
implicitly setting n = 0, the basic SRF model neglects the cohort specific
source of risk and consequently underestimates the required capital. Thus,
with K > 2, it is preferable to include in the SRF model an additional error
term w; in the canonical factors as in (3.38), which corresponds to cohort-

specific effects. Finally, when we have a single cohort (K = 1), it is not
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possible to introduce an additional error term w; in the canonical factor,

since the associated parameter n is not identified.

The vector of parameters in model (3.38) is 6 = [o/, (vecB3)’, n]". However,
it is known that the factors F' and the factor sensitivities ( are defined up
to a linear orthogonal transformation. Therefore, without loss of generality,

we can impose the identification restrictions:

Identification restrictions: 3,5, = 0,k # [, where 5,1 =1, ..., L, denote

the columns of matrixz (3.

Let us now derive the CSA estimator of parameter #. Let us denote:

T
_ 1 Z R
ar = T 2 Ay, (340)

the historical mean of the estimated canonical factors, and:

T
~ 1 R 3 ~ B
Vi = - ;(at —ar)(ay — ar)’, (3.41)

their historical variance-covariance matrix. The spectral decomposition of
the historical variance-covariance matrix Vi provides a decreasing sequence
of nonnegative eigenvalues 5\17T > 5\27T > -+, with associated orthonormal
eigenvectors €y r, €éar, -+ . The proposition below provides the explicit ex-

pressions of the CSA maximum likelihood estimator of parameter 6.

Proposition 3.3: The CSA mazimum likelihood estimators of the compo-

nents of parameter 0 are:

L
ar = ap, 9 =[Tr(Vr) =Y N\gl/(KS—L),
=1

Br = (N —i3)er, 1=1,..., L
Proof: See Appendix 3.6.

These maximum likelihood estimators are based on the Spectral De-
composition of matrix V7 [see e.g. Anderson (2003) and Review A.4]. The
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asymptotic variance-covariance matrix has also an explicit expression [see
e.g. Gouriéroux, Monfort (2010), Section 3.3].

iii) The estimation steps

Under the conditions of Subsections i) and ii) above, the estimation steps

can be summarized as follows:

Step 1: Reparameterize the qualitative model in the appropriate way to get

a; = ¢(py), with real values.

Step 2: Compute the observed frequencies p, and deduce the estimated

canonical factors as a; = ¢(py).

Step 3: Compute the historical mean ar and variance Vi of the estimated

canonical factors.

Step 4: Get the CSA estimates of a, 3, n? from the spectral decomposition

of matrix Vi (see Proposition 3.3).

Step 5: Finally, get the VGA estimates by optimizing numerically the VGA
log-likelihood function with the CSA estimate as starting value of the

optimization algorithm.

iv) Illustration: Factor model for corporate default

As an illustration of the above methodology, we estimate a factor model
for corporate default. The binary variable Y is a firm’s default indicator
(J = 2, see Section 3.1) and the cohorts k = 1,2, 3 correspond to the non-
investment-grade rating classes BB, B and C in the Standard & Poor’s (S&P)
rating system (K = 3). The series of 1-year default frequencies Y}, are
displayed in Figure 3.5 for the period 1990-2009 (T" = 20). These default
frequencies are deduced from the S&P rating transition matrices, which are

5The initial derivation of these variances in Lawley, Maxwell (1971) provides only ap-

proximated variance-covariance matrices [see also Jennrich, Thayer (1977)].
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computed from a large pool of US large and medium-size firms (see Section
4.5 for a more detailed description of the data). The cohort size ny is of the
order of thousand firms for rating classes BB and B, and of the order of some

hundreds for rating class C.

[Insert Figure 3.5: S&P US corporate default frequencies for rating classes
BB, B and C|]

As expected, at any given date the default frequencies are ranked in terms
of the riskiness of the speculative rating class. Moreover, the series of de-
fault frequencies of the three rating classes feature a similar countercyclical
pattern, with peaks of default intensity associated with recessions in the US
economy (1990-91, 2001, and 2008-2009).

Since the risk variable is dichotomous, we have a single canonical fac-
tor for each rating class (S = 1), and the vector of canonical factors a; is
trivariate. We adopt a probit specification (see Example 3.1). The series of
estimated canonical factor values ay; = @‘1(17;67,5) for the three rating classes

are displayed in Figure 3.6.

[Insert Figure 3.6: Estimated canonical factor values for rating classes
BB, B and C||

The estimated canonical factor values are the quantiles of the standard Gaus-

sian distribution for the percentiles that correspond to the default frequencies

in Figure 3.5. Steps 1 and 2 of the estimation methodology are completed.
Let us now apply steps 3-4. The historical mean and variance of the

estimated canonical factor vectors are:

—2.423 0.126 0.094 0.085
ar = | —1.671 |, Vo= 0.094 0.174 0.129 |. (3.42)
—0.566 0.085 0.129 0.200

The SVD of matrix Vi is characterized by the 3 eigenvalues:

A =0379, dor=0072,  Asp=0.049,
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with associated orthonormal eigenvectors:

0.447 0.702 0.555
Gr=| 0613 |, ér=1| 0212 |, ésr=| —0.761
0.652 —0.680 0.335

The first eigenvalue /A\LT of matrix Vi is significantly larger than the other
two. Moreover, the components of the eigenvector associated with /A\LT have
the same sign across rating classes, while the eigenvectors associated with
the other two eigenvalues have components of both signs. Intuitively, these
findings are compatible with a single common factor having a similar impact
on the default risk of the three rating classes. Hence, we use a Gaussian
single-factor model for the canonical factors as in Equation (3.38) with L = 1.

Let us compute the CSA estimates of the model parameters. From Propo-
sition 3.3, the CSA estimate of the vector of intercepts is &y = ar given in
(3.42), while the CSA estimates of the vector of sensitivities 5 and idiosyn-

cratic variance n? are:

0.252
Br=1| 0346 |,  H%=0.060.
0.368

As expected, the estimated intercepts are increasing w.r.t. the riskiness of
the rating class. The sensitivities to the common factor have the same sign
across rating classes, and are larger in magnitude for the riskiest rating classes
B and C than for rating class BB. The sign of the eigenvector associated
with the largest eigenvalue of Vi has been selected to get positive factor
sensitivities and interpret the common factor as a default risk factor. From
equation (3.39), the estimates of the unconditional variances of the canonical
factors are 0.124, 0.180 and 0.195 for rating classes BB, B and C, respectively.
Hence, for rating class BB the systematic factor and the idiosyncratic factor
contribute each about an half of the unconditional variance of the canonical
factor. For rating classes B and C the proportions are about 2/3 from the

systematic factor and 1/3 from the idiosyncratic factor.
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3.4 Stochastic Intensity Model with Factor

A discrete random variable with a fixed number K of admissible values can
be identified with a polytomous qualitative variable by considering the set of
values as the set of alternatives. This interpretation is especially interesting
for duration variables representing the time to some given event, such as
default or prepayment in credit analysis, and death or lapse for life insurance

contracts.
i) Distribution of a duration variable

There exist alternative characterizations of the distribution of a dura-
tion variable Y, with values k = 1,..., K. We can consider the elementary

probabilities:
m.=PlY =k, k=1,... K.

We can also consider the successive intensities of event occurrence.
These intensities measure the short term probability of occurrence of the

event by means of the following conditional probabilities:
pr=PlY =EkIY >k], k=1,... K. (3.43)

The elementary probabilities and the intensities are in a one-to-one relation-

ship. Indeed, we have:
K
pe =7/ Ym0, (3.44)
I=k

and:
k—1
T = [H(l —pl)] Dk (3.45)
=1
There exist at least three advantages of an approach based on intensity.
First, the intensities pi, k = 1,..., K —1, can be fixed independently between
0 and 1 (with pg = 1), whereas the elementary probabilities are subject to the

unit mass restriction. Second, the sample counterparts of the intensities in
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an i.i.d. framework are asymptotically independent ¢, Gaussian with mean
pr and variance pg(l — pg)/nk, where ny is the number of individuals in
the Population-at-Risk (PaR), i.e. with duration larger, or equal to k.
Third, intensities allow for an appropriate treatment of two competing notion
of times, that are calendar time with time origin Jesus-Christ birth and

individual time with time origin the beginning of the contract.
ii) Stochastic intensity with factor

Let us now consider a large population of contracts originated at different
consecutive dates. This population is assumed homogenous; in particular all
the contracts have the same contractual term K, say. We assume that we
monitor the contracts over a given period of time t = 1,...,7T, and observe
whether they get closed before their contractual term, or not. Thus, at
any given date t, we can observe K different categories of contracts still
alive, depending if they have been originated at date t — 1,¢ — 2,..., or
t — K. Among them, only the first K — 1 categories can lead to a contract
dying strictly before the contractual term. The numbers of contract of age
k still alive at the beginning of period ¢ is time dependent and denoted by
ngt, with & = 1,..., K — 1. The probability that such a contract (i,k),

1=1,...,n, k=1,..., K is closing at period t is:
Pt[Yz‘,k:,t = 1] = Pk, (3-46)

where py ¢ is the intensity for age & and date t.

The introduction of an unobservable stochastic time factor in an inten-
sity model allows for differentiated effects of the factors depending on the
age of the contract. For instance, for loans and a single risk factor, these
effects are expected to be smaller at the beginning of the contract, or close

to the contractual term. A stochastic intensity model with factor and logit

6Indeed, it is easily checked that the log-likelihood function is a sum Zszl Li(y, pr),
say. The asymptotic independence follows from the expression of the information matrix,

since the Hessian of the log-likelihood function becomes a diagonal matrix.
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specification of the intensities is:
Py = 1|Fy en4] = [1 + exp(a, + BiFy 4+ newy)] ™ (3.47)

where F} is the common factor and €, are age-specific errors.
iii) The consequences of stochastic intensity

Without stochastic intensity effects Fj; and e, and with constant ay,
the intensities:
PlYirt=1]=[1+exp o],

imply a lifetime following a geometric distribution. The introduction of
stochastic variables in the intensities has two different effects. At the indi-
vidual level, the marginal distribution of the lifetime is no longer geometric,
but can feature negative duration dependence, that is, an intensity function
decreasing with the age for instance. At the joint level, the presence of a com-
mon factor creates complicated patterns of dependence between the lifetimes

of two individuals of a same cohort.
iv) Longevity risk

A first historical introduction of stochastic intensity with dynamic factor
is due to Lee, Carter (1992) for the analysis of mortality in a given population.
The Lee-Carter methodology described below is still the basic model used
for life insurance and pension funds design and pricing.

Let us denote by py, the mortality intensity of an individual of age k at

period t. This intensity is specified as:
Pkt
10g (7) :Ozk—}-ﬁkFt, k= 1,...,K, t= 1,...,T, (348)
11— Pkt

where o4, and (3, are parameters and F;} is a stochastic factor, which corre-
sponds to model (3.47) with n = 0 after a change of sign on «; and (. The

logit transform ensures that pj, is between 0 and 1. " Since the unobserv-

"In their seminal paper, Lee and Carter used a log-transform which does not ensure
this constraint.
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able factor values are identifiable up to an affine transformation, we can set
E[F]=0and V[F] = 1.

Then, Lee and Carter propose to use the published mortality tables which
are providing a sample counterpart py ¢+ of py+, and to write the approximate

factor model:

log( pk’f ):OékﬂLﬂkFt-i-uk,t, (3.49)
I — Pry
where wuy; is a Gaussian error term.  Then they estimate oy by

T .
1
ap = —Zlog( Phyt ), and deduce approximations of (3, and F; by
t=1

T 1 — Pry
applying a singular value decomposition on the 7' x K matrix X with el-
ements X, = log ﬁ#) — Q. Specifically, the estimates of the factor
— Pkt
values are given by vector F' = (Fi,..., Fr)’, which is the eigenvector of

the T x T matrix XX’ associated with the largest eigenvalue and normal-
ized such that F'F/T = 1. The estimates of the factor sensitivities are
8= (Br, ... Bx) = Y'F/T.

This methodology has been applied to the main developed countries using
the data publicly available in the human mortality data base of Berkeley
University and Max Planck Institute . For instance, the results for France
are summarized in Figures 3.7 and 3.8. The analysis is performed separately

for female and male.

[Insert Figure 3.7: Estimated mortality factor values for French female
and male, 1950-2007.]

[Insert Figure 3.8: Estimated intercepts and factor loadings for French
female and male, 1950-2007.]

From Figure 3.7 we immediately observe that the mortality factor F} features
a (stochastic) downward trend. It corresponds to the general increase of hu-
man lifetime, that is, the average increase by about three months of residual

lifetime every year. This increase varies in time and across genders. In Fig-

8Data can be downloaded from the web-page www.mortality.org.



3.4. STOCHASTIC INTENSITY MODEL WITH FACTOR 73

ure 3.8 we display estimated intercepts a4 (left panels) and factor loadings
B (right panels) for 1-year age classes [k — 1,k) with k = 1,..., 111 years °.
From the estimated intercepts, we see that the historical average mortality
rate in period 1950-2007 features a non-monotonous pattern with respect to
age. Mortality is higher for children and old people. Moreover, the average
mortality is generally larger for male than for female, in age classes between
20 and 80 years. Factor loadings are positive and overall decreasing with
respect to age, that is, the effect of the decreasing mortality trend is less
pronounced for older people. The pattern of the factor loadings is similar
across female and male, but factor loadings are generally larger for female
than male. Thus, the impact of the decreasing mortality trend seems overall
more important for female than male.

Let us now discuss the above estimation procedure in view of the general
results presented in this chapter. The traditional Lee-Carter model (3.48)
corresponds to a qualitative factor model as considered in Section 3.2, where

the qualitative observations Y;x; ~ B(1,px:) are the death events in the
Pkt

1—Pk,t
k =1,..., K admit a degenerate dependence structure (see Remark 3.3). A

different age classes. However, the canonical factors ax; = log < ) for
non-degenerate dependence structure is obtained by adding age class specific

mortality risks:
g = o + By + negys (3.50)

where the shocks e are IIN(0,1) across age classes and time dates, and
n > 0 is the standard deviation of the class effects. Model (3.50) can be
estimated by means of the CSA approach described in Section 3.3. Specif-
ically, Theorem 3.3 implies that the CSA ML estimators are obtained from
the spectral decomposition of the K x K matrix X'X/T. In particular, the
estimates of the factor sensitivities correspond to the eigenvector associated
with the largest eigenvalue of matrix X’ X /T (appropriately rescaled). In Ap-
pendix A.4, we show that the spectral decompositions of matrices X X’ and

X'X are strongly related, namely, these matrices share the same non-zero

9The last age class includes people who are 110 years old or more.
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eigenvalues and associated eigenvectors. Thus, the CSA ML estimates of the
factor sensitivities coincide with those obtained from the standard procedure
used in the literature. The CSA approach however also provides estimates for
the standard deviation of the age class effects. In our empirical illustration
with the mortality data in French in the period 1950-2007, the estimates are
7 = 0.089 for females, and 7 = 0.097 for males. They are small compared
to the estimates of the common factor loadings. Hence, age class specific
mortality effects do not seem very important for the considered datasets.

The basic estimation approach can be improved in several directions:

a) Even if the estimation method is close to the CSA approach with static
factor, this factor is clearly dynamic with a trend. This type of extension

will be considered in Chapter 4.

b) It is also possible to take into account the asymptotic variance of
log pk; , which depends on the level p; ; and the number of individuals
— Dkt

of age k at date t (Population-at-Risk). Indeed, the size of the PaR is small

for large ages and the information less accurate; this arises for the individu-

als, who are intuitively the most sensitive to longevity factors. Accounting
for the asymptotic variance of the estimated canonical factors leads to VGA

estimates of the model parameters [see Section 3.2 iv)].

c¢) Finally, several factors can be introduced. Typically the longevity factors
are not necessarily the same for male and female, for workers or executives,

for European and American.

3.5 Factor Analysis of Dependence

The general methodology can also be followed to understand the structure
of dependence between two qualitative (or discrete) variables. Indeed, it is
important to allow for different factors impacting the marginal distributions
of two qualitative risks, or the dependence between these two risks. For this

purpose, it is useful to introduce a suitable reparameterization of the joint
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distribution of two qualitative variables.
i) An appropriate parameterization for a 2 x 2 contingency table

Let us denote X and Z the two qualitative variables of interest, and ¥ =
(X, Z) the qualitative variable representing both of them. The alternatives
for X [resp. Z, Y] are k, k =1,... K [resp. 7,7 =1,...,J; (k,j), k =
1,...,K,j=1,...,J]. The distribution of Y at date ¢ can be represented

in a (K, J) contingency table, where:

Pt[Yz‘,t = (k,J)] = Pkt

Table 3.1: (K, J) Contingency Table.

X zZ|1...5...J
) :
L R TN VRES
K

A reparameterization of the contingency table with real parameters, able
to distinguish the marginal and dependence features, has been introduced in
the eighties for the analysis of tendency surveys [see e.g. Koenig, Nerlove,
Oudiz (1979), Nerlove (1983), Nerlove, Press (1986)]. It is called log-linear
probability model. We use this parameterization to introduce the canon-
ical factors. The idea is to separate in the log-probabilities the marginal
effects of alternatives k and j from their cross-effects. More precisely, we

consider the following decomposition:
lOg Pkt = Mt + a,i.’t + ait + allc’j,ﬁ (351)

where:
J

K J K
dap, =0, a2, =0, a =0 Vj Y a3, =0 Yk (352
k=1 j=1 k=1

J=1
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the leading term p; being deduced by the unit mass restriction.

Alternatively, model (3.51) can be seen as a special polytomous logit

model:

Prje = explag, + a5, +a;5,)/ Z exp(ap, + a3, +a;’,)| . (3.53)
k,j

ii) Factor analysis of a pair of dichotomous variables

For illustration, let us consider a pair of dichotomous variables and denote
as usual in this framework their alternatives as 0, 1. By taking into account
the restrictions in (3.52), the new parameters can be all written as functions

of aj, = a1y (say), ai, = agy (say), aiit = az, (say). We get:

( logpiae = pe+ais +agy +asy,
logpior = pe+ a1 — agy — asy,
(3.54)
logpois = e — ais+ ags — asy,
logpoos = e — a1 — Qg + agy,
\
and:
( 1
ay = Z[logpl,l,t +log p1,0 — logpo,1,¢ — 10g po,o.4),
1
gt = —|l08P11¢ 0g Po,1,t — 108 P1,0,t — 108 Po,0,¢];
4[1 +1 1 1 ] (3.55)
1
agt = Z[logpll,t +log po,o,s — log p1,0,s — log po,l,t]-

\

The canonical factors a;; and as; have a positive impact on the probabilities

of the events defined by X = 1, and Z = 1, respectively. To interpret the



3.5. FACTOR ANALYSIS OF DEPENDENCE 7

third canonical factor, note that as; can also be written as:

as; = 1log (p71,1,tpo,o,t) . (3.56)

4 P1,0,tPo1,t
It takes value zero if and only if variables X and Z are independent at date ¢.
It takes its maximal value +oo, if either p; o+, or po1+ is equal to zero. The
minimal value —oo is achieved, when either p; ., or pooy, is 0. Thus, as;
is a measure of the dependence between X and Z. By introducing different

factors for ay ¢, as; and as;, we can interpret these factors in terms of either

marginal, or cross-effects.
iii) Illustration: The effect of the financial crisis

We illustrate the above methodology with an application to the analysis
of the dynamics of the cross-sectional distribution of stock returns during the
recent financial crisis. Let us consider the stocks that define the S&P 500
index. Let r;, for ¢ = 1,...,n and n = 500, and 7,,; denote the return at day
t of stock 7, and the return of the index, respectively. Returns are percentage
and concern the time period from May 7, 2007 to May 6, 2011. Figure 3.9
displays the time series of the S&P 500 index returns.

[Insert Figure 3.9: Time series of S&P 500 daily percentage returns,
2007/05/07 - 2011/05/06.]

We observe a period of large volatility between September 2008 and June
2009 corresponding to the recent financial crisis.

We consider the stock return r;; — r,,; of asset ¢ in excess of the market,
and discretize the support of this variable into four subsets, that are I =
{ris=rms < =A} 1L ={=XN<ris—rp: <0}, II] ={0 < r;1—7rp < A} and
IV = {r;4 — rm+ > A}, respectively, where A > 0 is a threshold independent
of asset and time. The threshold A is fixed at A = 1.802, which corresponds
to the 75% quantile of |r;; — 7| across assets and dates in our sample.
The subsets I, II, 1] and IV correspond to a large negative return, a
moderate negative return, a moderate positive return and a large positive

return, respectively. At each date ¢, we compute the cross-sectional frequency



78 CHAPTER 3. STATIC QUALITATIVE FACTOR MODEL

of stocks with returns in the subsets /-IV and study the dynamics of these
frequencies.

The occurrence of a stock return in a subset I-IV can be characterized
by means of two dichotomous variables. Let X,;; =1, if r;; — r,,; > 0, and
= 0, otherwise. Moreover, let Z;; = 1, if |r; s —rp¢| > A, and = 0, otherwise.
Hence, X, is the indicator of a positive stock return and Z;; is the indicator
of a large absolute stock return. Then, subsets I-IV are characterized by
I={X;;=0,Z, =1}, [ I ={X,;, =0,2,, =0}, [[] ={X;;, =1,Z;, = 0}
and IV ={X,;; =1,Z;; = 1}, respectively.

The evolution of the cross-sectional marginal distributions of the dichoto-

mous variables X and Z are given in Figure 3.10.
[Insert Figure 3.10: Time series of probabilities py.; and p. ;.|

The market return can be interpreted as a weighted average of individual
returns. The value of p;.; = pi1+ + P12+ gives information on the skewness of
the cross-sectional distribution of individual returns. This marginal proba-
bility is equal to 0.5 (resp., larger, smaller than), if the median is equal to the
mean (resp., larger, smaller than). From the first panel of Figure 3.10 (see
also Table 3.1), we see that the distribution of X is in average moderately
left skewed. However, we observe a large variability of this probability over
time, and some periodic behaviour: periods in which there is a large number
of assets performing better than the market are followed by periods in which
much more assets underperform. The marginal probability p.1; = p114+ D21
of Z is a market adjusted measure of individual risk. During the recent finan-
cial crisis, we get simultaneously an increased market volatility (see Figure
3.9), but also an increase of the market adjusted risks.

We provide in Figure 3.11 the evolutions of the contingency tables and in

Figure 3.12 the evolutions of the log-linear parameters.

[Insert Figure 3.11: Time series of probabilities poo.¢, Po1.t, Pros and pi ¢.]
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[Insert Figure 3.12: Time series of factors a;+, ass and as;.]

Factor ay; is another measure of market adjusted risk, with an evolution
largely similar to the evolution of p.; ;. More interesting is the evolution of
the cross-sectionl measure of dependence ag; between X and Z. We might
expect a kind of positive risk premium for market adjusted returns, that is
extreme returns compensated by right skewed distribution, or equivalently
more periods with positive values of factor as;. This feature is clearly not
observed on the third panel of Figure 3.12. This dependence measure is very
erratic over time, as if we get a stochastic dependence, and this stochastic
dependence fluctuates around 0 corresponding to the cross-sectional inde-

pendence hypothesis.

3.6 Summary

The maximum likelihood method is complicated in factor models with unob-
servable factors. It can be approximated by the CSA and VGA approaches.
In qualitative models with static factors, these approximated estimation
methods are easy to implement, if (i) the models are written in terms of well-
chosen canonical factors, and (ii) the canonical factors are linear functions of
a reduced number of Gaussian underlying factors. The methodology can be
applied to dichotomous or multinomial probit and logit models as well as to
duration models or log-linear probability models with unobservable factors.

The approach is especially relevant for longevity analysis.
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3.7 Appendix: CSA Maximum Likelihood Es-

timator in Factor Model

(*) Inverse and determinant of matrix (2

Let us denote by 3, = £, /(B/3)"/? the column vectors of matrix 3 rescaled
to have a unit norm. Set Bl, [=1,...,L, can be completed in order to get
aset 3,1=1,...,KS, which forms an orthonormal basis of IRSX. We get:

L

Q = S48 +it1d= }:n+@@@@+n§:@@

=1 I=L+1

This provides the spectral decomposition of matrix 2. We deduce that:

L
detQ = (n)SLT[0* + B8,

L

ol =} I:@ﬁ@@+—§: L5

=1 lL+1

— _Zﬁl@ +ﬂzﬂ) —[d

(**) The CSA log-likelihood function

We have:
1 1 <
CSA 2\—1/A
TL (0) x —= logdetQ (B,7%) — 9T E )" (a; — ).

t=1

(***) CSA estimator of «
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The first-order condition with respect to « is:

Z Hay—a)=0

T\“
I\

(****) Concentrated CSA log-likelihood function

Therefore, the log-likelihood function concentrated with respect to « is:

L 1
LB ) o = logdet (B, 7%) —

1 1 N
= —ilogdet Q(ﬁ77]2) - §TT[Q(57772)_1VT]7

T
~ 1
where Vp = T Z(&t — ar)(a; — ar)' is the historical variance-covariance
t=1
matrix of the estimated canonical factors, and T'r denotes the trace operator
which computes the sum of the diagonal elements of a square matrix. From

the expressions of det Q and Q! derived in (*), we deduce:

1 ~
—TT(VT)

1= KS—-L 1
LRGP o« - logn® =3 > log(n” + i) — 5.5

T 2
L
1 V
—|——Z 2 Tﬁl
2 =N (> + B/3)
(*****) Estimators of 3 and n?

Let us consider the first-order condition with respect to ; without taking

into account the orthogonality restrictions between the sensitivity vectors.
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We get:
1oL%% _J 1 BVip 5 +%—0
T 85 2+ 06 P+ (7 T RmE s

This first-order condition implies that VTﬂl and [3; are proportional, that is,

0, is an eigenvector of matrix V.

Let us denote by é; an eigenvector of Vi with unit norm proportional to

0, and by \; the associated eigenvalue. We have:

1/2 4
5 =",
where v, = (/f;. By substituting in the first-order condition, we get an

equation which defines ; :

~

1 A Al
”?+y 2?2 +n)? *m?+m)

= n=06=N-7
Let us finally concentrate with respect to the optimal f/s. We get:

1

L FOSA(2
L)
KS—L L 1 1 (A —
o 1ogn2——21og)\l——2TT(VT)+§Z( 17]277)
=1 =1
KS—L, . L L. L
= - l%n—§3ZWV)—;?1——;;%M——

The first-order condition with respect to n? provides :

L
TT(VT) — Z j\l
2 =1

T T RS L
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KS
Since Tr(Vy) = 25\1, the corresponding value of the concentrated CSA

=1
log-likelihood is equal (up to an additive constant) to:

—L KS R 1 L R
5 log(Z )\l>—§lzllog)\l.

I=L+1

KS

This value is maximized when the L largest eigenvalues are selected. This

proves Proposition 3.3.
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Figure 3.1: Time-varying conditional default probability.
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The upper panel displays a simulated path of the factor F; ~ IITN(0,1) of time length
50 periods. The middle panel displays the corresponding path of conditional default
probability (solid line) in a cohort of firms with unconditional default probability
PD = 0.05 (dashed horizontal line) and asset correlation p = 0.10. The lower panel
displays the pattern of conditional default probability with asset correlation p = 0.30.
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Figure 3.2: Parameterization of the dichotomous probit model.
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The figure displays the probability p; as a function of the canonical factor a; in the

dichotomous probit model.

Figure 3.3: Parameterization of the dichotomous logit model.
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The figure displays the probability p; as a function of the canonical factor a; in the

dichotomous logit model.
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38

Figure 3.4: Canonical factors in the multinomial logit model.

color map of the canonical factor as as a function

The upper panel displays the level

(p1,p2,p3) in the multinomial logit model with J = 3

of the elementary probabilities

Colors on the simplex correspond to function values. The lower panel

alternatives.

displays the level-color map for the canonical factor ag.
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Figure 3.5: S&P US corporate default frequencies for rating classes BB, B
and C.

1-year default frequencies
060 T T T T T T T T T T T

0.50

0.40}

0.30f

0.20f

0.10f

The Figure displays the series of S&P US corporate default frequencies for rating classes
BB, B, C in the period 1990-2009. Shaded periods correspond to NBER recessions in US.
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Figure 3.6: Estimated canonical factor values for rating classes BB, B and
C.

Estimated canonical factor values
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The Figure displays the series of estimated canonical factor values aj ¢ for rating classes

BB, B, C in the period 1990-2009.
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Figure 3.7: Estimated mortality factor values for French female and male,
1950-2007.
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The Figure displays the series of estimated mortality factor values for French female (left)
and male (right) in the period 1950-2007. The factor is normalized such that its historical

mean is zero and its historical variance is 1.
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Figure 3.8: Estimated intercepts and factor loadings for French female and
male, 1950-2007.
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The Figure displays the estimated intercepts «aj and factor loadings (i for French female
and male in 1-year age classes [k — 1, k), for k = 1,...,111 years. The factor is normalized

such that its historical mean is zero and its historical variance is 1.



3.7. APPENDIX: CSA MAXIMUM LIKELIHOOD ESTIMATOR IN FACTOR MODEL93

Figure 3.9: Time series of S&P 500 daily percentage returns, 2007/05/07 -
2011,/05,06.
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The Figure displays the time series of daily percentage returns of the S&P 500 index in
the period from 2007,/05/07 to 2011/05/06.
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Figure 3.10: Time series of probabilities p;.; and p.j ;.
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The upper panel displays the time series of probability pi., = P,[X;; = 1] of positive

stock return. The lower panel displays the time series of probability p.1; = P[Z;; = 1]

of large absolute stock return. Stock returns are in excess of the market return.
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Figure 3.11: Time series of probabilities poo ¢, Po1,¢, P10 and pig .
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This Figure displays the time series of probabilities pgo: (first panel), po1: (second
panel), p1o,+ (third panel), and p1; ¢ (fourth panel), where pg+ = Pi[X;+ =k, Z; 4 =] for
k,01=0,1.
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Figure 3.12: Time series of factors a;, as and as;.
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This Figure displays the time series of factors aj ; (upper panel), as; (middle panel) and

as; (bottom panel).
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Table 3.1: Sample 2 x 2 contingency table of variables X;; an Z; ;.

Xit
0 1
00384 0.366 | 0.75

110.121 0.129 | 0.25
0.505 0.495

Table 3.2: The 2 x 2 contingency table of variables X;; an Z;; under the

independence assumption.

Xit
0 1
010379 0.371 | 0.75

110.126 0.124 | 0.25
0.505 0.495
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Chapter 4

Nonlinear Dynamic Panel
Model

The application of granularity theory to estimation is presented in this chap-
ter for general nonlinear dynamic panel models with common factors. These
models can feature nonlinear dynamics in both the measurement and state
equations. Intuitively, the specification distinguishes between the dynamics
at the individual level through the lagged individual observations (micro-
dynamics), and the dynamics at the aggregate level through the factors
(macro-dynamics). Consequently, the parameterization of these models in-

volves macro-parameters as well as micro-parameters.

In Section 4.1, we explain why the GA methodology remains simple in
qualitative models with dynamic Gaussian latent factors. Indeed, in these
specifications with macro-parameters only, both the CSA and GA approxi-
mated models are linear state space models, for which the standard Kalman
filter applies. The results for general models with both macro- and micro-
parameters and nonlinear factor dynamics are described in Section 4.2. We
explain how to derive estimators of the micro- and macro-parameters, which
are asymptotically efficient when both the cross-sectional dimension n and

the time dimension T tend to infinity. We also provide approximations of

99
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the factor values (see also Chapter 5). As expected, the rates of conver-
gence differ: they are 1/v/nT for the micro-parameters, 1/+/T for the macro-
parameters and 1/4/n for the factor values, respectively. A sketch of the
proof of the asymptotic results is given in Section 4.3, where we also intro-
duce the CSA and GA maximum likelihood estimators of the parameters.
The application to stochastic migration models is presented in Section 4.4.
These models are used for a joint analysis of the corporate rating migrations
in an homogeneous set of companies. An empirical analysis using S&P rating
data of US companies in the period 1990-2009 is presented in Section 4.5.

4.1 Qualitative Model with Gaussian Dynamic

Factor

i) The model

The static qualitative factor model of Section 3.2 can be extended to
include factor dynamics. Let us assume individual qualitative observations
such that:

PlYipe=Jjla =p(Jyare), j=1,....J, k=1,....K, t=1,....T,
(4.1)
where a; = (a},,...,d%,) € IR®S denotes the canonical factor. More-
over, suppose that the canonical factors are noisy linear transformations of
a smaller number L < KS of underlying macro-factors F, € IR' with a

Gaussian Vector Autoregressive (VAR) dynamic:
a = a+ BF + nuy, (4.2)

where:
Ft = @Ft,1 + Et, (43)

and the errors (w;), (¢;) are independent, such that w; ~ ITN(0,Id) and
g ~ 1IN(0,9), say. Model (4.1)-(4.3) above is a state space model with
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static nonlinear measurement equations (4.1) and Gaussian dynamic linear
state equation (4.2)-(4.3).

ii) Approximated linear state space model

For large cross-sectional dimensions n; of the cohorts, the nonlinear state
space model can be approximated by a Gaussian linear state space model,
for which standard softwares based on the linear Kalman filter are available.
1 These softwares can be used for parameter estimation as well as prediction
of the future individual qualitative variables, or filtering of the unobservable
factor values.

Let us consider the fixed effect maximum likelihood estimator of the

canonical factor values [see Section 3.2 ii)]:
J
art = arg max Z 1.kt 10g P(J; g ) (4.4)
Akt
5

Under identification conditions, we know that asymptotically [see (3.20)-
(3.21)]:

a4 N (a0 500) (4.5)
where f]n,t = diag[f]kvt/nk], and that the a;, ¢t varying, are (asymptotically)
independent. Thus, the nonlinear static measurement equations written on
individual qualitative observation y; s, @ = 1,...,ng, k = 1,... . K, t =
1,...,T can be asymptotically replaced by the linear measurement equations

(4.5) written on the aggregate statistics a;, t = 1,...,7T. In other words, the

initial model can be replaced by the following VGA linear state space model:

State equation:
Ft = ®Ft71 +€t7 Et [IN(O,Q), (46)

VGA measurement equation:

1See e.g. the sspace object in EVIEWS, or the Kalman function in the Control and
System Toolbor in MATLAB.
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iy = a+ BF, +uy,  ug~ IIN(0, 72 1d +3,,). (4.7)

The GA appears by means of the additional variance-covariance matrix
f]m in the measurement equation. If n, = oo, for any k = 1,..., K, this

term would disappear. This yields the CSA linear state space model:

State equation:
F,=®F_1+¢, & ~IIN(0,Q); (4.8)
CSA measurement equation:
a; = a+ BF, +u;,  ug ~ IIN(0,n*1d). (4.9)

Thus, both the CSA and VGA approximated models are linear state space
models and can be analyzed by the standard linear Kalman filter (see the
Review Appendix A.5). The Kalman filter is used to estimate parameters «,

G, u, ®, Q and 7, and to filter the latent factor values.

4.2 Asymptotically Efficient Estimators

i) The model

Let us now consider the general nonlinear dynamic model with unobserv-
able factor (see Chapter 1, Section 1.3). For expository purpose, the model
is presented for a single cohort. It is defined by its transition densities which

are parameterized as follows:
State equation: The conditional density of f; given f;_1 is g(fi|fi—1;0).

Measurement equations: The conditional density of y;; given v, and
fe 18 h(Yitlyie—1, fr; B).

Conditional on the factor path, the individual histories (y;+), i =1, - , n, are
independent Markov processes, with a same transition density h(y; +|yit—1, fi; 5)

between ¢t — 1 and t depending on the factor value f;. The factor varies
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stochastically in time according to a Markov process with transition density
9(filfi—1;0). The model involves a vector of micro-parameters 3 that char-
acterize the dynamics at the individual level (micro-dynamics), as well as
a vector of macro-parameters  that characterize the dynamics of the fac-
tor (macro-dynamics). The unknown true values of these parameters are
denoted [y and 6, respectively. When the unobservable stochastic factors
(ft) are integrated out, the model for the observable variables features both
cross-sectional dependence and non-Markovian serial dependence.

If the variables y;;, ¢ = 1,...,n, and f; were observable at each date, the

joint density (conditional on the initial observations) would be:

T T n

U(yr, fr:8,0) = ([ [ 9l fms OV ] T 2wielwiar, £ 8. (4.10)

t=1 t=1 i=1

Thus, the latent log-likelihood function could be decomposed as:
Ly, fr; 3,0) = logl™(yr, fr; 3,0)

T
= LY(fr;0)+ Y Ly, 3 8),  (411)
t=1

where: .
LM(fr;0) = logg(fil fi-1;0), (4.12)
t=1

is the log-likelihood corresponding to the macro-economic factor, called the

latent macro log-likelihood function, and:

Ecs(yt’ytfla fe:8) = Zlog R(YitlYise—1, fi5 B), (4.13)
i=1
is the log-likelihood corresponding to individual transitions between dates
t —1 and t. It is called the latent cross-sectional micro log-likelihood
function.
The different log-likelihood functions described in (4.11)-(4.13) are latent,

since they assume the latent factors observable. As already mentioned, the
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true log-likelihood function is deduced by integrating out the unobservable

factors. It is given by
log I(yr; 5, 0),
where:

T n

T T
tri5.0) = [ oo [([ToisssON [T T Mclsioos. i) ]
t=1

t=1 i=1 t=1
(4.14)
This log-likelihood function has a complicated expression, which involves a
multiple integral with a huge dimension equal to T times the number of
factors. In particular, the dimension of this integral tends to infinity with
time dimension 7.
When n and T are large, it is possible to derive asymptotically efficient
estimators of both types of parameters without having to compute the huge
integral in (4.14). This is shown next.

ii) The estimation method

If micro-parameter  were known, the factor value at date ¢ could be

approximated by the fixed effects estimator:
fui(B) = argmfaxccswt\yt,l,ft;ﬁ)

= argmaleogh YitlYii—1, f1; 5). (4.15)

=1

The name fixed effects is used because estimator fm(ﬁ) is computed by treat-
ing f; as a parameter in the latent cross-sectional micro-likelihood, that is,
by considering the factor values as fixed time effects.

However, micro-parameter ( is unknown, and thus the factor approxi-
mations fm(ﬁ) as well. But these values can be reintroduced in the latent
micro-likelihood functions aggregated over time, to get a function of the ob-

servations yr and parameter § only. This leads to an estimator of § defined
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by:

T n
BnT = arg mELXZ Z log h[yi,t|yi,t—17 fm(ﬁ)% ﬁ]~ (4-16)

t=1 i=1
Equivalently, it can also be derived by considering the solution in 3 in the

joint optimization problem:

T n
max > Y 1og h(yidlyise-1, fi; B)- (4.17)
By f1se-fr P

The definition of the estimator through (4.17) shows that the unknown
factor values have been treated as nuisance parameters. Such an approach
might create an incidental parameter problem, since the number of nui-
sance parameters tends to infinity with 7' [Neyman and Scott (1948)]. This
problem does not exist in our framework, where the cross-sectional dimension
is much larger than the time dimension (see Proposition 4.1 below and the
discussion thereafter).

The estimator of the micro-parameter can be introduced in the expression
of the fixed effects estimator of the factor value to get an approximation of
factor value at date t:

fnT,t = fn,t(BnT)' (418)

These approximated factor values can serve as proxies for the unobserved
factor values. This leads to the following estimator of the macro-parameter

0:

T
0,7 = arg mgxtzllogg(fnT,t|fnT,t—1§9)~ (4'19)

The estimator 6,7 maximizes the latent macro log-likelihood £M after re-

placing the factor values by their proxies.

Remark 4.1: The models presented in Chapters 2, 3, and in Section 4.1

were models with macro-parameters only. In such cases, the fixed effects
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estimator of the first step is a function of the individual observations only,
that is,

fnT,t = fn,t = arg mfaXZ log h(Yit|yie—1 fr)- (4.20)
"=l

iii) Asymptotic properties of the estimators

The asymptotic properties of the estimators of micro- and macro-parameters
introduced above have been derived in Gagliardini, Gouriéroux (2009) (see
also the discussion in Section 4.3). Their asymptotic distribution involves
information matrices corresponding to the latent macro-likelihood and cross-

sectional micro-likelihood. More precisely:

i) The cross-sectional information matrix at date ¢ is:

0% log h(Yi+|yit—1, ft; Bo)
opB, f1yos, f)

It involves the conditional expectation of the second-order derivative matrix

199(t) = By | —

|fel| - (4.21)

of the micro log-density w.r.t. the micro-parameter and the factor value,
given the current and past history of factor values f; = (f:, fi—1,---). This

information matrix can be written in block form as follows:

Igp(t) Igy(t)
199(t) = : (4.22)

Lys(t) Ips(t)
ii) The macro information matrix is:

_82 log g(f¢| fe-16o)
0006’

™ =E, (4.23)

We have the following proposition valid under the set of regularity con-

ditions in Gagliardini, Gouriéroux (2009):

Proposition 4.1: If the dimensions n, T tend to infinity such that T®/n =
O(1), for b > 1, then:
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i) The estimators are consistent and asymptotically normal:

VT (Bur — fo) 0 (I55)~" 0
SN , ,
VT (00 — 00) 0 0 (M)

where:
I35 = Eollap(t) — Lap(t) s (t) " Iya(t)]-

i) The estimators are asymptotically efficient.

iii) For any date t, conditional on the factor path we have:
Vil fure = fi) < N[O, L (0)7]

All estimators converge to their corresponding true values when both n
and T tend to infinity at suitable relative rates (namely when n is infinitely
larger than T in the limit). However, the convergence rates of the estima-
tors differ: they are equal to 1/v/nT for the micro-parameters, 1/v/T for the
macro-parameters and 1/4/n for the factor values, respectively. Estimators
ﬁAnyT and én’T are asymptotically independent. Thus, asymptotically the in-
ference on 3 and # can be done separately. In other words, parameters 3
(resp. 0) are actually micro-parameters (resp. macro-parameters), since they

do not include macro-information (resp. micro-information).

The estimators BnT and 0,7 are asymptotically efficient in the sense that
they are asymptotically equivalent to the maximum likelihood estimators
that maximize the true likelihood function (4.14). Intuitively, when both n
and T are large, estimators BnT and énT have the lowest possible variance
within a very large class of regular consistent estimators. Let us now discuss
the expressions of the asymptotic variance-covariance matrices of the estima-
tors. The information matrix I corresponds to the Fisher information on
6 when the factor values are observable. Thus, for large n, the replacement
of these values f;,t = 1,...,T, by their approximations fnm,t =1,...,T,

has no effect on the estimator of macro-parameter ¢#. This is because the
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approximation errors of order O,(1/4/n) on the factor values are irrelevant
for estimation of parameter 6 at rate 1/v/T, when T'/n — 0.

The information matrix /5 is the information matrix for § in the micro-
model with parameters 3, fi,..., fr. It does not coincide with Ey[Iz5(t)],
since the estimation errors on the factor values have to be taken into account
for estimation of the micro-parameters at rate 1/ V/nT. However, we observe
that the matrix I3; does not depend on the selected dynamic factor model.
We deduce that BAmT is both asymptotically efficient and semi-parametrically
efficient [see Gagliardini, Gouriéroux (2009) and the Review Appendix A.2].

Finally, the usual panel literature emphasizes the role of incidental pa-
rameters, that is, the fact that in some models the number of unknown pa-
rameters increases with sample size [see Lancaster (2000) for the discussion of
incidental parameters in panel models with individual effects]. In our panel
model with common factor, the incidental parameters are the factor values,
whose number increases with the time dimension 7. If the cross-sectional
dimension n were fixed, the presence of incidental parameters would imply
the inconsistency of ﬁAnyT even for large T. By assuming that n also tends
to infinity faster than 7', not only the convergence, but also the asymptotic

efficiency, are obtained.

4.3 Likelihood Expansions, CSA and GA Max-

imum Likelihood Estimators

The asymptotic properties of the estimators of micro- and macro-parameters
presented in Section 4.2 rely on asymptotic expansions of the complicated
likelihood function of the model. We describe below the principle of this
expansion [see Gagliardini, Gouriéroux (2009) for complete proofs], since
the same principle will also be used for prediction purpose (see Chapter 5).
Moreover, these asymptotic expansions of the likelihood function are the

basis for deriving the CSA and GA maximum likelihood estimators.
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i) First-order expansion of the log-likelihood function

The joint density of the observations is [see (4.14)]:

T n T T
l(gT;ﬂ,e) = /.../Hl_[lh(yi,t’yi,tbft;ﬁ)lj[lg(ft\ftl;e)lj[ldft

T T
[ exp{zzloghy”!ym,ft, )}Hg(ft\fm;@)ndft-
t=1 t=1

t=1 i=1

For large n the integral with respect to the factor values can be approx-
imated by expanding the integrand around its maximum w.r.t. the factor
along the lines of the Laplace approximation [see Jensen (1995), Arellano,
Bonhomme (2009), and Appendix 4.7 i)]. We get the following expansion:

Proposition 4.2: Ifn, T tend to infinity, with T®/n = O(1), for b > 1, we

have:
Lor(5.0) = —logl(yr: 5,0)
= ZT(ﬁH%ELnT(ﬁ,@)+op(1/n), (4.24)
where:
1 T n
/"1;: (5) = T 1Ogh[yzt|yzt 7fnt(ﬁ) ﬁ]
' nTtZIzl 1

Liar(B,0) = ———Zlogdetfm Zlogg Fat(B)| fue-1(8): 0],

and:

0 logh R
Z 8ft08gft (Yit|Yis—1, frr(B); B).

The decomposition above explains the main asymptotic results given in
Proposition 4.1. Let us first consider the micro-parameters. They are in-

volved in both components of the right hand side of decomposition (4.24).
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However, since the second component is negligible w.r.t. the first one when
n is large, the ML estimator of the micro-parameters is equivalent to the
estimator based on the optimization of the micro log-likelihood L. This is

exactly the definition of the fixed effects estimator Bn’T given in Section 4.2.

Let us now consider macro-parameters . They are involved in the second
term of the expansion (4.24). Since the estimators of the micro-parameters
converge faster than the rate 1/4/7, the maximum likelihood estimator of

the macro-parameters can be approximated by the solutions of:

m@ax »Cl,n,T(Bn,Tv 0)

T

< m@aX ; lOg g[fnt (Bn,T) ’fn,tfl (Bn,T)a 0] :

This yields the estimator én,T introduced in Section 4.2. The asymptotic
independence between the estimators of the micro- and macro-parameters is
due to the additive decomposition of the log-likelihood function in (4.24),
where the first component concerns 3 and the second one 6 (since 3 can be

replaced asymptotically by ﬁAnyT in the second component).

In fact, the estimators (BnT, énT) are asymptotically equivalent to the es-
timators derived by optimizing the first-order expansion of the log-likelihood

function in Proposition 4.2. Let us denote by:

LE45,0) = £30(9) + ~Lanin(5,0), (1.25)

the cross-sectional asymptotic (CSA) log-likelihood function, and
define the CSA ML estimators as:

(B, 07) = argmax £73(8,0). (4.26)

)

The CSA ML estimators are asymptotically equivalent to the estimators

(BnT, énT), and in particular asymptotically efficient.

ii) Granularity adjustment
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The true maximum likelihood estimators of the parameters can be ap-
proximated more accurately by considering a second-order expansion of the
log-likelihood function w.r.t 1/n. We have:

Lor(5.6) = L30(5) + ~Lanr(8,0) + 5 Lanr(5,6) + 0y(1/0), (427)

where the additional term £, 1 has a closed form expression [see Gagliar-
dini, Gouriéroux (2009)] and does not involve integrals w.r.t. the unobserv-
able factors. This second-order expansion defines the GA log-likelihood

function:

LEHG0) = Lo0(0) +—Lana(B.0) + gLonr(36).  (428)

Then, granularity adjusted estimators are defined by maximizing the GA

log-likelihood function:

(B, ') = argmax £73.(3,6). (4.29)

In the general framework, the granularity adjustment is more important
for the estimators of the macro-parameters, whose speed of convergence is
slower. The granularity adjustment allows to modify the bias at order 1/n
of the CSA estimator é%?A. In particular, it is possible to show that the
difference between 6% and the true ML estimator of 6 is of order o,(1/n),
while this difference would be of order O,(1/n) for the CSA estimator §534
and for the estimator 6,7 defined in Section 4.2. Thus, the GA and the true

ML estimator of the macro-parameters are equivalent at order 1/n.
iii) Newton-Raphson algorithm

It is easily checked that estimators asymptotically equivalent to the GA
estimators are obtained by applying a single iteration in an appropriate

Newton-Raphson algorithm with the CSA estimator as starting value [see
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Appendix 4.7 ii)]. We have:

3GA 3CSA

AnT — AnT +

. a/"‘g?é (ACSA éCSA) (430)
8(51’0/)/ nT »YnT )

2 PCSA(ACSA HCSAN |
_a EnT ( nT 79nT )

o, e)os, o)

up to order o,(1/n?) for the micro-parameters, and o,(1/n) for the macro-

parameters, respectively.

4.4 Stochastic Migration Model

The Basel 2 regulation was not only asking for an accurate analysis of default
risk and default correlation (see Section 3.1), but also of the risk associated
with possible rating downgrades and upgrades [BCBS (2001),(2003)]. In-
deed, the current rating has a significant impact on the value of the debt,
and this effect has to be taken into account when assessing the risk of a
credit portfolio. For this purpose, a dynamic analysis of the qualitative
rating histories is required, with special focus on rating migration correla-
tion. Unobservable dynamic factors are typically introduced in the models
to create downgrade (resp. upgrade) correlation. Following the demand by
regulators, stochastic migration models have been recently introduced in the
academic literature, with special emphasis on corporate ratings and business
cycle [see e.g. Gordy, Heitfield (2002), Gagliardini, Gouriéroux (2005a, b),
Feng, Gouriéroux, Jasiak (2008)].

i) Stochastic transition matrices

Let us consider an homogenous subpopulation and individual qualitative
histories (y;+,t = 1,...,T), for i = 1,...,n. Variables y,;; are polytomous
qualitative with K possible alternatives, denoted k£ = 1,..., K. In the ap-
plication to corporate bonds, these alternatives are the possible ratings, e.g.
AAA, AA, A, BBB, ..., D in the Standard & Poor’s (S&P) rating system.
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Their number is typically either 8, or 10, depending whether ratings CCC,
CC, C are put together, or not. However, the stochastic migration model
described below can be applied to other frameworks as well.

As before, the dynamic model is defined by state and measurement equa-

tions.

State equation: The transition density of the factor is g(fi|fi_1;6);

Measurement equations: They are defined by the transition probabilities:

P[yz',t = k’yi,tfl =1, ftsﬁ] = Wlk(ft?ﬂ): say,

for k,l=1,.... K.
Since the individual observations are qualitative, the transition pdf of v, ;

given y; ;-1 and f; is characterized by the (K, K) transition matrix:

I(fi; 8) = [mu(fe; B)]. (4.31)

This transition matrix has nonnegative elements, which sum up to one by
row. Its diagonal elements provide the probabilities to keep the same rating
between dates ¢t — 1 and ¢, whereas the out-of-diagonal elements are the
probabilities to migrate up or down, from one rating class to another one.
For a given factor history, the individual qualitative rating histories are in-
dependent, identically distributed. Each individual rating history is a Markov
chain, which is time heterogenous since the transition matrices evolve in time.
When the factor is considered stochastic, we get Markov chains with stochas-
tic transition matrices. This justifies the alternative names given to this type
of model, that are, stochastic migration model, stochastic transition
model, or model with stochastic intensity (see also Section 3.4 for the
two-state case with an absorbing state). When the factor is integrated out,
the individual histories become dependent and the Markov property is lost.
Intuitively, the whole past of all series is informative and needed to reconsti-

tute approximately the current factor value.
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There exist different migration models according to the specification of
the transition matrix. Intuitively, each row of the transition matrix defines a
probability distribution for which an ordered polytomous model (see Example
3.4 in Section 3.3), or a multinomial logit model (see Example 3.3 in Section
3.3), can be chosen. Moreover, the models for the different rows can be
linked as seen below for the model usually considered for the analysis of

rating histories.
ii) The dynamic ordered qualitative model for rating histories

This model is the direct extension of the SRF model of Section 3.1 to
more than two alternatives and to a dynamic framework. In the spirit of
Merton’s structural model, the rating is based on the level of the log asset-
to-liability ratio. More precisely, let us introduce a partition of the real line:

Cp=—00<C <0< ...<cCr_1<crg=+00. We assume that:
yir =k, if and only if ¢,y <log(Ai¢/Lit) < c, (4.32)

for k = 1,..., K, where A;; and L;,; denote the asset value and the debt
of firm ¢ at date t. In this way, the rating classes are numbered in order
of increasing credit quality, with alternative k = 1 typically corresponding
to default 2. Then, we have to define the conditional distribution of the log
asset-to-liability ratio given the factor and the past individual histories. We
assume that this dependence is through the most recent rating only. The
latent model, which extends (3.3), is:

log Ai,t — 10g Li,t = + blFt + O1Uj ¢, (433)

for companies with rating vy;,—1 = [ at date ¢ — 1, where u;; ~ N(0,1) is
independent of F;. By comparing with equation (3.3), we see that the con-

ditioning with respect to the last rating is equivalent to the creation at each

2In the basic Merton’s model, ¢; = 0. In practice the constraint ¢; = 0 is generally not
introduced, especially due to the regulatory definition of default. For instance, a default
can be reported if the lender thinks that a failure of a company is highly probable in the
next future, even if this failure has not yet occurred. Thus, threshold ¢; can be strictly

positive and its magnitude depends on the more or less severe judgement of the lender.
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date t of a set of K homogenous subpopulations, in which the corporations
are grouped according to their previous rating.
Under (4.32)-(4.33) the stochastic transition probabilities are given by:
—a;—b 1—a;—b
m(fiy B) = @ (m) — (C’“ LA lft) , (4.34)

] gy

where ® is the cdf of the standard normal. These transition probabilities
involve two types of micro-parameters, that are the parameters a;, b;, oy,
[ =1,..., K of the latent model for the individual asset-to-liability ratios,
and the thresholds ¢, k =1,..., K — 1, used to define the ratings. Whereas
a;, by and o; appear in row [ of the transition matrix only, the threshold
parameters are in all rows, introducing links between rows. Moreover, while
we have focused above on a model with a single factor in analogy to Section
3.1, the extension to include a multivariate factor F; of dimension d, say,
is straightforward. In this case, for each row [ of the transition matrix we

would have a (d, 1) vector b; of sensitivities to the different factors.

Finally, the measurement equations (4.34) are usually completed by a

state equation corresponding to a Gaussian VAR model:
Ft :/L—‘—AFt,l +€t7 E I[N(O,Q), (435)

where A is a (d, d) matrix of autoregressive coefficients.
iii) Identification

Parameter identification has to be considered carefully before applying
any estimation method. The vector of model parameters is identified if it
is not possible to find two distinct parameter vectors that imply the same
distribution for the observable variables, that is, for the joint history of the
ratings of the n firms [see e.g. Gourieroux, Monfort (1995)]. In the ordered
qualitative model for ratings described in Section ii), the lack of identifica-
tion can result from the loss in information incurred when passing from the
quantitative scoring variable (the asset-to-liability ratio) to the qualitative

rating, and from the unobservable factors being defined up to an invertible



116 CHAPTER 4. NONLINEAR DYNAMIC PANEL MODEL

linear transformation. The identification restrictions have to account for the
links existing between the rows of the transition matrix and have to conserve
the distinction between micro- and macro-parameters.

For instance, in a stochastic migration model for rating histories with
a single factor and absorbing state k& = K, identification restrictions are
c1 = a; = 0 and by = 01 = 1. Therefore, the identifiable micro-parameters
are 0 = (ag, b, ok, cx, k =2,..., K — 1), whereas the macro-parameters are
0 = (u,A,Q), that are all the parameters of the state equation. In the
general case, we denote by  and 6 the vectors of identifiable micro- and
macro-parameters of the model, once suitable identification restrictions are

imposed.
iv) Asymptotically efficient estimators

The asymptotically efficient estimators of the micro- and macro-parameters,
and the factor approximations, are derived from the general results in Section
4.2, equations (4.16), (4.18) and (4.19). For expository purpose, we focus on

a single-factor model.

Let us denote by Nj; and N;;; the number of companies in rating
class k at date ¢, and the number of companies migrating from class [ to
class k between dates t — 1 and t, respectively. The transition frequencies
Tkt = Nigt/Nis—1, for Lk = 1,..., K, are the empirical counterpart of
the stochastic transition probabilities between dates ¢t — 1 and ¢. Then, the

cross-sectional micro-density of the model at date t is given by:

K K
‘Ccs(yt‘ytflafﬁﬁ) = ZZNz,k,tlogﬁl,k,t(ﬁ;ﬁ)

=1 k=1
K K
. ck —bifi —
= N | b ———m—
lzl 1t—1 ;Wl,k,t 0g l ( oy )

_P (Ckl —bifi — &l)]
] )

It follows that the counts /V;;—; and the empirical transition frequencies 7 ;
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forl,k=1,...,Kandt=1,...,T, are summary statistics for the stochastic
migration model (conditionally on the initial observations and factor values).
These empirical counts and transition frequencies are freely available from

websites of either rating agencies, or central banks [see e.g. Gupton, Finger,
Bhatia (1997)].

From the cross-sectional micro-density, we get the fixed effects estimators

of the factor values given the micro-parameters:

. Cbf
frt(B) —argmaXZNltlzmktlog{ (Ckl—ftal)

2]

o (%—1 —bifi — al)} 7
o]

fort=1,---,T, and the estimator of the micro-parameters:

bt . _
ﬁ”T_argmaXZZNlt 1Z7letlog[ <Ck lf?;(ﬁ) az)

=1 =1
B bzfn,t(ﬁ) —
gy '

The numerical computation of the estimate BnT involves two nested opti-

mization problems. For given [, the factor approximation fmt(ﬁ) can be
computed by grid search, and then estimate BnT is computed by applying the
Newton-Raphson algorithm. Estimator BnT is used to get the cross-sectional

approximations of the factor values:

fnT,t = fn,t(BnT)‘ (436)

Finally, the estimators of the macro-parameters i, A and {2 are obtained by
replacing the factor proxies in the macro-dynamics and applying Maximum

Likelihood (ML) on the autoregressive model:

fore = p+Afuriy +e, e ~I1IN0,Q), t=1,---,T. (4.37)
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For this autoregressive model, the ML estimator coincides with the Ordinary
Least Squares (OLS) estimator. When the factor is multivariate and the Vec-
tor Autoregressive (VAR) model (4.37) involves several equations, the OLS
estimators of the components of ;1 and A are computed equation-by-equation
[see e.g. Gourieroux, Jasiak (2001)]. The estimator of € is obtained from
the sample variance-covariance matrix of the estimated regression residuals
;. The convergence rates of estimators BnT and énT = (fnr, AnT, QnT) are
1/ VnT and 1 / VT, respectively, and their asymptotic variance-covariance

matrices are deduced from Proposition 4.1.
v) Approximate linear state space model

An alternative estimation methodology can be introduced by writing the
stochastic migration model as an approximate linear state space model, and
applying a procedure similar to the one described in Section 4.1. The basic
idea is that the qualitative model (4.34) can be ”linearized” by considering
the canonical factors for each row of the transition matrix as in the ordered
probit model in Example 3.4 of Section 3.3. More precisely, let us introduce

the cumulated transition probabilities:

T (fB) = PlYie <k|Yi1 =1 fi; 0]

k
= Zﬂl,h(fﬁﬁ)
h=1

— (Ck —a; — blft) ’ (438)

]

forl=1,--- ,Kand k=1,--- , K — 1. By applying the quantile function
of the standard normal distribution to both sides of the above equation, we

get:
Cp —ap — blft
(o] '

O (fi3 8)] = (4.39)

These nonlinear transformations of the cumulated transition probabilities

play the role of the canonical factors:

ar = veca ., (4.40)
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where:
Ck —ap — b fy
app = ———, (4.41)
gy
is linear w.r.t. f;. The canonical factors are cross-sectionally approximated

by their sample analogues:

k
&Mw::®‘1<§:ﬁUm>. (4.42)
h=1

For large cross-sectional size n, the estimated factors are such that a, L
N(at, ¥,+) asymptotically conditional on the factors, and the expression of
the estimated asymptotic variance-covariance matrix f]n,t is derived in Ap-
pendix 4.6. In particular, the block of matrix f]n,t corresponding to the
canonical factors for row [ involves the number N;,_; of companies in class
[ at date t — 1. Then, the parameters can be estimated by applying the
Kalman filter on the VGA linear state space model:

State equation:
E:M+AE_1+€t, €tNIIN(0,Q)7
VGA measurement equations:

Cr — q

. b .
At = - ;lft + Up g ts UeC(Ul,k,t) ~ [IN(O, zn,t)a
1

o]
fori=1,--,K—landk=1,--- K

Thus, the nonlinear measurement equations for the individual ratings are
approximated by linear measurement equations for suitable cross-sectional
aggregates. Contrary to the linear state space models in Section 4.1, the
variance of the errors in the measurement equations tend to zero as n tends
to infinity. This explains the different rates of convergence for the micro-
parameters and the macro-parameters, that are 1/v/nT and 1/v/T, respec-
tively.
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4.5 Application to S&P Migration Data

In this section we present an application of stochastic transition models to
rating migration data of S&P [see Gagliardini, Gouriéroux (2005b) for a

similar analysis with data of the French central bank].
i) Description of the data

The data consist of 7" = 20 1-year empirical migration matrices for US
firms in the period from 1990 to 2009. The migration matrices are provided
by S&P in public reports and are computed on an annual basis from a pool
of large and medium size US firms. S&P relies on a rating system based on 8
classes (in the simplest version), denoted AAA, AA, A, BBB, BB, B, C, D.
Category AAA corresponds to the lowest risk (i.e. the best credit quality),
and category C' to the highest risk. Category D corresponds to default. The
rating is assigned by expertise, accounting for available information on the
firm’s business and financial ratios. The pool of monitored firms is constantly
updated in time to replace defaulting firms and including new firms. For
instance, the distributions of the firms in the pool across rating classes in
1990, and in 2009, are given in Table 4.1.

[Insert Table 4.1: Distribution of firms in the S&P pool across rating
classes in 1990 and in 2009.]

The total size n of the pool has almost tripled between 1990 and 2009, pass-
ing from about 2000 to almost 6000 firms. The relative importance of rating
classes BBB, BB, B, C has increased, while that of classes AAA and AA has
decreased. Possible explanations for this phenomenon are either a deteriora-
tion of the average credit quality of the firms considered in the pool, or an
increased severity in the judgment of the rating agency, or a selectivity when
updating the pool.

The transition matrix in 2009 is displayed in Table 4.2. The rows and

columns are arranged in order of increasing risk.

[Insert Table 4.2: 1-year transition matrix in 2009]
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The matrix in Table 4.2 contains an additional column for firms that are not
rated (NR) at the end of year 2009. The firms in category NR likely failed
to report their balance sheets, or the reported data had missing information.
The percentages of not rated firms are between 3% and 18%, and tend to
increase as the quality of the rating at the beginning of 2009 deteriorates.
Missing data is mainly due to lack of information disclosure, that may be
voluntary or not. Similarly to other rating agencies, S&P does not provide
the row corresponding to the transition frequencies from the NR category
to the other categories. Hence, the transition matrix in Table 4.2 has to
be transformed into a square matrix by imputing the companies in the NR
category to the other rating classes. It is usually proceeded by a proportional
assignment, that is, for each row the NR companies are assigned to the other
rating classes proportionally to the transition frequencies of the latter. It
is important to check that the proportional assignment does not induce a
selectivity bias. By using migration data of the French central bank, Foulcher
et al. (2004) provide evidence that incomplete reporting of balance sheets
data is not an indicator of imminent default. This finding supports the
practice of proportional assignment and suggests that the increase of the NR
percentage in the worst rating classes may be due to the fact that disclosing

information is not a priority for firms in a difficult situation.

After the transformation to eliminate the NR category, the transition
matrix in 2009 is displayed in Table 4.3.

[Insert Table 4.3: Adjusted 1-year transition matrix in 2009]

The largest transition probabilities appear on the main diagonal of the ma-
trix, pointing to a tendency to stability of the ratings. Moreover, the other
transition probabilities that are significantly different from zero correspond
in general to transitions involving one bucket. Thus, rating down- or up-
grades of more than one rating class over one year are unlikely, unless for the
riskiest categories. The last column of the matrix displays the default prob-

abilities. As expected, the default probabilities increase as the rating quality
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decreases. Finally, the elements in the last row of the transition matrix are
all zeros, except a 100% in the last column, reflecting the fact that default is
an absorbing state.

Let us now discuss the dynamics of the transition matrices. We focus on
up- and down-grade probabilities u;; = ZkK:z 1 ke and dpy = 2_:11 Tk ts
respectively, indexed by the initial rating class [ [see Section 3.3 iv) for a
description of the time series of default probabilities]. We display the time
series of up-grade probabilities u;; in Figure 4.1, and the series of down-grade
probabilities d;; in Figure 4.2. The shaded periods in these figures correspond
to recessions in US as identified by the National Bureau of Economic Research

(NBER).

[Insert Figure 4.1: Up-grade probabilities]
[Insert Figure 4.2: Down-grade probabilities]

The transition probabilities vary cyclically over time, with similar patterns
across rating classes. Peaks of downgrade probabilities, and troughs of up-
grade probabilities, are associated with the economic recessions in US. The
variations in the down-grade and up-grade probabilities over the time span
1990-2009 have been of the order of 5 — 10% for most rating classes, and of
the order of 30% for the riskiest rating class C. The evidence in Figures 4.1
and 4.2 supports the idea that transition probabilities are driven by stochas-
tic factors that are common across rating classes, which is at the core of the

stochastic transition model.
ii) Estimation results

We estimate the ordered qualitative stochastic transition model intro-
duced in Section 4.4 ii) with K = 8 rating classes by applying the method-
ology presented in Section 4.4 iv). For compatibility with the notation in
Section 4.4, we renumber the rating classes of S&P into 1, 2, ..., 8 with k =1
corresponding to default, £ = 2 corresponding to C, and so on until £k = 8
for AAA.



4.5. APPLICATION TO S&P MIGRATION DATA 123

Before applying the estimation procedure, we have to determine the num-
ber of factors. For this purpose, in a preliminary step we compute the series
of estimated canonical factors d; in (4.42) for k, [, and perform their prin-
cipal component analysis, that is, the spectral decomposition of the T'x T
matrix Y'Y, where the row ¢ of matrix Y is given by a; 5 — @, k,l vary-
ing, with a;;, = %Zt ajk: (see the Review Appendix A.4). The associated

eigenvalues are given in decreasing order in the following table:

81.87 13.92 11.88 9.75 5.58 3.06 2.15 1.66 1.44 0.76
0.50 027 022 0.10 0.05 0.00 0.00 0.00 0.00 0.00

The first eigenvalue is much larger than the other ones. The second, third
and fourth eigenvalues are about of the same magnitude. The components
of the standardized eigenvectors (zero sample mean and unitary variance)
corresponding to the four largest eigenvalues are displayed in Figure 4.3 as
functions of date t.

[Insert Figure 4.3: Eigenvectors from Principal Component Analysis]

The pattern of the eigenvector associated with the largest eigenvalue is com-
patible with the time evolution of the transition probabilities in Figures 4.1
and 4.2. Indeed, small factor values correspond to large default and down-
grade risk (assuming positive factor sensitivities). The troughs in the factor
pattern in the periods 1990-91, 2001-2002 and 2008-09 are associated with
the troughs in upgrade probabilities and the peaks in downgrade probabilities
in Figures 4.1 and 4.2. The pattern of the eigenvector associated with the
second largest eigenvalue features a downward trend in the period 1990-1996
and an upward trend in the period 1996-2009, corresponding to an increase,
resp. a decrease, in downward risk. Finally, the patterns of the eigenvectors

associated with the third and fourth eigenvalues are rather erratic.

Based on the above evidence, we consider a specification with a single

factor [see Gagliardini, Gouriéroux (2005b) for a multifactor analysis using
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French data]. We impose the identification restrictions a5 = 0, by = 05 = 1
and ¢4, = 0. These identification restrictions concern the parameters of rating
class BBB and the threshold between rating classes BBB and BB [see Section
4.4 iii)]. The estimates of the parameters are displayed in Table 4.4.

[Insert Table 4.4: Parameter estimates]

The upper panel displays the estimates of the threshold parameters c¢;. As
expected, the estimated thresholds are increasing w.r.t. the rating class in-
dex. The middle panel displays the estimates for the parameters in rows
[ =2,3,---,8 of the transition matrix, which correspond to rating classes
C, B, ..., AAA in the S&P rating system. The intercepts a; are increasing
with respect to the rating index, which confirms that the underlying quan-
titative score for credit quality is larger for the less risky rating classes. The
parameters b; are the sensitivities of the different rating classes to the factor.
The estimated factor sensitivities are all positive, that is, an increase in the
factor improves the underlying quantitative score for credit quality in all rat-
ing classes. The volatility parameters o; are generally smaller for the riskier
rating categories. Finally, the lower panel in Table 4.4 displays the estimates
for the parameters of the factor dynamics. The autoregressive coefficient is

positive and corresponds to a quite strong persistence of the factor.

Let us now discuss the approximated factor path and the link with the
business cycle literature [see also Nickell, Perraudin, Varotto (2000)]. The
approximated factor values fnT,t in (4.36) are displayed in Figure 4.4. The
factor estimates are standardized to get zero mean and unit variance in the

sample.

[Insert Figure 4.4: Approximated factor values]

The approximated path of the factor in Figure 4.4 is very close to the compo-
nents of the eigenvector associated with the largest eigenvalue in the PCA of
the estimated canonical factors in Figure 4.3. The cyclical pattern of the fac-

tor in Figure 4.4 is clearly related to the business cycle. Indeed, the troughs
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in the factor pattern are associated with the periods of economic recession
in the US. Hence, as expected we find a link between the credit cycle and
the business cycle. We notice however some lead-lag effects between the two
cycles. For instance, we observe a rather long period of decrease in the credit
factor from the peak in 1996 until to trough in 2002 associated with the
economic recession in 2001. Instead, in the recent economic crisis, there is
a decrease in the credit factor at the inception of the recession in 2008 [see
also Gagliardini, Gouriéroux (2005b) for a causality analysis between credit

and business cycles using French data].

iii) Estimation of asset and migration correlations

The estimated model can be used to get estimates of asset and migration
correlations [De Servigny, Renault (2002), Gagliardini, Gourieroux (2005a)].
Let us consider two firms ¢ and j, that are currently in rating classes [ and k,
respectively. The asset correlation between these two firms, conditional on

the current factor value Fj, is defined as: 3

Pakt = corr [10g(Ai i1/ Li1),108(Aj 1/ L) [Yie = 1, Y =k, F] .
(4.43)
From equations (4.33) and (4.35), we get:

bibeV [Fi | F]
VOV IF | E] + 00V [Fia| B + o}
biby

o 1-A2 o [p2  1-42 o
\/bl+ 0 Ol\/bk+ o %

The asset correlation p, i, does not depend on the firms names ¢ and j, but

Pa,lk,t

only on their current ratings [ and k, since the individual risks are exchange-

able within a rating class. Moreover, p,ix+ = paur is independent of the

3The conditioning set in the definition of asset correlation Pa,ik, for firms ¢ and j
involves neither the ratings of other firms, nor the past values of ratings and factors.
Indeed, this additional information is irrelevant due to the conditional independence of
the rating histories given the factor path, and the Markov property of the factor.
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date t, since the conditional variance of the Gaussian autoregressive factor
is constant. The asset correlation involves both micro parameters by, by, o7,

o? and macro-parameters A, (2.

The asset correlations p, i, for the different rating classes can be arranged
in a symmetric matrix, whose row and column indices [, k correspond to the
current firms ratings. The matrix of estimated asset correlations is displayed
in Table 4.5.

[Insert Table 4.5: Matrix of estimated asset correlations]

Estimated asset correlations range between about 3% for firms within rating
class AAA, and about 26% for firms within rating class C. Hence, the risks
in class AAA are mostly driven by the idiosyncratic component, while the
systematic factor impacts significantly the risks in class C. This effect can
also be seen by comparing the estimated ratios b;/o; for classes | = 2 and
[ = 8 in Table 4.4. However, estimated asset correlations are not monotone
with respect to the riskiness of the rating class. Indeed, the estimated asset
correlation is rather large and equal to about 20% for class AA, while it is
equal to about 10% for classes A, BBB, and BB. This finding can be due to
the heterogeneity in these latter classes, whose size is large especially in the

last part of the sample (see Table 4.1).

Let us now consider the migration correlations. The upgrade correlation
between the future ratings of two firms, conditional on the current ratings

and factor value, is defined as:

pu,lk,t = Ccorr []lyi,t+1=l+17 ]IYj,t+1=k+1D/i,t = l’ Y},t = k, Ft:| y

where [ and k are the current ratings of the two firms. Hence, upgrade
correlations are correlations between the indicators for the events of rating
upgrades. We show in Appendix C that upgrade correlations can be rewrit-

ten in terms of conditional moments and cross-moments of the stochastic



Pu,

Pd,lk,t
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migration probabilities given the current factor value:

Cov [7Tl,l+1,t+1a 7Tk,k+1,t+1’Ft]

Ikt = )
VEm 1, Fl(1 = Bl | F)) v/ Elme e | F) (1 — Bl ps1041]F])

(4.44)
where 741441 = 741 (Fi41) are the stochastic upgrade probabilities. As
for asset correlations, the upgrade correlations depend on the current ratings
of the two firms, but not on their names. Moreover, upgrade correlations
depend on the current factor value F; through the conditional distribution of
Fiyq given Fy, and not only on the conditional variance of the factor. Hence,
upgrade correlations are stochastic and time varying. Finally, we can define

similarly downgrade correlations and we have:

= corr |::[lYi,t+1:l—17 ﬂYj,t_;,_lik‘—ID/;,t - l) )/j,t - k? E:|
_ Cov [Wl,lfl,tJrla Wk,kfl,tJrl’Ft]
VEm -1 F) (1 = Elmy—1 1| )/ Elm 1001 | F] (1 — Efhi1i41|FY])’
(4.45)
where 71441 = m-1(Fi11) are the stochastic downgrade probabilities.

Migration correlations involve the micro-parameters through the transition
probabilities, and the macro-parameters through the conditional expecta-
tions given the current factor value.

We display in Tables 4.6 and 4.7 the matrices of estimated upgrade and
downgrade correlations. The current factor value is F; = —2.44, which is the

approximated factor value for 2009 found in Section ii).

[Insert Table 4.6: Matrix of estimated upgrade correlations]
[Insert Table 4.7: Matrix of estimated downgrade correlations]

The conditional expectations with respect to the factor are computed by
Monte-Carlo integration based on 1,000,000 repetitions (see Review Ap-
pendix A.1). Estimated upgrade correlations are much smaller than asset
correlations, and range between 0.04% for rating class AAA and about 2%
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for rating class C. Moreover, estimated upgrade correlations are monotoni-
cally increasing with respect to the riskiness of the rating class. Estimated
downgrade correlations are typically larger than estimated upgrade correla-
tions. For instance, the estimated downgrade correlation is almost 5% for
two firms in rating class C. The impact of the systematic factor is asymmet-
ric with respect to downside and upside risk, and is more pronounced for the

former.

4.6 Summary

In a general dynamic framework, we have to account for both micro- and
macro-dynamics. We have developed efficient estimation methods for es-
timating micro- and macro-parameters and shown that they have different
rates of convergence. We have also explained how to reconstitute the unob-
servable dynamic factors. The approach has been applied to the dynamic
analysis of corporate rating by means of a stochastic migration model, as

recommended by Basel 2 regulation.
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4.7 Appendix A: Asymptotic Variance-Covariance

Matrix of the Transition Frequencies

Let us denote 7, = (714, - -, T re), I =1,..., K, t=1,...,T the rows of
the empirical transition matrices. These rows are asymptotically independent
conditionally on the factor history such that [see e.g. Bartholomew (1982)]:

. d )
\/ﬁ(ﬁz,t - 7Tz,t) — N[0, diag (m16) — 7Tl,t771/,t]u

as n — oo, where n denotes the number of individuals in class [ at date
t — 1. The cumulated transition frequencies 7}, = (7}, ...,/ 1,) are
also conditionally independent for different rows and dates, with asymptotic

Gaussian distribution:

Va#r, =) 5 N[0, Q(diag(m,) — mm,)Q',

where ) = [qx] is the (K — 1, K) matrix with ¢, = 1, if £ < [, and = 0,

otherwise.

Finally, the rows of the estimated canonical factor:
e =@ (7 1y), - @ (R k1)), =1, K, t=1,....T,
are also asymptotically independent with asymptotic distribution:

Vil — a) 4N (0, Ay Qldiag(m) — mm JQ' Ary)

where A;; = diag{(¢[® ' (m.4)]) "'k = 1,---, K — 1} by applying the §-
method. The estimated asymptotic variance f]n,t of a; is such that the block

corresponding to row [ is:

1
nlt —
Nyi—a

% Al,tQ[diag(ﬁ'l,t) - ﬁ'l,tﬁl,,t]Q/Al,t,

where Ay, is defined in terms of the empirical transition frequencies.
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4.8 Appendix B: Likelihood Expansion and
GAML Estimators

i) Expansion of the log-likelihood

We have :

lri.0)= [ /exp{ZZIoghymym,ft, +Zloggft\ft 50 }det.

t=1 =1
Let us now expand the integrand w.r.t. f; around fm(ﬁ) t =1,...,T, and

define:
77Z)nt(ft7ft—1) = ZlOgh(?Jz‘,ﬂyi,t—l,ft;ﬁ)_Zlogh(yz‘ﬂ?ﬁ,t—l,fnt(ﬁ)?ﬁ)
‘ i=1

+1og g(fil fi-1:0) — 10g g(fue (B)| fri—1(3); 0).

Then:

T n

T
Uyr:8,0) = T[] Rwiclvie: 1ue(B3): 8) [ 9(Fut(B)] fura=1(3): )
t=1

t=1 i=1

/- : ./exp {—% Z v(fe - fnt(ﬂ))/Int(ﬂ)\/ﬁ(ft - fnt(ﬂ))}
exp {Z wn,t(ftaftl)} det-

Let us introduce the change of variable:

Zy = LB 2 (fi — Fur(8)) <= fr = fur(B) + —=[Ls(8)]V*Z.

Si-
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Then:
W(yr; 6, 0)
\TL2 T T n A A )
- (%) H[detjnt(ﬂ)]ilmHHh(yi,t‘yi,tflafnt(ﬂ);ﬂ)Hg(fnt(ﬁ)‘fn,tfl(ﬁ);0>

t= t=1 i=1 t=1

1
T
1 1
7(27T)TL/2/.../exp{—izngt}
=1
T

exp {Z b (fn,tw) b T2 s 89)+ el (9) Z) } [[az

t=1

where L is the dimension of the factor f;. Thus, we can write:

N\TL2 T
i .0) = (2) 7 [[det (o)

t=1

T n T

: H H h(YitlYit—1, fnt(ﬁ)a B) H g(fn,t(ﬂ)’fn,tfl(ﬂ); 0) .,

t=1 i=1 t=1

where:

Jor = E

T
exXp {Z ¢n,t (fn,t(ﬁ) + %[In,t(ﬁ)]_lﬂzty

Fra-r(B) + %[Iml(ﬂ)]‘mztl) H ;

is an expectation with respect to independent standard normal variables Z;,
t =1,...,T. The result in Proposition 4.2 is deduced by expanding up to
order 1/n the function within the expectation, and taking into account that
the odd power moments of a standard normal variable Z are zero, while
E[Z% =1, E[Z*] = 3 and E[Z% = 15 [see Gagliardini, Gouriéroux, (2009)
for the detailed derivation).

ii) Newton-Raphson expansion of the GA estimator
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By definition of the CSA and GA maximum likelihood estimators, we get:

LA (BCSA éCSA) -0 oL (BGA éGA) -0
8(ﬁ’, Ql)/ ’ ’ 8(ﬁ’, Ql)/ ’ :
By considering the expansion of the second set of first-order conditions around

the CSA estimator, we get:

R . BGA BCSA
aEGA (BCSA éCSA) o @2£GA (BCSA, HCSA> B
6(5/7 9/>/ ’ B a(ﬂ/7 el)la(ﬂla 9/) éGA éCSA
This is equivalent to:
BGA ﬁACSA _ . R 1 . R
32£GA(ﬂCSA’ QCSA) aEGA (ﬂCSA’ HCSA)
A gosa RGO ICHD o, 0"

12

8(ﬁ’, 0’)’8(5’, 0/) 8(5’, 0/)/

[ 92 L*CSA( BCSA éCSA)] -1 aEGA( BCSA éCSA)

4.9 Appendix C: Migration Correlations

In this Appendix we prove equations (4.44) and (4.45). By the Law of Iter-
ated Expectation, we have:
E [ﬂ%,tH:lH’Yi,t =LY =k, Ft}
= BBy, Vi = 1Y50 =k, Fo, B] [Yiy = 1Y, = &, Fi
= EPYim=1+1Yi, =0Y =k Fo, By [Yie = 1Y) = k, ]
= Elma(Fa)Yie =LY = kB = Elmga (Faa) B
By a similar argument, and by using the conditional independence of the
rating histories given the factor path, we have:
E [y, mialy, =i |[Yir = 1Y =k, F]
= B[P =1+1Ym=k+ 1Y, =LY, =k Fa, B [Yie = 1Y) = k, F]
= Emu1(F) T (Fa) | F2] -
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Thus, we get:

4 [ﬂYi,t+1:l+1|Yz‘,t =1,Yje =k, Ft} = E [T i1 (Fi) |[F] (1 = B w41 (Figa) | 1),
and:

Cov [llyiﬁlzlﬂ, Iy, =1 |Yie = 1, Y = K, Ft] = Cov [m 141 (Fig1)s T (Frgr ) | ) -

Equation (4.44) follows. The proof of (4.45) is similar.
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Figure 4.1: Up-grade probabilities.
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The figure displays the time-series of 1-year up-grade probabilities for rating classes AA,
A, BBB (left panel), and BB, B, C (right panel) in the period 1990-2009. Migration

probabilities are in percentage. Shaded periods correspond to NBER recessions in US.
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Figure 4.2: Down-grade probabilities.
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The figure displays the time-series of 1-year down-grade probabilities for rating classes

AAA, AA, A (left panel), and BB, B, C (right panel) in the period 1990-2009. Migration

probabilities are in percentage. Shaded periods correspond to NBER recessions in US.
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Figure 4.3: Eigenvectors from Principal Component Analysis.
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The figure displays the patterns of the eigenvectors associated with the four largest eigen-
values in the principal components analysis of the estimated canonical factors. Shaded

periods correspond to NBER recessions in US.
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Figure 4.4: Approximated factor values.
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The figure displays the pattern of the approximated factor values f,r. [see (4.36)] for
t =1,...,20. The factor estimates are standardized to get zero mean and unit variance in

the sample. Shaded periods correspond to NBER recessions in US.
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Table 4.1: Distribution of firms in the S&P pool across rating classes in 1990
and in 2009.

AAA AA A BBB BB B C  Total
1990 147 373 560 347 282 363 48 2120
2009 81 470 1396 1498 1002 1223 190 5860

Table 4.2: 1-year transition matrix.

2009

AAA  AA A BBB BB B C D NR

AAA | 87.65 8.64 0 0 0 0 0 0 3.71
AA 0 76.17 1596 0.64 0.21 0 0 0 7.02

A 0 036 84.67 7.74 043 0.29 0 0.21 6.3

2008 BBB 0 0 2 83.71 594 08 020 053 6.81
BB 0 0 0 3.09 7295 1148 0.60 0.70 11.18
B 0 0 0.16 0 229 69.34 842 10.14 9.65
C 0 0 0 0 0 6.32 27.37 4842 17.89

D 0 0 0 0 0 0 0 100 0

1-year transition matrix for 2009. Transition probabilities are in percentage. Rating classes

are ordered from AAA (lowest risk) to D (default). The column NR corresponds to firms

that are not rated at the end of 2009.
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Table 4.3: Adjusted 1-year transition matrix.

2009
AAA  AA A BBB BB B C D
AAA | 91.02 8.98 0 0 0 0 0 0
AA 0 81.92 1716 0.69 0.23 0 0 0
A 0 0.38 90.36 826 0.46 0.31 0 0.22
2008 BBB 0 0 215 8983 6.37 0.8 0.21  0.57
BB 0 0 0 3.48 8213 1293 0.68 0.79
B 0 0 0.18 0 253 76.75 932 11.22
C 0 0 0 0 0 7.70  33.33 58.97
D 0 0 0 0 0 0 0 100

Adjusted 1-year transition matrix for 2009. Transition probabilities are in percentage.

Rating classes are ordered from AAA (lowest risk) to C (default).
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Table 4.4: Parameter estimates

Cl = —2.635 Cy = —2.517 C3 = —1.818 Cy = 0 Cr = 6.304
ce = 22.679  c7 = 64.906

ap = —2.947 by =0.084 o9 =0.045
a5 = —2.888 by = 0.230 o3 = 0.141
ay, = —2.010 by =0.333 o4 =0.355
as =0 bs =1 o5 =1

ag = 4.524  bg =2.849 o5 =2.397
a; =9.849  b; =8.586 o7 =5.358
ag = 78.067 by =8.063 o3 = 15.084

pw=1108 A=0.628 Q=0.062

Estimated parameters for the factor ordered probit model. Thresholds ¢, intercepts a,
factor sensitivities b, volatilities o and parameters of the factor dynamics u, A,Q are

displayed.

Table 4.5: Matrix of estimated asset correlations.

AAA  AA A BBB BB B C
AAA | 283 766 596 511 481 776 8.69
AA | 766 20.73 16.15 13.84 13.04 21.01 23.54
A 5.96 16.15 12,58 10.78 10.15 16.36 18.33
BBB | 5.11 13.84 10.78 9.24 870 14.02 15.71
BB | 481 13.04 10.15 870 820 13.21 14.80
B 7.76  21.01 16.36 14.02 13.21 21.28 23.84
C 8.69 2354 18.33 15.71 14.80 23.84 26.71

This Table displays the estimated asset correlations p, ;i between two firms (in percent-
age). Row and column indices ! and k, respectively, correspond to the current rating

classes of the firms.
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Table 4.6: Matrix of estimated upgrade correlations.

AA A BBB BB B C
AA |0.04 0.07 0.08 0.10 0.17 0.28
A 1007 011 0.13 0.15 0.26 0.45
BBB | 0.08 0.13 0.16 0.19 0.32 0.54
BB |0.10 0.15 0.19 0.22 0.37 0.63
B (017 026 032 037 0.64 1.09
C 1028 045 054 063 1.09 1.85

This Table displays the estimated upgrade correlations p, ik, between two firms (in per-

centage). Row and column indices ! and k, respectively, correspond to the current rating

classes of the firms. The current factor value is equal to the approximated factor value for

year 2009.

Table 4.7: Matrix of estimated downgrade correlations.

AAA AA A BBB BB B C
AAA | 0.14 049 029 021 025 034 0.82
AA | 049 1.79 1.06 0.75 092 1.21 293
A 029 1.06 0.63 045 055 0.72 1.74
BBB | 0.21 0.75 045 032 0.39 0.51 1.24
BB | 0.25 092 055 039 048 0.63 1.53
B 034 121 0.72 051 063 0.83 2.02
C 0.82 293 1.74 124 153 202 4.95

This Table displays the estimated downgrade correlations pq ik, between two firms (in

percentage). Row and column indices | and k, respectively, correspond to the current

rating classes of the firms. The current factor value is equal to the approximated factor

value for year 2009.
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Chapter 5

Prediction, Filtering and

Basket Derivative Pricing

We consider in this chapter an exchangeable set of individual histories, with
only macro-dynamics. From Chapter 1, the dynamics is specified by means
of a state space model. The measurement equations are defined by the con-
ditional pdf h(y;|f;) of the individual variables given the common factor.
The transition equation is defined by the conditional pdf g(f:|fi—1) of the
current factor value given its own past. For expository purpose, we focus in
this chapter on a single factor model, but the results can be generalized to
multiple-factor models.

As usual, the joint distribution of individual histories involves multiple
integrals. Such multiple integrals are also involved when predicting future
values of the individual variables, or when trying to reconstitute the un-
observed factor values from the observed individual variables, the so-called
filtering problem (see Review A.5). Granularity approximations for predic-
tion and filtering problems are the subject of this chapter.

The first section considers granularity adjustments for factor filtering and
extends the example considered in Section 2.2 to a general framework. Then,
the result is used to deduce the granularity adjustment when we are interested

in the prediction of a function of future values of the individual variables.

145
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The results are illustrated in Section 5.2 by various examples. Under the
assumption of absence of arbitrage opportunities in the market, the problem
of derivative pricing is a prediction problem after an appropriate discount-
ing (see Review B.2 on arbitrage). This explains why the results of Section
5.1 can be used to derive approximate prices for derivatives written on an
homogenous basket of individual risks. We give in Section 5.3 examples of
such derivatives recently introduced on financial markets. They include Bas-
ket Default Swap (BDS), derivatives written on the iTraxx index, longevity
bonds, or Mortality Linked Securities (MLS). The corresponding approxi-
mated pricing formulas are given and discussed in Section 5.4. Section 5.5
explains how to introduce appropriately designed derivatives for hedging a
common risk. Finally, in Section 5.6 we present a numerical illustration for

the approximate pricing of BDS.

5.1 Approximate Prediction Formulas

We first derive an approximation at order 1/n of the predictive distribution
of f; given all individual histories up to date t. Then, this formula is used
to derive the prediction of future values of the factor and of the individual

variables.
i) Approximate filtering

Let us assume known the individual histories up to date t. They are
denoted by y;, for ¢ = 1,...,n. The cross-sectional maximum likelihood
estimate: .
fnt = arg maXZ log h(yi.t| ft), (5.1)

A —
provides a first approximation of the unknown factor value. This approxima-
tion is based on the cross-sectional information, but neglects the information
contained in past observations. The proposition below explains how it can
be improved. It provides a result valid for the predictive distribution itself,

which can be characterized by the knowledge of its Laplace transform,
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that is, by the knowledge of the prediction of any exponential transform of
fi- This transformation can be real (moment generating function), or com-
plex (characteristic function). In the latter case, it provides directly the
predictions of sine and cosine transforms of f;, and then of any function of

f: by Fourier inversion.
The proposition below is derived in Appendix 5.7 1).

Proposition 5.1: We have

Elexp(ufo)|yiss - Yngs fr-1]

= Elexp(ufi)|yrs - - Yng +0(1/n)

—13108;9

1 1
— exp{ulu T Bl o)+ 1]+ e+ of1/0))
0% logh A »Plogh A
where In,t = - Z 5 yz,t’fnt) and Knt Z S yzt‘fn,t)'
aft aft

The predictive distribution of f;, that is, the filtering distribution, de-
pends on the individual histories by means of a small number of summary
statistics, that are fm, fn,t—l, I,,;, which approximate the cross-sectional in-
formation matrix, and K, which is a component in the bias at order 1/n of

the cross-sectional maximum likelihood estimator.
We immediately deduce from Proposition 5.1 the following Corollaries:

Corollary 5.2: The lagged factor values are not informative at order 1/n to

predict f;.
This is a direct consequence of the first equality in Proposition 5.1.

Corollary 5.3: At order 1/n, the filtering distribution is Gaussian:

dlogg 1 1
(fnt+ [Iml aft (fnt|fnt 1)+21nt2K ] nfml) .
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Indeed the Laplace transform of the Gaussian distribution N (m, o?) is exp[um+

262 /2] and the result is deduced from Proposition 5.1.

Proposition 5.1 and its Corollaries show that the initial non Gaussian
filter can be replaced by an approximate Gaussian filter. This approximate
Gaussianity is a numerical result due to a Laplace approximation of the in-
tegral underlying the conditional expectation in Proposition 1 [see Appendix

5.7 1)], and not a consequence of a Central Limit Theorem.

When n diverges to infinity, the Gaussian distribution in Corollary 5.3 be-
comes degenerate, with mean fn,t and zero variance. For finite n, the GA has
two components, that concern the mean and variance of the approximately

Gaussian filtering distribution, respectively. The macrodynamics appears

P8I o )]

whereas cross-sectional effects impact both the mean and Varlance GA.

by means of the adjustment of the mean [see the term

From the approximate filtering distribution, we deduce an approximation
of the prediction of any smooth function a(f;) of the factor [see Appendix
5.7 ii)].

Corollary 5.4: For any twice differentiable function a, we have:

1da
ndf

dlog g

1
df (fnt‘fnt 1)+ I 2K ]

(fnt>[[ tl 2 nt

Ela(flyre, - Ynal = alfur) +

ld2

4o s ()l 4+ o(1/m).

The filtering formula above is a kind of Ito’s formula [Ito (1951)] for

prediction, with both the effect of mean and variance GA at order 1/n.
ii) Approximate prediction

Let us now consider the prediction of a function (1 t4h, - - -, Yn.th, fr+n)s

say, performed at time t. By the iterated expectation theorem, we know that:

E[Of(yl,tJrhw-.,yn,t+h7ft+h)|&a~ Ynts fr1] = Bl (feen)|yigs - Yngs fro1l,
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where Of*(ft+h) = E[Oé(yl,t+h7 ces Yntth, ft+h)|y1,t+h—17 < Ynt+h—1, ft-‘,—h]
depends on the conditioning variables by means of f;,, only.

Let us denote:

o’ (h, fr) = Bl (fien)|fe] = E[O‘*(ftJrh)‘&a e 7%aﬁ]' (5.2)

By the iterated expectation theorem, we deduce the following result:

Proposition 5.5: We have:

E[O‘(yl,tJrha <o Ynjtth ft+h)‘&? s 7%7@] = E[Od*(ha ft)‘&a e '%7 E]a
where o*(h, f) is given in (5.2).
Thus, we can apply Corollary 5.4 to deduce the GA for any predictor.

Corollary 5.6: At order 1/n the predictor of a(yisn,--- s Yntth, fr4n) 1S
given by:

10a* ,0logg 1 1 9%*a*

n (9f (h fnt)[ aft (fnt’fnt 1)+ I, 2K

0" (b, fu) + St o + 5

The different predictions are simply derived by combining the quantities

.0t s B2ar(h, fu)

* h n Yy h7 n Y 7’
C(( 7ft) af( ft) afg

tion horizon and of the quantity to be predicted.

with weights independent of the predic-

iii) Approximate linear state space models

When the factor dynamics is Gaussian autoregressive, the approximate
filtering distribution in Corollary 5.3 coincides up to order o(1/n) with the fil-
tering distribution derived from the Kalman filter applied to an approximate
linear state space model (see Review A.5 on Kalman filter). Specifically, let

us assume that factor (f;) follows a Gaussian autoregressive process:
fi=un+vfio1 +nug,  ug ~IIN(0,1), (5.3)

where the autoregressive coefficient «y is such that |y| < 1. Then, let us

consider the linear state space model that is defined by the measurement

h7 fnt)jy;hl
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equation:

IR
ft + —]nt Et, Er ~ ]IN(O, 1), (54)
'
1

where &, ; = fn,t + —[T;me, and transition equation (5.3). In the measure-

gn,t -

ment equation, the variable ,; is the cross-sectional factor approximation

fn,t adjusted by a bias correction term at order 1/n, while the variance of

the error is l[; ! and vanishes when n diverges to infinity. In Appendix 5.7
iii) we shoquhat the filtering distribution of factor f; obtained by applying
the Kalman filter to the linear state space model (5.3)-(5.4) equals the Gaus-
sian distribution in Corollary 5.3 up to terms of order o(1/n). Moreover,
the results in Gagliardini and Gourieroux (2010) show that the approximate
linear state space model (5.3)-(5.4) can be used to compute estimators of the
macro-parameters p, v, 1, that are asymptotically equivalent to GA maxi-
mum likelihood estimators (see also Chapters 3 and 4 for similar results when
variables y;; are qualitative). Hence, by appropriately linearizing the orig-
inal nonlinear state space model, we can compute jointly macro-parameter

estimates and filtering distributions by applying the standard Kalman filter.

5.2 Examples

In the standard cases, the GA adjustments for the mean and variance have
simple expressions. However, function a*(h, f) can be difficult to derive for
large horizon h and complicated function . We will see in Section 5.5 a
case in which it is easily approximated at order 1/n. We consider below the

computations of mean and variance GA coefficients in various examples.
i) Gaussian linear factor model

The individual variables are real valued, such that:
Yir = a+bfy + ouy, (5.5)

where the error terms u; are IIN(0, 1) conditional on factor f;. Since the
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factor f; is unobservable, the factor can be transformed such that we have
a =0 and b = 1. Then, the microdensity is:

n n

1 n 1
H h(yiel fi) = W exp{—§ logo® — 252 (yie — f2)*}-

i=1 i=1
n

The cross-sectional maximum likelihood estimator is f,; = — E Yit, and we
n
i=1

have I,,; = 1/0?, K, ; = 0.
ii) Stochastic volatility model with factor

The individual observations are such that:

Yit = ft1/2ui,ta (5~6)

where factor (f;) is a positive Markov process and the error terms u;, are
IIN(0,1) conditional on factor f;. The microdensity is:

n

1 1<
Hh(yi,t’ft) = WQXP{—g log f; — Q—ft ;yi}

i=1
n

The cross-sectional maximum likelihood estimator of f; is f,; = — E y?t. It
n ,
i=1
is equal to a cross-sectional realized variance. = Moreover, we have

Iy = 1/(2f3t) and Ky, = 2/( Agt)'
iii) Dichotomous qualitative model with factor

The individual variables are dichotomous qualitative; they are indepen-
dent conditional on the value of a common factor f; with Bernoulli distribu-
tion such that y;; ~ B(1, f;). The factor f; takes values in the interval (0, 1).

n
: . . oa 1
The cross-sectional estimator of f; is fr; = Ynt = — E Vi, and we have:
n
i=1

Int = 1/[@71,7&(1 - gn,t)]a Knt = 2(1 - 2gn,t)/[gn,t(1 - gn,t)]Q' (57)
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iv) Gamma model with factor

In this case the individual observations are independent, conditional on
factor f; with common distribution ~(f;, \); thus, factor f; is a stochastic
degree of freedom, with positive real values. The microdensity is:

n

H yzt‘ft = (}) GXp Azyzt H?J t fi= 1/\Tlft1lmmzy”>07

=1

where I' denotes the gamma function. The cross-sectional maximum likeli-
hood estimator of f;, derived by maximizing H h(yi| fr) with respect to fi,

i=1
does not admit a closed form expression. It is given by:

R 1 &
fnt = wil[g Z log yis + log Al
i=1

dlogI'(s
where ¥(s) = %() is the digamma function, and we have:
s
di d*y
[nt ds(fnt) and Knt @(fnt)

v) Beta model with factor

The individual observations take value in the interval (0,1). They are

independent conditionally on factor f;, with density:

F(ft) yOtft 1
D(af)l[(1 = a)fi] ot

where « is a scalar parameter in (0, 1) and f; a positive factor. For this beta

h(yisl fi) = (1- yi,t)(l_a)ft_1ﬂ0<yi,t<1, (5.8)

distribution, the conditional mean E(y;.|f:) = « is constant. Moreover, the

conditional variance of a variable on [0, 1] is upper bounded:

V(yil fe) < E(yi,t|ft)[1 - E(yi,t‘ft)] =a(l - a),

and the upper bound is reached when the total mass is distributed on the
two-points set {0, 1}. It is easily checked that:

fr+t1=a(l—a)/V(yidf),



5.3. BASKET DERIVATIVES 153

measures the concentration of the distribution. Thus, we get a beta model
with a stochastic concentration parameter.

As in example iv), the cross-sectional maximum likelihood does not admit
a simple closed form expression. It is given by:

fn,t = 1%1(% Z[Oé logyis + (1 — ) log(1 — y;.1)]),

i=1

where ,(s) = anb(0s) + (1 — @)[(1 — )s] — (s), and v(s) = TETE)

Moreover, we have:

dbe , 5 P
In,t = %(fn,t) and Kn,t = - d;é (fn,t)'

5.3 Basket Derivatives

A basket derivative is a derivative written on a large number of individual
risks y; 4, for © = 1,...,n. These risks can correspond to individual asset re-
turns, or simply to individual risky events not necessarily traded on financial
markets, such as human lifetimes [see the example of longevity in Section 3.4
iii)]. Let us denote by ¢ the current date; a European basket derivative with
time-to-maturity h will pay the contractual amount a(y1 ¢+, - - -, Yn.t+h), Sy,
at date t + h. Its current price is denoted by m(a, h).

Various basket derivatives have recently been introduced on markets for
securitized products, with the aim of making easier an appropriate hedging

of some common risks.
i) Basket Default Swap

Let us consider at date ¢t a set of loans ¢ = 1,...,n called the basket. A
Basket Default Swap (BDS) with maturity ¢+ h, will pay 18, say, at time
t 4+ h, if the proportion of loans with default at date t + h in the basket is
larger than a given contractual threshold a, with o € (0,1). Thus, the design
of the BDS is characterized by the composition of the basket, the maturity
and the threshold on the default frequency.
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Let us represent the individual loan histories by means of the default
indicator y;,, such that y;;, = 1, if the loan is defaulted at time ¢, and
yi+ = 0, otherwise. The payoff of the BDS is:

a(yi,tJrha <oy Yn t+hs C() = ﬂgn,t+h>a7

n
B 1
where Ynt+h = ﬁ E Yit+h-
i=1

Let us assume that the basket is homogenous, and that, at a given date,
the default indicators of the loans which are still alive are independent, with
identical Bernoulli distributions B(1, f;), say, conditionally on a common
factor f;. This factor is the stochastic default probability. In the limiting case
of a basket of infinite size, we have ¥, 141 ~ fir1, Yntro ~ fro1+(1— fir1) frro,

. Thus, the BDS are derivatives to hedge extreme values of f; 1, fir1 +
(1= fix1)fir2, - - .. When n is large, but finite, the interpretation of the BDS
as an hedging product is similar, but the insurance against common factor

movements cannot be perfect, since the factor values are never observed.
ii) CDO Tranche
A CDO tranche is also based on a contractual basket of loans, with

payoff at ¢t + h of the type:

(Y1 ths - - s Ynitrh; 01, 02) = (Ynprnh — 1) = (Ynppn — a2) ™,

where a; < ap are called the attachment and detachment points, respec-
tively, and X* = max(X,0). The payoff of the CDO tranche as a function
of the default frequency at maturity is displayed in Figure 5.1.

[Insert Figure 5.1: Payoff of a CDO tranche]
The payoff function is nonlinear and corresponds to the payoff of a portfolio

which is long in a call option written on ¥, 4+, with strike o;; and short in a
call option with strike .

iii) Derivatives on iTraxx
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The Credit Default Swaps are life insurance contracts written on in-
dividual corporates and are traded on secundary financial markets. In the
simplest case of digital CDS, the payoff is equal to:

18, if the corporation is still alive at t + h,

0%, otherwise.

Such CDS are regularly traded on the market for a variety of names. The
price of such a CDS for maturity A is always smaller than the price of the
riskfree zero-coupon bond with the same maturity. The ratio of the prices at
t of the CDS and of the associated riskfree bond is a quantity y; ., between
0 and 1, which can be interpreted as the market price at t of default of the
firm between t and t + h.

We expect that the common factor involved in individual default occur-
rences will also have an effect on the associated CDS prices. For this reason,

some indexes of CDS prices analogues to an average:

1 n
gn,t,h = - E Yit.hs
n <

=1

are regularly published. Examples are the iTraxx indexes covering the
European and Asian markets and the CDX indexes for North-American
markets. These indexes can be used as support for derivatives. For instance,
a synthetic CDO tranche written on iTraxx, with time-to-maturity 1 will pay
at t 4+ 1:

a(yl,t—l—l,ha cee 7yn,t+1,h) - (@n,t+1,h - a1)+ - @n,t+1,h - Oé2)+.

Even if the design of the payoff is similar for the CDO tranche written an
a basket of loans, the two types of derivatives are different, since they are not
written on the same type of individual risks, which are default occurrences
and levels of CDS prices, respectively.

iv) Securitization in Insurance
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Similar principles have been followed in Insurance to hedge longevity
risk, that is, the uncertain general increase of human life. In practice the
derivatives are written on observed mortality rates of individuals. They can
be computed on a given subpopulation in a country, such as the generations
of male born in US between 1960 and 1965. This is the case for the longevity
bonds. They can also correspond to a portfolio of life insurance contracts
securitized by an Insurance company. They are called Mortality Linked
Securities (MLS).

5.4 Derivative pricing

i) No-arbitrage and stochastic discount factor

The no-arbitrage condition is the impossibility to make a certain positive
gain at some future date with an initial zero (or negative) investment (see
Review B.2). The no-arbitrage condition is equivalent to the existence of
a pricing operator, characterized by a stochastic discount factor (sdf)
[Harrison, Kreps (1979)]. More precisely, let us consider an information set
at date ¢, which includes the current and past values of variables observed

by the investors. In our framework this information set will be:

Jt = (yl,ta"w@aE» (59)

Thus, the investors know the individual risks, but have an imperfect knowl-
edge on the common factor. They know its past, but not its current value.
Then, a stochastic discount factor for period (¢,¢ + 1) is a positive function
My 41, which depends on information Jiy.

Under no-arbitrage, there exists a sdf such that the prices at date ¢ of

European derivative assets with payoff a;,p at £ + h can be written as:

mi(a, h) = Eqmyigr - o - Mign—144hGe1n), (5.10)

where E; denotes the expectation conditional on the information J; at time
t.
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Later on, we assume that the sdf depends on the information by means

of f; only, that is, m 1 = m(f).
ii) Pricing basket derivatives

Let us now consider an homogenous set (basket) of risks y;,, with i =
1,...,n,t=1,...T, satisfying the assumptions recalled in the introduction
of Chapter 5. A basket derivative pays at t+h an amount a(y1 t+n, - - -, Ynt+h),

say. Its price at date t is:

7Tt(CL7 h) = Et[mt,t+1 .. ~mt+h—1,t+ha(y1,t+ha Sy yn,t+h)]~ (5~11)

By the iterated expectation theorem and by using the assumptions on

the state and measurement equations, the price can also be written as:

Wt(a7 h) = Et[m(ft)qu)(ftv a, h)]v (5'12)

where:

U(fesa,h) = Elm(fir1) - m(fern—1)a(yeen, - Yngen) Lfes Yt - 7M]~
(5.13)
Thus, the price of the initial basket derivative with time-to-maturity h is
equal to the price of a virtual short term derivative written on f; with payoff
U(fi,a, h) at t+1. Function m(f;)Y(fi, a, h) corresponds to function a*(f;, h)

in Proposition 5.5.

We have seen in Corollary 5.3 that the conditional distribution of f; given
Jy can be approximated at order 1/n by the Gaussian distribution with pdf

Bualf) = ——0 (ft “’”) , (5.14)

n,t Un,t

given by:

where ¢ is the pdf of the standard Gaussian distribution and:

10logyg
bofe

We deduce the following proposition:

1 1
= fu+— [[n (fnt’fnt 1)+ =L Ko, U?L,tzgjr;‘l'

27’lt
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Proposition 5.7: The price of the basket derivative paying a(y1 i+, - - - Yn t+h)
at t + h s such that:

mi(a,h) = / m(f)0for s B s (F1)dfs + o(1/),

where function v is defined in (5.13) and pdf @p+ is given in (5.14).

Up to order 1/n, the basket derivative price can be approximated by a
function of fm, fn,t,l, I+ and K, only. This approximated price does not
require the knowledge of any past observation of the common factor. This is

important for the two following reasons:

i) First, even if the investors observe the lagged factor values, the econo-
metricians do not. Nevertheless, the latter ones can approximate the deriva-
tive price rather accurately by taking into account the cross-sectional infor-

mation.

ii) Second, indirect observation on the values of the underlying factor
could be deduced from the prices of highly traded derivatives written on the
Yir+n- Oince these factor values are not needed to compute the approximate
derivative price, the approximate pricing formula in Proposition 5.7 can be
used at the creation of a new derivative market to propose a coherent system
of quotes for derivatives. In this situation, the sdf m(.) is not a market cor-
rection for risk, but reflects the risk aversion and choices of the monopolistic
firm, which is quoting first. The sdf has to be updated during the emergence
of this derivative market to account for the adjustment of derivative prices

due to demand and supply.

5.5 Derivatives Written on a Factor Proxy

i) The derivatives and their prices

As mentioned earlier, basket derivatives are usually introduced on finan-

cial markets as instruments to hedge the common risks. Since the common
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factor is not observed, they are usually written on a suitable proxy of this
factor reflecting its risk dynamics. We derive below another approximate
pricing formula when the derivatives are written on the cross-sectional maxi-
mum likelihood estimator of factor f; [see Gagliardini, Gourieroux (2011) for
the proof]. We focus on derivatives with exponential payoff, since these are
the basis for the pricing of derivatives with more general payoff (see Section
5.6).

Proposition 5.8: The true price at time t of the derivative with payoff
exp(ufn,Hh) at time t + h is:

T, ) = / (£ oty B s (£)lf + 0(1/),

where:

U2

LIS

Yalforuh) = Elm(fes) .. m(franor) explufoen = 5173 Bren +

and pdf ¢ is given in (5.14), with:

—8210 h i
It+h _ E{ g éyfét+h|ft+h)|ft+h 7
dlog h(yiven| fren) 0*logh(yienlfern) | (Ologh(yiwen! fren)\
feen = Cov [ of ’ of? - of feen]

Compared to the general result in Proposition 5.7, in the framework of
Proposition 5.8 we exploit the large size n of the basket to approximate func-
tion ©( f;, u, h) by means of an expectation w.r.t. the factor path ¢, (f;, u, h),
up to order o(1/n). This simplifies considerably the numerical calculation of
the approximate derivative price.

A BDS is an example of a basket derivative whose payoff is written on
the ML estimate of the systematic risk factor. Indeed, let us consider a short
term BDS. The individual risks are measured by the 0-1 default occurrences,
with Bernoulli distribution B(1, f;). The cross-sectional ML estimator of f;
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is equal to the observed default frequency fmt = Yn,s [see 5.2 iii)]. This is
exactly the proxy of the factor used as support for BDS.

Let us now consider a CDO tranche on iTraxx. The underlying individual
risks correspond to the implied default probabilities equal to the ratios of
the CDS prices by the associated riskfree zero-coupon bonds. The individual
risk corresponds to a real variable taking value between 0 and 1. A beta
model with factor [see 5.2 v)] is a natural choice for describing these risks.
Unfortunately, the CDO tranche is written on the average ¥, ,, which is not

equal to the cross-sectional ML estimator.

The adjustment coefficients I; and 3, in Proposition 5.8 are given in Table

5.1 for the models introduced in Section 5.2.

Table 5.1: The adjustment coefficients

Gaussian linear factor model I =1/0? Gy =0

Stochastic volatility model with factor I =1/2f7) By =0

Dichotomous qualitative model with factor | I, = 1/[f:(1 — f;)] | B =0

. d d?
Gamma model with factor Iy = d—f(ft) B = —dsf (fe)
. dipq, d*1)q
Beta model with factor I = %(ft) B = d;é (ft)

ii) SRF model for default correlation

Let us consider basket derivatives written on a default frequency fmt =
Un,t, where the individual risks y; ; are 0-1 variables with distribution B(1, f;).
From Table 5.1 we get [+ = 1/[fi+1(1 — fir1)] and Biyr = 0. We deduce
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that the true price of the exponential derivative with short time-to-maturity
h=1Iis:

Tnt(u, 1) = /m(ft)E(eXp[Uft+1 + g—nftﬂ(l — fer )| fe)Pns(fr)dfs + o(1/n),
(5.15)

where ¢y, is the Gaussian pdf (5.14) with:

1. . 0l ;s ; sl = o
Mt = fn,t"’ﬁ[fn,t(l_fn,t)%gtg(fn’t‘f”vt1)+(1_2f"7t>]’ 0'721,1‘, - M

2
One GA term appears by means of the term g—ft+1(1 — fry1) in formula
n

(5.15). It involves the uncertainty on the probability of default at date ¢ + 1,
S (= fin)

since V[fnit1]fiy1] = —————=. An increase in this uncertainty, for
instance, if n diminishes, implies an increase in the derivative price, that is,

in the price of the corresponding insurance product.

5.6 Application to Approximate Pricing of
BDS

In this section we present a numerical illustration for the approximate pricing
of BDS [see Gagliardini, Gourieroux (2011)].

i) The risk factor model

The risk variables y;; are binary default indicators for an homogenous
portfolio of corporate loans. Their joint distribution is given by a dynamic
version of the Merton (1974)-Vasicek (1991) Value of the Firm model [see
Chapter 3.1 ii)]. We have y;; = 1, if A;; < L;;, and y;; = 0, otherwise,
where A;; and L;; denote the firm asset and liability, respectively. The log

asset/liability ratios follow a linear single risk factor model:

log(Ais/Lis) = =@ Y(PD) + /pF; + /1 — pusy, (5.16)
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where shocks wu;; are IIN(0,1) across firms and time dates, PD € (0,1)
and p € (0,1). The systematic factor F; follows a Gaussian autoregressive

process:
Fy=vF 1+ V1—17%y, (5.17)

where g, ~ IIN(0,1) and the autoregressive coefficient + is such that |y| < 1.
The stationary distribution of F; is standard Gaussian. Then, the parameter-
ization in (5.16) is such that PD is the unconditional default probability of a
firm, while p is the contemporaneous correlation between the asset/liability
ratios of two firms.

The time unit is 1 year. We set an unconditional 1-year default probability
equal to PD = 0.04. We consider three values for the asset correlation,
that are p = 0.01, 0.10, 0.30. They cover the range of asset correlation
values which are compatible with default correlation estimates reported in
the literature [De Servigny, Renault (2002), Gagliardini, Gourieroux (2005)],
as well as values suggested by Basel II regulation [BCBS (2001), (2003)]. The
portfolio size is n = 1000.

Model (5.16)-(5.17) is such that the default indicators y; ¢, for i varying,
are i.i.d. conditional on factor F}, with Bernoulli distribution B(1, f;), where

the transformed factor f; is the conditional default probability:
o 1(PD) - JoF,
=)
[see Example iii) in Section 5.2]. The transition density of Markov process
(f:) is deduced from (5.17) and (5.18):

f, = Pllog(As/Lsy) < O[F] = ® ( (5.18)

1 F,—~F 1\ V1— 1
g(felfimr) = =0 ] t21 & = , (5.19)
11— V91— VP [ (f?)]
o~ 1(PD)— /1—pd~!
where F; = (PD) p® () . This transition pdf is displayed in

Figure 5.2 for different values of the lagged factor when asset correlation is
p = 0.10.

[Insert Figure 5.2: Transition pdf of transformed factor f;]
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The lagged value f;_; has an impact on both the location and the variance

of the distribution of f;. Moreover, the transition pdf is right skewed.
ii) Approximate filtering distribution

In order to assess the accuracy of the Gaussian approximation in Propo-
sition 5.1 and its Corollaries, let us now compare the distribution of factor f;
given the investor information J; and the Gaussian approximate filtering dis-
tribution in Corollary 5.3. The pdf of f; conditional on J; = (fi—1, Y16, -+ Yn.t)

is given by:

(felJy) = ==
/g(ﬁ’&’ y—dft /Hh il f)g(fel frmr)dfe

tngn’t(l_ft) (1=Fn.t) g(felfiz1)
/ L = fyr ) g )

and depends on the conditioning information J; by means of current default

(5.20)

frequency ¥, and lagged factor f,_; only. The Gaussian approximation of
the filtering ditribution is obtained from Corollary 5.3 with factor approxi-
mation equal to the default frequency fn,t = Ynt, statistics I,,;, K, given in

(5.7) [see Section 5.2 iii)], and partial derivative of the factor log-transition

aofg(fn,t’fn,tl) Computed from (519> The approximate filter-
t

ing distribution depends on default history by means of current and lagged

density

default frequencies fn,t and fn,t—1 only.

In Figure 5.3 we display the predictive distribution of f; given investor
information J;, for fm = 0.04 and different values of the lagged factor f; ;.
In Figure 5.4 we display the approximate filtering distribution of f;, for
fn + = 0.04 and different values of the lagged default frequancy fn +—1. Asset

correlation is p = 0.10.

[Insert Figure 5.3: Predictive distribution of factor f; given the investor

information]
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[Insert Figure 5.4: Approximate filtering distribution of factor f;]

By comparing Figures 5.2 and 5.3, it is seen that the default history is very
informative for the distribution of the unobservable factor. Indeed, by includ-
ing default frequency fn,t in the conditioning set, the distribution of f; given
fi—1 is less dispersed, and much closer to a Gaussian distribution. More-
over, this distribution is rather insensitive to the lagged factor value f; 1,
as explained by Corollary 5.2. Similarly, the Gaussian approximation of the
filtering distribution in Figure 5.4 is quite independent of the lagged default
frequency fn,t_l. Finally, by comparing Figures 5.3 and 5.4 we deduce that

the Gaussian approximation of the filtering distribution is rather accurate.

iii) Approximate pricing of BDS

Let us now consider the approximate pricing of short-term BDS. For
expository purpose, we consider the sdf m; ;1 = 1, that is, we set the risk-free
rate and the risk premium for systematic risk equal to zero. The derivative
payoff is a(yi i1, s Yner1) = 17 . o, with o € (0,1) [see Section 5.3 i)].
By using the Fourier Transform Inversion formula [see e.g. Proposition 2
in Duffie, Pan, Singleton (2000)], it is possible to write the price m(a, 1) of
such a derivative as an integral transform of the prices of derivatives with
exponential payoff. More precisely, we have:

1 1 /°° Im [y (iv, 1) exp (—ivay)]
0

== 4=
ﬂ-t(C(?) 2+7T v

dv, (5.21)

where ¢ is the imaginary unit, Im denotes the imaginary part of a complex

number, and:
F(u,1) = E [exp(ufnm)ut . (5.22)

We use equation (5.12) and Proposition 5.7 to derive the true and approx-
imate prices of derivatives with exponential payoff, and then apply trans-
formation (5.21) to get the true and approximated prices of the BDS. The
advantage of this approach by Fourier transform inversion is that function

¥ in (5.13) can be computed in closed form for exponential derivatives, up
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to an expectation w.r.t. the factor value. More precisely, by the iterated

expectation theorem we have:

v(fi,u,1) = FE [exp(ufmﬂ)\ﬁ, Y, ,@}
= F |:E [exp(ufn,tJrl)‘E,&,n-,%} ’ﬁ,&, ,%] .

Then, by using that the risks y; 1 are iid B(1, fiy1) given fii1, Y1, -, Ynits

we get:

O(fr,u, 1) = [(1+(e“/”—l)ftH)”@,%,w@}

E
B[(1+ @ = )" 111

Thus, the true and approximated prices of the exponential derivatives are

1) = [ 0 D) and Fie1) = [ (e, D (f)ds e
spectively, where the pdf g(-|J;) given the investor information and the ap-
proximate filtering distribution ¢, (-) are derived in Section ii). The true
price depends on the available information by means of fn,t and f;_1, while
the approximate price depends on the default history by means of fn,t and
fn’t_l. The expectations w.r.t. f;y; in function ¥, and w.r.t. f; in the true
and approximated prices, can be computed by Monte-Carlo integration. The
integral in (5.21) can be computed by numerical integration.

In Figures 5.5 and 5.6 we display the true and approximate BDS price
for time-to-maturity h = 1 year, respectively, as a function of threshold «,
and for different values of default correlation. In Figure 5.5 the available
information is such that fn,t = f;—1 = 0.04, and in Figure 5.6 the default
history is such that fmt = fn,t,l = 0.04.

[Insert Figure 5.5: True price of the BDS]
[Insert Figure 5.6: Approximate price of the BDS]

The true BDS price is clearly a decreasing function of the threshold . Its

pattern corresponds to the (risk-neutral) conditional survivor function of the
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future default frequency fn,tﬂ given the available information. For small
values of the asset correlation, the BDS price is close to 1 for v smaller than
the current default frequency fmt = 0.04, and close to 0 for a larger than
fn,t = 0.04. In the latter case the BDS price corresponds to the market
price of a rare joint default event. The default correlation parameter p has
a significant impact on the BDS price. On Figure 5.5 it is seen that an
increase of the asset correlation p implies an increase of the BDS price for
a above fmt, and a decrease for o below fn,t. This is due to the positive
effect of asset correlation p on the conditional variance of fn7t+1 given the
available information. By comparing Figures 5.5 and 5.6 we deduce that
the approximation of the BDS price provided by Proposition 5.7 is rather

accurate.

5.7 Summary

In factor models the prediction and filtering formulas involve large-dimensional
integrals. However, for large panels, these formulas can be approximated un-
der closed form at order 1/n, where n is the cross-sectional dimension. These
approximations correspond to the standard prediction and filtering formulas
applied to an appropriately linearized state space model. These approxi-
mated prediction formulas can be applied to compute at order 1/n the prices

of derivatives on a basket of individual risks.
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5.8 Appendix: Approximation of the Filter-
ing Distribution

i) Proof of Proposition 5.1

Let us first derive an approximation for the conditional Laplace transform

of fi given Y14, ....Yne and fi—1 :
/euft (fel fie 1)H (Yiel f2) dfe
=1

/ ft’ft 1 Hh yzt’ft df
. (5.23)

Y

Lon(1) = B [ex0 (wF0) [t s s fims] =

which depends only on vy ¢4, ...,y and fi_;.

Let us expand the micro-density around fnt :

=1 i=1
Z T () [V (5= 1))

6552 Z—a‘”’ 81 (lfin) [V (5 = )|

+ L1 Z 84lo§h <yzt’fnt> [\/ﬁ <ft - fnt>]4+0(1/n)'

24dnn

Let us introduce the change of variable:

= LAV (fi=fu) = fo=fut —=110X

\F

Then, we have:

u ~ . 1 1 1
Z log h (yi,t’ft) = Z log hh <yzt‘fnt> —§X2+ﬁij3+%QmX4+0(1/”)7
i=1 i=1
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where:

_ d*logh A
Int = [ntS/QKnt and @ = Z @fg (ylt‘fnt> .
t

Thus:

n

= R 1 1
gh (yi,t’ft> = 11 h <yi,t’fnt) €Xp (—§X2) €xp (6\/_ tX3 4nQntX4 + 0(1/”)>

n

= H h <yzt’fnt> eXp (—%X2>

1 1
[1 + mJntﬁ + %QmX‘* + ﬁJiXﬁ + 0(1/n)} : (5.24)
Similarly, we have an expansion for log g(fi| fi—1) as:
log g(fi|fi-1) = logg (fnt+ Jn ntl/QX’ft 1)
R 1
= logg <fnt’ft71> + T[ntl/QAntX + %I&antXQ +o(1/n),
where:
dlo N 9%lo
Ap = a}gg <fnt’ft—1) and B,; = afgg <fnt’ft 1)
t £
Thus:
¢ 1 1/2 | 2
g(filfier) = g (fnt\ft—l) T]nt A X + %Im B X* +o(1/n)
; 1 1/2 | 2 Lo 12 w2
= g (fnt‘ftfl> Tlnt AntX + %[nt BntX + %Int AntX + 0(1/%) .

(5.25)

Finally, we have an expansion for exp (uf;) :
exp (uf;) = exp <ufnt) exp (—17;1/2)()
\/_

02
= exp <ufnt) [ \/_ nt1/2X + %I&l)@ +o(1/n)
(5.26)
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Let us now substitute expansions (5.24)-(5.26) into the numerator in equa-
tion (5.23) (the denominator is obtained by setting v = 0). We have:

/euftg(ft‘ftl) ﬁ h (?ﬁt‘ft) dfy = €uf"t ﬁ h <yi,t’fnt> g (fnt‘ftfl>
i=1

i—1

=

u

2
U ~—1/2 _
Ex l<1 + %Im 2X 4 o 1l X2 4 0(1/n))

1 1
(1 + —njnt1/2AntX + %I&l (Bnt + Ait) X+ 0(1/n))
1

1 1
1+ —=Jn X? + ——Qu X"
( + T X"+ 24nQnt + 2n

VT

where the expectation Ey is w.r.t. the standard normal variable X. Since

JZ X0 + 0(1/n))] ,

odd power moments of X are equal to zero, the terms of order 1/y/n [and
similarly the terms of order 1/ (ny/n), if the expansion is considered up to

order 1/n?] cancel and the expectation is equal to:
u _ 1 —1/2 1 _
I+~ [ImlAm + 51 / Jnt] + 5w L+ A+ O(1/17),

where:
Mot = oIt (Bus 4 A2) + oI Ao+ = Qui + == S [X)
27’L nt nt 2n nt 87L 7271/ nt 9

is independent of u. Thus, we deduce:

Ent(U)
LAt (£t At 31 ) + L) + A+ O(1 /)
=€ 1+ Apy +O(1/n2)

. ufnt u _1 1 —1/2 U2 _1 ]_ ]_
=e 1+ — 1 A+ =1, Ju)+—1,; +A;+0(=) 1—Ayw+0(=)
n n? n?

2 2n

2
o u oy 11 U 1
—e {1 + " (Im Ape + QIm Jm> + 2nI”t +O(n2) )

By definition of J,; and A,;, we conclude:
dlog g

_ ufnt U ; R 15y 2
Coti) = e L1t 2 (10080 (ol i) + 12 ) + 5oLt br0(1 /),
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and

A u dlog g 1 1 _
L,(u) = exp {ufnt + - ([ntl 37 (fnt\ft 1) + 2[”t2K ) %“2[7%1 + O(l/nQ)} .

Another approximation valid at order 1/n can be obtained by replacing
fi—1 by fmt,l. We have:

5 U dlogg 1 1 N
Ent(“) = exp {ufnt + E ([ntl aft (fnt‘fnt 1) + QIntQK ) %UQIntl + 0(1/71)} .

Then, Proposition 5.1 follows.
ii) Proof of Corollary 5.4

Let us expand function a at second-order around fnt:

a(fy) =a <fnt) f <fnt) <ft - fnt) ;(jlfQ <fnt) <ft - fnt)2+0 ((ft - fnt)Q) .

Then, by computing the conditional expectation w.r.t. the Gaussian density

for f; given in Corollary 5.3, Corollary 5.4 follows.
iii) Approximate linear state space model and Kalman filter

Let us prove that the filtering distribution obtained by applying the
Kalman filter on the linear state space model (5.3)-(5.4) equals the Gaussian
distribution in Corollary 5.3 up to order o(1/n). For expository purpose, we
set = 0 (the proof for pu # 0 is similar).

From the Kalman filter (see Review A.5), the distribution of f; given the
history &,.4, {ni—1, ... is Gaussian, with mean ft‘t and variance it‘t satisfying
recursive equations. To write these equations, let ft|t_1 and flﬂt_l denote
the conditional mean and variance of factor f; given the lagged information

Eni—1, Ent—2, ... Then, from Review A.5 we have:

ft\t = ft|t71 + Ky (&ne — ft\tfl)
= v(1- Kt\t)ft—1|t—1 + Kyje&n,ts (5.27)

and:
Yepp = (1 = Kypp) -1, (5.28)
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where the Kalman gain K|, is such that:

i1

Ky = T (5.29)
Yije—1 + —In_j
n
and:
Zt|t—1 = 72Zt—1|t—1 + 772. (5.30)
From equations (5.28)-(5.30) we deduce:
|
Sie = Il oll/n), (531)
1
Zt|t—1 = 7]2 + O(l/n), Kt|t =1- n—n?In_’% + 0(1/n)
Then, from equation (5.27) we get:
ft\t = ililftfl\tfl + &t — L[7lfnt +o(1/n)
7,”72 n,t ) 7,”72 n,t SN,
~ 1 1 ., - ~
foi+ %Im?Kn,t - n—,rIQIn,%(fn,t - ’th—1|t—1) +o(1/n).
We deduce:
. . 1, 1, .
ft\t = foi+ %-[nytKn,t - n—nQIn,t (fat = Vfnp—1) + o(1/n). (5.32)
01 — v fi
Then, by using that %(fﬂft_l) = —ftizftl, from equations (5.31)
t n

and (5.32) the conclusion follows.
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Figure 5.1: Payoff of a CDO tranche.

CDO payoff

ocl 0(2 Yn,t+h

The figure displays the payoff of a CDO tranche as a function of the default frequency
Yi+n at maturity. Thresholds a; and as are the attachment and detachment points,

respectively.
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Figure 5.2: Transition pdf of transformed factor f;.
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The Figure plots the conditional distribution of factor f; given lagged value f;_1, for differ-
ent values of f; 1. The conditioning values f; 1 are given in terms of their corresponding
Gaussian factor values F;_1; they are Fy_1 =0, F;_1 =2, F;_1 = —2, respectively. Asset

correlation is p = 0.10.
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Figure 5.3: Predictive distribution of f; given the investor information.
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The Figure plots the conditional distribution of factor f; given investor information J,
such that fn,t = 0.04, and for different values of f;_;. The conditioning values of f;_1
are given in terms of their corresponding Gaussian factor values F;_1; they are F;_; =0,

F;_1 =2, and F;_1 = —2 respectively. Asset correlation is p = 0.10.
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Figure 5.4: Approximate filtering distribution of f;.
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The Figure plots the approximate distribution of f; given past default history, such that

fn,t = 0.04, and for different values of fn,tq- Asset correlation is p = 0.10.
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Figure 5.5: True price of the BDS.
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The Figure plots the price of the BDS at time-to-maturity 1 year as a function of threshold
a, for three different values of asset correlation p = 0.01 (dotted line), p = 0.10 (solid line)
and p = 0.30 (dashed line). The available information is such that fn,t = fr—1 =10.04.
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Figure 5.6: Approximate price of the BDS.
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The Figure plots the approximate price of the BDS at time-to-maturity 1 year as a function

of threshold «, for three different values of asset correlation p = 0.01 (dotted line), p = 0.10

(solid line) and p = 0.30 (dashed line). The past default history is such that fn,t = fn,tq =

0.04.
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Chapter 6

Granularity for Risk Measures

The current interest in risk measures is explained by the recent changes in
regulation in the Finance and Insurance industries. New measures of risk
have been introduced and are commonly used for risk management and risk
control. In particular, they are the basis for determining the regulatory
capital required to hedge the risk of a portfolio, or of a business line in a

balance sheet.

The main risk measures, that are, the Value-at-Risk (VaR), the Ex-
pected Shortfall (ES) or TailVaR, and the Distortion Risk Measures
(DRM) are introduced in Section 6.1. Section 6.2 deals with the local anal-
ysis of risk measures, that is, their sensitivity to shocks on the distribution
of the portfolio value. This local analysis is used in Section 6.3 to determine
the granularity adjustment on theoretical risk measures for large homoge-
nous portfolios in a static factor model. The extension to dynamic factor
models is discussed in Section 6.4, where we consider how to account for
the nonobservability of the current and lagged factor values. We finally con-
sider in Section 6.5 the computation of risk measures for large portfolios of

derivative assets written on a factor proxy (see also Chapter 5).

181
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6.1 Risk Measures

Let us consider a given portfolio of assets. This portfolio can include stocks,
corporate bonds, consumer loans, mortgages, or life insurance contracts. At
date ¢, the value W; of this portfolio is known, but its future value Wy, at
horizon h is unknown. This uncertainty is summarized in the Profit and
Loss (P&L) distribution, which gives the conditional distribution of W,
given the information available at time ¢. To hedge this uncertainty some
reserves R are introduced. With these reserves, which receive a zero return,
the total value of the portfolio at date ¢t + h becomes Wy, + R.

i) Value-at-Risk

Let us fix a probability of loss «, where o = 1, 5, or 10%, say. The

reserve level can be chosen such that:
P(Witn + R <0) = a, (6.1)

where P, denotes the conditional P&L distribution. By solving equation
(6.1), we see that the corresponding reserve level is the opposite of the a-

quantile of the P&L distribution. This level of reserve:
R = R(t, h,a), (6.2)

depends on date t, in particular on the information available at this date, on
horizon h (there is a term structure of risk and a term structure of reserve),
and on the loss probability . This reserve R(t, h, «) is a decreasing function
of a.

When the assets in the portfolio are stocks traded on the market, the
portfolio value W, generally features a nonstationary evolution, which can
make difficult the determination of R. To circumvent this technical difficulty,

it has been proposed to introduce the Value-at-Risk defined by:
VaR(t,h,a) = R(t, h,a) + W,. (6.3)
Thus, the VaR is characterized by:
P,(Wypp, — Wy < =VaR(t, h,a)] = (6.4)
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and is the opposite of the conditional a-quantile of the distribution of change
in portfolio value (see Figure 6.1). The VaR defined on these changes features

a more stationary evolution than the reserve.
[Insert Figure 6.1: VaR defined from P&L distribution]

The reserve and VaR can equivalently be defined from the Loss and
Profit (L&P) distribution as:

P(-Wyn<R) = 1l—a=a", (6.5)
P(W,—Wyp <VaR) = 1—a=a" (6.6)

From (6.5), the level of reserve is the (1 — ) -quantile of the loss and profit
distribution. In this approach, a* = 1 — « takes large values such as 99%,
95%, or 90%. Definitions (6.1)-(6.4) and (6.5)-(6.6) are equivalent, but their
choice depends on the interest. The P&L definition is generally considered
by banks, which focus on profits, whereas the L&P definitions are typically
adopted by regulators, which are more concerned in controlling losses.

In case of primary products such as consumer loans, or mortgages, which
are not directly traded on financial markets, the benchmark value W; cor-
responds to the accounting value, which is generally the contractual value
of the loan or mortgage. This value does not account for default risk and
systematically overestimate the "true” value of the portfolio. The difference
Wy — Wiy, measures the loss due to default and is always positive. The
associated VaR is called CreditVaR (see Figure 6.2).

[Insert Figure 6.2: CreditVaR defined from L&P distribution)]

Example 6.1: Gaussian P&L distribution

Let us consider a Gaussian P&L distribution:
Wt+h’It ~ N(mtaag)a

where I; is the available information, m; and ¢ the conditional mean and
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variance of the future portfolio value, respectively. We have:

Pt[Wt+h+R<0]:C(

<~ Bmi+0Z+R<0]=«
— P (Z< —R+mt) =a
Ot
— (I)(—Rert) =a
Ot
— —-R=m+0,9 ' (a)=0Q:a), say, (6.7)

where Z denotes a standard normal variable, and
Qi(a) =my + 0,2 (), (6.8)

is the quantile function, that is, the inverse of the cdf of the profit and loss dis-
tribution. Since « is small in practice, ®~!(a) is negative and, from (6.7), we
see that the reserve diminishes when the expected portfolio value increases,
and increases when its variance increases. In practice, the P&L distributions
often feature fat tails and the Gaussian model above is inappropriate, leading
to an underestimation of the risk and of the reserve.

The levels of the reserves, that are the quantiles, are natural measures
of risk. They are rather easy to understand by professionals and are largely
used in the industry. From the regulatory point of view, the required capital
has to be defined without ambiguity, and therefore I;, h, a have to be fixed.
These quantities typically depend on the type of risk, that is, market risk,
credit risk, etc., and on the level of sophistication of the risk model. For
instance, for credit risk in the "standard approach” of Basel 2 (Pillar 1) one
generally chooses h = 1 year and o = 5%, while the information set I; cor-
responds to the absence of information. Then, the P&L distribution reduces
to an unconditional distribution, called historical in Basel 2 terminology.
However, for internal models of risk management (which correspond to Pillar
2 of Basel 2) and in the ”advanced approach”, several conditional quantiles
have to be followed jointly to take into account the effect of information, the

term structure of risk and the more or less severe risk control.
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ii) Distortion Risk Measures

The set of all quantiles risk measures, that are the VaR’s for all risk
levels a and terms h, is highly informative, since it provides the entire P&L
distribution for all horizons. However, when a single VaR is selected, for
instance to define the required capital, this risk measure has a drawback.
Indeed, it accounts for the probability of loss, but not for the magnitude of
the loss, when a loss arises. An extended set of risk measures is obtained by

considering weighted combinations of opposite quantiles.

Definition 6.1: Let us consider a profit and loss distribution with quantile

function @, and a positive probability measure H. A distortion risk measure
(DRM) is defined by:

(Q, H) = / Q(u)dH (u).

The measure H s called the distortion measure.

This family of risk measures has been extensively studied in a series of
papers by Wang [Wang (1996), (2000)]. In order a DRM to have desirable
properties as a risk measure, function H has to be concave (see Review
Appendix B.3).

Example 6.2: VaR

The Value-at-Risk at level o corresponds to the limiting case of a point
mass distortion measure H,(u) = 1,5, (see Figure 6.3). The lack of concavity
of the indicator function explains some drawbacks of the VaR («) used as a

single measure of risk.

[Insert Figure 6.3: VaR distortion measure]

Example 6.3: TailVaR

When H,(u) = min(u/a, 1), with a € (0,1) (see Figure 6.4), we get the
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equally weighted average of VaR on the interval [0, a/:
T(Q. H,) = —/ Au)y,
0

«

1 Q(a)
= —= / vdF(v)  [by change of variable v = Q(u)]
@ Jo

= E[-WIW <Q(a)],
which measures the expected loss behind the VaR. This measure is also called

the Expected Shortfall [Acerbi, Tasche (2002)].

[Insert Figure 6.4: Distortion measure for the TailVaR]

6.2 Local Analysis of a Quantile Function

Let us now analyse the sensitivity of a risk measure with respect to a small
change in the P&L distribution.

i) Bahadur’s expansion

Let us consider a sequence of one-dimensional continuous distributions
with cdf F,, and positive density f,, tending to a probability distribution
with c¢df F' and positive density f, as the index n tends to infinity. We
assume that the limiting density is differentiable. The assumptions above
imply the existence of the quantile functions @),, and () defined by:

F.Qn(u)] =u, F[Q(u)] =u, Yue(0,1). (6.9)

Proposition 6.1: (Bahadur’s expansion) We have:

_EQw)] = FIQ(u)]
flRu)] '

Proof: From definitions (6.9) of the quantile functions, we deduce that:
0 = FuQn(u)] — FIQ(u)]
= Fu[Qn(u)] = Fu[Q(u)] + Fu[Q(u)] — FIQ(u)],

Qn(u) — Q(u) ~
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and thus:

F[Qn ()] = FlQ(w)] = = (FL[Q(u)] = FIQ(w)]) .

By considering a first-order expansion of the left hand side, we get:

fnlQu)][@n(u) — Qu)] = — (Fu[Q(u)] — F[Q(u)])-

Equivalently we have:

Qn(u) — Q(u)

12
|

12
|

which is the result of the Proposition.
QED

The first-order expansion of the quantile function has been derived in Ba-
hadur (1966) and is largely used in nonparametric estimation of the quantile
function [see e.g. Koenker (2005)], or equivalently in nonparametric estima-
tion of the VaR [see e.g. Gouriéroux (2009)]. As seen in Section 6.3, in the
applications to risk measures, the difference F,, — F is of order 1/n, and thus
by Proposition 6.1, the same order is expected for the difference between the

quantile functions.
ii) Interpretation in terms of variables

It is useful to give an interpretation of Bahadur’s expansion in terms of
random variables. For this purpose, let us assume that F}, is the distribution
of a sum Y, =Y + W,, where variable W,, tends to zero, when n tends to
infinity. Then the limiting distribution F' is simply the distribution of Y.
The proposition below is proved in Appendix 6.6.

Proposition 6.2: Let us assume that F, is the distribution of Y, =Y +

Wy, with W,, tending to zero as n — oo. Let us also assume that Y has
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a continuous distribution with positive differentiable density f, that W, is
second-order integrable conditional on' Y = vy, and that E(W2Y = y) is
differentiable with respect to y. Then, the Bahadur’s expansion can also be

written as:
Qu(u) = Q(u) = E[W,[Y =Q(u)]

_1dlog f[Q(u)]
2 dy

LOEWRY = Q(u)]
) Ay

EWZY = Q(u)]
(6.10)

Equivalently, the sum of the last two terms in the right hand side of approz-
imation (6.10) is equal to:

1 d 2
o4y {FQEWRY =y}, o -

The interpretation in terms of random variables has been first derived
in the literature when W, = ¢, W, where ¢, is a scalar tending to zero [see
Gouriéroux, Laurent, Scaillet (2000), Wilde (2001), Martin, Wilde (2003)].

In this case, we get:

Qn(u) = Qu) = e EW[Y = Q(u)]

EW?)Y = Q(u)] +

€n (3log fQ(w)]
2

_&n OEW?|Y = Q(U)])
dy '

dy
(6.11)

In the granularity framework, we have ¢, = 1/y/n and E[W|Y = Q(u)] = 0.
Thus, only the second component of the right hand side of (6.11) matters
(see Sections 6.3 and 6.4).

iii) Local analysis of a distortion risk measure
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This local analysis is immediately deduced from the definition of a DRM.

Indeed, we have:

(Qu H) — 7(Q.H) = — / Qu(w) — Qu))dH ()
_ [ RQW] - FRW)
= /o o) )

if we consider the expression of Bahadur’s expansion in Proposition 6.1.

6.3 Granularity Adjustment in the Static Model

In this section, we consider a large portfolio of homogenous risks y1 411, - - -, Yn,t41,
satisfying the assumption of exchangeability. Conditionally on the factor

ft+1, the risks are ii.d. with density h(y;t++1|fi+1). The future portfolio

n

value is Wy = Zyi,tﬂ. Let us assume that the underlying factor values
i=1

fi, with t varying, are i.i.d. with density ¢, which corresponds to a static

framework. The P&L density of Wiy is:

/h*”(w|ft+1)g(ft+1)dft+1, (6.12)

where h*" denotes the n —th convoluate® of density h(.|fiy1). It is difficult to
compute the n — th convoluate, which involves a n — 1 dimensional integral.
The aim of this section is to derive an approximation of the P&L distribution
valid up to order 1/n and to deduce the corresponding approximation of the
risk measures by applying the results of Section 6.2.

We first consider the static Gaussian linear factor model. Then the results
are extended to the general static framework. In this section, we consider
the level of reserve by individual asset, that is, the total reserve divided by

n. Equivalently, we focus on the quantile of Wyi1/n = ¥y 141

IThat is the density of the sum of independent random variables with identical distri-
bution.
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i) Static Gaussian linear factor model

The individual risks are:

Yigr1 = Frpn Y uie, i=1,...,n,

where Fyy1 ~ N(m,0?), w1 ~ IIN(0,7%), and Fi1q and w;;q for i =
1,...,n are serially and cross-sectionally independent. In this simple Gaus-

sian framework, the P&L distribution (6.11) is known in closed form:
W1 ~ Nnm,n?c? + nn?],

and:
Wisa/n ~ N(m,o® +1°/n).

The quantile function for Wy, /n is (see Example 6.1):
Qn(u) =m + (62 4+ n?/n) 2071 (u).

Its first-order expansion in 1/n is:

Qnlu) = m+od(u)+ %%QCD_I(U) +o(1/n)

%%@—l(u) +o(1/n). (6.13)

= Q)+

The quantile function @(u) corresponds to a limit portfolio of infinite size
with Gaussian P&L distribution N(m,o?). Then, the second term in the
right hand side of (6.13) gives the GA for the quantile at order 1/n. This
GA depends on the loss probability u and on the ratio of the common risk
variance and the idiosyncratic risk volatility.

The GA for the quantile can also be derived by considering the Bahadur’s

expansion. We have:

n
1
Wi /n = Fig + o E Uigr1 = Fypr + Uy,
i=1
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where @y, 441|Fyi1 ~ N(0,17?/n). In particular we have:

d . _
EE(ui,t—i—l‘FtJrl =f)=0.
By using Proposition 6.2 with Y = F;; and W,, = 4,441, we get:

 1dlog f1Q(w)] 72
2 dy n’

E(tp1|Fiia) =0, E(u,4|Fir) = n°/n,

Qn(u) ~ Q(u)

where f and @) are the pdf and the quantile function of F;,q, respectively.

Now, we know that:

1 1 1(y —m)?
lng(y) = —ilOgQTF — ilOgO'2 — 5%,

and Q(u) = m + c® (u). We deduce that:
dlog f[Q(u)] _  Qu) —m q’fl(u)'

dy o2 o
By substitution, we recover formula (6.13).
ii) The general static framework

Let us now consider the general static framework of iid factor values.
The factor is not necessarily Gaussian, can be multivariate, and the relation

between factor and individual risks can be nonlinear. The standardized P&L

1
is the distribution of Wy 1/n = — Zy’?t“' Since the individual risks are
n <

=1
independent and identically distributed given the future factor value, we have
at order 1/n:

(Wi1/n)|Fipa = N[m(Fpp1), 0% (Frin) /1], (6.14)
where
m(Fi1) = Blyien|Fon]  and  0®(Fia) = Vi[ysea | Fial. (6.15)

The approximation (6.14) is derived by applying the CLT in the cross-section

at date t + 1 conditional on the factor value F},;.
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Equivalently, we can write:

o(Fiy1)
N4D
where Z ~ N(0,1) is independent of F,;;. Then, by applying Proposition

F;
6.2 with Y = m(Fi41) and W,, = U(\/%rl)

1
vn

Wigi/n = m(Fir) +

Z, (6.16)

Z, we have:

E (M Elo(F)lm(Fu ) E(Z) = 0,

) ) -

and:

) I e ]

~ 5|28 )

= %E[OQ(E+1)|m(Et+1)]7

where we have used the independence between Z and F;,;. We deduce the
GA for the VaR.

Proposition 6.3: In a static factor model we have:

dlog f[Q(u)]
dy

Q) - QM) = —5-( Blo?(Fun)m(Fryr) = Q(u)

N OF [UQ(EH”?;;EH) = Q(U)]) ’

where f (resp. Q) is the pdf (resp. the quantile function) of m(Fii1).

The quantile Q(u) is the CSA approximation. This quantile is computed
for the limit (virtual) portfolio of infinite size and corresponds to the quantile
of the distribution of m(F;.1). Indeed, by the LLN applied in the cross-
section at date t + 1 conditional on F},;, the standardized portfolio value

W,,.++1 converges to the conditional mean m(Fy ;). The CSA approximation
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of the portfolio quantile by means of function Q)(u) corresponds to the Vasicek
(1991) approach. The GA @, (u) — Q(u) in Proposition 6.3 is the correction
at order 1/n for the finite portfolio size. This GA involves the density of
m(Fyy1), the conditional mean of volatility o?(Fyy1) given m(Fy1), as well

as their first-order derivative, evaluated at the loss level Q(u).

Example 6.4: Let us consider a portfolio of zero-coupon corporate bonds
with time-to-maturity 1 and same nominal equal to 1. The risk variables
Y;+4+1 are dichotomous and correspond to the individual default events. Then,
W1 /n corresponds to the portfolio loss per bond. The risk variables y; ;11
are conditionally i.i.d. with Bernoulli distribution B(1, F;;1) given F;.;. The
factor Fyy1 admits values in (0, 1) and corresponds to the stochastic default
probability at date ¢ + 1. We have m(Fy11) = Fyy1 and 0%(Fyyq) = Fruq (1 —

F,41). From Proposition 6.3 we deduce:

Qn(u) — Qu)

1 {ME[O2(FH_1)|E+I = Q(u)] +

- OE[0?(Fyy1)|Fir1 = Q(u)] }
2n dy

dy

s {Mwu -~ QI +1-2Q@W)

o dy

where f (resp. @) is the density of Fi,; (resp. the quantile function).
When ®~1(F;) follows a Gaussian distribution N(u,n?), we get f(y) =

1 O 1(y) — _

Lo | oo )] and Q) = @l -+ 07w, or € (0.0,
For instance, in the single risk factor model for default based on the Merton
(1974) and Vasicek (1991) structural models, we have [see Section 3.1, in

particular equation (3.6)]:

where PD is the unconditional default probability and p is the asset corre-

lation. Then, we get the CSA quantile function [see Gagliardini, Gourieroux
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(2010)]:
Qu) = P (P )1+_‘/5® ) } , (6.17)
and the GA:
_i Q(u)[1 — Q(u)] l—p 1) — dLO(u w) —
=g { S (0= ew)) <200 <(ﬁé>

iii) A discussion of the GA order

As for estimation (Chapters 2-4) and prediction (Chapter 5), the GA for
the quantile is of order 1/n. This is due to the unobservable factor. To
clarify this point, let us consider the Gaussian model without factor, that is
0? =0 in Section 6.3 i). The distribution of the standardized portfolio value

becomes:
Wip1/n ~ N(m, 772/n).

y—m
n/v/n

m + i<I)’1(u), and its Laplace transform is:
n

7

The cdf of this distribution is ¢ ( ) Its quantile function is @, (u) =

¥(u) = ElexpuW/n)] = exp (um + “2:2) .

The first terms in the expansions of these functions with respect to 1/n have
different orders. This order is 1/y/n for the quantile function, 1/n for the
Laplace transform. The convergence is very fast and the order depends on
argument y for the cdf, whereas we expect a uniform order for deducing from
Bahadur’s expansion a uniform order for the quantile function.

To understand why the order is 1/n uniformly when an unobservable
factor is introduced, while the order can be varying without this unobservable

factor, let us consider the expectation of a twice continuously differentiable
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function a of Wiy 1/n. We have:

Ela(Wiy1/n)]
= FEla(m+ %Z)], where Z ~ N(0,1),
~ a(m) + dz(g) %E(Z) + %d d‘ln(g) %E(Z?) +o(1/n)
- Mm)+%f%%§2+dﬂm. (6.19)

The difficulty encountered for the cdf and quantile function in a model with-
out unobservable factor is due to the interpretation of the cdf as an expec-

tation of an indicator function:

Fn(y) = E[ﬂWt+1/n<y] - E[ﬂm+%Z<y]'

Since the indicator function is not differentiable, the expansion (6.19) does
not apply. Let us now consider the model with factor Fy.; ~ N(0,0?), say.
We have:

Fn(y) = E[ﬂWt+1/n<y] = E[]lm+Ft+1+%Z<y] = E[G(Z)]v
where:

y—m-—

NG

Ui
CL(Z) = P m+Ft+1—|—%Z<y‘Z =0 pn

This intermediate integration with respect to the factor transforms the dis-
continuous indicator function into the smooth conditional probability func-
tion. This smoothing explains why the GA order 1/n is uniform in a factor

model.

iv) Illustration: CSA and GA VaR in the static single risk factor

model for default

In this subsection we study the CSA and GA approximations in a numer-

ical illustration for the static single risk factor model for corporate default
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(see Example 6.4 and Section 3.1). Let us first consider given values for
the annual unconditional default probability PD and unconditional asset
correlation, that are PD = 0.01 and p = 0.12. They correspond to the an-
nual unconditional default probability of a firm with rating about BB, and
to the smallest value of asset correlation suggested in Basel 2 [see BCBS
(2001), (2003)]. The CSA and GA approximations for the portfolio VaR in
equations (6.17) and (6.18) are displayed in Figure 6.5 as functions of the
confidence level u, for u close to 1. The GA approximations are for portfolio
sizes n = 25, 100 and 1000.

[Insert Figure 6.5: CSA and GA approximations in the static single risk

factor model]

As expected, the approximated quantiles are increasing with respect to the
confidence level. Moreover, the GA quantile curves are above the CSA quan-
tile curve, and the granularity adjustment is decreasing with respect to the
portfolio size because of diversification of the unsystematic risk component.
For portfolio size n = 1000, the GA approximation is very close to the CSA
approximation, while for n = 100 the granularity adjustment is quite impor-

tant.

In order to assess the accuracy of the GA approximation, for some con-
fidence levels we display in Figure 6.5 quantiles computed by Monte-Carlo
simulation (see Review Appendix A.1). These quantiles are the empirical
quantiles for a simulated sample of 500, 000 replications of the portfolio loss.
The discrepancy between the GA approximation and the simulated quantiles
decreases with the portfolio size n, and is already rather small for portfolio
size n = 100. For small values of portfolio size such as n = 25, the disconti-
nuity of the portfolio quantile w.r.t. the confidence level can be clearly seen

from the simulated quantile values.

The GA approximation can be used to study the behaviour of the portfolio
risk measure as a function of the model parameters, that are the uncondi-
tional probability of default PD and the asset correlation p. Such a study
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would be very time consuming if performed using Monte-Carlo simulation.
In Figure 6.6 we display the CSA approximation and the GA as functions of
p, for different values of PD. In Figure 6.7 we display the CSA approxima-
tion and the GA as functions of PD, for different values of p. The portfolio

size is n = 1000 and the confidence level is 1 — o = 0.99.

[Insert Figure 6.6: CSA VaR and GA in the static single risk factor model

as functions of the asset correlation]

[Insert Figure 6.7: CSA VaR and GA in the static single risk factor model
as functions of the probability of default]

Figure 6.6 shows that the CSA VaR is monotone increasing w.r.t. asset corre-
lation p, when the probability of default is such that PD > «; for PD < «,
the CSA VaR is not monotone w.r.t. p and it converges to zero as p ap-
proaches 1. The granularity adjustment is decreasing w.r.t. asset correlation
p, when p is not close to 1. Figure 6.7 shows that the CSA VaR is monotone
increasing w.r.t. the probability of default PD. The granularity adjustment
features instead an inverse-U shape. The maximum GA occurs for values of
PD corresponding to speculative grade ratings, when p is between 0.12 and
0.24.

6.4 Granularity Adjustment in the Dynamic
Model

Let us now consider the dynamic framework, with a factor transition density
given by g(f;|fi—1). In this extended framework, two granularity adjustments
are required. The first one concerns the theoretical risk measure itself and is
the analogue of the adjustment derived in the static framework. The second
granularity adjustment is a consequence of the unobservability of the factor
values and is derived by using the approximate filtering formula of Chapter
D.
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i) Granularity adjustment for the distribution of the portfolio value

We have:

waMn:m@an+“fg”Z+oumx (6.20)

where functions m(Fi11) and o(Fi;1) are defined as in (6.15), and Z ~
N(0,1) is independent of the factor path. Term O(1/n) is conditionally
zero-mean since the normalized portfolio value is an unbiased estimator of

m(Fyy1), conditionally on Fy ;. Let us denote:

a(y; fr,e) = Plm(Fi) +o(Fipa)e < ylF = fi

= / Ilm(ft+1)+0'(ft+1)€<y g(ft+1|ft)dft+1‘

The cdf of the standardized portfolio value given the observable information

IF = (Y10 Yng) only is:

F.(y) = PWia/n <uy|lf]
= E(P[Wi1/n <y|F, ZHIt*)

= K [a(y,Ft,i +o(1/n).

I*
|
Then, by applying the GA for the filtering distribution of F; given in Corol-
lary 5.3, we get:

Fuly) = E UWMHMWJWWT¢ﬂﬂ+WW7

where Z* is a standard normal variable, f,; is the cross-sectional approx-

81 1
imation of the factor value, p,; = Intl ao}gg(fnﬂfnt 1) + anfKnt is the

mean adjustment in the filtering distribution and the term I;tl/ °Z* is the
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adjustment for the variance. Moreover, the Gaussian variables Z and Z* are
independent, since the first one is due to the Central Limit Theorem, whereas
the second one corresponds to the numerical approximation of the filtering
distribution which involves no stochastic argument. The expression of the
cdf can be expanded at order 1/n. Since E[Z] =0, E[Z*] =0, E[ZZ*] =0,
E[Z% = E[(Z*)?] = 1, we get:

19a(y, fu,0)

Fn(y) = a(yafnt70)+ n aft Hnt
1 —182a(y7 fntao) aQQ[yafAntao)
+ 5 I, 372 + 90 +o(1l/n). (6.21)

The CSA approximation of the cdf is a(y, Fots 0). The GA is the sum of two

components corresponding to
i) the granularity adjustment for filtering, that is,
da(y, fnt,O) 1 1 Paly, fntvo),
of: 2 af
ii) the granularity adjustment for the theoretical cdf, that is,
10%a(y, fu, 0)
2 0e? ‘
Due to the independence between Z and Z*, there is no cross GA.
ii) Granularity adjustment for the Value-at-Risk
The GA for the VaR is directly deduced from the GA of the cdf by

applying the Bahadur’s expansion (see Proposition 6.1). Let us consider the
conditional mean m(F,y1). Its cdf conditional to F; = f; is a(y, fi,0), which
is the leading term in the expansion (6.21). The associated quantile function
(resp. density function) is denoted by Q(u; fi) [resp. f(y; fi)]. We get:

Qn (u) =~ Q(U, fn,t) + GArisk + GAfilt6T7
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and the GA for the VaR at risk level u is the sum of two components:

i) The granularity adjustment for filtering is

1 1 [a&[@(u; fnt)afntao] 1

_ 62@[62(“7 fnt)afntao)
GA ilter — T R nt + 51 tl 7
fil nf[@(u, fm)] f, Unt + o'n aftQ

ii) The granularity adjustment for the theoretical risk measure is:

1 1 (9261[@(”, fnt)afntao)

GArisk = T35 = .
20 F1Q(u, fur) 0z

This latter GA can also be written as [see Gagliardini, Gourieroux (2010)]:

1 |0lo o .
G = —5- {—g LIt i (Bl Fivn) = . F = fud

d . 5 R

+ g Elo (Frr)[m(Fen) =y, 1y = fodl .
Y Yy = Q(ua fnt)

This expression is the analogue of the GA in the static factor model of Sec-
tion 6.3. The distribution of F,; is now conditional on the current factor
value F}, and this unobservable value is finally replaced by the cross-sectional
approximation fmt.

It is interesting to note that the major part of the existing literature has
proposed the GA,;s component as the total adjustment to be applied to
the VaR. In a dynamic model, the computations above show that the other
component due to the factor unobservability has the same magnitude and

has also to be taken into account as shown in the illustration below.

iii) Illustration to dynamic model with stochastic default and re-

covery

In this illustration we consider an extension of the single risk factor model
for corporate default presented in Section 6.3 iv) to account for the dynam-
ics of the systematic factor and a non-zero recovery rate [see Gagliardini,

Gourieroux, Monfort (2010)]. The percentage loss on the loan to firm 7 at
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the maturity date t + 1 is:

A; A i
y’i,t-‘rl = ]lAi,t+1<Li,t+l (]- - 7—t-i_l) — (1 - 7—tH) 9 (622)
Li,t+1 Li,t+1

where A;;+1 and L;4yq are the stochastic asset value and liability of the
firm, and ™ = max{z,0} denotes the positive part of x. The loss variable

Yit+1 is the product of the default indicator 14,,, <z that is equal to

i1
1, when the asset value is below the liability, and 0, otherwise, and the
i1

percentage loss given default (LGD), that is, 1 — . The dynamics of
i1

the log asset/liability ratios of the firms follow a linear single risk factor

model:

Aj
log ( ’t) = F, 4+ oy, (6.23)
Liy

where the idiosyncratic shocks (u; ) are 1N (0, 1) across time and firms. The

single systematic factor F; follows an autoregressive Gaussian process:

Fy=p+y(Foy = p) +nv1 =22, (6.24)
where the innovations e, ~ IIN(0,1) are independent of (u;;). The model
parameters are the volatility of the idiosyncratic shocks ¢ > 0, the uncon-
ditional mean p and volatility n > 0 of the systematic factor, and its auto-
correlation coefficient . The latter is assumed such that |y| < 1 to ensure
stationarity. When v # 0, the systematic risk factor features serial depen-
dence.

As for the static model for corporate default (see Remark 3.1 in Section
3.1), there exists alternative parameterizations of model (6.22)-(6.24) admit-
ting a more direct financial interpretation. More precisely, let us consider
the unconditional probability of default:

PD = Pllog (A;,/Liy) < 0] =& | ———— ], (6.25)
n2+0-2

and the unconditional asset correlation:

772

p = corr [log (Ai,t/Li,t) ,log (Aj,t/LJ}t)] = 772 + g2’

(6.26)
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for i # j, respectively. Furthermore, let us introduce the unconditional

expected (percentage) loss given default (ELGD):

Aiy
Lig

ELGD =E {1 - |A’?t < 1} . (6.27)

Liy

Gagliardini, Gourieroux and Monfort (2010) derive an expression for ELGD
in terms of the structural parameters o, p and n [see also Geske (1977)].
Then, the probability of default PD, the asset correlation p, the expected
loss given default ELGD and the factor autocorrelation v provide an equiv-
alent parameterization of the model. In Table 6.1 we display the values of
the structural parameters o, p and 7 corresponding to some choices of the
reduced form parameters PD, p and FLGD.

[Insert Table 6.1: Reduced form and structural parameters|

In particular, the values 0.45 and 0.75 of ELGD in Table 6.1 are the values
of expected loss given default suggested by Basel 2 regulation [see BCBS
(2001), (2003)] for senior debt classes on corporate, sovereigns and banks
not secured, and subordinated classes on corporate, sovereigns and banks,
respectively.

The CSA and GA quantile approximations are derived from the general
results in Section 6.4 ii). We present here some steps of the analysis and
invite the reader to refer to Gagliardini, Gourieroux, Monfort (2010) for the
detailed derivation.

a) The cross-sectional factor approximation at date ¢ is:

oo =argmaxd =2 3 [log(1— gir) = il + (0~ 00) o (/) b

1:9;,¢>0

(6.28)

n
where n;, = Z 1, ,~0 denotes the number of defaults at date . The factor ap-
i=1
proximation corresponds to the Maximum Likelihood estimator of the mean

parameter in a Gaussian Tobit regression model with endogenous variable
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log(1 —y;+), mean f; and variance o?. The Gaussian approximation at order
1/n of the filtering distribution of the unobservable factor f; in Corollary 5.3
involves statistics fn,t, fmt,l and ny.

b) Functions m(fi+1) and o(f;+1) can be derived from the Black-Scholes
pricing formula by exploiting the put option structure of the loss variable
(1 — A;441/Lig1)" and the conditional log-normality of A;;y1/L; 41 given
Fii1 = fiy1. We get:

2

m(fir)) = B(—fi/o) — exp (f n %) & (~funnfo— o). (6.20)

and:
Pisr) = mlf)lt = mfisn)] = exp fios + 5 ) @ (/o )

+exp(2fiy1 + 20°)® (= fiy1 /o — 20). (6.30)

Function m is monotone decreasing, since the loss y; ;1 is decreasing w.r.t.
the factor value Fi ;.

¢) Finally, function a(w, fn,t, 0) is given by:

a(wa fn,t;o) = P[m(Ft+1) < w|Ft = fnt] = P[Ft—‘,—l > m_l(w”Ft = fnt]
- d (_ml(w) —H—= V(fn,t - H’)) ’ (631)

Ny 1 —~2

where m~! denotes the inverse of function m.
In Figure 6.8 we display the CSA and GA VaR approximations, and
the GA risk and filtering components, as functions of the cross-sectional

approximation of the current factor value.
[Insert Figure 6.8: CSA and GA VaR as a function of the cross-sectional

factor approximation]

The parameters are such that the annual default probability is PD = 0.05,
the asset correlation is p = 0.12, the expected loss given default is ELGD =
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0.45 and the factor autocorrelation is v = 0.5. The corresponding uncon-
ditional mean of the factor is p = 3.05. The information set is such that
ny/n = PD and fmt = u, while the confidence level is 1 — a = 0.995. The
CSA VaR is decreasing w.r.t. the factor approximation, since the systematic
factor has a positive impact on the asset/liability ratios of the firms. The
granularity adjustment is quite small for portfolio size n = 1000, but is rel-
evant for portfolio size n = 100. By comparing the patterns of the GA risk
and filtering components, it is seen that the granularity adjustment comes
mostly from filtering, at least when the factor approximation is above the fac-
tor mean. Indeed, the filtering GA component accounts for the uncertainty of
the cross-sectional factor approximation. When this approximation is above
the factor mean, the filtering GA component yields an upward correction
of the CSA VaR, which reflects a less optimistic belief on the unobservable
factor value compared to the cross-sectional approximation.

In Figure 6.9 we display simulated paths of the default frequency n;/n,
the percentage portfolio loss W, ;/n, the factor value f; and its cross-sectional
approximation fmt. In Figure 6.10 we display the corresponding simulated
paths of the CSA and GA VaR, and of the GA risk and filtering components.

[Insert Figure 6.9: Time series of simulated default frequency, portfolio

loss, systematic factor and cross-sectional approximation of the factor]

[Insert Figure 6.10: Time series of simulated CSA VaR, GA VaR, and
GA risk and filtering components]

The portfolio size is n = 100, the confidence level is 1 — a = 0.995 and the
model parameters are as above. The time series of default frequency and
portfolio loss have a similar pattern, since they are driven by the same sys-
tematic factor. Moreover, at each date the portfolio loss is smaller than the
default frequency because of the non-zero recovery rate. The cross-sectional
factor approximation is rather accurate. Figure 6.10 shows that the GA VaR

is larger and features a smoother time evolution than the CSA VaR. More-
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over, whereas the risk component of the granularity adjustment is always
positive and rather stable in time, its filtering component varies quite a lot
in time and can eventually take negative values. As already remarked in Fig-
ure 6.8, the filtering GA component is responsible for most of the granularity
adjustment.

Finally, Gagliardini, Gourieroux and Monfort (2010) perform a backtest-
ing analysis to compare the GA VaR and CSA VaR in terms of the frequency
and dynamic pattern of violations, that are, the exceedancies of the realized
portfolio loss above VaR. They show that the GA VaR is a more accurate
approximation of the true portfolio quantile than the CSA VaR.

6.5 Portfolio of Derivatives Written on a Large
Portfolio

The VaR and its granularity adjustments have also to be computed for port-
folio of derivatives written on a given large portfolio of individual contracts.
These derivatives are called Collateralized Debt Obligations (CDO). Typ-
ically, the support of such credit derivatives is a given pool of credits, or
of Credit Default Swaps (CDS). Then the derivative payoffs are defined by
tranching the (normalized) portfolio value W,, ;41 = W, 411/n, that is, by
considering payoffs of the type:
- { Wi, if Wain € (aj,a441), say,

b; =
5(Watr1) 0, otherwise,

where the a; and a;;; are called attachment and detachment points, re-
spectively, or by considering straddles defined by combining appropriately

European calls with payoffs:

bj(Whis1) = W1 —aj)™,  say.

To get a flavour of the GA for a portfolio of such derivatives, we consider
a portfolio of CDO’s with maturity ¢ + 1. Their value at ¢ + 1 is equal to the
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payoff, and the future derivative portfolio value is: 2

D
Wn g+l = § b Tl t+1

where J denotes the number of CDO’s in the portfolio. Thus, from (6.20)

we deduce the expansion of the derivative portfolio value as:

Z
Wi = Zb m(Fii) + o(Fi1)—= + O(1/n)]

Jn '

= ) bi[m(Fr)] Z m(Fin)lo(Frn) =

T
S

+ %Z T m(Fiy1)lo (Ft+1)Z_2+O(1/n)

where the O(1/n) term is zero-mean conditional on the factor.
J

Then, we can apply the GA formula of Proposition 6.2, with Y = Z bjim

7=1
as the limiting future derivative portfolio value for infinite n, and the sum

W, say, of the two other components of the right hand side to capture the
next terms in the expansion. By using the moments E[Z] = 0, E[Z?%] = 1,
we get:

1 J

: dm ,
Jj=1 Jj=1

dm

S L] oy ) S by m(Fran)) = | + o(1/m),

EWZY =y) = %E <Z M) o*(Fii)| ij[m(FtH)] =y| +o(l/n).

j=1 j=1

2When the maturity of the derivatives is strictly larger than 1, the derivatives maturity
does not correspond to the selected horizon for the VaR and it is necessary to compute the
future derivative price. This can be done by the approximate derivative pricing approach

introduced in Chapter 5, accounting in particular for the GA of the derivative prices.
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Then, the GA is derived from Proposition 6.2.

6.6 Summary

The recent regulations require the computation of reserves for large portfolios,
possibly including derivatives. The required capital is based on risk measures
such as the VaR or the Expected Shortfall. Granularity theory is used to
derive closed form expressions for the reserves at order 1/n. The explicit
formulas can be introduced in the software for risk management and risk

control.
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6.7 Appendix: Interpretation of the Bahadur’s

Expansion

Let us prove Proposition 6.2 when Y and W,, admit a joint pdf [see Gagliar-

dini, Gourieroux (2010) for the general case]. We have:

F.(y)—Fly) = PY <y)—-PY+W,<y)

f(y) f(y)
1 y
= W /[/y_w fn(z, w)dz]dw
where f,(y,w) denotes the joint density of (Y, W,,). Thus, we deduce:
Fa(y) — F(y)

f(y)
_ // h%>meﬁ%/M:mwm Fuly, w)]dz)dw

ﬁ/ i s g [ S5 =

dlog fo(y, W,
y

Let us now decompose the joint density into the unconditional density of

Y and the conditional density of W, given Y, i.e. f,(y,w) = f(y)fu(w|y),
say. We get:

12

= E[W,|Y =y] - E[W2 )|Y_ yl. (6.32)

_ Fuy) - Fy)
f(y)
o R e R A
— EW,|Y =y) — %moi;(y)E(Wﬁ\ ) — %a%(/ w? fo(wly)dw)
— EW,|Y =y) — %moi;(‘y)E(Wﬁ\Y —y)— %%E(WS\Y =)
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From Proposition 6.1, the result follows.
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Table 6.1: Reduced form and structural parameters.

Reduced form parameters | Structural parameters

ELGD PD p 1 i o
0.12 4.799 0.766 2.074
0.45  1.5% 0.24 4.799 1.083 1.928
0.50 4.799 1.564 1.564
0.12 3.060 0.642 1.739
0.45 5% 0.24 3.050  0.908 1.616
0.50 3.060 1.311 1.311
0.12 16.993 2.713 7.346
0.75  1.5% 0.24 16.993 3.836 6.827
0.50 16.993 5.537 5.537
0.12 10.669 2.247 6.085
0.75 5% 0.24 10.669 3.178  5.655
0.50 10.669 4.587 4.587
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Figure 6.1: VaR defined from the P&L Distribution.

probability o

0 ~VaR(tha) ° W=,

The Value-at-Risk VaR(t, h, «) is the opposite of the quantile at level « of the conditional
distribution of Wy, — W; given date t information (P&L distribution). The shaded area

corresponds to a probability of a.
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Figure 6.2: CreditVaR defined from the L&P Distribution.

Probability 1 — «

VaR(t,h,a) Wi — Wein

The CreditVaR VaR(t, h,«) is the quantile at level 1 — a of the conditional distribution
of Wy — Wiy given date t information (L&P distribution). The shaded area corresponds
to a probability of 1 — a.
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Figure 6.3: VaR distortion measure.

H,(u)

The distortion measure for the VaR at level « is the point mass measure with cdf H, (u) =

Li>a.
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Figure 6.4: Distortion measure for the TailVaR.

The distortion measure for the TailVaR at level « is the uniform distribution on [0, o] with

cdf Hy(u) = min{u/a, 1}.
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Figure 6.5: CSA and GA VaR in the static single risk factor model.

0.25
*
0.2F B
ok +
I
0.15 B
5 .
o
01t
0.05 1
| | | | | | | | | |

0.99 0.991 0.992 0.993 0.994 0.995 0.996 0.997 0.998 0.999 1
o

The Figure displays the CSA approximation (solid line) and the GA approximations for the
portfolio VaR in a static single risk factor model, as functions of the confidence level «. The
GA approximations are for portfolio sizes n = 25 (dotted line), n = 100 (dashed-dotted
line) and n = 1000 (dashed line). Stars, crosses and diamonds correspond to quantiles
computed with Monte-Carlo simulation based on 500, 000 replications of the portfolio loss,
for portfolio sizes n = 25, n = 100 and n = 1000, respectively. The unconditional default

probability is PD = 0.01 and the asset correlation is p = 0.12.
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Figure 6.6: CSA VaR and GA in the static single risk factor model as func-
tions of asset correlation.
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/ | - 0
/
0.71 K 0.02{]
o6 '|
0.5+ // , 0.015¢ l|
//
0.4r 1
/ 0.01f
0.3} ]
0.2 1 0.005}
0.1}
0 ‘ ‘ ‘ ‘ Ot ‘ ‘ ‘ ‘
0O 02 04 06 08 1 0 02 04 06 08

p p

The left panel displays the CSA VaR, and the right panel displays the GA, as functions
of asset correlation p, for different values of the unconditional default probability, that are
PD = 0.005, 0.01, 0.05 and 0.20, in the static single risk factor model for default. The

portfolio size is n = 1000 and the confidence level is 1 — a = 0.99.
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Figure 6.7: CSA VaR and GA in the static single risk factor model as func-

tions of default probability.
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The left panel displays the CSA VaR, and the right panel displays the GA, as functions

of the probability of default PD, for different values of the asset correlation, that are

p = 0.05, 0.12, 0.24 and 0.50, in the static single risk factor model for default. The

portfolio size is n = 1000 and the confidence level is 1 — o = 0.99.
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Figure 6.8: CSA and GA VaR as a function of the cross-sectional factor

approximation.
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The left Panel displays the CSA VaR (dashed line), the GA VaR for n = 100 (solid line)
and the GA VaR for n = 1000 (dotted line) as functions of the cross-sectional factor
approximation fn,t. The middle and right Panels display the GA component for risk, and
the GA component for filtering, respectively. The information set is such that ny/n = PD
and fn,tq = u. The confidence level is 1 — a = 0.995. The structural parameters are such
that ELGD = 0.45, PD = 5%, p = 0.12 and v = 0.5. In particular, the unconditional
factor mean is p = 3.05 (see Table 1).
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Figure 6.9: Time series of simulated default frequencies, portfolio losses,

systematic factors and cross-sectional approximations of the factor.
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The upper and middle Panels display a simulated time series of default frequencies and
percentage portfolio losses, respectively. The lower Panel displays the corresponding time
series of factor values (circles) and cross-sectional factor approximations (squares). The
portfolio size is n = 100. The structural parameters are such that ELGD = 0.45, PD =
5%, p = 0.12 and v = 0.5. In particular, the unconditional factor mean is p = 3.05 (see
Table 1).
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Figure 6.10: Time series of simulated CSA VaR, GA VaR, and GA risk and

filtering components.
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The upper Panel displays a simulated time series of CSA VaR (dashed line) and GA VaR
(solid line) for portfolio size n = 100 and confidence level 1 — a = 0.995. The middle and
lower Panels display the corresponding time series of GA risk and filtering components.
The structural parameters are such that ELGD = 0.45, PD = 5%, p = 0.12 and v = 0.5
(see Table 1).
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A.1 Simulation

Simulations are artificial data randomly drawn by the econometrician. Sim-
ulation based approaches are used to compute numerically complicated inte-
grals (Monte-Carlo integration) and in particular derivative prices, to derive
the finite sample properties of an estimator (e.g. bootstrap), or even to define
new estimation methods (simulation based method of moments and indirect

inference).
A.1.1 The principle
All simulation techniques are based on the following lemma:

Lemma A.1: Let X be a one-dimensional random variable with continuous
distribution and a strictly increasing cumulative distribution function (cdf)
F. Then the variable U = F(X) follows a uniform distribution on [0, 1].

Proof: Indeed, we have:

PlU <u] = P[F(X)<u]

= P[X < F~'(u)] (since a continuous increasing

function is invertible)

= FIF ) =
which is the cdf of the uniform distribution on [0, 1].
QED
The lemma above implies the following corollary:

Corollary A.2: Let X be a continuous variable with increasing cdf and ®
the cdf of the standard normal distribution, then the variable e = ®~[F(X))]

1s standard normal.
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The previous results can be directly used for simulating an artificial in-
dependent sample from distribution F', by using a software to produce i.i.d
standard normal observations (rndn software), or i.i.d uniform observations

(rndu software). The approach is for instance the following:

i) Draw at random S artificial data 1, ...,eg from the standard normal by

the software rndn.
ii) Then compute the simulated values X1, ..., Xg by X, = F~1®(g,)].

This approach is easily extended to multivariate random variables. As an
illustration, let us consider a bivariate vector (X, Y’) with known distribution.
This distribution is characterized by the marginal distribution of X with cdf
Fx(x) and the conditional distribution of Y given X = x, with conditional
cdf Fyx (y|z).

The simulation approach is the following:

i) Draw at random two independent samples of size S from the standard

normal by software rndn. These samples are €4, 7,, for s =1,...,S.
ii) The simulated values X7, ..., X are computed as:
X, = F{'[®(ey)], s=1,...,8.
iii) Then the simulated values Y7, ..., Ys are deduced by:
Yo = Fy[®m)|X], s=1,...,5.

where F;ﬁX(]aj) is the inverse of the conditional cdf with respect to argument
Y.

The simulation scheme is completely fixed by the analyst, who has to

choose the form of the distribution, but also the number of replications.

A.1.2 Monte-Carlo integration
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Integrals, or equivalently expectations, can be computed by simulation.

Let us consider an expectation:

Ey(Y) = /ypo(y)dy, (A.1.1)

where pg is a known probability density function. Then, we can draw S
independent observations Y7, ...,Ys from distribution pg. By the Law of
s
_ 1
Large Numbers, the sample mean of these simulated values Yg = S ZYS
s=1
is a consistent approximation of the true unknown expectation as S — oo,

that is, Yg ~ Fy(Y) for large S.

This approach can be extended to improve the accuracy of the approxi-
mation. Let us introduce another given p.d.f. go(y), called the importance
function. Then, we have:

Po(y)
EyY) = /y—q y)dy. A1.2
)= [ v ) (A12
An approximation of the expectation can be derived as follows :

i) Draw at random S observations Yy*, ..., Y from the distribution go.

ii) Then approximate the expectation by :

& SR a0V

This approximation is very accurate when go(y) is almost proportional to

ypo(y)-

A.1.3 Bootstrap

We can now explain how to derive the properties of an estimator for a
large, but finite number of observations. As an illustration, let us consider a

parametric dynamic model:
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yt:a(yt_l,et,e), t:]_,...,jj7

where ¢; are iid standard Gaussian variables and a is a known function. Let us
denote Oy = é(yl, ..., yr) a consistent estimator of parameter . Estimator
07 is a good approximation of #, which can be used to simulate several

artificial paths for Y. More precisely, we can:

i) Draw a sequence of size T' from the standard normal distribution. This

sequence is denoted by €7, ..., 7.

ii) Deduce the simulated path by recursion:

y; = a(y;_1,e;,07), t=1,....T (with yj = vo).

iii) Compute the simulated estimate from this path, as :

07 =0(yi,-- .. y7)-
iv) Replicate the approach for s =1,..., 5.

v) Then, for large S, the sample distribution of (6L, ...,05) is a good ap-

proximation of the unknown distribution of the estimator.

Further reading

Caflish, R. (1998): ”Monte-Carlo and Quasi Monte-Carlo Methods”, Acta
Numerica, Vol 7, Cambridge University Press, p1-49.

Efron, B., and R., Tibshirani (1994): ” An Introduction to the Bootstrap”,
Chapman & Hall.
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A.2 Efficiency Bounds

The accuracy of an estimator 0 of a (multidimensional) parameter 6 depends
on its bias, that is, the difference between the expectation of 0 and the true
parameter value, and on its variance-covariance matrix.

For a consistent estimator, the bias is asymptotically equal to zero and its
accuracy is entirely captured by its asymptotic variance-covariance matrix. It
is often possible to find a lower bound for the asymptotic variance-covariance
matrix of the consistent estimators of #. This bound, when it exists, is called
an (asymptotic) efficiency bound.

Then, a consistent estimator, whose variance-covariance matrix coincides
asymptotically with the efficiency bound, is preferable to any other consistent

estimator. It is called an (asymptotically) efficient estimator.
A.2.1 Parametric model parametrized by 6

Let us first consider a parametric model with likelihood function 1, (y; @),
where y denotes the vector of observations and n their number. An efficiency

bound is given by:

B(0) = [10)] ", (A21)
where the information matrix 7(f) can be approximated by:
0*log L, (y; 0)
1)~ FEy | ————F—= A2.2
) = b | -2, (A22)

and FEjy denotes the expectation computed with the value 6 of the parameter.

In this framework B(#) is called the parametric efficiency bound.
Under standard regularity conditions, the maximum likelihood estimator:
6 = arg max log 1, (y; 0)

has an (asymptotic) variance-covariance matrix equal to the (asymptotic) ef-
ficiency bound. Thus, the maximum likelihood estimator is (asymptotically)

parametrically efficient.
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A.2.2 Parametric model partly parametrized by 6

Let us now consider a parametric model including also nuisance parame-
ters 3, say. The likelihood function is [,,(y; 6, 3), and the parametric efficiency
bound for the whole parameter (¢, 5')" is:

B(@,ﬂ) = [[(eaﬁ)]ila (A23)

where

1(0,8) =~ Eys | — O"logln(y:9.9) | (A.2.4)

o(5)o(5)

This information matrix can be decomposed into blocks as:

Iog Ipg
[(eaﬁ): ,  Say,
Isg Ipg
where:
[ 9%logl,(Y;0,0)]
T =Fos | =500 ’
C P logl,(Y36,6)]
lyg = Egp|— 007 = I,
C P logl,(Y36,6)]
Iss = Epp|— 2307 :

By block inversion, we deduce the North-West block of the efficiency
bound, which provides the parametric efficiency bound for € in presence of a

nuisance parameter (. It is given by:
By (0, 3) = oo — Tos(Lp5) ™ Iso] - (A.2.5)

A.2.3 Semi-parametric efficiency bound
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Let us now consider a semi-parametric model, in which the likelihood
function is parametrized by a parameter of interest 6 and by a functional nui-
sance parameter g € G. While the parameter of interest is a standard (finite-
dimensional) vector, the nuisance parameter can be an infinite-dimensional
object, e.g. the unknown density function of the error in a regression model.
This semi-parametric model nests all parametric models in which function ¢
has been parametrized g = gg, say. The parametric efficiency bound for such
a nested parametric model Byy(gg) can be computed by equation (A.2.5), and
depends on the chosen parametrization of function g. The semi-parametric
efficiency bound is defined as the maximal (i.e. the least favorable) bound

corresponding to all admissible nested parametric models:
399(9, g) = H;E;X 399(95)' (A26)

A consistent estimator is semi-parametrically efficient, if its variance-
covariance matrix is asymptotically equal to the semi-parametric efficiency
bound. An example of semi-parametrically efficient estimator is the Ordi-
nary Least Squares (OLS) estimator in a linear regression model under the

standard regularity assumptions on the errors.
Further reading

Chamberlain, G. (1992): ”Efficiency Bounds for Semiparametric Regres-

sions”, Econometrica, 60, 567-596.

Cramer, H. (1946): ”Mathematical Methods of Statistics”, Princeton

Univ. Press.

Rao, R. (1945): ”Information and the Accuracy Attainable in the Es-
timation of Statistical Parameters”, Bulletin of the Calcutta Mathematical
Society, 37, 81-89.
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A.3 Panel Models

Panel models are explanatory models for panel data, that are observations
Yit, = 1,...,n,t =1,...,T doubly indexed by individual and time. The

basic Gaussian linear model for panel data is:
Yyig=a+rgbtwy,, i=1,...n t=1,...T, (A.3.1)

where z;, are the observations of the explanatory variables and w;, are in-
dependent, Gaussian error terms with common distribution N(0,02).

The basic model (A.3.1) is usually extended to highlight possible individ-
ual, or time effects. These effects can be assumed either fixed, or random.

A.3.1 Panel model with fixed effects
The introduction of fixed effects leads to the model:
vir=a+Gi+yutabtw,i=1...,nt=1,...,T, (A.3.2)

where [3; andv, are additional parameters satisfying the constraints:

n T
5225ZZO7 ’722%207
i=1 t=1

to avoid collinearity problems. Parameters §; (resp. ;) are the fixed indi-
vidual effects (resp. time effects). Model (A.3.2) is a special case of linear
model and the parameters «, 3;, for i = 1,...,n, and v, for t = 1,...,T,
can be estimated by Ordinary Least Squares (OLS). However, the OLS es-
timators do not feature standard asymptotic properties. The reason is that
the total number of parameters equal to n+ T — 1 is not fixed, but increases
with the number of observations, that is, with n and 7". This is the so-called
incidental parameter problem.

The OLS estimators have closed form expressions, which are easily inter-

preted for a fixed effect model without explanatory variable z, that is,

Yir = a+ B + 7+ wiy, (A.3.3)
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with w;; ~ [IN(0,02). Let us define the following sample means:

n

: 3 =Ly =LY A.3.4
ﬁ;;yi,ta Yi. = T;yi,t, Yy = ﬁ;y”' ( 3 )

The OLS estimators of the parameters are:

<
I

>

N[l
N[l
I
|
|
<

=
whereas the residuals are given by:
Wiy = Yix = Vi — Yo T Y- (A.3.6)

Hence, the estimate of the constant is the full sample average of the observa-
tions across individual and time, while the estimates of the individual (resp.
time) effects are the differences between the time (resp. individual) averages

and the full sample average.
A.3.2 Panel model with random effects

In this extension, the individual and time effects are assumed stochastic.

The model becomes:
Yig =+ x; btui+v +wy, i=1,...,n, t=1,...T, (A.3.7)

where wu;, v, w;; are independent Gaussian variables, independent of the ex-

planatory variables, with distributions:
u; ~ N(0,02), v, ~ N(0,62), wi;~ N(0,02),

respectively.

In this extension, the number of parameters is fixed, which solves the
incidental parameter problem. However, this linear model has a non scalar
variance-covariance matrix function of the three parameters o2, 02 02. Ex-

cept in very special cases (see Chapter 2), the maximum likelihood estimators

of the parameter do not admit closed form expressions. Moreover, they have
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nonstandard asymptotic properties, which depend on the assumed asymp-
totics, either n — oo and T fixed, or n fixed and T" — oo, or n — oo and

T — 0.
A.3.3 Panel model with both fixed and random effects

It is not possible to introduce in a panel model a fixed and a random
effect of a same type, since the fixed effect will systematically capture the
random effect. Thus, there exist only four possibilities for a panel model

with both individual and time effects as seen in the table below.

Table A.1: Panel models with both individual and time effects

time effect

individual effect || fixed random
fixed X X
random X X

A.3.4 Fixed or random effects

There exist testing procedures for choosing between fixed and random
effects in panel models. However, it is often preferable to base this choice
according to the problem of interest. This choice is well illustrated by ap-
plications to credit. Let us assume that y;; is a quantitative measure of
individual risk. The models with fixed individual effect,

Yit = @+ B + 2ib + Wiy,

are used in a first step to make a segmentation of the set of contracts into
rather homogenous segments. This segmentation is done as follows: first,
estimate the individual fixed effects §;, i = 1,...,n. Second, define the
segments from these values BZ by an appropriate discretization. Segment k,
with £ =1, ..., K, includes the individuals 7 such that a;_; < B, < ag, where
ap, k=0,..., K, is a given set of thresholds.
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In the current Basel regulation, such a segmentation has to be defined
before analyzing more precisely the risks within and between segments. This
second step of the risk analysis has to account for the possible dependencies
between two individuals risks at a same time, or the successive risks of a
same individual at two different times. This is done by introducing in each
segment a random time effect (resp. a random individual effect), since by

definition fixed effects are deterministic and thus non risky.
Further reading

Arellano, M., and B., Honore (2001): ”Panel Data Models : Some Recent
Developments”, Handbook of Econometrics, ed. J., Heckman and E. Leamer,
Chap 53, p 3231-3296.

Baltagi, B. (1995): ”Econometric Analysis of Panel Data”, Wiley.

A.4 Singular Value Decomposition and Princi-

pal Component Analysis

Principal Component Analysis (PCA) is based on the analysis of eigen-
values and eigenvectors of well-chosen symmetric matrices. We first recall

basic decompositions of matrices in linear algebra.
A.4.1 Singular Value Decomposition (SVD)
i) Spectral decomposition of a symmetric matrix

Any symmetric matrix 2 of dimension (n,n) can be diagonalized. This
matrix admits real eigenvalues \;, ¢ = 1,...,n, and real eigenvectors u;,

t =1,...,n. These eigenvectors form an orthonormal basis. They can always

be chosen such that (u;,u;) = wlu; =0, if i # j, and |Ju;]]* = vju; = 1, Vi.
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Let us denote by () the matrix whose columns are these eigenvectors. The
orthonormality restrictions imply Q= = @’ and the matrix €2 can be written
as:

Q= QAQ, (A.4.1)

where A is the diagonal matrix with the eigenvalues of {2 as diagonal elements.

Equivalently, the equality (A.4.1) can be written as:
i=1

which gives the spectral decomposition of matrix (2.
ii) SVD of a rectangular matrix

Let us now consider a rectangular matrix X with dimension (n,T"). Typ-
ically, X can be a matrix of observations doubly indexed by individual and
time. This matrix can be used to construct two symmetric matrices by con-
sidering the squared matrices X X’ and X’X. These matrices are symmetric

positive semi-definite with respective sizes (n,n) and (T, T).

Then, we can consider their spectral decompositions:

i=1
T

X'X = Z,utvtvg, > 0. (A.4.4)
t=1

The following lemma explains that these spectral decompositions can be

chosen strongly linked.
Lemma A.3: Let us denote K = min(n,T)

i) We can order the eigenvalues such that A\, = g, k = 1,..., K, the re-

maining eirgenvalues being equal to zero.
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i) The two orthonormal basis can be chosen such that:
(v, ug) =1, k=1,...,K, (u,u;)=0, Vk#j=1.. K.

iii) Matriz X can be decomposed as:

K

X = v /\kukv' .
E : k
k=1

Thus, we have the following decompositions:

(X = UANY,
XX' =UAU, (A.4.5)
| X'X =VAV/,
where A is the diagonal matrix with elements Ay, k =1,..., K, U (resp. V)
is the matrix with columns uy, k = 1,..., K (resp. v, k = 1,...,K) and
A2V = X'U.

The above decomposition of matrix X is the singular value decompo-
sition of X; the vectors uy (resp. vg) are its left singular vectors (resp.

right singular vectors), and /\,16/ ? the singular values.
A.4.2 Principal Component Analysis

When the eigenvalues A\, = ug, k = 1,..., K, are different, these eigen-
values can be ranked in decreasing order: A\; > Ay... > Ag. The Principal
Component Analysis (PCA) proposes interpretations of these eigenvalues and
of the associated eigenvectors.

To understand the PCA interpretation, let us consider the constrained

optimisation problem:

maxa' X X'a
acR™

(A.4.6)

sit.da=1,
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and introduce a Lagrange multiplier v. The corresponding Lagrangean func-
tion /X X'a — 2v(a’a — 1) can be optimized with respect to vector a. The

first-order condition is:
XX'a" —va* =0 XX'a* =va,
and the optimal value of the objective function in (A.4.6) is:
o' XX'a* = a¥ (va*) = v. (A.4.7)

Equation (A.4.7) means that the solution a* is an eigenvector of matrix
X X', whereas the associated eigenvalue v, equal to the value of the objective
function, has to be maximized. Thus, the Lagrange multiplier is equal to
the largest eigenvalue v* = A\; = puy, and the solution of the optimization
problem (A.4.6) is the normalized eigenvector u;. By using the orthogonality
between the eigenvectors uq, us, ..., g, such optimization can be performed

in a recursive way as described in the following property:

Property A.4:

i) Eigenvector uy is solution of the optimization problem:

maxa' X X'a, sit.d'a=1,
a

whereas \1 is the associated value of the objective function.
ii) Eigenvector uy is solution of the optimization problem:

maxa' X X'a, s.t.d'a=1,and a'u; =0,
a

whereas o is the associated value of the objective functions, and so on.

The property above is usually applied to a square matrix X X' inter-
pretable as a variance-covariance matrix. Let us consider panel data y;,

i=1,...,n,t=1,...,T, and let X be the (n,T) matrix with elements z;; =

1
Yit — ¥i.. Then, the matrix ?X X' is simply the sample variance-covariance
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matrix of variables y; with observations ¥;1, ..., ¥;7. The associated eigenvec-
tors uy,us . .., called principal components, provide the directions, which
are the most variable, the second most variable... For instance, if y;; = r; has
the interpretation of an asset return, uy = (uq1,...,u1,) can be interpreted
as a portfolio allocation corresponding to the most risky portfolio allocations
(under the constraint a’a = 1). The demeaned values of the return of this
n
portfolio are equal to Zuu(yit — ), t = 1,...,T. Since Vo1 = X'uy,

i=1
these portfolio returns are equal to the components of the first eigenvector

of X'X scaled by v/A;.
Further reading
Gantmacher, F. (1959): "Theory of Matrices”, Vol 1 and 2, American

Mathematical Society Chelsea Publishing, Providence.

Jolliffe, I. (2002): ”Principal Component Analysis”, 2nd ed, Springer,
New-York.

Pearson, K. (1901): ”On Lines and Planes of Closest Fit to Systems of
Points in Space”, Philosophical Magazine, 2, 559-572.

A.5 Prediction and Kalman Filter

A.5.1 Linear Prediction

Let us consider two random vectors X and Y with dimensions K and n,
respectively, with means E(X) = mx, E(Y) = my, variances V(X) = Xxx,
V(Y) = Zyy, and cross-covariances Cov(X,Y) = Yxy, Cov(Y, X) = Yy x.

The mean vectors mx, my have dimensions (K, 1) and (n, 1), respectively.
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Matrix Xy x (resp. Yyy) is the variance-covariance matrix of X with dimen-
sion (K, K) [resp. of Y with dimension (n,n)]. The cross-covariances are

such that ¥xy = X} y has dimension (K, n).

The linear prediction of vector Y based on X is a vector Y = AX +b
such that:

s . B i
(A, b) = argr%glE Y — AX —b|]?].

Thus, each component Y; provides the best linear approximation of Y;
based on X1, ..., Xx with possibly an intercept. The expression of the linear

prediction and of the prediction error are given below.

Property A.5: i) Let us assume Xxx invertible. The best linear prediction
of Y based on X 1is:

A

Y = my + ny(zxx)_l(X — mx).

ii) The prediction error 4t =Y —Y is zero-mean: E(G) = 0, with a variance-
covariance matriz:

V(i) = Syy — Sy xSy Dxy-

When X,Y are jointly Gaussian, the linear prediction Y coincides with
the conditional expectation of Y given X, denoted E(Y|X), and the residual

variance V' (u) with the conditional variance-covariance matrix V(Y| X).
A.5.2 Kalman Filter

The standard Gaussian linear state space model assumes:
State equation: F;, = ®F;, | +

Measurement equation: y; = BF; + ¢,
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where y; (resp. F}) has dimension n (resp. K), the errors n;, ¢, are indepen-
dent Gaussian white noises 1, ~ N(0,€,), &, ~ N(0,€2.). The matrices P,

B, Q., Q, are assumed given.

The Kalman filter is a set of algorithms to compute recursively (lin-
ear) predictions of F; and y;, and their accuracy. These linear predictions
can be either of the type E(Fi|ys, ..., %), E(ye|lyi-1,---,y0), or of the type
E(F|lyr,...,Y0). When factor F; is approximated by current and lagged ob-
served values, the algorithm is called a filter. When the information includes

also future values, it is called a smoother.

The filter and smoother algorithms have been derived by Kalman, using
previous results by Thiele and Swerling. They are based on a recursive use

of the linear prediction formula in Property A.5. Let us denote:

Fye = E(Fi|y), where y, = (¢, e-1,--.),
Fy1 = E(Fyey),
Sie = V(Fy), B = VI(F|ye).
The filter involves the following recursions:
Prediction:
Predicted factor: Fm,l = @Ft,l‘t,l,
Accuracy of the predicted factor: ¥y, = ®X;_1;_1 P + €2,
Updating;:
Measurement residual: @, = y; — Bﬁ'ﬂt,l,
Residual variance: Hy, = BYy,_1 B’ + .,

Kalman gain: Ky, = Xy1 B'(Hy) ™,
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Updated predicted faCtOI‘: Ft‘t = Ft|t71 —+ Kt‘t/at?t,

Updated accuracy of the predicted factor: ¥y, = (Id — Ky B)Xyj—1.
Further reading

Harvey, A. (1989): ”Forecasting, Structural Time Series Models and the
Kalman Filter”, Cambridge University Press.

Kalman, R. (1960): ”A New Approach to Linear Filtering and Prediction,
Problems”, Journal of Basic Engineering, 82, 35-45.

Lauritzen, S. (2002): ”Thiele: Pioneer in Statistics”, Oxford University

Press.

A.6 The Newton-Raphson Algorithm

i) The basic algorithm

This is the best known method to find numerically the solutions of a non-
linear system of equations. The modern presentation of the algorithm is due

to T. Simpson (1740), based on earlier works by the Persian mathematician
Sharaf al-Din al-Tusi (1135-1213), I. Newton (1669) and J. Raphson (1690).

Let us consider a differentiable function g from IRY to IRY : 6 — ¢(#), say,

0 o
and denote —6‘(]/(0) its gradient, with elements the different partial derivatives.

The idea of the algorithm is to replace the initial nonlinear system:
g(0) =0, (A.6.1)

by its linear expansion (first-order Taylor approximation) around some value

902
Jg
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whose solution has an explicit form:

0 =00 — {%(90)} _ 9(6o). (A.6.3)

)
The solution in (A.6.3) is well-defined if matrix 6—09/(00) is non-singular, that
is, function ¢ is one-to-one locally around 6.
The Newton-Raphson algorithm applies this approach iteratively, along

the following steps:
Step 1: Choose a starting value 6.

Step 2: Then apply recursively formula (A.6.3):

plr+1) — gp) _ {%(9(1}))} g(e(p))'

Step 3: Stop when numerical convergence is reached.
ii) Application to maximum likelihood

In the standard cases, the maximum likelihood estimate is solution of the

first-order conditions:

~

dlogl(y;0)
00 o
where [ is the joint likelihood function of observations y, vector # is the

(A.6.4)

parameter, and 0 its maximum likelihood estimate.

Then, the recursive equation of the Newton-Raphson algorithm becomes:

0% log I(y; ) - Olog l(y; 0®)
(+1) — p(p) _ J ’
0 g\ + ( 2000 ) 50 . (A.6.5)

When the numerical convergence is reached, we get a solution 6 of the like-
lihood equations, which may be the ML estimate. If it is the case, the
quantity:
0*logl(y;0) |
[" 9000’ ]
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involved in the recursive equation provides the estimated variance-covariance

matrix of the maximum likelihood estimator.

The choice of the starting value can accelerate significantly the algorithm.

In particular, we have following the result:

Property A.6: Let us consider a consistent estimator 6 of parameter 6.
Then

~ 71
i — gy [_32 10gl(y;9)] dlogl(y, )

0006’ 00

is convergent and asymptotically efficient.

Therefore, with this choice, a single iteration is enough.

Further reading

Ypma, T. (1995): ”Historical Development of the Newton-Raphson Method”,
SIAM Review, 37, 531-551.
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Chapter 8

B. Review on Financial Theory

B.1. Portfolio Management
B.2. Arbitrage

B.3 Risk Measures
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B.1 Portfolio Management
B.1.1 Portfolio characteristics

We consider n risky assets and one riskfree asset. Their unitary prices
at date t are p;;,7 = 1,...,n and 1, respectively, and their values at ¢ + 1
are p; (1 +7441),4 = 1,...,n, and 1 + 74, respectively, where r; ;41 is the

return on asset ¢, and 7, the riskfree return.

A portfolio allocation defines the quantity of each asset included in the
portfolio. These quantities are denoted a;;,7 = 1,...,n, and ag; at date ¢,

where ag; is the quantity in riskfree asset. The portfolio value at date ¢ is :

n

Wi(ay) = Z Q; tDit + Qo = apr + Qg ts (B.1.1)
i=1
with a; = (@l,ta S @n,t>/7 a; = (@27 aO,t)lapt = (pl,ta cee 7pn,t),'

Its value at date ¢t + 1 is :

WtJrl(&t) = Z ai,tpi,t(l + 7'1'7t+1) -+ @O,t(l + T'ft)
=1

n
= Wila)(1+ 7)) + D iapiari iy, (B.1.2)

i=1
where 1}, = 7141 — 7y denotes the excess return. At date ¢, the al-
location, the current prices and the riskfree rate are known, but the excess
returns are unknown. Let us denote y; ;11 = piri; 1,0 =1,...,n the excess
gains in the different risky assets. These excess gains are random at date t,

with mean and variance given by:

Wy = Et(ytJrl)a X = Vt(ytﬂ)a (B-1-3)

where E;, V; denote the expectation and variance-covariance matrix given the

information available at date t.
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The first and second-order conditional moments of the future portfolio

value are:

EWiaa(a)] = W@ (1 +rpe) + aypue, (B.1.4)
VilWia(a)] = a¥ear, (B.1.5)

by using equation (B.1.2).
B.1.2 Mean-Variance portfolio management

In the mean-variance approach, the allocation is chosen to maximise a
criterion taking into account the expected gain and the risk, under a budget

constraint. More precisely, the optimization problem is:

A

maxg Et[Wt-i-l (dt)] — 5

VilWiga(ay)]
(B.1.6)

S.t. VVt(ELt) = W07t7

where A > 0 is a measure of absolute risk aversion. The criterion is increasing
in the expected portfolio value, decreasing in its variance, which creates a

trade off between expected gain and risk.

The budget constraint and equations (B.1.4)-(B.1.5) can be used to de-
duce an unconstrained optimization problem in the allocation a; in risky
assets:

A
H}laxgéut — gaéEtat. (B.1.7)

The first-order condition of problem (B.1.7) is:
e — Aztat =0. (B18)

This provides the optimal allocation:

1
ay = Zzt_llutu (B.1.9)
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called the mean-variance efficient allocation. The quantity invested in

riskfree asset is then deduced from the budget constraint. We have:

* */ ]- _
Aoy = Wos —a; pr =Wy — Z“QEt 1pt. (B.1.10)

B.1.3 The Sharpe performance

At the optimum, the criterion becomes :

o A o % 1 _
Wor(l+71se) +ap pe — Eat Yap = Wo(l47se) + ﬂ,u;Et L.

It depends on the stochastic properties of risky excess returns by means of

the quantity :

Sy = S g, (B.1.11)

called Sharpe performance of the set of risky assets. This quantity is equal
to:

[Ex(Wi) — Wou (14 1p0)]?
Vi(WiL) ’

S, = (B.1.12)

where W}, is the future value of the efficient portfolio. Thus, St1 /2 provides
a measure of the maximal risk adjusted expected gain for a portfolio based

on these n risky assets and riskfree asset.
Further reading

Lintner, J. (1965): ”The Valuation of Risky Assets and the Selection
of Risky Investments in Stock Portfolio and Capital Budgets”, Review of
Economic and Statistics, 47, 13-37.

Markowitz, H. (1952): ”Portfolio Selection”, The Journal of Finance, 7,
77-91.
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B.2 Arbitrage

B.2.1 How to normalize prices ?

Let us first discuss alternative ways to normalize prices. For expository
purpose, we consider the case of three goods with respective prices p1, p2, ps.
The decisions of the agents, that can be either consumers, firms or investors,
depend on these prices up to a positive multiplicative factor. Thus, it is

interesting to introduce a normalization to avoid this price multiplicity.

i) The most frequent normalization consists in choosing one of the good,
good number 1, say, as a numeraire. Thus, the initial set of prices is replaced
by 1, pa/p1, ps/p1. In economic reality, the money is generally used as the

numeraire.

ii) However, this normalization is not the most appropriate in Finance,
since it introduces an asymmetry between goods. Another possible normal-

ization replaces the initial prices by:

P1 D2 D3

g =—"—""", Qg2—= , 3= —. B.2.1
! P1+ P2 + Ps3 ? DP1 + P2 + D3 ’ p1+ P2+ p3 ( )

This corresponds to the choice of the basket including one unit of each
good as the numeraire. An advantage of the normalisation above is a possible

interpretation of the new prices ¢, g2, g3 as a probability distribution, since

3
q >0, VI, and qu =1.
=1

This normalisation can also be applied to contingent assets. Let us con-
sider an uncertain future with three states of nature wy, wq, w3. An Arrow-
Debreu security (or digital option) is an asset providing 1 money unit,
if state w is realized, 0 money unit, otherwise. There exists in our example
three Arrow-Debreu securities, with prices denoted by p1, po, p3, respectively.
The basket including one unit of each Arrow-Debreu security provides one

money unit with certainty. This is the zero-coupon bond, whose price is
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1
B = 1570 with 7; the riskfree interest rate. Thus, the prices of Arrow-
r

Debreu securities can be normalized such that p; = Bg;, j = 1,2,3, where
B is the price of the zero-coupon bond and g; the elementary risk-neutral

probability.
B.2.2 Absence of Arbitrage Opportunity (AAQO)

The Absence of Arbitrage Opportunity assumes the impossibility
to get a certain strictly positive future portfolio value for an initial nonpos-
itive investment. It is also called assumption of no arbitrage, or of no
free lunch. The AAO condition is automatically satisfied in an equilibrium
model. Indeed, if a certain positive future value can be obtained from zero
investment say, the investor will increase infinitely its investment size (the
so-called leverage effect) implying an infinite demand of some assets, not
compatible with the existence of an equilibrium.

There exist static and dynamic AAO condition. In the static case, the
portfolio is crystallized at its initial allocation. In the dynamic case, the
portfolio can be regularly updated without introducing or withdrawing cash

at each updating (self-financing condition).
B.2.3 Pricing under dynamic AAQO assumption

The no arbitrage condition implies strong restrictions between the asset
prices. More precisely, let us consider a discrete time framework and assume
an information [, available to the investor when updating its portfolio at date

t. Then the property below is providing a pricing formula.

Property B.1: Let us consider a financial asset paying cash flows giipn at
time t + h, where g,y depends on information I,y,. Then, the price of this

asset at time t can be written as:

P(t,g) = ZEt[Mt,tJrhgtJrh], (B.2.2)

h=0
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where Mt,t-i—h == Mt,t+1Mt+1,t+2 N Mt-l—h—l,t-i—ha with Mt,t-{-l Z 0 d@p@ndlng on

information I;.

The random variable M, ;. is called the short term stochastic dis-
count factor (sdf) and M; . the sdf for term h. Thus, all asset prices are
defined whenever the sequence of short term sdf is given. In general, the
observed asset prices are not enough to characterize the underlying sdf. This

is the incompleteness characteristic of the financial market.

The pricing formula (B.2.2) can be written in an alternative way.

i) Let us first consider a zero-coupon bond with time-to-maturity h. This
bond provides a certain cash-flow equal to one at time ¢+ h. Its price is equal
to:

B(t,h) = E:(Myt1p).

In particular B(t,1) = Ey(M;44+1) = exp|—r(t, 1)], where r(¢,1) is the con-

tinuously compounded riskfree short term rate.

Then, we get:

Et(Mt,tJrhgtJrh)

M, M ih_
= F, {eXp[—r(t, ...—r{t+h—1,1)] t+l t-+h—1,t+h th}

Et(Mt,t-i-l) o Et+h—1(Mt+h—1,t+h)

= EP {exp[—r(t,1)...r(t+ h—1,1)]gen},

where the risk-neutral probability () admits (for time-to-maturity h) the
Mt,t+l Mt—f—h—l,t—i—h

Et(Mt,tJrl) o Et(Mt,Jrh—,tJrh)
distribution, called historical distribution, or physical distribution.

density with respect to the initial probability

Corollary B.2: Under the (dynamic) AAO condition, the asset price can
be written as:

P(t,g) = Ef {exp[~r(t,1)... = r(t + h — 1, 1)lgesn} ,
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where r(t,1) is the short term riskfree rate and Q a risk-neutral distribution.

The expression above corresponds to the second normalization discussed
in Section B.2.1. The risk-neutral probability () simply defines the normal-
ized prices of appropriate Arrow-Debreu securities and is not unique in an

incomplete market.
Further reading
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B.3 Risk Measures

The analysis of risky investments is based on quantities summarizing the
risk, called risk measures. They can be used for descriptive purpose, but
also for portfolio management, pricing, or definition of the required capital

in a regulatory perspective.

The variance has long been the most successful measure of risk in Finance
[see however Roy (1952)]. It is the basis of the mean-variance portfolio man-

agement [see Review B.1], and of the idea that the price of a risky asset is
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equal to its expected value plus a risk premium function of this variance.
However, the variance (or the standard deviation), as a measure of risk, has
some drawbacks. The surveys among professionals have shown that this risk
measure was not so-well understood. Moreover, it is not appropriate to cor-
rectly capture the extreme risks, or the possible skew in the risk distribution.
This has lead the regulatory authorities to choose the Value-at-Risk (VaR)
as the new measure of risk in Basel I and II for banks, as well as in Sol-
vency I and II for insurance companies. The aim of this review is to discuss
some properties of the VaR, and its extensions, that are the Distortion Risk
Measures (DRM).

Let us consider a random variable X, typically a Loss and Profit (L&P)
variable, i.e. the opposite of a portfolio value, or the total liabilities in a
balance. This variable has a distribution with a quantile function g,(X)
defined by:

P[X < qa(X)]) = .

Such a quantile function, called VaR in the regulation, characterizes the
distribution of L& P variable X.

Definition B.1: A risk measure R(X) is a scalar function of the distribution

of X, used to measure the risk.

Of course not every function of this distribution is appropriate for measur-
ing risk. Different conditions or axioms have been introduced in the literature
to restrict the set of appropriate risk measures. We discuss below several of
them.

i) The unit of a risk measure
Unit Axiom: The risk measure has the same unit as variable X.

This condition is important, if we want to use directly the risk measure

as a level of reserve to hedge the risk, or as the cost (price) of this risk. For
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instance, the VaR and standard deviation satisfy the unit axiom, but not the
variance. This shows also the importance of defining ex-ante the currency $

or Euro, in which the risk measures are computed.
ii) Deterministic risk
Certainty Axiom: If X = ¢ is known, then R(X) = c.

This axiom shows that the search for a measure interpretable as a level
of reserve, or as a price, has not only to account for the uncertainty of the
value, but also for its "expected value”. This condition is satisfied by the
VaR, but not by the standard deviation.

iii) The homogeneity
Homogeneity Axiom: We have R(AX) = AR(X), VA > 0.

This condition is satisfied by both the VaR and the standard deviation.
If R(X) is seen as a price, the homogeneity axiom implies that the unitary

price of an asset does not depend on the demanded quantity.
iv) Risk ordering

There exist two notions of risk ordering in the literature, both based on

expected utility.

Definition B.2: Let us consider two L& P wvariables X and Y. Variable X

stochastically dominates variable Y at order 1 (resp. 2) if, and only if,
EU(-X)] =z E[U(=Y)],
for any increasing (resp. increasing concave) function U.

The stochastic dominance at order j, for 7 = 1,2, defines a preference
ordering on the L& P variable X, or equivalently on the P& L variable —X.
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Risk ordering Axiom: We have R(X) < R(Y'), if X stochastically domi-

nates Y.

This condition on the risk measure is stronger with dominance at order
2 than with dominance at order 1.

v) Comonotonic risks

Two risks X and Y are comonotonous, if they are increasing functions of
a same underlying risk Z: X = a(Z), Y = b(Z), say. Intuitively, they are

increasing functions of a common risk factor.
Axiom of comonotonic risks: R(X +Y) = R(X)+ R(Y), if X and Y
are comonotonous.

This axiom has been introduced to define reserve levels (or prices) in a

way compatible with no arbitrage (see Review B.2). Typically, we have:
X-K=X-K)"+[-(X-K)7],

with (X — K)* = max(X — K,0) and (X — K)~ = max(K — X,0). Thus,

the payoff is decomposed into the payoff of a European call with strike K

and the payoff of a European put with the same strike. We expect to get:
R(X — K) = R[(X = K)"] + R[-(X - K)"],

to avoid a perfect arbitrage by means of reserves, whereas no arbitrage exists
on the market.

The axiom on comonotonic risks is important and implies a first charac-

terization of risk measures.

Property B.1: The risk measures satisfying the axiom of comonotonic risks,
the certainty axiom and the compatibility with first-order stochastic domi-

nance can be written as:

R(X) = / 4a(X)dH (a),
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where H is the cumulative distribution function of a probability distribution
on [0, 1].

Measure H is called a Distortion Measure (DM) and R a Distortion
Risk Measure (DRM). A distortion risk measure is simply a weighted com-
bination of VaR at several quantile levels. The VaR at level « is itself a DRM
by choosing the point mass at a as distortion measure.

When the distortion measure is the uniform distribution on (a, 1), the
DRM reduces to the Expected Shortfall (ES) at level «, given by:

1 1
ES,(X) = E[X|X > ¢.(X)] = / qu(X)du. (1.1)

l—«o

Corollary B.2: A DRM is compatible with second-order stochastic domi-

nance if and only if the distortion cdf H is convez.
The Expected Shortfall satisfies this condition, but not the VaR.
vi) Subadditivity
Subadditivity Axiom: For any risks X and Y, we have:
R(X+Y)<R(X)+ R(Y)

The DRMs with convex distortion measure satisfy this axiom, but not
the VaR (even if we observe VaR(X +Y) < VaR(X) 4+ VaR(Y) for the
portfolios risks encountered in practice).

The subadditivity condition is a source of debate among academics and
practitioners, especially when it is used as a crude tool for fixing regulatory
reserves. Let us assume that a regulator demands to each bank ¢ =1,...,n
to fix its required capital at R(X;), where R is a subadditive risk measure
(for instance the expected shortfall at 95%). Then,

n

Z R(X;) > R(>_Xy).

=1
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At a first sight, the regulator oversizes the capital required to hedge the global

risk X = Z X;, that is, seems to follows a prudential approach. However,
i=1
with such a principle, we also have:

R(X: + X5) < R(X;) + R(Xy),

which is a strong incentive for banks 1 and 2 to merge to diminuish the level
of required capital. Thus, this a priori prudential approach can have spurious

consequences.

The risk measures satisfying the certainty axiom, the homogeneity ax-
iom, the subadditivity axiom and compatible with second-order stochastic
dominance are called coherent risk measures. The coherent risk measures

can be written as:

R(X) = ZQ%DRMH(X),

that is as a supremom of a set of convex DRM risk measures.
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