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Abstract

In this article we consider the estimation of the joint distribution of the random coefficients and error
term in the nonparametric random coefficients binary choice model. In this model from economics, each
agent has to choose between two mutually exclusive alternatives based on the observation of attributes of
the two alternatives and of the agents, the random coefficients account for unobserved heterogeneity of
preferences. Because of the scale invariance of the model, we want to estimate the density of a random
vector of Euclidean norm 1. If the regressors and coefficients are independent, the choice probability
conditional on a vector of d — 1 regressors is an integral of the joint density on half a hyper-sphere
determined by the regressors. Estimation of the joint density is an ill-posed inverse problem where the
operator that has to be inverted in the so-called hemispherical transform. We derive lower bounds on the
minimax risk under LP losses and smoothness expressed in terms of Besov spaces on the sphere S¥~1. We
then consider a needlet thresholded estimator with data-driven thresholds and obtain adaptivity for LP
losses and Besov ellipsoids under assumptions on the random design.

Key Words: Discrete choice models, random coeflicients, inverse problems, minimax rate optimality, adap-
tation, needlets, data-driven thresholding.
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1 Introduction

Discrete choice models are important models in economics for the choice of agents between a number of
exhaustive and mutually exclusive alternatives. They have applications in many areas ranging from empirical
industrial organizations, labor economics, health economics, planning of public transportation, evaluation
of public policies, etc. For a review, the interested reader can refer to the Nobel lectures of D. Mc Fadden
[21]. We consider here a binary choice model where individuals only have two options. In a random utility
framework, an agent chooses the alternative that yields the higher utility. Assume that the utility for
each alternative is linear in regressors which are observed by the statistician. The regressors are typically
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attributes of the alternative faced by the individuals, e.g. the cost or time to commute from home to one’s
office for each of the two transport alternatives. Because this linear structure is an ideal situation and
because the statistician is missing some factors, the utilities are written as the linear combination of the
regressors plus some random error term. When the utility difference is positive the agent chooses the first
alternative, otherwise he chooses the second. The Logit, Probit or Mixed-Logit models are particular models
of this type. We consider the case where the coefficients of the regressors are random. This accounts for
heterogeneity or taste variation: each individual is allowed to have his own set of coefficients (the preferences
or tastes). Like in [8, 13], we consider a nonparametric treatment of the joint distribution of the error term
and vector of random coefficients.

Nonparametric treatment of unobserved heterogeneity is very important in economics, references include
[2, 4, 7,8, 11, 12, 13]. It allows to be extremely flexible about the joint distribution of the preferences (as
well as the error term). [7] considers treatment effects models with random coefficients in the case where
the allocation to treatment corresponds to a decision mechanism formulated in the form of model (1) below.
Random coefficients models can be viewed as mixture models. They also have a Bayesian interpretation,
see for example [10] for a model similar to (1) on the sphere. Nonparametric estimation of the density of
the vector of random coefficients corresponds to nonparametric estimation of a prior in the empirical Bayes
setting.

In the nonparametric random coefficients binary choice model we assume that we have n i.i.d. observa-
tions (z;,%;) of (X,Y) where X is a random vector of Euclidean norm 1 in R? and Y is a discrete random
variable and Y and X are related through a non observed random vector 5 of norm 1 by

1 if X and B are in the same hemisphere

Y =21 g0~ 1= { (1)

—1 otherwise.

In (1), {(-,*) is the scalar product in R?. We make the assumption that X and 3 are independent. This
assumption corresponds to the exogeneity of the regressors. It could be relaxed using instrumental variables
(see [8]). —1 and 1 are labels for the two choices. They correspond to the sign of (X, /). X and (3 are
assumed to be of norm 1 because only the sign of (X, 3) matters in the choice mechanism. The regressors
in the latent variable model are thus assumed to be properly rescaled. Model (1) allows for arbitrary
dependence between the random unobservables. In this model, X corresponds to a vector of regressors
where, in an original scale, the first component is 1 and the remaining components are the regressors in
the binary choice model. The 1 stands because in applications we always include a constant in the latent
variable model for the binary choice model. The first element of 5 in this formulation absorbs the usual error
term as well as the constant in standard binary choice models with non-random coefficients. We assume
that X and 3 have densities fx and fz with respect to the spherical measure o on the unit sphere ST of
the Euclidean space R?. Because in the original scale the first component of X is 1, the support of X is
included in H+ = {x € S : < x,(1,0,...,0) >> 0}. We assume, for simplicity, through out this paper,
that the support of X satisfies supp fx = H™. In [3], the case of regressors with limited support, including
dummy variables is also studied but identification requires that these variables, as well as one continuously
distributed regressor, are not multiplied by random coefficients.
The estimation of the density of the random coeflicient can be viewed as a linear ill-posed inverse problem.
We can write for z € HT,
E[Y|X = z] =/ sign ((z, b)) fg(b)do(b) (2)

beSd—1



where sign denotes the sign. As recalled in [27], if ¢ is homogeneous of degree —d , i.e. there exists a
function f on S¢~! such that o(z) = |z|~%f (z/|z|), where | - | is the euclidean norm, then

2t [ ple)eedy = [ sien ((50)) F0do0) 3)

We can rewrite this in terms of another operator from integral geometry:

PO = 11X =) = B s ®et) 2 H(7) (0 o

The operator H is called the hemispherical transform. # is a special case of the Pompeiu operator (see, e.g.,
[30]). The operator H arises when one wants to reconstruct a star-shaped body from its half-volumes (see
[0]). Inversion of this operator was studied in [5, 27], it can be achieved in the spherical harmonic basis (also
called the Fourier Laplace basis as the extension of the Fourier basis on S' and the Laplace basis in S?),
using polynomials in the Laplace-Beltrami operator for certain dimensions and using a continuous wavelet
transform. [27], and in a certain extent [9], also discuss some of its properties. It is an operator which
is diagonal in the spherical harmonic basis and which eigenvalues are known explicitly. The estimation
problem is a deconvolution problem on the sphere where the left hand side is not a density but a regression
function with random design. Deconvolution on the sphere has been studied by various authors among
which [10, 16, 21]. Because of the indicator function, this is a type of boxcar deconvolution. Boxcar
deconvolution has been studied in specific cases in [14, 20]. There are two important difficulties regarding
identification: (1) because of the intercept in the latent variable model, the left hand side of (4) is not a
function defined on the whole sphere, (2) H is not injective (this can easily be seen from (3) where ¢ cannot
be identified from only the imaginary part of its Fourier transform, even less when X has limited support).
Proper restrictions are imposed to identify fg. Treatment of the random design (possibly inhomogeneous)
with unknown distribution appearing in the regression function that has to be inverted is an important
difficulty. Regression with random design is a difficult problem, see for example [18, 23] for the case of
wavelet thresholding estimation using warped wavelet for a regression model on an interval, or [6] in the
case of inhomogeneous designs. [3] propose an estimator using smoothed projections on the finite dimensional
spaces spanned by the first vectors of the spherical harmonics basis. It is straightforward to compute in
every dimension d (the specific tools are recalled in Section 2.1). Convergence rates for the LP-losses for
p € [1,00] and CLT are obtained in [8]. They depend on the degree of smoothing of the operator which is
v = d/2 in the Sobolev spaces based on L?, the smoothness of the unknown function, the smoothness of
fx as well as its degeneracy (when it takes small values or is 0, in particular when x is approaching the
boundary of HT). The treatment of the random design is a major difficulty that we deal with in this paper.

The goal of this paper is to provide an estimator of fgz which is adaptive in the unknown smoothness of
the function. Needlets are localized frames built on the spherical harmonic basis, they were introduced in
[26]. They were successfully used in statistics to provide adaptive estimation procedures in [1, 17, 19]. As
they are built on the spherical harmonic basis, they are very well suited for deconvolution on the sphere, this
was used in [21]. Unlike these articles, and in the spirit of [3], we propose a method with a more accurate
data-driven thresholding method.



2 Preliminaries

We use the notation x A y and z V y for respectively the minimum and the maximum between x and y. We
write x < y when there exists ¢ such that < ¢y and x 2 y when there exists ¢ such that x > cy. We also
write £ ~ y when z <y and = 2 y.

2.1 Harmonic analysis on the sphere

We denote by L? (Sd_l) the space of real valued p integrable functions with respect to the spherical measure

o, we denote the LP-norm by || - [|,. L?(S? 1) is a Hilbert space with the classical L2 scalar product.
Every function in L2(S?) can be decomposed in the following way:

f=f"+f
where

FH(0) = (F(b) + f(=0))/2

and

f* (resp. f7)is the even (resp. odd) part of the function f (taking L? limits of functions which are well
defined pointwise). We can write the orthogonal sum

(Sd odd Sd @ L even
It can be further decomposed as the orthogonal sum
LZ(Sd—l) — @ Hk,d
keN

where H*4 are the eigenspaces of the Laplace-Beltrami operator on the sphere, corresponding to the eigen-
values (i, g = k(k + d — 2). The spaces H*? are of dimension

% +d—2)(k+d—2)!
kl(d—2)I(k +d — 2)

L(k,d) = (

Each such finite dimensional space is generated by an orthonormal basis of spherical harmonics of degree
k that we denote by (hy;); (1 9 L2 14(SY) (resp. L2,.,(S), is the orthogonal sum of the H*4 for k odd
(resp. even). The space H%¢ of spherical harmonics of degree 0 is the one dimensional space spanned by 1.
The projector Ly 4 onto H k.d is a kernel operator with kernel

L(k,d
Li.a(,y) Z z)hii(y (5)



having the simple expression

o Lk, d)C 1)

Lia(z,y) ="Lia(< 2,y >), "Lia(t)
se-Ljep D (1)

(Addition Formula) (6)

where C} are the Gegenbauer polynomials and y(d) = (d — 2)/2. The Gegenbauer polynomials are defined
for 4 > —1/2 and are orthogonal with respect to the weight function (1 — #2)#~1/2dt on [~1,1]. Ci(t) = 1
and CI'(t) = 2ut for u # 0 while C)(t) = 2t. They satisfy the recursion relation

(k+2)Cp () =2(p+ k+ 1)tCY, (1) — (2u+ k)T (t). (7)

It is classical (and follows easily from (5)) that the squared L?-norm with respect to either one of the
argument of the kernel is a constant:

L(k,d)
_ L(k,d
e €S (e = 3 i) = T ®)
=1

Recall that [S*!| = 27%2/T(d/2). The condensed harmonic expansion of a function f in L?(S%) is the
expansion f = >72gLyaf.

In [¢], smoothed projection operators are used, they have good approximation properties in all LP(S%1)
spaces and are uniformly bounded from L? to L? (the L'~ norm of the kernel is uniformly bounded). They
are obtained using a proper damping of the high frequencies. One such operator is the delayed means ([3]
also considers the Riesz means). It is obtained via a C* and decreasing function a on Rt supported on
[0,2], such that V¢t € [0,2], 0 < a(t) <1 and Vt € [0,1], a(t) = 1. The delayed means are defined through
the kernels

a - k
K (a) 23 a (57 ) Lnalew) )
k=0
These kernels have nearly exponential localization properties (see Theorem 2.2 in [26]). They are building

blocks for the construction of needlets in [20].

2.2 Needlets and Besov spaces

Define b such that
vt € RY, b2(t) = a (t) — a(2t).

It is nonzero only when 1/2 <t < 2 and satisfies V¢ € [1/2,1], b*(¢) + b?(2t) = 1 and thus
S t
2 —
vt > 1, Zb (2]) =1.
7=0
We assume as well that for some positive ¢, b(t) > ¢ if t € [3/5,5/3]. The needlets are the functions

o)

Uie(@) £ 0.0 Db (57 ) Lnal€a) fJEN, €€, (10)
k=0



tog(r) = Loa(€, @), (11)

where for all j € N, £ € E; and (w(j,& )2) ¢ex, are respectively the nodes and positive weights of a quadrature

formula on the sphere that integrates exactly all functions in @iﬁol H"™4 and satisfy, for some positive Cz,

Vi €N, 270671 <[5, < C=277Y, Vi eN, V¢ € 5, 427702 <w(j,€) < C22791@7D/2 where |Z;|
denotes the cardinal of the set =;. The quadrature formula is given in Corollary 2.9 of [26]. Note that for
J =0, Yo ¢(z) is constant and one takes =y as a singleton. Note that the Addition Formula is a very useful
tool because the needlets, unlike the spherical harmonics, have a simple expression in every dimension. The
LP-norms of the needlets satisfy, for constants ¢, and C, uniform in j and ¢,

cp2j(d—1)(1/2—1/p) < jellp < Cpgj(d—l)(l/Q—l/p)7 (12)

this is a consequence of the following localization property around the nodes of the quadrature formula

9i(d—1)/2

Vn e ST Ve € 2, [ie(n)] < C, : . 13
J ‘ 375( )l k(l—i—%arceos(({,n)))k (13)
If f e LP(S%1) for p € [1,00], then
o
f= Z Z (f, @/’J,é)%,&
7=0 ﬁEEj
in LP(S9"1). The needlets form a tight frame:
- 2
IFI3 =2 > Kf el
j=0 £€E;
In the sequel, we denote by || - ||» the fP-norm of a vector. The following lemma from [1] is useful in the
analysis.
Lemma 1 (i) For every p € (0,00], there exists a positive constant C} such that
j(d—1)(1/2—1
52_: Bewje| < Gy @D0rR=m (5 o || (14)
€z

p

11) There exist a constant c4 and subsets A; C Z; with |A;| > cAQJ(d_l) such that for every p € (0, o],
J J J
there exists a positive constant c’l” A such that

S Betbje| > ¢ 4274 DA/2-1/) H(/Bﬁ)geaj - (15)
£eA; P
(#ii) For every p € [1,00], there exists a positive constant C)' such that
1/p
(Z 198 ¢j,5>|p> /DAY < G| £ (16)
=



[26] discuss three formulations of the Besov spaces B, , on the sphere. The Besov spaces will be our
scales of smoothness for the adaptive estimation. One characterization is in terms of the approximation
error. If s > 0, p € [1,00] and ¢ € (0,00], f belongs to Bs , if and only if f is in LP(S?"!) and

A js )
HfHB;,q =|fllp + H (2 EQJ(f)p)jeN 9 < 00
where
0= g 1P,

Whatever the function a in the definition of the smoothed projection operators, the above norm is equivalent
to the following sequence space norm

111, = H(W(S*(d—”“/z—l/p” | 0ie)ees,

gp)jeN /4 ’

We denote by B, (M) the ball of radius M for the above norm in By ,. From the proof of the continuous
embeddings in [1] we can get easily:

Lemma 2 (i) Ifp <7 <oo, B} (M) C Bj ( E/Pfl/rM)

(i) If s> (d—1)(1/r —1/p) and r < p < oo, B; (M) C B;E(d_l)(l/r_l/p)(M).

1) If fe B: (M) and ((f; = | are its needlet coefficients, then
7,q 5. §E~] jeN
Ve > 1, Z 1B¢)F < Cé*(Z/\T)/TD;ijz(er(dfl)(1/271/(z/\r))) (17)

€€,
where ¥j € N, Dj >0, (Dj)jen € 4y and ||[(Dj) enllea < M.

Note that || Djll; < M implies that Vj € N, D;j < M. Recall as well that, when f belongs to Bj , with
s > (d—1)/p, then f is continuous and bounded.

2.3 The hemispherical transform

The hemispherical transform is a mapping from L?(S%~1) to L2(S?!) which maps a function f to a function
which, evaluated at z € S¥1, is the integral of the original function on the hemisphere {y € S?: (z,y) > 0}.
It is a special case of the Pompeiu operator and is strongly related to the spherical Radon transform. Several
inversion formulas as well as properties of this mapping are given in [27]. These inversion formulas include
polynomials in the spherical Laplacian (for certain dimensions) and a continuous wavelet transform, the
known inversion formula in the spherical harmonic basis is recalled. We make use of this latter because the
needlet frame is very well suited to this decomposition.

A consequence of the Funck-Hecke theorem (see, e.g., [9]), is that H is a diagonal operator in the spherical
harmonic basis (hk,1)i=1,.. L(kd), ken With the same eigenvalue on the spaces H™4_ We thus only index them
by the degree of the harmonics.



Proposition 3 H is a self-adjoint operator on L2(Sd_1) with null space

b= @t = e, @ [ swis =0},

=1 §d-1

Its nonzero eigenvalues (A q)ren (k indices the degree of the harmonics) are

2
)\ = —
0,d |Sd71|)
S92
A = —
1,d d—1 )

(~1PS**[1-3--(2p— 1)
(d—1)(d+1)---(d+2p—1)

VpeN, Agpy1q=

Note that Vp € N\ {0}, Agpq = 0. It is easy to check (see, e.g., [27]) that H is continuous from L2 ;,(S?!)

to Hdo/gd and that its inverse is continuous from Hdo/jd to Lzodd(Sd_l), where Hdo/jd is the restriction to odd
functions of the Sobolev space H%2. H* is defined, for arbitrary s, by

" {f eLX(ST): (—A)2 PR Y Glilkaf € L2<Sd—1)}

keN

equipped with the norm
1 £lla.s = 1£ll2 + | (=2)2 £ -

The inverse of a function R in Hdo/ (?d is

3 . | L)
H (R =D )\—Lk,d (R) (= > I > (R )by | (18)

k odd “‘k.d k odd "kd =1

we use a parenthesis to stress that the last equality is not practical if we work in arbitrary dimensions but
can nevertheless be used in proofs. Let us also recall the following Bernstein type inequality from [8].

Proposition 4

K
Vd > 2, Vp € [1,00], 3B(d,p) > 0: VP € @@ H", |1 'P||, < B(d,p)K?||P||,. (19)
W odd
Throughout the paper, we denote by v = d/2 the degree of ill-posedness of the inverse problem. It is the
same degree of ill-posedness as that of the Radon transform in R¢ which appears in tomography and in [12]
for the estimation of the vector of random coefficients in the linear regression problem.



2.4 Identification of f3

Let us review the main arguments for the identification of fz that are taken from [¢]. Imposing, as we do,
that 3 belongs to S¢~! is not sufficient. First, the left hand side of (4) is only defined on the support of
fx. Through out the article we make the following assumption. [$] present cases where it could be relaxed
when we do not assume that all coefficients are random.

Assumption 5 suppfx = H" and E[Y|X = x| is well defined pointwise on suppfx.

First note that, because f3 is a density,

H(fs) = HT7) + 5. (20)

We can now introduce the function R such that

R(z) = { E[Y|X = z] when z € H (21)

—E[Y|X = —2] when —z € H

It is the unique extension of the regression function which is compatible with (1) and (20). We can now
write

R _

9 = H(f 8 )

Thus, (1) implies implicitly, if fz belongs to L2(S%71), that R € Hdo/de(Sd_l) and is thus continuous on
the whole sphere. Also, from properties of Section 2.3, there exists a unique fg in LQOdd(Sd_l) such that
R = 2H( fs ). The function [z can be retrieved via the inversion formula (18). We need yet another

assumption to identify fg, this is due to the non invertibility of H in the whole He/ 2(S91) space.
Assumption 6 fg is defined pointwise and has a support included in some hemisphere.

Assumption 6 appears in both [, 13]. In many applications this is a plausible assumption. It is the case for
example if one coefficient has a sign or if some coefficients are non random. For example, if one regressor
is the price difference, then the price coefficient is negative in the binary choice model. Indeed, when the
price difference increases there is substitution from the good labeled 1 to good labeled -1 and the choice
probability for good 1 decreases.

Using Assumption 6, we can recover uniquely fg via

fﬁ = 2f[;1f5_>0'

o~

Note that we do not need to know which hemisphere contains suppfg. Given an estimator fﬁ_ of fﬁ_ , We

shall always use 2 fg 1]7: , 25 an estimator of fg. The first stage of the proof of Proposition 4.2 in [5] tells
5>

us how to relate the loss in the estimation of fg with that of the estimation of f[;



2.5 Random design

For the purpose of estimation, we also exploit the following relation which is valid for any g in L2(S?1).

(R,g9) =(R,g) (because R is odd)
Lo BOIQ)
)

Ey(Y|X
— 9y Y( [X)g~(X)
fx(X)
9 (X)
() [ fx(X)
The expectation could be approximated by Yoy ;7\(7()(;) where f)\( is an estimator of the unknown fx,
possibly trimmed to avoid the division by quantities closé to zero.
Like in [3], we rely on a plug-in estimator of fx. Many such estimators exists and we would like to

mention one particular estimator which is the needlet thresholding estimator of the density of [1].

3 Lower Bound

The following theorem gives lower bounds on the minimax risk.

Theorem 7 Assume that fx € L¥(HT).

(i) When p > 1, z > 1, ¢ > 1 (with the restriction ¢ < r is s = p(u—l—%) (%—%)) and s >
D (l/ + %) (% %) (the parameters are in the dense zone),
1 s+v+(d—1)/2
inf sup E Hf’B - f'BH . (22)
Fp f5€Bs (M) /PULEx s (e

T

(ii) Whenp>1,2z>1,q>1 and d Les<p (1/ + & 1) (7 — 7> (the parameters are in the sparse zone),

( s—(d—1)(1/r—1/p) )
s+rv—(d—1)(1/r—1/2)

J tog (1l x i+ (23)

nl fx llree ()

inf sup E Hf/g — fﬁ
Fo fo€By (M)

The proof of this result is given in Section 4. As discussed in Section 4.3 of [¢], the classical assumption
that fx is bounded from below is very restrictive for the model at hand. In the d = 2 case, it would imply

10



that, in the original scale, X has tails larger than the Cauchy tails. It is therefore important for applications
to allow for densities which are unbounded from below. We make the dependence on || fx||1e(g+) explicit.
However this does not give that the estimation problem is more difficult when fx can take values arbitrary
close to 0, it does not even take into account that fx is a density as the larger || fx ||y (z+) the greater the
lower bound. We therefore expect these lower bounds to properly characterize the difficulty of the estimation
problem when fx is bounded from below but to be too optimistic otherwise.

[0] introduces, in the case of the estimation of the regression function and inhomogeneous designs, risks
where the rate is a function and can vary with the points in the support of the density of the design. There
are no extensions to inverse problems up to our knowledge.

It will also appear in Section 4 that even if fx were known but unbounded from below, good rates require
trimming of the density fx for design points where the density is low. Not knowing fx might degrade the
optimal rates in one step procedures. This is discussed in Section 5

4 A needlet thresholded estimator when fx is known and bounded from
below

4.1 Smoothed projections and needlet estimators

In this section we present an ideal benchmark estimator. We assume that the density of the design is known
and bounded from below. In practice it is unknown and in most cases unbounded from below (see the
discussion in Section 3).

Using the identity of Section 2.5 with g(-) = Ly 4(-, ) for fixed z, we estimate Ly 4R(x) by

.T,
Lde Zyz kd n2)

=1
where L, ;(z;,2) = 0if kis even and L, (s, x) = Ly q(x;, x) if k is odd. The subscript I stands for the ideal

/\I
estimator where the density of the random design is known. Because H*? is a vector space, Ly.R € H kid,
A smoothed projection estimator with kernel (9) and smoothing window a (in the ideal case where fx is
known) can be written as

We can also estimate fﬁ_ using the needlet frame with the same smoothing window a. The needlet coefficients
are equal to

e = (f5, i)
=08 Y (5 ) Ui Leae)

k odd

o s M)
—w(j,f) Z TM<Lk,dR7Lk,d(fa')>

k odd

11



b (o)

=w(j,8) > ) Li.aR(§)

k odd k,

b(E
. 271

=w(j &) > g)j)Lk,dR(f)

207 2<f<2d k.d

k odd

= <f7[ w J, ey Vi < J, (collecting back the terms using that a ( ) =1fork=0,...,2)

,(Z,J

—~I,a,J
where f is the expected value of fg (the spherical convolution K, x f5 ). The needlet coefficients
can be estimated by

~Ta b (QL,) 7 —~IL,a,J .
5 £ =w(j,§) Z TMLk,dR €)= <fﬁ Jie) Vi< J.
k odd ’

Moreover

k odd

b ()
AI,CL . . 2 27 1 —1 k‘
’ij wj7§($) - w(]?&) ( Z 20, Lk,dR (g)) <zk: b (2]'—1) Lk,d(§7x)> )
which belongs to @?:01 H*@_ thus, from the quadrature formula,

S Bliie = Z (23 1) /kd\RI,

£€E; 2, oda Mkd

~Ia —~1lLa,J .
Z Z Biebie = Z Z ﬁ p: S (f5 is odd and thus of integral 0 on the sphere)

e ST 52( k

1 T ) ——1I
—- Y — LR+ Y 2‘”>L,€7dpb (for t € [1/2,1], b2(t) + b2(2t) = 1)
2 k=1 Akd k=27-141 Ak,d
k odd k odd
J—1_ J_ k
1 2 1 1 —1 1 27-1 a "
= — Z 7Lk7dR + = Z (2 >Lk’dR (b2( ) ( ) — a(2t))
2 3 M peoi g
k odd " odd
—~ILa,J—1

The smoothed projection and needlet estimators coincide. They are biased and the bias corresponds to the
approximation error.

4.2 A data driven thresholding scheme

The unbiased estimators of the needlet coefficients

271

ij{ > b( : >Lkd(X £)
fX( i) :

k odd Ak,d

12



n

Z J:€ X“Y

al
n

are used to define the needlet thresholded estimator

—ZZP §’Y Jf 1/}]5

J=0£€E;

where pr, . is a suitable level and local dependent thresholding function depending on some v > 1. In the
subsequent analysis, we consider the hard thresholding function

PTje (J}) = 1|$|>Tj,£ﬁ

The highest resolution level J that should be used to obtain a needlet estimator of section 4.1 that achieves
the minimax rate of convergence depends on a prior knowledge of the smoothness of the unknown density
of the random coefficient. Hard-thresholding is a nonlinear estimation method where we allow for a larger
highest resolution level J, independent of the smoothness of the unknown function, but where thresholding
allows to perform a bias/variance trade-off at the level of the coefficients in the high-dimensional space. As
we will see this yields an adaptive procedure. We define the empirical variance estimator

I n i—1 9
1
5=\ =D kl( (Yi, Xi) = Gl (Vi X))
1=2 k=

and the data driven thresholds

7 vlogn
Tigr = Tjeny = 2V27 tn‘75+*Mj,57n_1

where Mfg is some upper bound on the sup-norm over of {+1} x HT of ng(x y) — E [Gj{g(Xi,Y})} =
Gjﬁ(x, y) — B¢ (remark that Mj{é can be chosen equal to 2| ijoo ) and we use the short hand notation

1
ty = 4 22

n

Using (12) and Proposition 4, we get the following upper bound which is uniform in £

< 20 B(d, 00)2iv+(@-1/2)
Loo (H+)

2 M (29)

2||G§’5H°O =2 Hinl (dj_ Loo(H+)

il |7

5
It depends on some prior knowledge of H T H o (1)’ The higher order term in the definition of T} ¢ , which
involves M/ e allows to control the fluctuations of this estimated threshold.

The estlmator of fz that we consider is
I,a,p - I’a:P

:2 . lAI,a,
fo e

fs
where p is the above hard thresholding function with the data driven threshold.

13



4.3 Two general inequalities

We shall use below the constants c; . and cz . defined by

/R el Tdr <o (25)

/ i lemam gy < CQ’ZCFZ/?. (26)
R+

Theorem 8 ForallT>1,v>1, 2> 1,

s+ oy I [ ylogn s sy
J—.‘j:év’y Z 3 2’ytn0'.]7£ + 26MJ’£ n — ]_ - 7}757’77

the two following inequalities hold:
when p = 00,

z

1 —~I,a,p _Ta,J _|#
T R® _ < e
1 H’fﬁ fs OJ =< Hfg Tl
J
. z -~ zZ
+(J+1) 0" a 2i(d=1)2/2 [ gy 182 1" 1., oot +E |sup |81 — B2 1., s,
( ) oo n,oo,z,JjZO 5632 ’63,5‘ ’Bj,§|§Tj,g;r §€Epj ‘/Bj,f /8175’ |BJ.’£|>TJ.“,;:r

z

Bie

4 I
+—-Cs 3 =124 gy,
§=0

£€E;
C=4 1-1/7 1
" (w) Vi
where

(002,70 = 1+ <\/7120W>Z (2 + (log (C’EQ‘](d_l)cz,z))Z/2> + (Py];lgn)Z (2 + (log (C’EQJ(d—l)cLz))z)

b ) (2v2C2B(d,2)) (21/T + (log (C=2’ (d‘”czzr))'zm)
n,00,2,J,7 = 1 — 2—(zv+(d—1)(z/2+1-1/7))

(8CooB(d, 0)/3)* (27 + (log (€227 Ve, ))7) /976-1)
- 1—2_<(Zl/+(d—1<)(z+1<_1/7)) - )> ) (

1 1/2

Ix

2Jz(1/+(d—1)/2)> 2/(@-n0-1/ T)bn,oo,z,JyT}
Leo(H)

z/2
Ix L°°<H+>> ’

’ 1

n
while when p € [1,00),

1
2z71

_TLa,J

<||/z"" - f5

-]
p

z
p

—75,&

J
+ (J + l)zflc;/zcé/(p/\z)—l {an,p,z,J Z 93(d—1)(z/2—2/(pVz)) Z (‘5]“75‘ 1|6q£|<T§,++ +E Hﬂj{? - ;75
3=0 ¢eE; ?

14
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z

Zgyd 1)z(1/2—1/(pVz)) ;5
7=0 £€E;
2—1/T1 1/2 z
+%Cg R 9/ H(d=1)/2) | gl (@d-1)(A=2/(va)p A
nY1-7) vl fx Loo(H+)
where
Gnpad = 2 F W * ~vlogn
) - (2a6BA,2) (457 CoeB(d,0))” (97-1) 2/2
n,p,z,J,7 = 1 — 2—(zv+(d-1)(2/2+1-2/(pV2))) 1 — 2—(zv+(d=1)(z4+1-2/(pV2))) ‘fX Lo () .

The inequalities of Theorem 8 provide some theoretical guaranty valid without any assumptions on the
function fg. When J is well chosen depending on n and under some minimal regularity assumption on f3

_IaJ_fEHZ and

the term involving ‘ijl 1|5a |<TS ++ and ’ﬁ]f - |5a ‘>Ts ++. This second term can be interpreted
’ 5E1="5,6y ’ 3.€ 3,6

in term of oracle inequality, where the oracle estimates 5;-175 if and only if the error made by estimating this

coefficient is smaller than the one made by discarding it. Indeed, such an oracle strategy would lead (when

p < 00) to a quantity of the form

(see for instance Theorem 9), the only two meaningful terms are the approximation term H

Z
(l

1 +EH6

z
SO 1 . /e
|ﬂ”s|< E[|85¢—55el]) ] |82 [> (B[[8]¢ B3] T)"

o[1)"”". m the

Proving that such an oracle inequality holds would require to lower bound (IE H Bl’a —

st
5 7
quasi-oracle term. The remaining terms can be made as small as we wish by taking v large enough. Upper

bounds of these types, uniform on Besov ellipsoids, yield an approximation error which can be expressed in
terms of the regularity of the Besov class and is uniformly small for J large enough and allows to treat the
bias/variance trade-off in the quasi-oracle term uniformly over the ellipsoid.

Data driven thresholds are known to perform much better than thresholds involving deterministic upper
bounds on the variance of the coefficients in finite samples. The inequalities of the Theorem 8 show that
they work at least as well as a deterministic one using the unknown variance of each coeflicient.

21\ 1/z
D / is replaced by we call this term a

inequalities of Theorem 8 the ideal quantity (E H ng -

4.4 Adaptive estimation over Besov ellipsoids

The general inequalities of the previous section can be used to derive minimax results. We condider here
some Besov ellipsoids and obtain

1/2

Theorem 9 Take J such that 27W+(d=1)/2) H HL°° a4 = ot

we have

IfM>0,r>1,s>(d—-1)/r and ¢ > 1

15



(i) For any z > 1, there exists a constant ¢oo = Coo(S,1,7y) such that if v > z/2 + 1,

Ms,00Z
sup tn> (27)
Lee(HT)

—~Ia,p
E Hfﬁ ~ fs
15 €B3 (M)

# 1
S
00 X

where

B s—(d-1)/r
Heoo = o A — 1)1 /r —1/2)

(i) For p € [1,00), ¢ > 1 (with the restriction ¢ < r is s = p(u+ %) (% - %)), there exists some
constant ¢, = ¢,(s,r,p,7y) such that if v > p/2,

—La,p

fs

sup E H
f5 €82 (M)

_fﬁ

p
< &p(logn)P~t M= (
p

i)

where = pg with
S

s+v+(d—1)/2

( d—l><1 1)
s>plv+—)(—-——
2 rop

. s=(d-1)1/r—1/p)
B = Sy (- D)(A/r —1/2)

v+(d—1)(1/2—1/(pVz))
s+v—(d—1)(1/r—1/2)

d—1 ( d—l)(l 1)
— <s<plv+ — ———.
r 2 r op

The constant ps o corresponds to the limit of ;1 as p goes to infinity. It should be noted that these upper
bounds blow-up when fx is unbounded from below. We will see in the next section that trimming allows
to avoid this problem, at the expense of a more complicated control of the expected loss.

Hd =

and w = wy = r in the dense zone

and i = ps with

and w = ws is arbitrary such that @w > p in the sparse zone

5 The case where the density of the design is unknown and possibly
unbounded from below

In this section, we consider a modified estimator to handle the case where the density of the design is
unknown and possibly unbounded from below. We show a modified version of Theorem 9 in that case.

16



5.1 Plug-in strategy

We assume now that one has a preliminary estimator f)\( of fx, based on a different sample. Expectations
are taken conditional on that first sample. The estimator can be trimmed by a proper constant ¢ to allow
for designs with density approaching zero. This is particularly useful in the neighborhood of the boundary
of HT, in order to avoid too stringent assumptions on the distribution of the design.

Using a simple plug-in rule, fx can be replaced in the previous estimators by f)\( yielding the estimated
harmonic projection of the extended regression function

2 n y’LL dm’bv )
kadR :B - Lkdm T
n; fX z)
of expectation
YL, (X, ) 7
Lk dRP( ) Q]E(Xy) [fﬁ‘| = < (fX> Lk,d('7$)>
fx(X) Ix

S _—
where ( Ix/f X) is the even extension to the whole sphere of fx/fx (initially defined on H'). This gives
rise to the following linear estimator

—~ P,a,J 1 L/\RP
8 =3 k,d
2 500 Ak
whose mean is
k
_PaJ 1 a\ayr
f5 =52 A( )Lk,dRP
kodd ~‘k.d
The plug-in estimators of the needlet coefficients are
k
~ 1 b 2j-1 ) ———P
P’ .
Bi = §w(],§) > (/\>Lk,dR ()
kodd “‘kd
—~ P,a,J

which yields the thresholded estimator

APa,p

J
Z Z J &, ’Y w] £
In this section we consider the data driven thresholds

28 pylogn
Tigr = Tjen = 2V 200 + 5 Mjg——

17



where

n i—1 9
ol = J o= gkz:jl( (Vi Xi) = GF (Vi X)) (29)
Y; bz
Gre(Yi, Xi) = w(j, §) = <2 )Lk,d(Xiag) (30)

fx(Xs) 1 oaa Akd

and Mfg is some upper bound on the sup-norm over of {+1} x HT of Gfg(x,y) —E {Gfg(Xi,Y;)} =
Gf 6(alz,y) — Bf’ga, where the expectation is conditional on the sample used to estimate fx, and B;Déa the

expectation of Bf&a, again conditional on the sample used to estimate f)\(,

k
1 b (F) P
Bid =500, 6) > ——"LeaR"(€).
2 Kodd Med
The following uniform upper bound could be used
MF, < 2CB(d, 00)2/ =1/ 2 M) (31)
fX Loe(HT)
5.2 Upper bounds
Below we denote, for m > 1, by
MPGJTTF_M—{—QC 2J(S+1/+(d 1)(1/7r 1/7" +) fX 1
fX L7 (H+)
where C;. . = 20} Cpr05B(d, p)|STHA/T=1/m+ and Cpyoj is the constant of the L? continuity of the smoothed
projections (wee Lemma 2.4 (c) of [20]). The expectations in the theorem below are conditional on the

sample that is used to estimate fx.

Theorem 10 Take J such that 27 +(d=1)/2)

Lee(H)

<t;L.IfM>0,r>1,s>(d—1)/r and g>1

_
Ix
we have

(i) For any z > 1, there exists a constant ¢oo = Coo(S,T) Such that v > z/2+ 1,

Ms,00Z
a, z B ~ B - 1
Hfﬁp - fﬁ” < 3* Linf ¢oo(logn)® 1 (MP:“JWJ) ‘ il £
f EBS %) m>1 fX Loo(H+)
+2—Js (C(/)/é)fl (MP,a,J,r,Tr _ M)} (32)
where

s—(d-1)/r
s+v—(d-1)(1/r—1/2)

Hs.co =

18



(@) For p € [1,00), ¢ > 1 (with the restriction ¢ < r is s = p(y—l— %) (% - %)), there exists some
constant &, = ¢y(s,r,p) such that if v > p/2,

up
—P,a, _ 1
sup IEH [T f/g <3p 1 inf ¢ &(logn)? 1(MP7“7J7T7”)W — tn
f5 €8s 4(M) Ix lpoe (1)
-1
+2—J8 (CII;N) (MP,a,J,T‘JT _ M)} (33)

where = pg with
S

s+v+(d—1)/2

( d—1><1 1)
sz2plv+ —— - = =
2 r op

_ s=(@d-1)Q1/r—1/p)
b Ty —@-Djr—1/2)

and w is arbitrary such that w > p”;jj:(lg(_ll/i;/lr/ Epl\;;;) in the sparse zone

d—1 ( d—1><1 1>
— <s<plv+—]—|(-——)-
r 2 rop

Two quantities appear in the upper bound that account for the design and the estimation of the density
1

X Lee(HT)
scale R%"! the corresponding density on the sphere fx is bounded from below, it is useful to work with

pa =

and w = r in the dense zone

and p = pus with

of the design:

N
and (M P ,a7J,7"77r) . Since in most design distributions of interest in the original

— —~t —~
estimators fx which are trimmed estimators of an original estimator fx = max(fx,?) for a properly chosen

t. For such trimmed preliminary estimators we obtain || = =t 1
Ix NLee(H)
Now, the quantity ‘ ;—X — appears in the term MP®/7™ Tt is possible to use the upper bound
X L7 (H+)
X <t} H |
H fx — fx Le ()"
HT)

For a trimmed estimator, this yields, for example,

fX e 1/m -1 _1

JA < —

| ~i 1 —U(O<fX<t) +t Hlefx<tHLw(H+) HfX fX‘L” H+)
X Lm(HT)

< (1Y fxllmqrn ) o (0 < Fx < t) S | = ]

LT(Ht)

19



Moreover, for u > 1,

U<O<f)\(<t)§0(0<fX<ut)+0(fx—f)\(>(u—1)t).

Y 1
Note that on the one hand m = 1 is good for o (O < fx < t) / to be as small as possible, but a multiplicative

factor 2/(@=D(1-1/p) i paid. On the other hand choosing m = p implies a multiplicative factor equal to 1.
Thus, based on the upper bound, the best choice for 7 and ¢ depends on the smoothness of fx and the
sample size of the first sample, as well as the function u — o(0 < fx < u).

6 Proof of Theorem 7

Let us prove two lower bounds. They yield the lower bounds in the dense and sparse zone. We conclude by
checking for which value of the parameters one rate is larger than the other one.

6.1 Proof of the lower bound in the dense zone

Consider a set of measures (Pp,)M_, indexed by a finite family of densities ( fm)f\n/lzo which are the distribu-
tions of an n i.i.d. sample of (Y, X) when fg = f,, and for a given fx. The tower property of the conditional
expectation yield that the Kullback-Leibler divergence between two measures P, and Py is given by

K (P Fo) = nEpy [H(fn) (X)log (m) (1= H(fn)(X)) log (W)} |

It is easy to check that

H(fm)(X) = H(fo)(X)

H(fo)(X) — H(fm)(X)ﬂ

K (P Fo) < nyy |[1(£)(50) )+ =m0 (

H(fo)(X) 1 —H(fo)(X)
e [HUn = )X H = fo)(X)?
T TR T T AU ]
PR () (1= H(fo) (X)) |
The general reduction scheme together with the Corollary 2.6 of the Fano lemma from [23] yield:

Lemma 11 If, for a € (0,1), some positive integer M
(1) fm € B (M) form=1,..., M,

(i8) ¥m £ 1, fm — filly > 20 >0,

(i) it Yot K (P, Py) < alog M

then

Vz>1, inf sup E HE — fBHZ >h* (
) P

log(M +1) —log2 a)
fB fﬁeBﬁ,q(M

log M

20



We take the indices m that correspond to vectors of 0 and 1 of size |A;|. We consider the family

1
fm |Sd 1‘ +7 Z mé@%f

EEA;
where « is small enough to guarantee the positivity of f,,, for all m and the fact that for one of them, fy,
corresponding to a vector mq, Vo € H™, "H(f(;)(a:)‘ < ¢, for some ¢, € (0,3). Because H(fo) = & +H(fy),
the last condition implies that H(fo)(z) (1 —H(fo)(z)) > (3 —cp)? > 0. This yields a family A; of functions
of cardinality 2lea2’“" V] " The Varshamov-Guilbert bound (see, e.g., [28]) yields that there exists a subset
N\ 2 :
A, C Aj such that V(my,mz) € ({O, 1}Aj) J ZfeA; Imye —mag| > %‘27(‘1_1). We denote the corresponding

family of functions
1

EEA’
by A%, it is of cardinality M > 2lea2"D]/8 WWhen p = oo, we work with the whole family A;.
ly| < 2796+EA=D/2) M implies that Vf,, € Aj, fin € B} (M). Take |v| 2 9-3(s=(d=1)/2) a5 well. Indeed,

when r < o0,
’2j(8+(d*1)(1/2*1/1“)) )

’(mf)feAj oS |27+ @=1/2) < pf.

It is straightforward to check that the same condition is also §ufﬁcient when r = oo.
Lemma 1 (i) yields that for p € [1,00), 1 and my in {0, 1},

Iy

s — Fonall, > [yl 420@=D/2=1/0) (CéAQj(dl)>1/p o (CA>1/p o= & o
while for p = oo, my and ms in {0, 1}47,
£y = Fmalloo > |lc)y 42004~ 10/21/P) ( ; 2j(d‘1>>1/p = M2 2 op
For mg and every m in {0, 1}A9, we get

1 -2 9
KPnPo) < (5-a)  I5xln [ H(Fn — )l

1 —2 A
< (2 - cb) 1 fxlloon2 20727 || £, — foll5 (from (10), writing the squared L?-norm

as the sum of the squared L?-norm on the spaces H*? for k = 2972 +1,...,27 — 1)
-2 2
2 (1 90— .
<@ (5-a) Mxlumgrn2 207292 [me = mogleyy | (Lemma 1 ()
-2
2 (1 _o(i
<@ (5-0)  Ixlmarnn2 2072792 [ome = moglee |

1 —2 (120
< (@) (5-a) 2" fxlhers Can2@1202
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1 -2 —27(s+v
< (¢9)? (2 - Cb) 2% fx || oo () CEn2 2 (5H0)

In the p = oo case we replace A;- by A; above. Cz is an upper bound and we can replace by the constants
for A; and A’. Condition (iii) of Lemma 11 is satisfied once

acy(log2) (f — cb)2

| fx ([ gy 27 HEHAHED) < 24302
The larger h or hoo above is obtained for the smaller j in the above condition thus 27 ~ (n|| fx /e )"/ 2T +@=1/2),
Lemma 11 now yields for every p € [1,00] and z > 1,
1 str+(d=1)/2
Vz >1, inf sup IE Hfg — ng .
Fo fa€Bs4( \/n||fXHL°°(H+)

6.2 Proof of the lower bound in the sparse zone

Consider now the hypotheses
1
fe= |S4-1] + )¢

where ¢ belongs to A; and |y| < 277 (@=1)/2 to ensure the functions are positive. The constant is adjusted so
that for one of the f¢ that we denote fo, Vo € HT, "H(fo_)(a;)‘ < ¢, with ¢ € (0, 3).

We denote by P the distributions of an n i.i.d. sample of (Y, X) when fz = f¢ and for a given fx. Here M
is the cardinality of A; thus M ~ 27(4=1)_ Like in [29], we make use of the following lemma from [22]. We
denote by A(F%, o) the likelihood ratio. Recall that K (P, o) = Ep, [A(Fg, o).

Lemma 12 [If, for mg > 0 and some positive integer M
(1) fm € Bl (M) form=1,..., M,
(@) Ym # 1, || fm — fillp = 20 >0,
(5) Ym = 1,..., M, A(fo, fm) = exp(z" — v)?"), where z' are random variables and v]* constants such
that P(z* > 0) > mp and exp (SUPm:L...,M U;n) <M,
then

Z,ﬂ.o

Vz > 1, inf sup EHfﬁ—fﬁH 2
f fﬁGBS

(i) is satisfied when |y| < M277(s=(d=D1/r=1/2) " This is more restrictive than the condition to ensure
positivity because we assume that s > (d — 1)/r. Thus, now we take |y| < 277(6—(d=D1/7=1/2) "p in (ii) is
obtained as follows, if £ and &’ belong to A;,

1fe = ferllo = Mg — bjerllp
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> |yl L 2d=10/2=1/p)
> 99 (s=(d=1){A/r=1/p))

Pp, (log (A(Po, P¢)) > —j(d —1)log2) > 1 — Pp, (|log (A(Po, P¢))| > j(d —1)log?2)
,_ Er [[log (A(Fy, Pe))|]
- j(d—1)log2

Thus, condition (iii) is satisfied when
Ep, [[log (A(Fy, Fe))[] < aj(d — 1) log2

for « € (0,1). The same computations as in the beginning of Section 4.1 yield that we need to impose
n272¥~42 < j, thus

o 2i(sHr—(d=1)(1/r=1/2)) < ;

| fx oo (7r+) S

We can check that it is possible to take

9 ~ n||fX||L°°(H+)
log (anXHLoo(H+))

1
) 2(stv—(d—1)(1/r—1/2))

which yields the desired rate.

7 Proof of Theorem 8

7.1 A preliminary decomposition

We know from [3] that for all p in [1, 0]

/\I,(l,p /:I#%P _
15" 5| <2|5"" -5
p P
We also use that for z € [1,00),
lap | (| = rad| _LaJ  _|]?
‘W — S%IOW — e -ﬁ@‘l—%p. (34)
P P

The second term is the approximation error. Let us focus on the first term which corresponds to the error
in the high dimensional space.

Lemma 1 (i) yields
z

—~Layp _Ia,J
—f

z J
z—1
H 5 s | <UD >

J=0

> (pre, (BiE) = Be) e

§EE;

p

J
< (4 1) Y O oy (B p
=0
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When p = oo, we thus have

_Ta,J

_fﬁ

HAIGP

T 4
CA 'Y cupe- sup |prc., (Bj¢) - B
7=0

while for p < co, we obtain

J
(J—l— 1)z lcllzcrz/ PAZ)— Z j(d—1)z(1/2—1/(pVz)) Z ’,0 <BJI;§> _

' —~TLa,p ,I,a,J
p j7=0 E€E;

_fB

the last inequality is obtained using the fact that when p > z,

z/p
> [bel? <> bel?
€€E; ==
while by the Holder inequality when p < z,
z/p
Sl | <O bl
EEE]- fEEj

Note that for the case p < co the inequality is sharp if and only if z = p

7.2 Coefficientwise analysis

For the simplicity of the notations we will sometimes drop the dependence on v in the sets of indices.
We first focus on

Gjez = ""Tj,m (BJIEQ) -

By construction,

) _ a |? . al.a _ [a z ~
0j,z = ‘ﬁM’ 1|5;;g|gTj,m + ‘ﬁayf ﬁjvf‘ 1|ﬁfj§|>Tj,m

— a|q . gha _ ga ‘z .
— max (’ﬁy,ﬁ‘ 1|/3J?;§|§ij’ Bie — e 1|5§;§|>Tj,m)

We introduce two “phantom” random thresholds T 4 g»y =Tje~r— Ajer and Tjsjgﬁ =Tjec~+ Aje for some

Aje~ to be deﬁned later. They are used to define “big” and “small” original needlet coefficients. We will
also use TV,

PEny ] 5 ” and AT PEny that are respectively, with high probability, deterministic lower bound, upper
bound and upper bound of the previous quantities. This yields

S a | . .
6J7£’Z max(‘ﬂj’g‘ e <1|6;,‘g|§ij5771’ﬁ |— Ten |BJI£G|S €5y |’835|> .757)7

Ala  pa z R
‘Bj’g 6]’5‘ A <1|B;,’g|>TJ¥€ﬂl|ﬁ;§ <TPes |5 [>Ty |ﬁ]5|>]§v>)
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z
fmaxwﬁ\ max<1| J<Trey Aol > )
: 1
maX( |§JI-§_ ?,§‘>Aj’ ’BJ §}> JE’Y))
<
_max( 35‘ maX< | fe| =T, JS,§+’Y’1TJS§+’Y< Tie’ |f835 ',5|>Aj,£w>’

7z - s )
oo — B max | 141, 1 —, 1 .,
Bﬂ’ﬁ BJ@ |ﬁj;_/3;’g‘>AJ}€fY’ |B E} J,E ’y TLE v TJI'),&’Y

and sorting them according to the number of random terms

ola
/8]76

z
i
BLel max | Los+ e >
U <TJ57’Y< T3¢y’ |5]§ j,§|>AJ¥§W ’

~1
ﬂ'? Jf‘ max (Liara ga jon s Llpo— oo
. | B2 [>Rjen Ty >The

6]§Z<max<

1} §|<TJS§+“{,

.
B3¢ = Be| 1y 1o

Jf’Y

7.3 Scalewise analysis

Defining M; . as

o~ z
M; . = sup ’pT. (ﬁl.’a> — = sup 0j¢,»
{eEj 3,€:7 7§ £€Ej

and Sj . as

Sje= D ’ij,m (BJIEG) - =290

£€E; §EE;

we obtain

a z
Mj,. < max < sup || Yo sy o 5P 3] max <1T9+ <Tye. HpLe —5Za\>AJ’M> ’

£€E; _JEW £€E; J:€:7
sup B e~ Jf‘ 1 % > Sup ‘Blg — * max (1Tb, A ))
€eg; I | €’> 367 E€E; I Ben” JE’Y |ﬁ ',€}> 5,€7
A S0 Sl Bl B2 S0 S1 B1 B2
:max(M M M]Z,M ) SMj,z+Mj,z+Mj,z —I—ijz
z
5.3 S o e (1, )
[ Z ﬁjé o |<rot T ; Bie| max T <, |/3 B>
=5

zZ
max (1.b- - 1z )
( T en>Then | BiE—Boe|>Miey

5’> JEW

+3 \Bf:s -
§EE;

A oSO S1 B1 B2
=87, + 55, + 55, + 557

+ > ‘@{f — Bje
§EE;

We can bound the expectations of each term as follows

E [MJSS} = sup ‘B

| | 357
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S
E [szl} < Es;p ’ﬂjg‘ E [sup max (1T <13, ‘Bl oo ’>Aj7§ﬂ’>‘|

£EE; J{’Y
B\I,a_ a
Ji€ J:&

i))

< sup ’5?@’ (P{3ces), T, < T3, +P{H €5,

=[] < g e -0 1|
Using the Holder inequality with 7 > 1 to be specified later

YT 1-1/7
a ] E[sup max (1 T ST, |51“ ﬁaE]>A]M)]

=0 I

E [Mfzﬂ <E _su:p. ‘B]Ig —

a

I
<E sup‘ﬂjg FES

1/
" et oo fees, B -l )

=t
E[S2] = 3 (el 1jop,j<my,
=
S _ z
N {Sj;} - E;- ?’é g [max (1 JS£+“/<TJS§ 2l |BI 3 5a§|>AJ E”Y)}
—J
= 3 (81| (P{15s, < Tren } +B{|B1E - Bie| > Dy })
=
o~ z
E[sf2] = 2 1Bi€ =85l ] 1160 oo
=
/\17 z
S EEEjE { IBj’g B ;‘1,5 } 1’6;»§‘>T1b§_7
AI, z
£ [S]ng} B gec‘E { Bj’g a ;l,f e <1 JE’Y>TJb§’Y "Bla Ba€|>AJ§W>:|
=

using the Holder inequality with 7 > 1 to be specified later
< T ©[3 - ) (0 {re > T} + {32 -3 > sea)) ™
Ej

The following concentration inequalities allow to control the stochastic terms appearing in those bounds.

7.4 Concentration inequalities

z
a terms

7.4.1 Bernstein inequality and the ’ng — Bje

We denote by
1) _ I a )2
(%‘,g) =E {(Gj,g(Xi,Y%) - ﬁj,g) }
the variance of G (X, Y5), if 0]5 > 0.
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Lemma 13 For any c, and cpp positive

Proof. The Bernstein inequality yields

P{3 -

setting u = 7(c 0l + ey MY, yields
& i 56

nr? (co U§7§+CA{ 1\/13{5)2

2
Ml I Ml /s
HMj T(Coo etem My )/

ol
> 7(cyo! ot CMMj{g)} <2e 2(( b

P{|5;¢

7'2n(caajl.,€+c1\/[1wj{§)2

B .y 2 1 . 1 1
= Cz | (/T Clz | 5=
I ' M1 ' I
Co JS—FCMM ‘/ﬁca—i—cM 4 3NCUE}5 Ty
3¢ X

I
7'371(60—0’ §+C]\4 Mj,§>

5 _
< 21 e 4((7]['75) + e

Ml
Js

We use now
E[|X]?] :/ 2T P{|X| > u}du
R+

and the upper bounds (25) and (26) to derive

i .y .
Co ]5+CMM R+ Co ]§‘|‘CM

2
in(cngcM Jg) T2 in(cg
S/ 2712 e %3¢ +e
R+

this yields (35) O

Taking ¢, = 1 and cps = 0 yields

E[[5¢

il (%)

27

T
aM
FES

I

2.8 +CM)

2 o
—in CotCpr T £ 2 —Zn Co MI
<2]le 756 +e J:€

758
]WI’ tem )T
FB3 dT

(35)



while taking ¢, = ¢ v/logn/n and ¢y = ¢y, logn/(n — 1) we obtain

’B\I,a . z :
E 7t T <2 C2.2 2 !
\/logn +CM logn MJ

M!
, 1 /nlogn M; ¢
cpVlogn + ¢y == =

7€

z
4 1
+ciz | 5

I
cﬁj,\/ﬁ\/logn;jf£
Js

hlogn-"
1 : 4 1 Y
<2 22— -

- (CQ’Z ( cﬁ,«logn) T (3 c’M logn) )
The following lemma is useful for the p = oo case

Lemma 14 For any Z; C E;,

z
z
’ 2v/2 1
sup i < 7 <2+ log 2,z
§EE (CU J£+CMM ) ] vn Co + eninfecm B ( (
] O
z
8 1
+ -

" . 1nf£€ ]\/[II e (2 + (log (CLZ

=) ")

=5))) 69

Proof. A uniform union bound yields

sup ’ >7p <min |1,
56"'/~ CU £+CMM

—/

—

=J

Ml \? . ol
_%n CotCnp infges’, ﬁ’& 72 —%n Co ingeE/_ 7]\/]3’& T
21e 7 %5 Te j

T tCMm
FR3

—/

—

=J

< min | 1,

I\ 2
) ) M, )
—qn| coten infe oo & T
2e

We thus derive, for any 71 and 79 positive

‘ S/ ZTZ_l
56 ; €+CMM R+

ml \2
—%n coten infecg —IJ’& T2
E;| 2e 3.8 dr
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ol
J

R B e X
+ 2777 min [ 1, 25| 2e 7 dr
R+

T 2
M
in(cg+cM infe =/ I]’§> 72
Hj o,
2e ; dr

=
j

<75+ / 27?71
T>T

—|—7'1Z—|—/ 2771
T>T1

=/

_3 inf UJI',)E
Fn| coin EEE;. W—i—cM T
g; 2e 9.€ dr.

Let

g log (CLZ E;D
Hn=— — and p)

—/
2y (o8 (22 |5])
iE Vn M.’

n . .
Co 1nf§eE’v T T Ccm Co +CM 1nf§eE’. ol
J 7,€ J 3§

by construction

3 . UI~§ 3 . UI‘&
g™\ Co mfgesg. Mng""CM T 9 —inleco lnfgeE;, —Mjl’g—i-cM T
Js

VT > 11, E; 2e < e 7
Cl,z
1 : M ’ 2 1 : M ’ 2
, —4n| cotem 1nf§€5/l o7 T 9 —zn coten 1nf§€5/_ o7 T
VT > 1, |E5| 2e (RS < e 7 g
C2 2
This implies
z z
2la  pa 10g (62 = )
e Bix — Bje 2v/2 S 22 1
sup 7 7 < IV MT
gez) \ Co0je + oM vn Co + il’lfé‘eE; U{’: vn Co +CM il’lféeE; U,_J':
Js . Js
8 log (c1.. |2 8 1
2|
3 7 +t2| 3, p
Co il’lf&eE/_ M’f +cp Co infgea/. M]f +cm
J 5,6 J 7,€
which allows to conclude O
If ¢, =1 and ¢pr = 0 (38) reduces to
/\Ia z
‘B.’ — (4 2\/§ z 2
7€ 3§ - z/
=lop (o) = (0R) G leslec=D)T)
=5 Js

L2 sup M7JI§ (2 ™ <1°g (CLZ E;D)Z>




Note that one could have used the uniform bounds M ]I (see (24)) and

1/2 )
2V & 5l (39)

< CQB d, 2 §
Loo (H+)

fo

instead of M! Y and o e and obtain

] < (B201) (2 s e [))7) + (S02) (o (o e

Along the same lines, with ¢, = ¢ t, and cpr = ), logn/(n — 1), we obtain

ala
sup

E | sup |5 — Bje
£eE]

z

£l ‘Bf,’fa_ e
p 7
€eE] \/m £ 4y L
z
< o S N CTOREI PRy

M!
ch/logn + ¢y logn/y/n—1 il’lfgeE; —
ie

z

, 83 (24 (1og (cn. |2
cg\/nlogninfgeag i+ logn
2v2 \° " 2/2 8 :
S <Cf,\/@> (2 + (log (6272 E; )) ) + <36’Mlogn> (2 + (log <Cl,z

recall that when = _j ==,

=) @

=/

< Og2ild=1),

=j

7.4.2 Empirical Bernstein and the probabilities
We define

T fylogn
JE'V \/ tnO"]g‘FiM 1

1}7577 = 2Aj7£7’77 Tf Y = Aj7£7'y’ ng Y - 3AJ,57’Y

155 1585

7 vlogn
Jf’Y V2 t”05+7M15 1

fylogn

va V2 t"U 83 + 1

b, A — s+ +
Tj,m - AJ,EKY and TJ & 3AJ &
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Lemma 15 The following upper bounds hold

P{TJ£7>Tb }Sniy
IP){T]§7<TS }—7717
P{’Bf,’f - jen} < %
P{3es;: T <Ti,} < gp{ TS < T }SCEQJ-(d—n%
€&j
P{ageaj: TV > Tl } 21@{1}?”%’7>Tﬁm}SCEQJ-(d—l)T;
€&;

s} < C=2ild=1) 3

nYy

j,ﬁn} < Z ]P){’BJI; -
£€¢;

Proof. Using the results of [25] we get

MI
I ~T J:€ -
P{Uj,£>aj,£+2v2u\/j} <e™
P{ ]f<0— 5—2\/2u\/71}§6_u
a1, ojec 14 u -
P{’,Bj,g— > V2uE 3M],£n_1}§3e u

which yield the first inequalities. The second set of inequalities are obtained using a union bound

7.5 The p =00 case

7.5.1 Error in the high dimensional space

E[M;.] <E[M] +E[M5] + E[MPY] +E [Mf?]
with
g [MJS:O B Sup ‘/ng‘ ”Baf‘<TJS§+7

E {MSl_ < C’:2j(d*1)— sup
== Bt

VX4 —
- n EE:]-

B1] Ala
E [M] 1 < | [Sélé’j ‘@7&

| j,€ ’ >ij§_’Y‘|
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4 171/7 2\@ - T = :
e oz < (e ) ((3521) (2 + (VieEinn))

N <?)871Mj,)2 (21/T+ (log(yzj|c1,zr))z)>

where we have used (a + YT < al/T Y7 for > 1.
This yields

—~Layp _Ia,J
s[5 -5

(J + 1)=—1C

z
—pot +E sup ’515 ?5‘ 1’5?,£‘>TJb“D

}'B}LSL 3,6,y

J
oo:| < Z2j(d—1)z/2 (sup ’5

+ C_ZQJd 1)(z/241)

£EE;

ANV L a2y
. j Z T
+ (C:Tﬂ) E 2

7=0

X ((iﬁ#) (21/7 + ( log (|5, 61,27)>Z> + (?’SHM{)Z (247 + (1og(\5jycm))z)>

£ O/ + Rl ,00,% + R,Q,oo,z

7.5.2 The R}, and Rj  , terms
The Rj ., is exactly the term appearing in Theorem 8 and thus we only need to bound Rj ., .

As in the p < oo case, one can plug the uniform bounds on o/ ;¢ and ]\415 as well as the bounds |Z;| < |Z|
to obtain

gN\1-11 J
RQooz < (C‘) Z2jd 1)(z/24+1-1/7)
7=0

X ( (%%»CQB(C[ 2)2j'/

1 1/2

Ix

(3 Coo B(d 00)2](1/+(d 1)/2)

) (21” + (log (ez.2- [24])72)

< (0537)1_1” <2f

1/2 J
V2 0yB(d, 2) ) (21/7 + (log(\EJ|c272T))z/2> Z2j(uz+(d—1)(z/2+1—1/7'))
8 1
R OOB , _
+ <3nC’ (d, 00) HfX

vn HfX Loo (H+) =
<(s5) | (SR

Loo(H+)

1/2 o9 (vz+(d—1)(z/2+1-1/7))

1/ e 2/2
) (247 + (tog (c2- |25])) )1_2—<uz+<d—1><z/2+1—1/7)>

z J
) (21/T (log —‘J’CI ZT )Z Szt 1/T))]
Lee(HT)
nY vn

Loo(H+
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z 1/7 _ . 9J (vz+(d—1)(z4+1-1/7))
Loo(H+) (2 + (log (Cl,z‘r 1=s1) ) [ o@D GF1=1/7)

8 1

7.5.3 The O, , term

Denote by
/ _ a z
Oy = 500 35 3 s +E | 352 35 1y o |
Because T] i > T]‘.s’gr,y, we get
E sup /6’5 qé’zl o syt | = sup }Bg ‘-lf‘zl o |opott
£€E; J o |5j 3.6y J s |Bj,£|> FE
+E |sup B¢ £ 35’ 1T9++>
£€E; I ! £|> Jév
<E sup pla ¢ qurl o [spstt
== I s |Bj PR
~Ia z
+E sup M 4t b— Sup{‘ﬁ ‘ ++ }
EEE; ijg’y J&’YZ’ §‘>TJ§7 S £|> ien )
thus
’6170‘_ a z
O..<|1+E |sup ]gbi sup{’ﬁqg‘zl a Ts++}+E sup 55 ;’521 o |spett| -
7 ¢eg; T, ez, U7 85| <T5e gez; | 7 L7181 > T

Using now (41) with ¢/, = /2y and ¢j; = 37, we get as |Z;| < C=27(4=1) gives the upper bound in Theorem
8.
Remark that using (41) with E;- = E; is rough since the sup could be taken on the much smaller subset

—_ - . s,++ b,—
= _{66“3' TJE’Y = J&ﬂ}'

7.6 The p < co case
7.6.1 Error in the high dimensional space

We obtain
E[S;.] =E[S59] + B[S +E[SP!] + E[sP2].
with
53,&:y

SRS el s
Ej
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S 4 a
E [Sj,ﬂ =3 .6
€€z,
B1 ala a |?
¢ [Sj,Z} - ¢e= " Hﬁj’g 94 } 1|6;»5‘>ij§_7
=J
ql-1/7 ol \* 4 MEIN?
B2 1/7 1/(z1) Zj.€ = 1/(z7) 75
E [SJ,Z} < n'y(lfl/r) 5; 2 ((2 227’ \/ﬁ> + <3cl,z7 n
gj

where we have used (a + b)'/™ < (al/T + b1/7>. This yields
-1 _ILa,J
E Hf g I8

(J + 1)2 10/1202/(17/\Z

] ZQM D01/2-1/VDE [, ]

J
j(d=1)2(1/2-1/(pV2)) a |* gla _ ga |*
<5 2 (el g peme, + 2183 =222 o)
L2 Z 93 (d=1)2(
ny 4
7=0 £€Ej
227U sz 16n T\ (4 a0 Mie)
L 2 shgiansupoyov) 3 (g0 %) (A
w17 2 & /n 3 o

é Op’z + R17p’z + RQ,p,Z'

7.6.2 The R, . and Ry, . terms

The Ri, . term appears as is in Theorem 8.
To bound the term Ry ., we rely on the uniform bounds M]I in (24) and O'jI- in (39). We obtain

1/7 1/(27) : % 1/(37—)M
Ze () <))

< Y 27 (267 CoB(d, 2)27 1
e, fX

1/2 1 z
Lo (H ) ﬁ)

LY o (4 VG B(d, 00y a2
3 zZT
§EE;

1>Z
fX Loo(H+) T
z/2

/ L oitd-1)+z)
Lo (g+) NP2
1) L i1 +2(+(d-1)/2)
Ix oo gy W7

< 0=2"7 (2657 B (d,2)

17
fx

4 2T N
+ CEzl/T (3 i/z(T )COOB(d7 OO))
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thus

7 I\ * I\ ?
. ! 4 M
9i(d=1)2(1/2-1/(pv2)) o/ [ [ 9.1/(x7) i 1/(zr) 5
% Py e yn) T
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; X z/2 1
Z 2(1/2— 1/(sz))C 9l/7 (26 /z(ZT)C2B(d 2)

1 sit@-n+a)

I,

Loo(pr+) M/
n Z2j<d—1>z(1/2—1/<pvz>>C:21/T <4c}/<”)coo B(d, OO))Z N L gi((d-1)+2(+(d-1)/2))
=0 B 37 Fx Lo ey n*

z/2

< C521/T (20%(;57)023(d 2) Z 9i2(v+(d=1)/2+(d—=1)(1/2=1/(pV=)))

fo

Lo (H+) nz/ 2

17 1

fx

— N 9iz(v+(d=1)/z+(d=1)(1-1/(pV=))

z
+C=2Y/7 <3 e B(d, oo))

Lo (HT) n* 7=0
C=2V7 (2657 CoB(d,2))
< 1 — 2—2(v+(d=1)/24(d—1)(1/2—1/(pV2))) HfX
e (7 t00)
1 — 9—2(v+(d-1)/z+(d-1)(1-1/(pV2)) fo

z/2 1
Jz(v+(d—1)/z+(d—1)(1/2—1/(pVz)))

Loo(p+) N7/

T 2Jz(u+(d 1)/z+(d—1)(1-1/(pV=)) (as Y= d/2)

Leo(H+) °

7.6.3 The O, . term

Denote by

z
056 = ‘ij‘ 1] Be | <t +EH/BJ§ Jaf‘ }1‘5;§|>Tb_

R0

Because TJ ’§+7+ > T;’gw we get

E HBJIg - 5?,5’2] 1[5;§|>Tb* =k HBJIS - B?ém 1|B;5|>TS s+ E nglﬁa -

3,6y 53,67
[B\Iva_ a
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]
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1
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sla _ ga z
o HF ),
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Now using the results of Section 7.4.1 with T]l.”’g =2y tnO']£ +2 log BT M I

/\17 z

E H,ng B ;5 :| 1 z 4 1 z
sup b <sup2|co; |2——F——) +Cl: |75
3:€ (T Ny ) 3€ V27/Togn 32/3vylogn

7§
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a
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thus

Vi) 2\ V) &
< |1+2 T2z d 95 (d=1)z(1/2—1/(pV>2))
Op < ( + ((\/vlogn * ~vlogn ;

S (JBtel 2ysg ey + B UBLE ~ B T 1 o)

3,6y

£EE;

8 Proof of Theorem 9

The proof of this result requires to upper bound the approximation error, the R, . and O, . terms in the
upper bound of Theorem 8 when z = p using the prior knowledge that the unknown fﬁ_ belongs to the
ellipsoid By ,(M).

8.1 The p € [1,00) case

8.1.1 The approximation error

557 - 5] = ‘ZZMM

§EE;

From Lemma 1 (i) and the definition of the Besov spaces as a sequence space,

i(sH(d—1)(1/2—1 _
"B Z e s mee e (59 ees |, < 17
j>J E€EE; J>J
which yields that
1/p—1/r .
to—Js || p— MCz ifr>p

;{; B 5%,& < Cp2 f5 { M2 I= @01/ iy < g
J =3 -

s—(d=1)(1/r—1/p)

It is enough to consider the worst case where r < p and to check that > p in the two zones.

vH(d—1)/2
On the first zone s > (1/+ %) (T ) thus s +v + 21 > (y—i— d21) % which yields s+yj% < (u+%)$'
d—1 d—1 1 . .
Because s > (d—1)/rand p > r, s — S~ + = — T = (d—l)( )(;—;J > 0, which yields

s—(d—1)(1/r —1/p) = 2 and gives the result.

On the second zone, it is straightforward, because s > (d — 1) /r, that Si(ijrl(zi(il{;ﬁl/ p) > sj;%?f)l(/{“/;i/f;g).
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8.1.2 The Ry;,, and Ry, , terms

Using Lemma 2 (iii) we obtain that

Rypp < (J + 1P 1MpC”pC (pAT)/7 Z 9—ip(s+(d=1)(1/p=1/(pAr)))
7=0

where the exponent is non positive because s > (d — 1)/r, thus

1

p—1 3 rpip ~L—(pAT) /T
Ripyp < (J +PIMPCPCs | — 2P @ D/p-1/(pAn)

With v > p/2, Ri ) is of lower order than ¢2.
We also have

92-1/7
Ropp < WC br,p,p,J;r-
1/2
With the aforementioned choice of J, ==27/(#+(d=1)/2) H H / and 2J(d & ‘ H <1 (it even
» Vn fx Leo(H+) — fx Loo(H+)

decays to 0). Together these yield that by, s+ is of the order of a constant.
This term is also of lower order than £ for 7 large enough such that v(1 —1/7) > p/2.

8.1.3 The O,, term
First note that a, p, 7 =14 o(1).

We take TJ‘-SET uniform in ¢:

1/2 vlogn

To = 3y/279t,C2B(d, 2)27Y + 52050 B(d, 00)2/H(d=1)/2)

‘fX

1
J,€5Y f Loo (H+) Loo(H+) n—1
1/2 n\f
< 20V Ayt <3\fC’gB (d,2) 4+ 52CxB(d, 00) 1) (because of the upper bound on J)
Loo(H) n—
. 1/2
<2V fytn H (3V2C2B(d, 2) + 104C B(d, %)) (for n > 2)
Ix Lee(HT)
L et

as well as the following consequence of (36)

I\P I\P
4 qpM;
P} <2 <<2cé/§f> + (Ci,/;? - ) )

E HBJIsa — Bje

2670, B(d, 2) 27 || 2 v LY’
. L b
2p 2 fx ooy VR
p
3 1/p (v+(d—1)/2) 1
+ 2| =" CooB(d, 0)2?
(3 1 (o) Ix Lw<H+>”>
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<o L Y

np/2

1

Ix

(3" L CpCaB(d,2) + 4 CouB(d 00) '

~ (ylogn)r/2 3v2C3B(d, 2) + 104Cs B(d, 00) (1/7)
s,++\P 1 P

< (1}’7 ) 2 QCl/I)"‘ 017/1170

= (ylogn)r/2 3 2184

p
2P+1( )CyB(d,2) + cl/pc B(d, oo)>
Loo(H+) 3

Let

C., = 3v202B(d, 2) + 104C, B(d, 00) /7
1/p
Cop =27 (ﬁ Up g Clp )

8,7

Now, for any 0 < z < p,

gE:j (‘Big‘p 1’57,5 <T +E HBJlfa N } 1\6“ |>T5 ++)

s++>
3
<2 ( ; |5a i (VIOgn)P/QCg’p |5 s|>T&++)

= 3,6y
5€Lj

C’p p—
o,p S, ++
(1 + ('y log n)p/2 ) (CT]"’y )
=7

C’P 1/2 p—=

We then need to sum over j and will take two different values for z, one that we denote z; for j < jo and one
that we denote z3 for jo < j < J. 21, 22, jo will be specified later, depending on the value of the parameters
r, ¢, s and p such that we are in the dense or sparse zone. Up to a multiplying constant, we thus need to
control

12 P L o)1) p/2-1)
A+B= H , il (p—21)+d-1)(p
( 71 . ) Z Z arel
<H 2 )H Z -2 d-10/2-0] 3 |l
t 2]1/p722 - p/a— ,B"a
n 7£
Fxlleerre) j=jo+1 ==

where we choose adequately z1, z2 and jj in the two zones. Because of Lemma 2 (i) we only consider p > r.
Let us first consider the dense zone. We define

L Pt (d-1)/2)
S ostv+(d-1)/2
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In the dense zone, ¥ < r, p > 7 and

s:<1/—|—d;1) (i—l). (42)

1/ T j d—1)(p/2—-1 Lal|"
tn) Z 9 [v(p—r)+(d—1)(p/2-1)] Z ‘5;

Loo(HT) j=jo+1 ¢eg,

With zo = 7, we get

n< (|5

Lemma 2 (iii) gives that
Z |Bj§‘r < D§2—jr(s+(d—1)(1/2—1/r))

§EE;
where Vj € N, D; >0, (Dj)jen € 4. Note that
1 1 (d-=1)p d-1 D >
d—1)(>-~)= - L 4
st )<2 r> 27 r +V<f ! *3)

thus

1/2 p—r J ‘(1_1)< +@)
tn> > =) pr

Leo(H j=jo+1

p—r
tn) ginn(1-5) (+45%)

(HfX
s (|

for ¢ > 1if r > 7 and for ¢ < 7 if r = 7 (i.e. s:p(l/—l—%)(%—

<fo H;ﬁ HY) tn) o we get

1/2

Loo(H+)

D=

)) Taking 2707 Firrsst) o

e

1 111/2 p—F
128
X lILee(H)
which is the rate that we expect in that zone.
As for A, we take z; =7 < 7 < r, this yields, using Lemma 2 (iii),

1< (|5

1/2 p—T
tn) ZQ][VPT (d=1)(p/2— I]Z’ﬁ

Lo (H+)

e_‘J

1|2 P , _
< M I1= tn Z2J[V(pfr)+(df1)(p/271)fr(s+(dfl)(1/2fl/r))}
~ Ix Loe(H) =0

1 111/2 p=T jo o

fX Loe(H) =0

1 ||V/2 P _
SMT ( = tn> 9iop(v+(d=1)/2)(1-7/7)

X lILee(HT)
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1/2 p—7
tn> (from the definition of jg).

s (|5

Let us now consider the sparse zone. We define by

v+ (d—-1)(1/2—-1/p)
s+v—(d-1)(1/r—1/2)

Loo(HT)

T=7p

in a such a way that

. s—(d—-1)(/r—1/p)

p_T:pS+V_(d—1)(1/T—1/2)
P = (p—r)((d-1)/2+v)—7s =0
s+v—(d-1)(1/r—1/2)
and
SHd_l)@_:«):(d;fl)p_d;1+”<];_1)- (44)
Take z1 = r.

L2 TN o)+ 1) p/2-1) Lal"
. J\vp—r - p/a— @
= (gl e 2 > s

LOO

€=

1 11/2 P=T jo )
< ( = - tn> ZQJ [(r+(d=1)/2—(d=1)/p) 2 (7—7)] I D (using (44))
oo j=0

1 ||1/2 p—r o
< ( fi tn) 2]0[(V+(d71)/2*(d*1)/p);(rfr)]Mr’
X NLee(HT)

the last inequality holds because v + (d — 1)/2 — (d — 1)/p > 0, indeed because we are in the sparse
zone v+ (d —1)/2 > s/(p/r — 1) = sr/(p—7) > 2/(p—r) > (d — 1)/p. Taking 2000 +(@=DA/2ZUP)E ~

1/2 - B
<H T H / tn> yields the upper bound of the order of

Lee (H+)
(fo

1/2 p—7
ln
Loo(H)

for A.
For B we take zo =7 > 7 > r,

L2 T o) La|"
(HfX ﬁ") 2, S |

fX

B

IN

AN

1/2 p=r - J
tn> Z 2j(u+(d—1)(1/2—1/p))p(r—F)/ijf (using (44))
Lee(HT) Jj=jo+1
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1/2

p—T
tn> 9io(v+(d=1)(1/2-1/p))p(r—T) /7  f7

(|
(I

8.2 The p = 0o case

Loo(H+)

1/2 p—r
w)
Leo(H+)

We simply consider the case where r = ¢ = oo and deduce the general case using Lemma 2 (ii).

8.2.1 The approximation error

As f belongs to B3, (M),

Z Z Bieie| < Z Z Bieje
j>J E€E; w  i>J|eez;
< MCy ¥ 296D )/2i(s-Hd—1)/2)
j>J
< MC.2775.

From the choice of J and the fact that HJ%XHLOO(H 1 (because supp fx = HT) we get

< 3/ (Hd-1)/2),

Z Z BJ&%S

J>J €€,

this term is negligible because V+(d5_1)/2 > 8V+(j_1)/2.

8.2.2 The R}, and R; , , terms

Using the definition of the Besov norm, we obtain that

Toos < (J+ 1) M*C"C= ZQ Jzsoi(d-1)
7=0
thus )
< *Q‘I(d V(T +1) ' M*ClECs.

1ooz—

With v > z/2 + 1, which is satisfied when 2(7 —1)(1—1/7) > 2z, Ry o> is of lower order than 7.

Due to the choice of J the bracket term in the expression of Ry, , in Theorem 8 is less than 1, as well
the second term in the expression of b, o j~ is of smaller order than the first term. The order of b, o . 7+
is (logn)?/2. Thus

/ < (n772J(d71))1_1/T (logn)z/2

2,00,z ~J

This term is also of lower order than t? when 7 is such that 2(y —1)(1 —1/7) > z
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8.2.3 The O, term

Note that here a, o, ., is of the order of a constant. We shall proceed like for the O, ), term in Section 8.1.3.
Using (40) we obtain that up to another constant (previously of the order of 1 + o(1)),

2]V(Z—E) sup
Loo (H+) €ez,

L
fx

!B > ++] N (ﬁt"

3,67

z
sup ﬁﬁg‘ 1|B§’ s+ T E

su 4
€z *JEW p BJE B’

for arbitrary z € [0, z]. We thus need to upper bound

Atb= (fo

(I

for some well chosen 0 < jy < J, z1 and zo. Because f belongs to Bgo’oo(M), forallz > 1,

12 T b d)s/
th 9ilv(z—=1 z sup B
Leo (H+) ) Z ‘

12 R jlv(2—22)+(d—1)z/2]
tn W \E=z2)Tla= 1)z sup B
Leo (H+) ) Z

j=jo+1 €€E;

ﬁjlg z < MZo—i(s+(d-1)/2)z

sup
§EE;

The result follows using this upper bound in A and B and computing A + B with z; = 0, jo such that

240 ~ t —1/(s+v+(d—1)/2) and 2 = 2.

9 Proof of Theorem 10

The proof consists in a slight modification of the proof of Theorem 9 using the decomposition

—~Pap | _ ~Pap  _payg ,P J _TLaJ ,I J _®
T I (e o W T e R e o ]
P
and the two following lemmas.
Lemma 16
Vi 21, 1655 = 555y < 2CB(d,p) | (VR g D 1) | X (45)
fX L7 (H+)

where a; = max(a,0).
Proof.
175747 = 157 = [ (BP = RO

< B(d,p)2”"

RP,(Z,J _ RI’(LJH (PI‘OpOSitiOn 4)
p
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< QCPrOjB(d7p)|§d*1|(1/p*1/7r)+QJ(V+(d*1)(1/7r*1/p)+) R (Ji)f _ 1)
fx
Conclusion follows from the LP continuity of the smoothed projections (Lemma 2.4 (c)) and the Nikolski
inequality (Proposition 2.5) of [26], the Holder inequality and since R/ and R!*7 are odd O
The constant Cpyo; could be taken independent of p, it is enough to take the uniform upper bound on the
L' norm of the smoothed projection kernels with respect to one of its argument according to the Young
inequality (see [15]).
The following lemma is used in the analysis to relate the smoothness of the true function with that of
the function with a plugged-in preliminary estimator of the density of the design.

L7 (HY)

Lemma 17 If f5 € B} (M) then, for any ™ > 1, fﬁ_P’a’J € Bﬁg(MP’“’J”“’“).

A maximal resolution J should be imposed to obtain an additive term of the order of a constant, it depends

on the quality of the estimation of fx and its smallness at certain points through Ix .

X L7(H)
Proof. Aslong as j < J, (f; — B_P’a"],wjf) = <fﬁ_l’a"] - B_P’a"],wﬁg), thus we get, with J = j, using
Lemma 1 (iii),

j(s+(d—1)(1/2=1/7)) || ga _ gPa < " ||9is || p=Pad _ p—Toang
H2 ‘ J:€ 6]75 erllea({o,....J) — Cp 2 fﬁ f,B rllea({o,...,J})
<C,, Ix H2j<s+u+<d—1>(1/7r—1/r)+>
fx L () ({0,...,.J})

using Lemma 16. g
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