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JOINT ECONOMETRIC MODELING OF SPOT
ELECTRICITY PRICES, FORWARDS AND OPTIONS

Alain MONFORTY, Olivier FERON**

Abstract

We propose a joint modeling of spot electricity prices , forwards prices and other deriva-
tive prices, using recent developments in discrete time asset pricing methods based on
the notions of stochastic discount factor and of Compound Autoregressive (or affine)
stochastic processes.We show that this approach provides quasi explicit formulae for for-
ward and option prices , while allowing for a large flexilbility in the modeling of dynamics
,spikes and seasonality , both in the historical and the risk neutral worlds. We also pro-
pose a variety of inference techniques involving inversion methods, the Kalman filter and
the Kitagawa-Hamilton filter. Finally , examples using simulations of spot and forward
prices illustrate the large potentialities of our modeling.

Keywords: Electricity derivative pricing , spikes, Car processes, stochastic discount

factor, Kitagawa-Hamilton filter.

1. INTRODUCTION

There exists a growing literature dealing with statistical models of the time series
of spot electricity prices. Two important features of these models are seasonal patterns
and spikes, namely upwards jumps shortly followed by a downward move. Some of these
papers start from continuous time specification [see e;g. Deng (2000), Weron, Bierbrauer
and Truck (2004), Geman and Roncoroni (2006)], others directly use a discrete time

approach. In the latter set of studies the spikes are often captured by switching regime
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models driven by a hidden Markov chain similar to the ones proposed by Hamilton (1989).
In these approaches the Markov chain may be homogenous [see Huisman and Mahieu
(2003), De Jong (2005)] or time-varying [see Mount, Ning and Cai (2006)]. A survey
paper is proposed by Bunn and Karakatsahi (2003). Another strand of literature studies
the forward prices. In this field a seminal paper is the one by Lucia and Schwartz (2002),
who use a basic mean reverting continuous time model with a deterministic component
and a simple way to transpose this model in the risk neutral world. This paper has been
followed by several papers using more advanced continuous time stochastic processes [see

e.g. Henth, Kallsen and Meyer -Brandis (2005), Benth and Koekebakker (2005)].

However these two strands of literature are disconnected and the aim of this paper
is to propose a global approach of the dynamics of spot electricity prices, forward prices
and options which is able to model at the same time the dynamics of the spot prices and

the pricing of derivatives.

This approach rests on four pillars. The first pillar is a probabilistic breakthrough:
the affine or Compound Autoregressive (Car) processes [see Darolles, Jasiak and Gourier-
oux (2008)]. The second pillar is a mathematical tool: the Laplace transform, which is
particularly well adapted to the Car class. The third pillar is the recent development
of the econometrics of asset pricing in discrete time based on the notion of stochastic
discount factor [see Gourieroux and Monfort (2006), and Bertholon, Pegoraro and Mon-
fort (2006)]. The fourth pillar is the statistical approach of nonlinear state space models
based on the Kitagawa-Hamilton’s algorithm. In particular we will use several important
results. First the regime switching models can be incorporated in the Car class. Second,
the family of exponential affine SDF provides a tractable and flexible bridge between the
historical world and the risk neutral world, and allows to reach a Car risk neutral dynam-
ics even if the historical dynamics is not Car. Third, in a Car risk neutral framework,
there exist explicit or quasi explicit formulas for the multihorizon Laplace transforms
and the truncated multihorizon Laplace transforms, which allow for tractable pricing of

forwards, futures and options.

The paper is organized as follows. In section 2 we describe the information in the



economy and its historical dynamics. Section 3 introduces the notion of stochastic dis-
count factor, its specification, and the implied risk neutral (RN) dynamics. In section 4
we present the general notions of Laplace transforms, of Car dynamics and we apply these
notions to our framework with a special attention to the bridge between the historical
and the RN dynamics and to the historical and RN seasonal patterns. Section 5 deals
with pricing of forwards and options (on spot or forwards) which, in our approach, is
quasi explicit and we stress the importance of the choice of internal consistency (IC) con-
ditions and, in particular, that, given the non storability of electricity , IC conditions on
the spot price must not be imposed. Inference methods are proposed in section 6, when
estimated forward curves are available for all maturities and dates and we distinguish the
case where there are quantitative latent variables, in addition to the qualitative latent
variables capturing spikes, and the case where there are no quantitative latent variables;
in the former case a simple two step procedure is proposed and in the latter two versions
of the inversion method are considered. Section 7 studies the inference problem when
estimated forward curves are not available but only prices of various forward contracts
of different maturities and different delivery periods, and, in this context a sequential
approach based on the Kitagawa-Hamilton filter and the extended Kalman filter is pro-
posed. Section 8 proposes various extensions to the case of multiple lags, to the use
of spot price returns (instead of prices) and to the introduction of non additive impact
of the exogenous variables. Finally in section 9, an illustration on simulated spot and
forward electricity prices assesses the effectiveness of affine models. Several appendices

gather the proofs.

2. HISTORICAL DYNAMICS

2.1. Information

We consider a discrete time economy in which the new information of the agents at

date t, (t =1,2,...,T), is partitioned into three sets of variables.

The first set is the set of endogenous variables. It will contain ! log S;, S; being the

spot electricity price at ¢. Another endogenous variable will be a qualitative variable

S,
! see section 8.2.

I1We could also choose to include the return log
t—1



z¢, valued in (eq,...,ey) the columns of the identity matrix of size J; this variable will,
in particular, drive stochastic drifts, stochastic volatilities and spikes (see section 8.4
for an extended use of z). Finally the set of endogenous variables will also contain a
m-vector Y; of variables which interact with (log S, 2¢); technically this means that Y;
will cause (log St, z:) and will be caused by (logS;, z¢), see appendix 1. At this stage
we need not make any assumption about the observability of these variables by the
econometrician, however we typically will assume that log.S; is observable, whereas z;
is not (see section 8.4 for an extension) and Y; will contain observable (or constructed)
variables, like forward prices at given residual maturities, or latent variables, the role of
which being to make more flexible the dynamics of the variables of interest. The second
set of variables, denoted by wy, is the set of exogenous variables, that is to say a set
of variables which may cause (log S, z;,Y/)" but are not caused by (log S, z:, /). In
this set we could find variables like temperature or demand. The third set of variables,
denoted by w!, is the set of independent variables, in the sense that the process w?
is independent of the process (log Sy, 2, Y/, w¢ ). Such variables will include the short

interest rate or, more generally, interest rate curves.

The whole information of the agents at ¢, will be denoted by

(log St, Y4, 24, wf,%), where we use, for instance, the notation z; = (21,...,2;)".

2.2. Specification of the historical dynamics

We decompose log S; into a function of time and of the exogenous vector wy, denoted
by v, and the difference s; = log S; — v/. The first component v captures the seasonal
effects and, possibly, the effect of exogenous variables like temperature. Similarly we
write y; = Y; — v, where v/} is a vector function of w¢, and we specify the joint dynamics

of wy = (7, s1,y;) as a switching regime VAR(1). More precisely we assume that :

St = Wz +e1(se — pW'z) + Ohyr + iy
(1)
Y1 = Yo+ Vi(se — pWze) + Yoy + el
€i41 _y1/2
where ) =3 (2141, 2t )€1 41 (2)
€41



€441 being a standard Gaussian white noise process of size (m+1), £1/2 (211, ) a sym-
metric positive definite matrix function of z;1, z; and where the conditional distribution
of z¢41 given wg, 1, 2, 8¢, Y, depends on z; (and not on z;_1,2; 2,...) and, possibly, of

s¢ and wy, ;. We also introduce the notation :

Tijt = P(zt41 = €j/Zt = €4, st,wa) (3)

Note that if z¢11 = e;, ' 2441 is equal to p;, the jth component of . The dynamics of
the exogenous and independent processes w¢ and w} are not specified, we just denote by
fe(wiyq/wi) the conditional probability density function (p.d.f.) of wf,; given wf and
fi(wiy/w]) the conditional p.d.f. of wf,, given wj. Let us now discuss more precisely

the dynamics defined by equations (1) (2) (3).

First the joint conditional p.d.f. of wi,y, 2¢41, St41, Yr+1 given wy, 2z, s¢, vz is factor-

ized as (taking z,41 = e; and z, = ¢;) :

(Wi /wi)mijen[se1, Yer1; mije, X(ej, €;)] (4)

where n[s¢q1, Ye41; Mije, 2(€j, €;)] is the p.d.f of the normal multivariate distribution with

variance-covariance matrix ¥(e;, e;) and mean :

pj +p1(se — pi) + oyt
Mt =
Yo+ P1(se — i) + oy
Note that since s441 = log Syy1 — V71, Y41 = Yeqy1 — v/, where v}, and v/, are
functions of wf,, the exogenous variables wyf,,; and w§ appear in the last term of (4),

when s;+1 and y¢41 are replaced by their expressions above.

Second, if we use the notation sf = s; — p'z; we see that s; = p'z; + s7, where the

dynamics of the pair (s},y;) is given by :



Siir = Q18T+ oy +Ef

()

Y1 = Yo+ Y18+ Yoy +ef
In particular, z; does not cause (s7,y:). Therefore if p'z; takes a large value, because
z¢ is in a”spike state” at date ¢, obviously s; = p'z + s; also takes a large value but,
if the probability to stay in a spike state is small, z;4; is likely to be in a "non spike
state” and therefore the value of s;11 = p'zi41 + s} 11 is likely to decrease immediately.
This would has not been the case if the first equation of (1) would have been s;41 =
W ze41 + @18¢ + @2y + €7, because, in this case, the large value of s; would have heavily
impacted s;11 excepted if ¢; is small, i.e. if the mean reversion is very large. In other
words, in our specification there is no need to introduce an additional state in order to
impose a fast return to a "normal” situation after a spike, like in Huisman and Mahieu
(2003), for instance. Moreover, in our specification, it is possible to have successive
upward jumps and this possibility is amplified if the probability to stay in a ”spike

1

state” ¢ is an increasing function of s;, for instance of the form where
1+ exp(a; + bist)

b; is negative.

Third, since the conditional variance-covariance matrix of (8¢41, ¥¢+1), given (w§ 15 Zt4+15 St Yt ),
namely 3(z¢11, 2¢), depends on 2,41, z; our specification is also able to capture stochastic
volatility features.

Finally, in equation (1) we have introduced only one lag, mainly for sake of notational

simplicity, but an extension to multiple lags is straightforward (see section 8.1).

3. RISK NEUTRAL DYNAMICS

3.1. Stochastic discount factor

It is known [see Bertholon, Monfort, Pegoraro (2008)] that, under standard assump-
tions including absence of arbitrage opportunity, the price at ¢ of a payoff g(wr, %)

(also denoted by gr) at T > ¢ is given by :

pr = Ey (Mt,t-H NN MT—LTQT) (6)

6



where the MTJ_H are positive random variables functions of the information I,y; at
74 1, and E; is the historical conditional expectation given the information I; at time

t, here I; = (%ﬁ, %) In particular, taking T'=1t + 1, and gr = 1, we get :

EtMt,t—H = eXp(—rt+1) (7)

where 7,1 is the (geometric) short interest rate between ¢ and t + 1 (known at t).

3.2. Risk neutral conditional densities

The risk neutral (RN) dynamics of (wy,w¢,w?) is defined by the RN conditional

densities :
fQ(wta wf) wé/wt—lv wf—la wg—l) =

f(wg, w, wg/wtflv wy_1q, wiq)Mtfl,t exp(rt)

and formula (6) can be written equivalently :

Pt = B [exp(—r41 — ... — r7)g7] (8)

8.8. Our specifications

If we do not want to specify the dynamics of the exogenous variables w§, we can
work conditionally to a future scenario of these variables (see section 8.4 for another
approach).

It is shown in appendix 1 that given the exogeneity of wy, the price at t of a payoff

g(wp, w§) conditional to a future scenario for the exogenous variables can be written :

pt = Ey [Mt,tJrl . Mr_i rg(wr, w%)} 9)

where M; ;41 is a stochastic discount factor, function of (w41, wf, ) and satisfying :

My 11 = eXP(—TtH)M;tH(thawte+1)

with :



By (M fw w5y ) = 1 (10)

In (9) and (10) the values of the exogenous variables are considered as non random
and E; is the conditional expectation operator given w,.

Given the independence of 1, equation (9) can also be written :

pr= BT =B |M; g - Mi_y pgr(wr, wh)]

where B(t,T — t) is the price at ¢ of a zero-coupon bond of residual maturity 7' — ¢, or

equivalently :

pe = B(t,T — t)E? [gr (wr, w5))] (11)

where the ) dynamics is defined by the conditional p.d.f.

[C(wefwiy,wi) = f(we/wry, wi) My,

= f(wt/wtflawite)Mtfl,t exp(rt)

Here we choose a stochastic discount factor of the following type :

1
M 141 = exp(—=req1 + Ty g1 — §F§+1Ft+1 + 01 12e41) (12)

or, equivalently,

N 1
My =exp(Th €41 — §F2+1Ft+1 + 0441 2041) (13)

where using the notation z; = (s, y;)’ the ”prices of risk”, T'ty1 and d;11 are of the form :

t+1 - t+1s <ty Lty f 1
T = T(ze41, 26, T, Wiy )

Spy1 = (26,86, wy )

and where we impose the identification constraints :

J
Zﬂ'ij’t explo;(es, s, wy )] =1 (14)
j=1

8



with Tijt = P(Zt+1 = ej/zt = 6i75taw§+1)'

Given that ;1 is a standard gaussian white noise, and using (14), we see that M,

satisfies condition (10).

Specification (12) (or (13)) shows that we are pricing the (standardized) innovations

€t+1 of wpqq through I'yyq and the regimes z;y1 through d:11; moreover, since I't14

depends on z;41, the pricing of £,11 may depend on the regimes. In the next sections we

will show how to specify I't1; and ;41 in order to get tractable derivative pricing.

4.

4.1.

LAPLACE TRANSFORMS AND CAR
DYNAMICS

Definition of a Car process
Definition 1 : A process w; is Compound Autoregressive of order 1 [Car (1)], or affine,

if the conditional Laplace transform of w1 given wy, pi(u) = E; exp(u'wiy1), where u

is a vector with real components, has the form :

pr(u) = expla’(w)w; + b(u)] (15)

In other words, the log-Laplace transform ¢ (u) = a’(u)w; + b(u) is affine in w;.

This kind of process has many interesting properties [see Darolles, Jasiak, Gourieroux

(2006)]. A property which is particularly important is the following :



Proposition 1 : If w,; is Car(1), the multihorizon conditional Laplace transforms, for a

given a = (af, ..., ay)" where the a}s are vectors with real or complex components,

Lip(a) = Eyexplay_ppqwip1 + ... + gwigs]

t=1,...,T,h=1,..., H, are exponential affine functions of w; :

Ly () = exp(cpwy + dp,) (16)
where the sequences ¢;, and dj are defined by : ¢g =0,dy =0, and, for h=1,..., H :

cn = a(@H—ht1 +Cho1)
(17)

dn, = blag—nt1 +cp—1) +dpoa

a and b being the functions defined in (15).

Proof : see appendix 2

The previous proposition allows a straighforward computation of many multihorizon
Laplace transforms, in particular E;exp(ajwiin),h =1,...,H (take ag = ag = ... =

apg_1=0,ag = ap) and E; exp(afwits+. ..+ ogwirn), h =1,..., H (take a; = ap, Vi).

Another crucial property [see Duffie, Pan and Singleton (2000)], is the one allowing the
computation of a truncated Laplace Transform. Let us introduce the notation Wy n =

(wiyq,---,w;, ;)" and let us consider the truncated conditional real Laplace transform :

951‘/ (ua v, ’7) = Et exp(u/wt+17h)l(U'wt+1,h<’y)

where u, v are vectors with real components. We have the following property :

10



Proposition 2 : Considering the untruncated complex conditional Laplace transform
©i(A) = Eyexp(ANWyy1,5), where A = u + v is a vector with complex components, we

have

ot (u)
2

e, v,7) = 3 7lr/oo" Im[p:(u+t; ivx) exp(—ivx)]dx (18)

X

where I'm means imaginary part.

This property is important for the computation of options because truncated real
Laplace transforms naturally occur in these computations, and, since the computation of
the untruncated complex Laplace is easy (see property 1) in the Car(1) case, property 2
says that the additional computational burden is just a univariate integral. Note that for
the computation of option prices what matters is the risk neutral dynamics, therefore the
computation of such prices will be easy if the RN dynamics is Car(1), but not necessarily

the historical dynamics.

Also note that the definition and the properties of a Car(1) process are easily gener-

alized to Car(p) (see section 8)

4.2. Historical conditional Laplace transform of wyiq

Using the notation z¢11 = (st41,¥;41)", system (1) can be written

Tep1 = (Ze1, 2) + Py + E1/2(»2’1t+17 2t)€t41 (19)

W ztp1 — 1z
with p(2zi11,2) =

o — Y1’z

11



Proposition 3 : The historical conditional Laplace transform of

— / / ! sia .
Wet1 = (2441, Tpqq)' 18 :

pi(u) = Eprexp(u'zit1 +0'x411)

expl(Ait, ..., Ast)ze + v Py

J
1
log Z mijeexplu’e; + v (e, e;) + iv'E(ej, ei)v]
j=1

where Ay

Proof : see appendix 3.

It is important to note that p;(u,v) is not in general exponential affine in w, and,
therefore, w; is not Car(1), since A;; depends on w, through m,;,. However w; is Car(1),

if ;51 does not depend on sy, i.e. if z; is an homogenous Markov chain.

4.3. Risk Neutral conditional Laplace transform of wy4q.

The Risk Neutral conditional Laplace transform of w41 is given by :
o2 (w,v) = Efexp(u'zei1 +v'mr41)

= EMf exp(u ze41 + V' xy1)
where M, is given by (13) and (14).

Proposition 4 : The Risk Neutral conditional Laplace transform of w11 is given by :

gp?(u, v) = exp[(Aig, ..., Ag)ze + v Oy

J
with A;; =log Zﬂ'ijtexp[v'Elm(ej;ei)F(e‘j,ei,xt,wteﬂ)
j=1

1
+§U/Z(€j, ;) + 0;(e;, s, wi ) +u'ej + 0 uley, ei)}

Proof : See appendix 4.

12



So, in general, the RN dynamics of w;1 is also non Car(1).

4.4. RN seasonality and RN Car dynamics

We would like to allow for a RN seasonality, and possibly, an influence of exogenous

variables which are different from those appearing in the historical world. So we introduce

the notations :

§t = lOg St - I;tS
~ ~y
o= Y- vy
N 5t o vy vi
and z; = =x;+ v — 1y, with iy = U=
~ ~y y
Yt vy 125

Moreover, we would like the RN dynamics of w; = (#}, ;) to be Car(1l) in order to
have tractable prices for various derivatives. More precisely we would like to have the

following RN dynamics :

Fopr = 1 (2eg1s 20) + O 8 + B2 (2041, 20)e 4y (20)

’ ’
Wz — Q1" 2

with p* (ze41,2¢) = ,
Vo — Yip" 2

®1 3

RS

where ¢} is a standard Gaussian white noise under (), and z; is an homogenous Markov
chain under @, with transition probabilities ;.

Equivalently, we would like to have the system :

13



Sev1 = W 21+ 0 (B — 1t ) + 05 G +efty

Jip1 = UG+ (e — pt ) 0y el
€l
with yi— = 22 (2441, R o (21)
€t+1

where ¢} is a standard Gaussian white noise under (), and z; is an homogenous Markov

chain under @, with transition probabilities ;.

It turns out that from any historical dynamics defined by (1) and m;;;, we can reach

any RN dynamics defined by (20) and =

+j» with a s.d.f. of the form (12), provided that

T't4+1 and 6;41 are well chosen.

Proposition 5 : If the historical dynamics is defined by system (1) and m;;;, we obtain

the RN dynamics defined by (20) and 7}; if we choose a s.d.f. of the form (12) with :

dj(ei,se,wi ) = log

L(ej, e mp,wiy,) = S V2%(ej,e)[(@* — @)y

Proof : see appendix 5.

It is worth noting that the (5;-5 of the previous proposition automatically satisfy iden-

tification constraints (14).

In this context, we can easily compute the RN conditional Laplace transform of

W1 = (2141, Ter1)'

14



Proposition 6 : Under the condition of proposition 5, the RN conditional Laplace

transform of W41 = (2}, 1, %1,) is

@Q(u, v) = EfQ exp(u' 2401 + 0" Tiy1)

= expl(A] ... AY)z + 0 Py
J

1
with : A7 = log Zw;‘j explu'e; +v'u*(ej, e;) + 51},2(6]‘7@1‘)1} (22)

j=1

So this conditional Laplace transform is of the form expla’(u,v)w; + b(u,v)] given in

definition 1, with

a'(u,v) = (A7 ..., A%, v'®*) and b(u,v) = 0.
5. PRICING

5.1. Forward prices

The forward price at ¢ and of residual maturity h, denoted by F'(¢,h), is such that
the payoff S;ip, — F(t,h) delivered at t + h has a price equal to zero at ¢, and therefore

according to formula (11) :

0= BI(t, h)E? [StJrh - F(t7 h)]

and,

F(t,h) = Ef [Si+] (23)

This formula is based on formula (11) which in turn uses the independence between
the short rate r; and the other variables of the system (under the historical and the RN
dynamics); therefore it is natural to obtain the identity between F'(¢,h) and the general

formula of a future price, which is a well-known result in this context.

Using the formula :

15



Siyn = expllog(Siin)]

= eXP(ﬁerh + §t+h)

we get :

F(t,h) = exp(} ) B [exp(3t41)] (24)
Moreover §; is the J + 1th component of w; which is Car(1) under @, so we have to

compute EtQ exp(e’;Wiyn) where eyy1 is the vector selecting the J 4 1th component.

Using Proposition 1 and formula (24) we get the following result.

Proposition 7 : The forward price at time and of residual maturity h,h =1,...  H, is

F(t, h) = exp(i7y ) + cjibr)
where ¢, is obtained recursively from
C1 = a(€J+1)

e = alep—1), h=2,..., H.

where a is function defined in proposition 6, or equivalently,

log F(t,h) = Uy, + cj 3¢ + Cz/gt +¢'z

/ iys 3 I (2! s Y
where ¢}, has been partitioned into ¢;, = (¢}, ¢}, c}’)

Proof : It is a direct consequence of proposition 6 and proposition 1 with ay =

€J+1,Oéh:0,h:].,...,H71.

Therefore log F'(t, h) is the sum of four components. The first component 77}, con-
tains the risk neutral deterministic part of log Sy in particular the risk neutral seasonal
component of log S;4,. The second component cj, 5; measures the impact of log S; purged
from its RN exogenous part. The third part is similar but for the factor Y;. The last
part ¢j'z is a constant depending on the regime. If we now introduce the historical
decomposition of log S; and Yy namely log Sy = v + s4,Y; = v + y;, the decomposition

of log F'(t, h) become the following :
16



Corollary 1

log F(t,h) = 05, +c(vi—8)+c) (v) — i)

+ s+ cZ’yt + C’Zl/Zt
Proof : It is a direct consequence of the identities §; = v — 0§ + s¢,9r = v{ — Y + ys.
Therefore the historical exogenous part of log F'(¢, h), is :

m(t,h) = v, + (Vi —5) + e (v — Y) (25)

In particular, if the various exogenous parts only capture seasonality, the historical

seasonally adjusted values of F(t,h) are :

f(t,h) = expllog F(t,h) —m(t,h)]

exp(c st + cz/yt +ci'2) (26)

If we assume that the seasonal patterns are identical in the historical and the RN
world [see Lucia and Scharwtz (2000)] i.e. 7f = vf, 0} = v/, we get m(t,h) = v1 144,
that is the seasonal part of log F'(¢, h) is the same as the one of log S, and, therefore

this seasonal part only depends on the delivery date ¢t + h and not on the present date t.

5.2. Internal Consistency (IC) conditions

We have seen that the price at t of a payoff gr delivered at T" > t is given, in our

framework, by (see equation (11)) :

pe=B(t,T - t)E?[gT(wTv%)]

The theoretical price p; given by the model is therefore a function of (w¢, w$) and of
the parameters ¢ of the model. In some cases this function p;(w, w5, 0) is also completely
known by the econometrician and given by p? (we, ws), say. In this case the model must

satisfy the IC conditions implied by :

17



pe(wi, w, 0) = p} (wy, wh) Vg, wi, 0

For instance, if some components of Y; are equal to log F (¢, h;), for some h;, we have

for each h;, the identity :

0= Ef(Sern, — exp(Yir))

where Y;; is the component of Y; equal to log F (¢, h;), which implies, using corollary 1

and formula (23) :

Yie = m(t hi)+c s+ cg,’”'yt + ¢z
= V' +yu
which implies :
Ch, =0
Ch, =0
cn. = ¢; (the vector selecting y;; in y;)

m(t, hz) = Vtyi

Since m(t, hi) = vy, +v{" — 7", the last condition is 7}, = 7"

If we are working directly with seasonally adjusted variables y;; = log f(¢, h;), we may

assume the equality :

_ .8 y ! z !
Yit = Cp, St + Cp, Yt + Cp, 2t

and therefore only impose the IC conditions ¢; = 0,c} = e;,¢cj, = 0.

Note that if electricity was a tradable and storable asset, we should impose the con-

straint :

Sp = exp (—1441) B S

which would imply :

S, = B(t, T —t)EXSy
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Sy

and F(t,T*t): m

However, since electricity is not storable we do not impose this condition.

5.8. Pricing options on spot or forward prices

The price at t of an option written on the spot price, with residual maturity h and

stike K, is :
Cs(t,K,h) = B(t,t+h)E?(Sin — K)*
= B(t,t+h)E2[exp(7}, ), + 5i4n) — K|*
= B(t,t+h)exp(Dy,,) B lexp(5e4n) — K exp(—i77,,,)]
= B(tt +h) exp(i7, ) LB [exp(5r0n) Uz, 5105 k-2, }

— Kexp(=7,)Q(8t4n >1og K — 77}
So we have the following result :

Proposition 8 : The price of an option on Sy4p, is

where :

o (w,v,7) = B lexp(udien)lws, <)
and ~y(t,h,K) = —logK+7;,

Cs(t, K, h) = B(t,t + h)[exp(5,,)¢¢ (1, =1, 7(t, h, K)) — K& (0, —1,7(t, h, K))

The truncated conditional Laplace transform 95? (u,v,v) can be computed from the

conditional complex Laplace transform ¢;(\) = EtQ exp(A§;yp) using proposition 2, and

»+(\) can be computed using proposition 6.

Similarly the price at t of an option written on the forward price

F(t+ h,k) and strike K is :

Cr(t,k,h, K) = B(t,t + h)EL[F(t + h, k) — K]*

19



and using proposition 7 :

CF(tvkvha K)

B(t, t + h)ER[exp(i5 ), . + Chbrgn) — KI*

= B(t,t+h)exp(7, 1) B lexp(citbepn) — K exp(=75 1, )]

= B(t,t+h) exp(i, 1 ) ER [exp(cftbien) e 5,y >1og K550l
- KeXP(*Derthk)]l(cgcwt+;L>log K—D8 1 0)

Therefore we have a similar result :

Proposition 9 : The price of an option written on F(t + h, k) is :

Cp(t,k,h, K) = B(t,t + 1) [exp(F5 1 )P5 (chy —Crs Y (t By Ky K)o
o= K@2(0, —cp, y(t, bk, K]

where :

(JBtQ(U’UfY) = EtQ[exp(ulﬂ}fﬂrh)l(v’ﬁlt+h,<"/)]
Y(t, h, k, K)

—log K + 0f 4y,

Again Cg(t,k, h, K) can be computed using propositions 2 and 6.

6. INFERENCE BASED ON ESTIMATED FORWARD CURVES

In this section we assume that at date ¢t = 1,...,T seasonally adjusted forward prices
f(t,h),h € H have been estimated. In this context we consider first a model without

quantitative latent variable and then a model with quantitative latent variables.

6.1. A model without latent quantitative variables

We consider the historical dynamics given by equations (27), (28),(29) :

sepr = Wz +o1(se — pw'a) + by + 7 (27)
Yey1 = o +P1(se — p'z) + by + €]y
€41 1/2
where : | = SY2(z41, 2)ers1, 60 ~ TIN(0, 1) (28)
€11
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and z; is valued in {ey,...,e;} with

Tijt = P(zi41 = €j/2 = €3, 51, w5 ) (29)

We assume that y, is a vector of m estimated seasonally adjusted log-forward prices
log f(t,h),h € Hp.

We denote by 6 the vector of parameters appearing in (27), (28), (29). This vector
0 can be estimated by the Maximum Likelihood method using the Kitagawa-Hamilton
algorithm (see Hamilton (1989)), since the only latent variable is z;. If we assume,
o(zt41, 2t) 0

0 ¥/
can first estimate the parameters appearing in the first equation of (27), in o(z¢+1, 2¢)

moreover, that X1/ 2(2441, %) is block-diagonal of the form , we

and the 771’-]-753, by the ML method only based on the first equation of (27). Then we can
estimate, in a second step, the parameters in the second set of equations of (27) and
¥, by Ordinary Least Squares (OLS) once z; has been replaced by its smoothed value,
based on the Kim (1994) smoothing algorithm, and on the estimations of the first step.

Note that if y; does note cause (s¢, z¢), that is if 9 = 0, the first step estimation only
necessitates the estimation of the joint dynamics of (s, z;), only based on the observations

of s;.

Let us now consider the estimation of the parameters, denoted by 6*, appearing in
the RN dynamics characterized by system (21) and the transition probabilities m;;- This
vector 0* will be estimated from the observations of the log-forward prices not used in
the estimation of 6, log f(t,h),h € H — Hp, and from the theoretical values of these

log-forward prices given by (26) :

log f(t,h) = cysp + 'y + iz

More precisely, taking 6 at its estimated value and the z,s at their smoothed values

Z; we minimize with respect to 6* :

S llog f(th) — cise— ey — ¢4 (30)

t=1 he H—Ho
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under the IC constraints :

¢; =0,¢;, =0,c] =ep for h € Hy

and ey, being the vector selecting the component of y; equal to log f(¢, h).
For instance if m = 2, that is if y; contains two seasonally adjusted log-forward prices,

and if J = 2, the number of components of

0" = [,U,* 7901(7@; 7¢8 71/)T ,(1)6(31/};)/,71';}]

*

is 15 (taking into account the constraints on the 77

) and the number of IC constraints

is 10, so there are 5 degrees of freedom in the minimization.

Not that, in principle, it would be also possible to use raw data log S; and log F'(¢, h)
instead of seasonally adjusted data. In the first step we could estimate at the same time
6 and the parameters appearing in v§ and v by replacing in system (27) s; by log Sy —v;

and y; by Y; — v, Y; being the vector of components log F(t,h), h € Hy.

Then it would be possible to estimate 6* and the parameters appearing in 7§ and 7}

by replacing the objective function of the minimization (30)by :

T
2
Z [log F(t,h) =0, —cp (v — 7)) — AW Y — s —clyr — ci/zt]
t=1 he H—Ho
(31)
in which 0, v¢,vY, z are replaced by their estimations, and where we take into account
the same IC as before and the additional constraints 77, , = /*, where h; € Ho and 7"

is the corresponding component of 77y.

For instance if the deterministic components o, /" are constants depending on the
month corresponding to date ¢, this means that the RN deterministic component of

F(t, h;), must be identical to that of log S;qp,.

6.2. A model with latent quantitative variables : the inversion method

Let us assume that y; is partitioned into (y,, y5;), where y14 is observed whereas yo;

is not, and let us denote by p; and po the sizes of y1; and yor, with p; + p2 = p.
22



Let us consider a set of seasonally adjusted log forward prices log f(t,h),h € Ho CH
not appearing in y;; and such that the cardinal of Hs is ms. Denoting the vector of

components log f(t,h), h € Ha by §a:, we get from (26), with obvious notations :

Yot = c15¢ + Cry1e + Coyar + C324 (32)

Introducing the notation Z; = (s, y1;, Js;) and, as above, xy = (8¢, Y14, Yae)', We get :

1 0 O 0
=10 I 0 |z+]| 0 |a (33)
C1 01 02 C'3
or :
Ty = éIt + C’gzt (34)

Moreover system (1) can be written, using the notations in (19) :

Tey1 = (211, 2e) + Py + BV (241, 2)Er (35)

and, therefore, using (34) we get :

C_l(.’Z't+1 — 032t+1> = /,L(Zt+1, Zt) + q)c_l(jt — C_’3Zt) + 21/2(2t+17 Zt)Et+1 (36)

or :

Tepr = (241, 2t) + OF + Y2 (2041, 2)er (37)

with :

[_L(Zt_t,_l, Zt) = C’/J,(Zt_;,_l, Zt) + C’gzt+1 — C'(I)éilégzt

é = é@é_l, 21/2(2t+13 Zt) = 021/2(Zt+17 Zt)

System (37) is similar to (35), with an important difference : Z; is fully observable.
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Denoting by y;, the set of log f(t, h) not appearing in y1; and 2, and assuming that

y; is observed with Gaussian errors we have :

yi =C'xy + C3z + &

& ~IIN(0,02) or :

yr = C*C Nz — Caz) + Ciz + & (38)

Equations (37) and (38) provide a system in which the only latent variable is z; and,
therefore, this system can be estimated by the ML method and the Kitagawa-Hamilton
algorithm, providing simultaneously estimators of the historical and RN dynamics. If y14

contains log forward prices, IC conditions must be imposed like in the previous section.

6.3. A model with latent quantitative variable : a two step approach

The previous method may be time consuming since it involves nested recursive com-
putations implied by the computation of the theoretical forward prices on the one hand,

and by the Kitagawa-Hamilton algorithm on the other hand.

A simpler approach would be to start from equation (37), to estimate it with uncon-
strained parameters and the specification of the 7;;;, and to compute smoothed values of
the z;. In a second step the values of z; would be replaced by Z; and, since the only latent
variables would be the yo;, the inversion technique would lead to an explicit formula for

the likelihood function of (37) and (38).

7. INFERENCE BASED ON OBSERVED
FORWARD PRICES

Let us assume that at each date ¢ we observe N; forward contracts with deliv-

ery periods (¢t + Hi,t + Hy + D;),i = 1,..., N;. The forward price of this contract,

denoted by F(t, Hy, D;) is such that the price at t of the payoffs (S;i1z, — F) at
t+ Hiyo ooy (St4H, +D,—1 — ﬁ‘) at t + H;; + D; is equal to zero, i.e.

H;1+D;—1 _
0= Z B(t,h)E? (Sipn — F)

h=H;;
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and, therefore :

Hy+D;—1
> B(t,h)F(t,h)
. h:Hm
F(t, Hit, D) = Hi+D;—1
> B(t.h)
h=H;¢
which might be approximated by :
R 1 H;++D;—1
F(t,Hyt, D;) = Be h;‘ F(t,h)

From proposition 7 and corollary 1 we know that :

log F(t,h) = m(t,h) + cis¢ + ¢ ys + ci 2 (39)
where m(t,h) = 07, +¢; (Vi — 7)) + ' (v) —Y) where v, are the historical and RN

deterministic components of log S;, and v}, 7Y are the corresponding components of Y;.

In this context the stochastic processes {F'(t,h),t = 1,...,T;h fixed} are no longer
observable and we may consider that the only observable stochastic process is S;. The
other variables Y; are latent, we assume that v} = 7Y = 0, and therefore, we have y; = Y;

and :

m(t,h) = v, +cp(vi —77) (40)

Note that, since the y; are latent, identification conditions must be imposed in the second
set of equations in (1) and (21). For instance, we can impose 1o = 5 = 0, ¥1 and 9]
triangular and the variance-covariance matrix of ef,; and €/}, equal to the identity
matrix.

The forward prices F(t, Hy;, D;) become :

Hit+D;—1
~ 1
F(t,H;, D;) = D E exp(m(t, h) + cis¢ + clys + i’ 2] (41)
" h=Hjy

Note that, if we use the raw data log Sy, instead of s; = log Sy — v§ formula (41)

becomes :
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Hit1+D;—1

- 1 )
F(t,Hi,D;) = e Z explm(t, h) + ¢ log Sy + cys + ¢i' 2] (42)
Y h=H
with :
m(t,h) =i, — cpvf (43)

In any case log F(t, H;;, D;) is no longer linear in the random variables of interest and

this new feature makes inference more complicated.

However inference is still tractable in some situations. If we assume for instance that
the latent variable y; does not appear in the first equation of system (1) (i.e. 2 = 0),

and that ©%/2(z,41, z) is block-diagonal, we can estimate the first equation of system

(1) :

Si41 = W1 + p1(se — W'ze) + 0(2e41, 20)E41

(where ¢ is the (1,1) entry of ¥/2) using the Kitagawa-Hamilton algorithm. Then

replacing the z;s by their smoothed values Z; we get the system :
se = pi+ei(sim1 —pWzi1) +0(Z, Zer)e]

v = Yo+ Ui1(se—1 — p'E-1) + Yoyi—1 + 2542(% Zi_1)e]

(where 3307 is the south-east block of $1/2).

Adding Gaussian error terms & in (41) and replacing z; by 2; we have :

Hit+D;—1
- 1 ; N
F(t,H;,D;) = B E explm(t, h) + cise + 'y + ¢/ 2] + & (45)
7

h=H;

& ~IIN(0,0%1),i=1,...,N;

Equations (44) and (45) constitute a state space model, in which the latent variable
is y;. The transition equations are the second set of (44) and, therefore, linear, whereas

the measure equations are (45) and the first equation of (44) and, therefore, nonlinear.
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The parameters appearing in this nonlinear state-space system can be estimated using
the extended Kalman filter.

Another possibility would be to estimate simultaneously the RN parameters and the
y4's, by minimizing with respect to these two sets of variables the sum of the squared
differences between the observed values of the F(t, H;;, D;) and their theoretical formulas.
In these formulas the z;’s might be replaced by smoothed values obtained from a first
stage estimation of the univariate dynamics of (s, z¢) based, for instance, on a switching

AR(p).

8. POSSIBLE EXTENSIONS

8.1. Multiple lags

In the previous section we have assumed that only one lag appears in all the equations.
However it would be straightforward to introduce more lags, using, in particular, the
fact that a Car(p) process can be transformed into a Car(1) by extending the size of the
process. It is, however, preferable not to introduce lags in the latent variables yo; in order
to keep the simplicity of the inversion technique proposed in section 6.2. Since a priori
insights on the dynamics of latent variables are not in general available, this constraint

is not really restrictive.

8.2. Use of the spot price returns

Instead of using the variable s; = logS;, we could use the return variables s; =

t

Si—1

sy — vy, we would have :

log The only change would be in the expression of F'(t,h). Putting again §; =

F(t,h) = EPSi
= StEtQ exp(3t+1 + ...+ St+h)

= Siexp(Fiy + -+ 55 B exp(Bipn + o+ Fiin) (46)

If the process §; is Car(l) in the RN world, the multihorizon Laplace transform
appearing in (46) can be easily computed using proposition 1 using aj, = ejy1,h =

1 H.

yoeeey
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8.3. Non additive impact of the exogenous variables

We have assumed that, in the RN world, the exogenous variables only appear in
the systematic part of 7f and Y of the additive decomposition log S; = 7§ + §; and
ys = Uy + ;. In particular we have assumed that the RN transition probabilities ues
do not depend on exogenous variables, contrary to their historical counterpart m;;;. The
introduction of non additive exogenous variables would lead to a non homogenous Car(1)

dynamics of w; characterized by a conditional Laplace transform of the form

explayy; (u)wy + by (u)]

where ay41(.) and b;11() depend on time through the exogenous variables.
It turns out that, in this context, the multihorizon conditional Laplace transforms
can still be computed recursively, using a generalized algorithm which is forward in h and

backward in ¢ (see appendix 6 and Gourieroux Monfort Polimenis (2006) for details).

8.4. Dynamic specification of the exogenous variables

Up to know we have worked conditionally to future scenarios for the exogenous vari-
ables and, therefore, we dit not have to specify their dynamics. However if we do not
wish to consider scenarios of exogenous variables we will have to incorporate them in the
w; vector and specify their historical as well as their risk neutral dynamics.

The simplest solution is to consider that these exogenous variables are a subvector
of y:, which is observable. Nothing is changed in the pricing and estimation results,
the only particular feature is that, in system (1), the right hand side of the equation
corresponding to the exogenous variables only contain past values of these variables and
the error term is independent of the others and of the process z;. In other words there
is no feedback from all the other variables towards the exogenous variables.

The drawback of the previous solution is that the dynamics of the exogenous variables
is assumed to be linear autoregressive and, moreover, the impact of these variables on
log S; is assumed to be linear. The latter assumption is not necessarily satisfactory if the
exogenous variable is the temperature or the difference between the temperature and a
“normal” level. In this case an alternative modeling, which will allow to stay in the Car
domain, at least in the risk neutral world, is to assume that the exogenous variable of
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interested has been discretized. If we denote by zf this observable discrete value process,
and if we denote by Z; the latent discrete value process aiming at capturing the spikes,
the overall discrete value process introduced at the beginning of this study becomes
2t = Z ® z¢. In other words z; is valued in the set of vectors obtained as the Kronecker
product of vectors e ® e;, e being of size K and e; of size L,i.e. in the set of vectors
eq of size KL. If this process is an homogenous Markov chain the process w; is Car(1)
in the historical world, and also in the RN world if we use the same kind of s.d.f. as in
section 3.1, and like previously this process could be Car (1) in the RN world even if it
is not in the historical world. Attractive features of this modeling are that the impact
of zf on log S; is nonlinear, that we could introduce different causality schemes and that
the estimation procedure could be made sequentially.

Let us consider the case where Z; has 2 states, whereas z{ has 3 states. In this case
z has 6 states and an unconstrained Markov dynamics would have 30 parameters. The
other extreme case would be to assume that z; and z; are two independent Markov chains,
in this case the number of parameters would be 2+ 6 = 8 parameters and, moreover, the
6 parameters of the dynamics of zf could be estimated separately since z; is observable.

Several intermediate cases are also of interest. Indeed we have :

P(Zt - ejazf = e;/gt—l = éiazte—l = 6;‘)

= PZ=ej/zf = ef, Z-1 = €i,2f_1 = ef)P(zf = e;f/ét,l =é;,2f 1 =¢€))

The first term of the RHS depends on 18 parameters and the second of 12 parameters,
the total beeing 30 as mentioned above. Since zf is exogenous it is natural to assume that
Zt—1 does not appear in the second term of the RHS which, therefore, only depends on 6
parameters which can be estimated separately. If we assume moreover that zf ; does not
appear in the first term of the RHS, that is to say that z§ causes Z; only instantaneously,
this first term only depends on 6 parameters, which can be estimated by the Kitagawa
Hamilton algorithm. Moreover the term p'z;41 in (1) could be specified additively :
Wzl = 11 + ,u*/zteﬂ. For the model to be identified we would have to impose a
constraint on (i, u* ), for instance that one component of fi, or x* is zero. Therefore in

the example above the number of parameters appearing in u'z;11 would be 4.
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Historical Risk neutral
Ha 0 0
12 0.5 0
1 0.6 0.5450
©2 0.1 -0.4450
Yo 0 0
Uy 0.5 -0.4450
o 0.1 0.5450
5, 0.05 0.0112 0.05 0.0112
0.0112  0.01 0.0112  0.01
[ 0.5 0.0884_ [ 0.5 0.0884_
& 0.0884 0.0625 0.0884 0.0625
P 0.99 0.01 0.99 0.01
0.80 0.20 0.80 0.20

Table 1: Characteristics of historical and risk neutral dynamics

9. Illustration

Let us give some examples of simulated spot and forward electricity prices generated
by affine models. The objective is not to explore the whole set of possibilities of affine
models. Here, we illustrate how simple models can represent spikes in spot prices and

many forms of forward curves.

9.1. Simulated spot prices

In this section we consider a regime switching VAR(1) model described by (1) with
a latent factor y; and two regimes: the first regime is persistent and represent ”normal”
spot prices, while the second aims at representing spikes. The values of the historical
and risk neutral parameters are given in table 1. Figure 1 shows behavior variations
due to the transition probability matrix and specifically to the probability of obtaining
a spike. As expected the frequency of simulated spikes is directly related to the values

of the transition probability.
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Figure 1: Simulated spot price in function of transition probabilities. The model is a VAR(2) composed

of 2 regimes
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Figure 2: Simulated spot price in function of ¢1. The model is a VAR(2) composed of 2 regimes

Figure 2 shows behavior variations due to the auto-regressive coefficient ;. This re-
sult shows the capability of the model to differently represent the effect of a spike on

subsequent dates.

9.2. Simulated Forward prices

We are now interested in simulating forward prices from affine models. We first
consider 7y = 1/ = 0. Figure 3 shows different forward curves F(t, h) obtained by simu-
lating model (1) with several values of parameters. Paramter p; impacts the beginning
of the curve and the long term equilibrium value. Parameter p;; impacts the long term

behaviour of the curve. The value of observation X; also impact the beginning of the
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curve. The persistence of this impact is related to the eigen values of the matrix of poly-
nomials in the lag operator of the risk neutral dynamics. Indeed, figure 3c shows forward
curves when the highest eigen value is 0.95 whereas figure 3d shows forward curves when
the higher eigen value is 0.99, where the value of X; is more persistent.

These results illustrate the capability of affine models to represent a large set of possible
foward curves.

Also note that a risk neutral deterministic part, say 7;, can be introduced to represent,
for example, seasonality in the forward curve. Indeed, consider 7y as a product of a daily
and a monthly coefficients:

Dt = DtMt, (47)

where D; = C¢ if t corresponds to the ith day of the week, and M; = CJ" if t belongs to
the jth month of the year.

Figure 4 shows examples of simulated forward curves from affine models when all effects
(parameters and seasonality) are mixed. This result shows the effectiveness of affine

models in well representing forward prices.

10. CONCLUDING REMARKS

Building on recent developments of econometrics of asset pricing, we have proposed
flexible and tractable modeling strategies for the joint behavior of spot electricity prices,
forward prices and option prices. We have considered different types of data : season-
ally adjusted versus raw spot prices, estimated forward curves versus forward contracts
prices, different statistical specifications and different estimation strategies. This general

framework should provide a guideline for various kinds of applications.
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Figure 3: Simulated Forward curves in function of (a) mean p1, (b) transition probability p11, and value

of observation X; when higher root of AR-polynomial is (c) 0.95 and (d)0.99.
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Figure 4: An example of realistic forward curve.
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APPENDIX 1
NONCAUSALITY AND INDEPENDENCE IN THE HISTORICAL AND
THE RISK NEUTRAL WORLDS

i) Non causality in the historical world.

Let us consider the stochastic process (wé,wfl)/,t =1,...,T. by definition, w; does

not (Granger) cause wf if :

O Jwiy, wi_y) = Flwf fwg_,), vt

that is, if wy and w;_; are independent conditionally to wy_;.

This definition is equivalent to the Sims definition :

f(wt/wt—l,uj) = f(wt/wt—laﬁ)7Vth
that is : w; and the future values of w*® are independent conditionally to w;_1,wy.

Indeed the joint p.d.f. of wr, w§ can always be written :

flor,wg) = H;F:1f(wt/bv %)H;:1f(wt€/£)

= L f(we/we_y, w§)IT ) f(wf fwe_y, wf_y)

and the result follows.

Thus, if w; does not cause wy we have

flwr, wg) = T f(we/wi—y, w)) Iy f(wf /wi_y)

Although the notion of (strong) exogeneity is not perfectly equivalent to the notion
of non-causality (see Gourieroux-Monfort 1996, chapter 1, volume 1, for the details), we

will not distinguish them here.

ii) Non causality and independence in the risk neutral world

We consider the processes wy, wf and wy introduced in section 2.2. Let us assume

that the SDF between t — 1 and ¢ is factorized as follows :
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My = exp(—ro) My, (we, wi) My, (wi) M, (wy)

where

E(Mt*fl,t/wtflywig) =1
E(Mf—l,t/wte—l) =1

E(Mtifl,t/wgfl) =1

and r; is the short rate between ¢ — 1 and ¢, (which is a function of w?_).

Using the iterated expectation formula we get :

E(Mt—l,t/wt—la w§_y,wi_q) = exp(—ry)

Moreover the joint conditional RN p.d.f of (wy, w§,w!) given (wi_1,w§_j,wi_;) is

obtained as the product of the historical one :

Fwn fwey,w)) F(wf fwg_) i (wl fwi_)

by M, 4, Mte—l,tMti—l,tv and we get :

F(wn fwe—,wf) (F)2 (wf f_y) () (wf fawi )

where :

e = fx My,
(f)° = fox Mgy,
(f)° = frxM_y,

So the exogeneity of w¢ and the independence of wi are preserved in the RN world.
iii Pricing
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The pricing at t of a payoff g(wr, w?) delivered at T' > t is given by :

pr = EP exp(—rs1 — ... — rr)g(wr, w)
where EtQ is the RN conditional expectation given (w;, wy, uj)

Since w{ is Q-independent of (w;,w§) we get :

P = B(t,T — ) EZ g(wr, w5)

where B(t,T — t) is the price at t of the zero-coupon bond of residual maturity 7" — ¢.
Moreover if we fix a scenario w4 for the future exogenous variables, the conditional price

is :

bt = B(ta T - t)EQ[g(ﬂ7 w%)/%a ’U}%]

and given the exogeneity of w® and using Sims’ version of the non-causality mentioned
in (i), this conditional expectation is obtained by fixing w$. at scenario values and using

the p.d.f. :

T
II oG /we,ws)

T=t+1

i.e by considering w§, ,...,w% as non random and fixed at their scenario values.

Also note that the conditional price can be written, using the historical dynamics and

the stochastic discount factor M; 1 = exp(—r¢) M} 4,

2 B(t, T —t)E[M{y 1y ... My pg(wr, wE)/wr, wg]
= E[M1... Mr—1 rg(wr, wg)/we, wh, wi]
In other words, we can work with a stochastic discount factor M;_;, of the form

eXP(*Tt)Mt*—l,tv with E(Mt*—l,t/wt—laﬂf) =1

APPENDIX 2
PROOF OF PROPOSITION 1
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Ly (a) = Eyexp(aywiy1) = expla(am) ' we + blapy)]
and since ¢; = a(ay),dy = b(ag), the formula is true for h = 1, V¢.

Let us assume that it is true for A — 1,Vt, we have :

Lin(a) = Eilexp(aly_j 1 wir1)Ery1 exp(@ly_p oWii2 + .o+ aywiys)]
= Elexp(aly_j41Wit1)Lit1,p—1(c)]
= Eiexp(ay_j Wit1 + ¢j_qwigr +dp_1)]

= expla(ag—nt1 + ch—1)ws + blag—py1 + ch_1) + dp—1]

and the result follows.

APPENDIX 3
HISTORICAL CONDITIONAL LAPLACE
TRANSFORM OF w;;

The historical conditional Laplace transform of w1 = (2{,1,2;,4)" is
ot(u,v) = Eyexp(u ze41 + v'@y1)

= Eyexplu'z1 + 0 u(ze41, 20) +0' @y + 'SV (20101 11]

Taking first the conditional expectation given (wy, z;41) we get :

1
or(u,v) = exp(v'®x;)Eyexplu'zi11 + V' u(ze41, 2e) + 51}’2(2,5“, )]
= exp[v'®xy + (Arg, ... Age)zi]

where

J
1
Ay = log Zﬂ'ijt exp {u’ej +v'plej,e;) + iv’E(ej, €;)v
j=1
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APPENDIX 4
RISK NEUTRAL CONDITIONAL LAPLACE TRANSFORM OF w4

The RN conditional Laplace transform of w1 is :
eP(u,v) = EPexp(u/zi41 +0'Tei1)
= EM], exp(u'zipn +v'wign)

1
= Erexp(Tyee41 — *F2+1Ft+1 + 5£+1Zt+1 +u'zp1 + 0 241)
2

Wlth Ft+1 = F(zt+1,zt,xt,w§+1)
Orp1 = (21,50, w5 )
J
and Z ijt exp[d;(ei, 8¢, wyyq)] = 1, Ve, s, w4
=1

Using the expression of x; 1 given by (19) we get :

1
Epexp[l jeet1 — =D Ter1 + 81 ze01 +u'ze01 + 0 [p(zeq1, 2t) + Py
t+ ol t+ +

¢% (u,v)

+21/2(Zt+1,zt)€t+1]
=  exp(v/®xzy)x

E, eXp[—%F,'gHFtH + %(FtJrl + Ztlﬁv)'(rtﬂ + Eiﬁv) + 681zt +u zeq1 + Ve
= exp(v/®z)E: exp[v’EiiQIFtJrl + %’L}/E,H,l’l) + 6, 1241 + Uz + 0 ]

= exp[v’(I)act + (Alt N A(]t)zt]

with :
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J

Ay =log ijtexp [U’Elﬂ(ej,ei)F(ej,ei,xt,wa)
=1

1
—l—iv'E(ej, ;) + 0;(e;, s, w5 ) +u'ej + 0 uley, ei)} }
APPENDIX 5

RN DYNAMICS

The RN conditional Laplace transform of w11 = (Z¢41, 2e+1) given by (20), and the

*

transition matrix 7;; is :

B exp(u'ze41 + V')
= exp(v’@*it)EtQ explu zpp1 + V' (21, 20) + V'SV (241, 2 )efi1]

= exp[(A]...A%)z + v P* ]

J
1
with A = log{z 7 explu’e; + v p* (e, ) + iv'E(ej, ei)v]}
i=1

Therefore the RN conditional Laplace transform of w41 implied by (20) and 77; is,

using Ty = x4 + 14 — Iy
exp[v/® (v — ) + V' @z + (A ... A%) 2]
Comparing with cp? (u,v) given in proposition 4, we see that they are identical if :
1) mije expldj(eq, s, wiy)] = 75
i) B12(ej, €)T (e, €i, 0, Wy ) = (BF — @)z + D™ (v — 0y) + (e, €4) — paley, )

So, for a given historical dynamics characterized by m;;¢, ®, 1t and v, and any wished

*

RN dynamics characterized by 7;;, ®*, u* and 7, we can adjust the SDF in an appropriate

way by choosing the d; satisfying i) and I' satisfying ii) that is :
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*

e _ iJ

dj(ei, s, wiyq) = log —=
Tijt

and

L(ej, e, xp,wi ) =
B2 (ej, ) [(RF — @)z + D (v — 21) + (e, €q) — piley, )]
Note that the ¢; thus defined automatically satisfy constraints (14).

APPENDIX 6
EXTENSION OF PROPOSITION 1 TO THE NON HOMEGENOUS
CASE

We want to compute :
Lin(a) = Erexp(@y i wisr + - 4 agwien)]

Vi=1,...,t,h=1,...,H, witha = (af,...,ay)

when

Eyexp(u'wyi1)] = explag (w)wy + byy1(u)]

We want to show :

Ly n(a) = exp(ci pwy + dip), Vt, h

This formula is true of A = 1 and any ¢ since :
Lia(a) = Elexp(aywitr)]

= explajq(am)ws + b (o))

and we have :¢; 1 = ayy1(ap),di1 = b (an).

Moreover assuming that the formula is true for h — 1 and any ¢ we have :
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Lip(a) = Eiexp(afy_pqwes1)Erprexp(@y_poWip2 + ..+ aywiin)]

= Eilexp(ay_p1Wir1) Lip1,n—1(a)]

= Et [exp(a}lchrlel + C;+1)h71wt+1 + dt+1,h—1]

!
= explaj(@Hg—nt1 + Cp1,n—1)We + b1 (O —pg1 + Cg1,0—1) + digrn

and we get

ch = Q1(OH_ht1 + Cir1,h-1)

diy, = bpi(0g—py1 +cr1n-1) Fdig1n-1
Note that we get the right values of ¢;; and d;; by taking c¢;o = 0 and d¢ o = 0 for
all t.

Computation

o Starting from cpy g0 = 0 we get ¢ i after H iterations on ¢,

e Starting form cpyp—1,0 =0 we get cr,p—1 and cr—1. g

etc

o Starting from ¢, o = 0 we get ¢;—11,¢t-2,2,---, c—g,u,Vt € {H+1,..., T+ 1}

e Starting from ¢; o =0 we get ¢t—1,1,...,c14-1Vt € {2,..., H}.
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