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Efficiency in Large Dynamic Panel Models with Common Factor

Abstract

This paper deals with asymptotically efficient estimation in exchangeable nonlinear dy-
namic panel models with common unobservable factor. These models are especially relevant
for applications to large portfolios of credits, corporate bonds, or life insurance contracts, and
are recommended in the current regulation in Finance (Basel II and Basel III) and Insurance
(Solvency II). The specification accounts for both micro- and macro-dynamics, induced by
the lagged individual observation and the common stochastic factor, respectively. For large
cross-sectional and time dimensions n and 7', respectively, we derive the efficiency bound
and introduce computationally simple efficient estimators for both the micro- and macro-
parameters. In particular, we show that the fixed effects estimator of the micro-parameter
is asymptotically efficient. The results are based on an asymptotic expansion of the log-
likelihood function in powers of 1/n. This expansion is used to investigate the second-order
bias properties of the estimators. The results are illustrated with the stochastic migration

model for credit risk analysis.

Keywords: Nonlinear Panel Model, Factor Model, Exchangeability, Semi-parametric Effi-
ciency, Fixed Effects Estimator, Bayesian Statistics, Credit Risk, Stochastic Migration, Basel

II, Granularity Adjustment, State Space Model.
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1 Introduction

This paper considers the asymptotically efficient estimation of nonlinear dynamic panel mod-
els with common unobservable factor. We focus on exchangeable specifications that are ap-
propriate to analyze the set of histories of a large homogeneous population of individuals
featuring serial and cross-sectional dependence. Such a framework is largely encountered in
credit risk applications. For instance, for the risk analysis in portfolios of corporate debt, the
panel data are the default, loss given default and rating migration histories of a large pool of
firms in a given industrial sector and country. The common factor represents a latent macro-
variable, such as the sector and country specific business cycle, that introduces dependence
across the individual risks, such as default, loss given default, or migration correlations. The
purpose of the analysis is to predict the future risk in a large portfolio of corporate bonds or
credit derivatives issued by the firms in the pool. !

The model considered in this paper involves both a micro- and a macro-dynamic. Con-
ditional on a given factor path, the individuals are assumed independent and identically dis-
tributed, with the histories of observations y;;, t varying, following a same time-inhomogeneous
Markov process for any individual 7. The transition density h(v::|y;:—1, fi; 3) at date ¢ de-
pends on the factor value f; and the unknown parameter 5. The micro-dynamic is captured
by the lagged individual observation ¥, ;—; and unknown parameter (3. The macro-dynamic is
driven by the time-varying stochastic common factor f;. The latter is unobservable and fol-
lows a Markov process with transition density g( f;| f;—1;6), which depends on the unknown
parameter . When this common factor is integrated out, it introduces both non-Markovian
serial dependence within the individual histories, and cross-sectional dependence between
individuals. The variables y; , are either quantitative, or qualitative (as for default and rating
histories in the credit risk application), while the components of vector f; are real valued
(corresponding to a continuum of latent states). The model is potentially nonlinear in both
the micro- and the macro-dynamic.

When the cross-sectional dimension 7 is fixed and the time dimension 7" tends to infinity,

The panel data may also correspond to other risk characteristics of a pool of corporate loans, household

mortgages or life insurance contracts, such as prepayment, lapse, mortality.



the Maximum Likelihood (ML) estimators of micro-parameter (3 and macro-parameter ¢ are
asymptotically normal and efficient. However, this asymptotic scheme is not appropriate for
a setting involving very large n and moderately large 7', as in credit risk applications. For
instance, for corporate rating data the number of firms is typically of order n ~ 10, 000, while
the number of dates is about 7" ~ 20 with yearly data 2. Moreover, the numerical computation
of the ML estimate * is complicated since the likelihood function involves a large dimensional
integral w.r.t. the unobservable factor path.

The aim of this paper is to derive the asymptotic efficiency bound for estimating both the
micro-parameter 3 and the macro-parameter ¢, and to introduce asymptotically efficient esti-
mators of 3 and 6 that are easier to compute than the ML estimator. We consider the double
asymptotics n, T — oo, such that 7°/n = O(1), for b > 1. We summarize our contributions
as follows. First, we show that the efficiency bound for micro-parameter 3 does not depend
on the parametric model defining the macro-dynamic. In particular, this bound coincides with
the efficiency bound with known transition of the factor, and also with the semi-parametric
efficiency bound when the transition of the factor is left unspecified. Second, a consistent
and (semi-)parametrically efficient estimator of the micro-parameter is the ML estimator of (3
computed as if the factor values are fixed time effects. To get the intuition for these findings, it
is useful to remark that our specification with random time effects can be seen as a Bayesian
approach, with prior ]z[ g(f¢|fi—1;0) on the factor values *. The results above provide an
example of the Well—ktrTéwn asymptotic equivalence of frequentist and Bayesian methods in
large sample, implying the irrelevance of the prior choice [Bickel, Yahav (1969), Ibragimov,
Has’minskii (1981)]. Third, an efficient estimator of the macro-parameter 6 is the ML esti-
mator computed by replacing the unobservable factor values with consistent cross-sectional
approximations.

In Section 2 we introduce the nonlinear dynamic panel model with common factor. This

model includes the Single Risk Factor (SRF) model suggested for the regulation of credit risk

%In applications to mortgage or life insurance data, we typically have n ~ 100,000 — 1, 000, 000 contracts

and T" ~ 200 months.
3For instance, by means of an Expectation-Maximization (EM) algorithm [Dempster, Laird, Rubin (1977)],

where the Expectation step is performed via a Gibbs sampler.
4See Aigner et al. (1984) for a discussion of this interpretation in a general latent variables setting.



in Basel II [BCBS (2001), (2003)]. Then, we explain why our specification is not simply a
panel model with fixed effects, as usually considered in the econometric literature. The effi-
ciency bound is derived in Section 3. The derivation is based on an asymptotic expansion of
the log-likelihood function in powers of 1/n. For this purpose, the integration of the latent
factor is performed along the lines of the Laplace approximation [see Tierney, Kadane (1986)
for the use of Laplace approximation to compute posterior moments in Bayesian statistics].
If the micro-parameter is semi-parametrically identified, we show that the efficiency bound
for micro-parameter 3 is independent of the parametric specification of the factor dynamics.
In Section 4 we introduce efficient estimators of both parameters, that do not involve numeri-
cal integration w.r.t. the unobservable factor. We first show that the fixed effects estimator of
the micro-parameter is asymptotically efficient. This estimator is used to derive consistent ap-
proximations ft of the factor values. Then, we show that the estimator of the macro-parameter
derived from maximizing the macro-likelihood after substitution of the factor values f; by
their approximations ft is asymptotically efficient. Finally, we discuss the link between our
likelihood expansion and the granularity adjustment introduced in Pillar 2 of the Basel Il reg-
ulation. The higher-order terms in the likelihood expansion can be used to get more accurate
approximations of the ML estimators. We compare the bias at order 1/n of different asymp-
totically efficient estimators, that are the Cross-Sectional Asymptotic (CSA) and Granularity
Adjusted (GA) maximum likelihood estimators, respectively. Section 5 describes a class of
models with macro-parameters only, where the impact of a vector of Gaussian autoregressive
macro-factors on the micro-dynamics is summarized through some noisy linear transforma-
tions of the macro-factors. Asymptotically efficient estimators can be easily computed by ap-
plying a linear Kalman filter to appropriate approximate state space models. In Section 6, the
results of the paper are applied to the stochastic migration model used for credit risk analysis.
In this model, the observable endogenous variable corresponds to the rating and the common
stochastic factor accounts for migration correlation. The patterns of the efficiency bound,
and the computation of the efficient estimators are illustrated for this example. In Section 7
we discuss the extension of the results to panel factor models with individual heterogeneity.
Section 8 concludes. The proofs of the results are gathered in Appendices A.1-A.9. The reg-

ularity conditions are listed in Appendix A.3. The proofs of the technical Lemmas are given



in Appendix B on the web-site http://www.people.usi.ch/gagliarp/proofsPANEL.htm.

2 Exchangeable nonlinear panel model with common

factor

2.1 The model

Let us consider panel data y;; for a large homogeneous population of individuals i = 1, ..., n
observed at dates ¢ = 1,..., 7. We assume a nonlinear dynamic specification with common

factor such that:

A.1: Conditional on the factor path (f;), the individual histories (yy,t =1,---,T), i =
1,...,n, are i.i.d. time-inhomogeneous Markov processes of order 1, with transition pdf

h (Yit|Yit—1, fr; B) and unknown parameter 3 € BB, where B C RY.

A.2: The factor (f;) is a Markov process of order 1 in RX, with transition pdf g(f;|fi_1;0)

and unknown parameter 6 € ©, where © C RP.

We denote by (3, and 6, the true values of parameters 3 and 6, respectively. The common
factor f; is unobservable and has to be integrated out to derive the joint density of obser-
vations y;;. The latent factor introduces both non-Markovian individual dynamics and de-
pendence across individuals. The distribution is exchangeable, i.e. invariant by permutation
of the individuals. The exchangeability property is equivalent to the existence of a factor
representation [de Finetti (1931), Hewitt, Savage (1955)] °. Andrews (2005) considers lin-
ear regression models for cross-sectional data with very general exchangeable dependence
structure. Exchangeable linear models for panel data are considered in Hjellwig, Tjostheim
(1999). The focus of our paper is on the efficient estimation of both micro-parameter  and

macro-parameter ¢ in the nonlinear exchangeable panel model A.1-A.2.

SMore precisely, by the de Finetti-Hewitt-Savage theorem, the infinite sequence of histories y; = (y; 4t =
1,--+,T),i=1,2,--- ,is exchangeable if and only if there exists a sigma-field F such that y;, ¢ = 1,2,- -,
are i.i.d. conditional on F [see also Kingman (1978)]. In our model, the sigma-field F is generated by the

Markov process ().



Next Assumptions A.3, A.4 and A.5 concern the stationarity and ergodicity properties of

the model.
A.3: The process (Y1 4, ..., Yny, f1) is strictly stationary, for any n € N.
A.4: The process (f;) is geometrically strong mixing.

A.5: Conditional on the factor path (f;), the individual process (y;:) is ergodic and beta
mixing, such that the conditional beta mixing coefficients:
Bi(h) = / { sup }P [yi,t € Alyig—n = U:ﬁ] - P [yi,t € A|ﬁ] |} A(m)dn, heN,
AEB(R)
satisfy E [Bi(h)] = O(h™%) as h — oo, for some o > 0, where B(R) denotes the Borel
sigma-field on R, X is a strictly positive p.d.f. on R, and f; = (fy, fi—1,-- ). Moreover:
sup E [|P [yir € Alfs] — Plyiz € Alfe, -+, frmml]|] = O(m™),
AEB(R)

as m — OQ.

Assumption A.5 requires that the individual processes (y;.) are ergodic and beta mixing,
conditional on the factor path. The conditional mixing coefficients /3;(h) can depend on the
factor path, and converge to zero as lag h increases, for any factor path. The convergence
rate can be geometric, for instance. The integration w.r.t. the factor path is expected to
decrease the decay rate of the mixing coefficients [Granger, Joyeux (1980)]. However, under
Assumption A.5 the integrated mixing coefficients converge to zero at least as a negative
power of the lag. The decay of the integrated mixing coefficients implies that the initial values
of the y;,’s have no effect in the long run even after integrating out the factors. Moreover,
under Assumption A.5 the stationary distribution of y; , conditional on the factor path can be
well approximated by a finite number of lags of the factor. Assumptions A.3-A.5 are used to
give a Weak Law of Large Numbers (WLLN) for nonlinear aggregates of the type:

1l (1

T Z ' (ﬁ Z a(yie: fi, 5)) )

t=1 i=1

as n, T — oo such that T'/n — 0, where a is a matrix-valued function of individual ob-

servation ¥, ;, factor value f; and micro-parameter (3, and ¢ is a continuous mapping. The
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precise asymptotic results are provided in Appendix 1. These results are used to derive the

asymptotic properties of the estimators introduced in Section 4 .

2.2 The Single Risk Factor (SRF) model for default

The specification considered in Section 2.1 is motivated by the SRF model introduced by
Vasicek (1987), (1991) and based on the Value of the Firm model [Merton (1974)]. The SRF
model is recommended for the analysis of credit risk in Pillar 1 of Basel II regulation, con-
cerning the minimum required capital, and in Pillar 2, concerning internal risk models [BCBS
(2001), (2003)]. The objective is to analyze the risk of a portfolio of loans or credit deriva-
tives, included in the balance sheet of a bank or credit institution. These portfolios contain
several millions of individual assets and have to be segmented into subportfolios, which are
homogeneous by the type of contract (asset) and by the type of borrowers, including at least
their ratings among their characteristics. The SRF model is applied to these homogeneous
subportfolios separately (or jointly, see Section 5). The sizes of these subportfolios are still
rather large including some 10 thousands of individual loans for mortgages and credit cards,
for instance.

The basic Vasicek model is written for firms, but the same approach is applicable to
household borrowers. This model introduces the asset A, ; and liability L, ; as latent variables.

Then, the latent model is written on the log-ratio of asset to liability y;; = log(A;/Li,) as:
yi, = o+ +ouy, i€ PaRy, t=1,..T,

where PaR; denotes the Population-at-Risk, that is the set of firms in the portfolio which are
still alive at time ¢, and where the common factor (F}) and the errors (u;;) are independent

standard Gaussian white noise processes. This specification distinguishes the idiosyncratic

®The stationarity and ergodicity Assumptions A.3-A.5 for asymptotic analysis with n, T — oo, T'/n — 0,
differ significantly from the hypotheses used with finite n [e.g., see Douc, Moulines, Rydén (2004) for the
asymptotic properties of the ML estimator in autoregressive models with Markov regimes, that correspond to
the case n = 1]. This is because the estimators in Section 4 depend on cross-sectional aggregates of the type

1 n
- E a(yi ¢, ft, 3), which become functions of the factor path f;, but not of the individual observations y; ,
n Jt

—

i=1,---,n,whenn — oo (see Appendix 1).

)



risks u; ., which can be diversified, and the undiversifiable systematic risk F;. The sensitivity
coefficients «, v, o are independent of the individuals, according to the definition of an homo-
geneous portfolio. The observed endogenous variable is the indicator for the default event,

that occurs when the asset is below the liability:
Yie = L, ,<r,, = Lyr <o.
We deduce the Probability of Default (PD) at date ¢ conditional on the common factor:
PDy = Plyiy =1lyig—1 =0, F] = @[ (/o) — (y/o) ],

where ® denotes the cumulative distribution function (cdf) of the standard normal distribu-
tion. Thus, the conditional probability of default is time-varying and driven by the common
stochastic factor F;. This basic model can be extended by allowing for a dynamics of the
common factor, and for a joint analysis of more than two rating levels by means of stochastic
migration models describing the transitions between rating classes AAA, AA, ..., C, D, say
(see Section 6).

The unconditional probability of default is PD = ¢ <—a / \/m), whereas the un-
conditional default correlation between any two firms 7 and 7 is:

v (—Oé/\M? +o% —a/\/y? + 0% p*) — PD?
)

:C 1ty Yg = )
p Orr(y,t y],t PD(l—PD)

2.1)

where p* = 7%/ (72 + o?) is the asset correlation, that is the correlation between the log asset-
to-liability ratios of any two firms, and ¥ (., .; p*) denotes the joint cdf of the bivariate standard
Gaussian distribution with correlation coefficient p*. In the new regulation for credit risk, the
required capital depends on the values of PD and p*, that is, indirectly on the values «/c
and 7/o, and is especially sensitive to the asset correlation parameter p*. This explains the
importance of a computationally simple and statistically efficient estimation of the structural

parameters.

2.3 The panel model with fixed effects

The econometric literature on nonlinear panel models with fixed effects considers specifica-

tions such that the variables v, ¢, fori = 1,2,...,n,and ¢t = 1, ..., T, are independent with
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pdf f (yis; oy, 5), where «; is the fixed effect of individual ¢ [Hahn, Newey (2004); see e.g.
Hahn, Kuersteiner (2004) and Arellano, Bonhomme (2009) for extensions to a dynamic set-
ting]. The focus of this literature is on the correction of the bias of the ML estimator of (3
caused by the incidental parameters problem [Neyman, Scott (1948); see Lancaster (2000) for
a review]. Without Assumption A.2 on the parametric factor dynamic, the model introduced
in Section 2.1 could be seen as a model with fixed time effects instead of fixed individual ef-
fects. However, there are important differences between our setting and the fixed effect panel
literature:

i) In applications to credit risk n is much larger than 7', and therefore the incidental pa-
rameter problem is much less pronounced with fixed time effects than with fixed individual
effects. In particular, the bias corrections are less important in our setting and even not re-
quired if T'/n — 0.

i1) Assumption A.2 shows that the nonlinear panel model with common factor in Section
2.1 is clearly a time series model introduced for prediction purpose. At the opposite, a model
with fixed individual effects is used to get a segmentation of the population into homogeneous
classes, i.e. with similar a; values. For instance, in the credit risk application, the models with
fixed individual effects are typically used to get the homogeneous subportfolios, whereas the
SRF model is written for each homogeneous subportfolio to derive the distribution of the
future portfolio value and the corresponding 1% quantile, called CreditVaR.

1i1) As a consequence, we are also interested in the filtering of the factor values, in their

dynamics, that is, in macro-parameter #, and in their interpretations.

3 Efficiency bound

3.1 The likelihood function

The joint density of yr = (yis,t = 1,...,T,i=1,..,n) and fr = (f;,t = 1,...,T) (condi-

tionally on the initial values) is given by:

n T T
Uyr f1:8,0) = JT11 iclyiass s ) [T o(fl fini0 (3.1)
t=1

1t=1

el f )1 (:0) sy,

8



If the factors were observable, the terms ! (yr|fr; 3) and [ (fr;6) would correspond to the
conditional micro-density of the endogeneous variables, and the macro-density of the factors,
respectively. Since the factors are unobservable, the density of yr is obtained by integrating

out factors f_T :

T n T
l(Q_T%ﬁae) = /"'/HHh(yi,t’yz‘,t—hft;ﬂ)H9<ft|ft—1;9)det (3.2)
t=1 ’L:lT i t=1 , t=1 ,
= [ [ewd 33 t0wh (koo £9) p TL ol i) [T
t=1 =1 t=1 t=1

This likelihood function involves an integral with a large dimension increasing with 7', which
complicates the analytical study of the Maximum Likelihood (ML) estimators and the numer-
ical derivations of the ML estimates . However, for large n, this integral can be approximated
by expanding the integrand around its maximum w.r.t. the factor values, along the lines of
the Laplace approximation [Laplace (1774); see Jensen (1995) for the general setting and
Tierney, Kadane (1986) for application to Bayesian statistics]. The Laplace approximation
has been used in Arellano, Bonhomme (2009) to derive the bias of the integrated likelihood
in nonlinear panel models with fixed individual effects. In our setting with serially depen-
dent factor, the Laplace approximation is applied to the integral w.r.t. the full path of time

effects. Specifically, let us define for any parameter value 3 and date ¢ the cross-sectional ML

"In such a model with unobservable factors, the ML estimate could be computed numerically by means
of an Expectation-Maximization (EM) algorithm [Dempster, Laird, Rubin (1977)]. The EM algorithm applies
recursively the Expectation step, which computes the function:

Q[B.01(8%,0")| = E [logl (yr, fr; 3.0) lyr] .

(ﬁ(p),a(p))

and the maximization step, providing the next value of the parameter as:
(5(p+1)79(p+1)) = argmax Q {(57 9)|(5(p)79(p))} )
(8,9)
In our nonlinear dynamic framework, the Expectation step requires the numerical approximation of function )
by means of a Gibbs sampler [see e.g. Cappé, Moulines, Rydén (2005) for general properties, and Fiorentini,
Sentana, Shephard (2004), Duffie et al. (2009) for applications to credit and finance]. The closed form expres-
sion of the approximate likelihood function given in Proposition 1 allows to avoid the numerically cumbersome

expectation step, while controlling the approximation error.



estimator of the factor value 3:
ft(9) = argmax > logh (yislyie, fii B) (33)
b=l
Proposition 1. Under the regularity Assumptions H.1-H.14 in Appendix A.3, the joint density
of (gﬂ) is such that:

9\ TK/2 T T n A
(yr; 8.0) = (;) [T et fue (302 TTTT 2 (v, fou (3):8)
=1 t=1 i=1
T (7 ) lnics (936) ex | 0 8.0)]
=1
where:
1~ &logh . .
Ly (B) = 0 2 W (yi,t|yz',t—1, fnt (B) ,ﬁ> ;

sup W7 (83,0) = O,(1) asn, T — oo suchthat T’ /n = O(1), b > 1, and the probability
B€B,6€O
order O, is w.r.t. the true distribution.

Proof. See Appendix 5. [

From Proposition 1 we deduce an expansion for the (n7-standardized) log-likelihood

function of the sample:

Lor (5,60) = = log (yr: 5,0).

Corollary 2. The (nT'-standardized) log-likelihood function is such that:

1 1
'CnT (ﬁa 9) = E’ZT (6) + Eﬁl,nT (ﬁa 9) + E\I]TLT (ﬁa 9) ) (34)
where: ,
1 - R
Lo (B) = nT Z Z log i (yi7t|yi,t—1a fut (B) aﬁ) 5 (3.5)

t=1 i=1

T T
Lo (5,6) = —5m S lomdet L (9) + > og g (Fu (9) [ Fue (9):6) . 36
t=1 t=1

and sup V.7 (3,0) = O,(1).
BeB,HEO

8From a mathematical point of view (see Appendix A.4), the cross-sectional ML estimator fn,t () is defined

by optimizing on a well-chosen compact set F,,, that converges to the set RX when n — oo.
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Function £ (), called profile log-likelihood function, is the log-likelihood of 3 con-
centrated w.r.t. the factor values, as if the latter were nuisance parameters. In Corollary 2,
the profile log-likelihood function £ () is the leading term in an asymptotic expansion of
the log-likelihood function £,,7 (3, 60) in powers of 1/n. The transition density of the factor
enters in the term £, ,,7 (3, 6) at asymptotic order 1/n, and is expected to be irrelevant for

the efficiency bound of  when n — oo (see Section 3.3 for a precise statement).

3.2 Bayesian interpretation

The results in Proposition 1 and Corollary 2 are an example of the asymptotic equivalence of
frequentist and Bayesian methods in large sample. To get the intuition, let time dimension 7'
be fixed and parameter 6 be given for a moment. Then, our specification with stochastic com-

mon factor can be seen as a Bayesian approach w.r.t. parameter (3 and time effects fr. The

prior distribution is such that the density of fr given /3 is H g (filfi—1;0)°, independent of 3,
and the prior distribution of [ is diffuse. Then, the posterlor density of (3, fr) corresponds to
the RHS of equation (3.1), while the posterior density of 3 corresponds to the RHS of equa-
tion (3.2), up to multiplicative constants. As the cross-sectional dimension n tends to infinity,
it is expected from results in Bayesian statistics that the posterior distribution of the parame-
ter f;, scaled by /n, approaches a normal distribution centered at the ML estimator fm(ﬁ),
for given parameter /3 [see e.g. Bickel, Yahav (1969), Ibragimov, Has’minskii (1981)]. This
is why the integral in the RHS of (3.2) approaches asymptotically the density of (y_T) given
( ﬁ) with f; replaced by fnt(ﬁ), t = 1,...,T, for large n, up to higher order terms. Thus,
the “Bayesian” log posterior density £,,7(3, ) approaches the log-likelihood L7.(), which
is the “frequentist” log-likelihood for 3 concentrated w.r.t. parameters f;, ¢ = 1,...,7". The
asymptotic irrelevance of the second term in the RHS of (3.4) involving the transition den-
sity of the factor corresponds to the irrelevance of the prior distribution in large sample. Our
results show that this asymptotic equivalence is still valid when the number of time effects

parameters tends to infinity '°: 7" — oo, such that 7°/n — 0, b > 1. Function £y 7 (3,0)

9This prior depends on “hyperparameter” 6.
10See Belloni, Chernozhukov (2009) for another extension of the asymptotic normality of the (quasi-) poste-

rior distribution when the number of parameters increases with the sample size. This extension is derived under

11



involves the determinant of the Hessian matrix I,,; (/3), which is the Jacobian for a change of
variable performed in the Laplace approximation (see the proof of Proposition 1). The term
I, () corresponds to the term introduced by Cox and Reid (1987) in their modified profile
likelihood to correct the likelihood function after concentration w.r.t. nuisance (incidental)
parameters. For the derivation of the semiparametric efficiency bound, the term involving
I (8) is irrelevant when n — oo under the semi-parametric identification conditions given

below 1.

3.3 Efficiency bound
The ML estimator <BHT, énT) is defined by:
(BnT: énT) = arg I%%X £nT (67 6) . (37)

Under the regularity conditions listed in Appendix 3, we prove in Appendix 6 that the ML

estimator is asymptotically normal:

vnT (BnT — ﬂo> 0 B%, B:
! AN N L I I (3.8)
JT (9nT . 90) 0 Bjs B
with different rates of convergence for the micro- and macro-component, that are root-n’l’
. . . . Bjs By
and root-T', respectively. The asymptotic variance-covariance matrix B* =
Bjs By

defines the efficiency bound for estimating (3, 9).

To compute the efficiency bound, let us introduce the large sample counterparts of the
likelihood terms in the RHS of (3.4).
(i) Let us first consider £ .(3). We can define at each date ¢ the cross-sectional pseudo-true

factor value:
fe(B) = arg m?x Fy [logh (yz‘t|yz’,t—17 f;B) |ﬂ )

where E [| ﬂ denotes the expectation w.r.t. the true conditional distribution of (v; ¢, yi+—1)

at date ¢ given f;. This function yields the factor value f; () that maximizes the limiting

a different set of regularity conditions.
"n his discussion of the Cox and Reid (1987) paper, Sweeting (1987) suggests that this correction term can

be derived in a Bayesian setting by integrating the nuisance parameters and using a Laplace approximation.
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cross-sectional log-likelihood at date ¢, for any given parameter value 3. It corresponds to
the population counterpart of fn,t(ﬁ) in (3.3) when n — oo. The pseudo-true factor value
f+ () is a function of both parameter 3 and information f;. The pseudo-true factor value is
stochastic due to its conditional interpretation. Moreover, by the properties of the Kullback-
Leibler discrepancy, at true parameter value (3, the pseudo-true factor value f; () coincides

with the true factor value f;, P-a.s., for any ¢. Then, let us define the function:

T
L) = plimg o > B [logh (yalyser, £ (9): )15
t=1
= Eo[logh (yilyie—1, fr (B); B)]-

The assumptions below concern the identification of parameter /3.

A.6 (Global semi-parametric identification assumption for 3): The mapping 5 — L* ([3)

is uniquely maximized at the true parameter value (3.

02L*
A.7 (Local semi-parametric identification assumption for 5): The matrix I = — WT(?))
is positive definite.
The matrix I is given by (see Appendix 6.2):
Iy = Eo [Isp(t) — Ir(t) sy (1)~ Isp(t)] (3.9)

where Iga(t), I7s(t), I57(t) and I;5(t) = I5;(t)" denote the blocks of the conditional infor-

mation matrix at date ¢:

9%1log h (yit|yi—1, f+: Bo)
I(t) = Ey |- LR | (3.10)
(t) = Eo o(B',f) o3, f) L

Assumptions A.6 and A.7 correspond to identification conditions for parameter 3 in a semi-

parametric setting, in which the transition of the factor f; is left unconstrained and is treated as
an infinite-dimensional parameter. This interpretation is justified by the fact that the criterion
L*(B) is the large sample counterpart of the profile likelihood function £ () in (3.5), that
is, the likelihood of 3 concentrated w.r.t. “parameters” f,,t = 1,...,T. 2

(ii) Let us now consider the macro component L, ,,7(3,6) of the log-likelihood. Under

Assumptions A.6-A.7 parameter 3 can be estimated at a rate infinitely faster than the rate for

2When Assumptions A.6 and A.7 are not satisfied, the identification of parameter (3 relies on the parametric
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parameter ¢ and the relevant criterion for identification of 6 is the mapping 6 — L1((o, ),
where £;(fp,6) is the large sample limit of £y ,r(5,0) in (3.6) for 3 = ;. We have
L1(6o,0) = Eo[log g(fi|fi—1;0)], up to a term constant in #. Thus, the identification as-

sumptions for the macro-parameter are the following:

A.8 (Global identification assumption for 0): The mapping 0 — Ej [log g(fi|fi—1;0)] is

uniquely maximized at the true parameter value 0.

9%log g (fil fi-1;00)
0000

A.9 (Local identification assumption for 0): The matrix I, g9 = Ey | —

is positive definite.

Assumptions A.8 and A.9 are the standard global and local identification conditions for esti-

mating # in a model with observable factor values.

Proposition 3. Under Assumptions A.1-A.9 and H.I-H.14, and if n,T — oo such that
T/n = O(1), b > 1, the efficiency bound for (3, 0) is:

g B B\ _ (@7 0 )
Bys By 0 11_,6}9
where:
I§ = Eo [1p5(t) — Iop ()55 (t) " Tps(1)] |
and ,
I109 = Eo - logga(efégthew
Proof. See Appendix 6. 0

The zero out-of-diagonal blocks in the efficiency bound imply that parameters 3 and 6
can be considered independently for estimation purpose. This justifies ex-post their interpre-

tation as micro- and macro-parameters, respectively, since parameter /3 (resp. #) contains no

model g( f¢| fi—1;0) for the transition of the factor. Intuitively, we would have to distinguish the transformations
of vector (3 that are identified by criterion £*(/3), and the transformations of ( that are identified only with the
contribution of the parametric model g(f;|f;—1;¢). This would induce different rates of convergence for these
transformations, that are 1/v/nT and 1/+/T, respectively. The analysis of this general setting is beyond the

scope of this paper.
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macro-information (resp. no micro-information) under Assumptions A.6-A.9. The result in
Proposition 3 is a consequence of the expansion of the likelihood function in Corollary 2. In-
deed, under identification Assumptions A.6-A.7 and the regularity conditions in Appendix 3,
for large n and 7" the relevant term for estimation of parameter /3 is L' (). The correspond-

ing limit log-likelihood function is £* () , and the efficiency bound Bj; for 3 is the inverse

of the Hessian [ = —828;;(50). Similarly, the efficiency bound B, for ¢ is the inverse of
the Hessian [ g9 = —%. Moreover, the (standardized) ML estimators of 5 and 6 are

asymptotically independent. Therefore, the efficiency bound B for 5 given in Proposition 3
is the same as the efficiency bound for § with known transition density of the factor. Finally,
matrix [ in (3.9) is smaller than the information I;* = Ej [I35(t)] corresponding to the case
of observable factor, while matrix /; g¢ is equal to the information for 6 with observable fac-
tor. Therefore, the unobservability of the factor has no efficiency impact asymptotically for
estimating 6, but has an impact for estimating /3. This is due to the fact that the factor values
can be estimated at rate 1/1/n (see Section 4.2), a rate which is infinitely faster than the rate
1//T for estimating @, if T®/n = O(1), b > 1, and infinitely slower than the rate 1/v/nT for
estimating (3.

The efficiency bound B for parameter 5 in Proposition 3 is independent of the para-
metric model g(f;|f;—1;60), 0 € RP, for the transition density of the factor, that is, factor
distribution free. This suggests that the efficiency result extends to a semi-parametric set-
ting. Specifically, the asymptotic semi-parametric efficiency bound B for 3 is the efficiency
bound for estimating (3 in the semi-parametric model in which the transition g(f;|f;_1) of
the factor is a functional parameter. The semi-parametric efficiency bound B can be com-
puted by using Stein’s heuristic [Stein (1956), Severini, Tripathi (2001)]. More precisely, let
g0 = 9([fi|fi—1;0) be a well-specified parametric model for the transition of f; with param-
eter § € RP that satisfies Assumptions A.8-A.9 and the regularity conditions H.11-H.14 in

Appendix 3, and let Bgﬁ( ge) be the corresponding parametric efficiency bound for estimating

3.

Definition 1. The semi-parametric efficiency bound B is defined by:
B = max By(go),
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where the maximization is performed w.r.t. the well-specified parametric models gy for the

transition of f; that satisfy Assumptions A.8-A.9 and H.11-H.14.
The result in Proposition 3 shows that BEﬁ( ge) is independent of gy. Therefore we deduce:

Corollary 4. Under Assumptions A.1-A.9 and H.1-H.10, and if n, T — oo such that T® /n =
O(1), b > 1, the semi-parametric efficiency bound for [3 is equal to the parametric efficiency
bound:

B = By = Eo [I5s(t) = Lp (1) 5(0) " Ip(0)]

Thus, any well-specified parametric model gy is the least-favorable one in the sense of
Chamberlain (1987). The results in Proposition 3 and Corollary 4 show that the knowledge of
the parametric model for the transition of the factor, and even the knowledge of the transition

itself, are irrelevant for the asymptotically efficient estimation of micro-parameter (3.

3.4 Identification in the SRF model for default

The SRF model of Section 2.2 is such that y;, admits the Bernoulli distribution

B(1,®[— (a/o) — (y/o) Fi]) conditional on the factor F, and the observations can be sum-
marized by the sufficient statistics ﬁ)t = Zy”, that are the cross-sectional default
frequencies. In a semi-parametric framework, in Wthh the transition of the factor is left un-

specified, parameters «/o and «y /o are not identified. Indeed, the initial factor can be replaced

by f; = @ |- (/o) — (/o) F] = PDy, and the model becomes:

yir ~ B(1, fi), (3.11)

conditionally on f;. The factor values are approximated by fn,t = ]Sl\?t. Parameters «/o and
/o can be identified when a parametric specification for the factor dynamics is introduced.
For instance, the SRF model considered by Basel II is identifiable due to the assumption that
the factor values F; are independent standard normal. Then, the transformed factors f; are

such that:
“Hfi) ~ IIN (—afo, 42 /0%) . (3.12)
The model defined by equations (3.11) and (3.12) satisfies Assumptions A.1-A.9, with no

micro-parameter and macro-parameter § = («/o,~y/c)’. From equation (2.1), the default
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correlation is a function of the macro-parameters only. We see in Section 6 that micro-
parameters, and their semi-parametric identification, are recovered either when more than

two rating levels are considered, or in a two-state framework without absorbing state.

4 Efficient estimators and granularity adjustment

In this Section we introduce asymptotically efficient estimators of the micro- and macro-
parameters that are easier to compute than the ML estimator. These estimators rely on the
asymptotic expansion of the log-likelihood function and do not involve the numerical inte-
gration w.r.t. the unobservable factor. We also compare the bias at order 1/n of the efficient

estimators, and deduce the higher-order expansion of the true ML estimator.

4.1 The fixed effects estimator of the micro-parameter

The asymptotic expansion of the likelihood function in Corollary 2, and the derivation of the
efficiency bound in Proposition 3, suggest that the (semi-)parametric efficiency bound for 3
can be achieved by maximizing the likelihood function £, (3), i.e. by computing the fixed

effects estimator which considers the f; values as additional unknown parameters.

Proposition 5. Under Assumptions A.1-A.7 and H.1-H.10, and if n,T — oo such that

T/n = O(1), b > 1, the estimator:

T n
B = argmax 3" log h (yialyea1. Jur (8):5)

t=1 =1

is consistent, root-n'l' asymptotically normal and (semi-)parametrically efficient.

Proof. See Appendix 6. [l

The semi-parametric estimator B;‘;T achieves the same asymptotic efficiency as a para-
metric estimator that uses the information on the true transition of (f;). It is computed by
maximizing the likelihood function for 3 concentrated w.r.t. the factor values. Proposition
5 completes the standard analysis of the incidental parameter problem. If 7' — oo and n

is fixed, the fixed effects estimator B;T is not consistent. If n, 7" — oo and T'/n — ¢ > 0

17



(say), estimator B;T is consistent, but its asymptotic distribution is not centered at the true
parameter value 3, . The fixed effects estimator B,’;T becomes efficient if n, 7" — oo such
that 7°/n = O(1), b > 1.

The numerical computation of an asymptotically efficient estimator of the micro-parameter

[ can be simplified when the micro-dynamics is such that:

h (yi,t’yi,t—b I 5) =h (yi,t‘yi,t—la Gt) , say, 4.1)

where the impact of factor f; and parameter 3 is summarized through the canonical fac-
tor vector a; = c(fi,3), with dim(a;) > dim(f;) + 1. Let us assume that the canoni-
cal factor is cross-sectionally identifiable, that is, the cross-sectional log-likelihood function
Ey [log B(yi7t|y,~,t_1, a)| ﬂ] is uniquely maximized at the true value a = a; of the canonical
factor at date ¢, P-a.s., for any t. Another asymptotically efficient estimator of  can be de-
rived by first computing the cross-sectional fixed effects estimators of the canonical factor

values:
n
@ny = argmax y _logh (yilyie1, a1),
at
i=1
and their estimated asymptotic variances:

R -1

. 1~ O log h (Yia|yie-1, Gny)

Zn - - . ; 7 ’ :
ot ( n Z da;Oay

=1

Then, the estimator B;“L*T obtained by solving the optimization:

T

min (ns — ¢ (fo, B)) Sk [ans — ¢ (fu B)] 4.2)
Bof1,-sfr =

is asymptotically equivalent to B;;T by applying general results on Asymptotic Least Squares.
This shows that for the computation of the asymptotically efficient estimators the data can
be aggregated through the fixed effects estimators of the canonical factors. The computation
of the estimator A;*T is greatly simplified when the canonical factors a, are linear w.r.t. the
factors f;, that is:

a; = a(B) +v(B) fr, (4.3)

31t is beyond the scope of this paper to investigate whether a bias reduction approach in the spirit of

Woutersen (2002), Hahn, Kuersteiner (2004), Arellano, Hahn (2006), Bester, Hansen (2009) can be applied

in our framework.
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where «(.) and v(.) are known vector and matrix functions of the micro-parameter, respec-
tively. Indeed, in this case the factor values are easily concentrated in the optimization prob-
lem (4.2), and the concentrated criterion for 3 can then be optimized to get A;:*T. The stochas-
tic transition model for rating migration considered in Section 6 is a specification satisfying

equations (4.1) and (4.3).

4.2 Approximation of the factor values

The efficient estimator B,’;T can be used to derive cross-sectional approximations of the factor

values '*. A consistent approximation of the factor value at date ¢ is:
fura = Fue (Bir)

Proposition 6. Suppose Assumptions A.1-A.7 and H.1-H.10 hold, and let n,T — oo such
that T®/n = O(1), b > 1. Then:

i) For any date t, conditional on f; we have:
Vit (fura = fi) =5 N (0,15(0)7).

log(n)*
n

ii) sup ‘ fare — fi|| = Op , where a = 2a1 + as + as, and a1, as, a3 > 0 are
1<t<T

defined in Assumptions H.8-H.10 in Appendix A.3.

Proof. See Appendix 6. U

For any given date ¢, the factor approximation fnT’t depends on the whole individual his-
tories and can be considered as a smoothed factor value. It converges to the true factor value
fi at rate 1/4/n. Since B;T is root-n’I’ consistent, estimator fnT’t is asymptotically equiva-
lent to the unfeasible ML estimator fn,t (o) for known micro-parameter (3y. The asymptotic

variance [¢ (t)7! of fnT’t is the inverse of the Fisher information for estimating f; in the

“Consistent approximations of factor values in panel data with large cross-sectional and time dimensions
have been proposed in, e.g., Forni, Reichlin (1998), Bai, Ng (2002), Stock, Watson (2002), Forni, Hallin, Lippi,
Reichlin (2004), Connor, Hagmann, Linton (2007). All these papers consider linear factor models for the micro-

dynamics.
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cross-section at date ¢ with known f,. Since the factor value f; is stochastic, the convergence
rate for sup ‘ has to be adjusted by a logarithmic factor. Proposition 6 ii) is

Jore — i
1<¢<T

derived by using a large deviation bound for ML estimators applied conditional on the factor

path f;, and then integrating out f; [see also Appendix A.4 for a general result on the uniform

convergence rate of fm(ﬁ) w.rt. 3].

4.3 Efficient estimator of the macro-parameter

The consistent approximations of the factor values fnT’t can be used to derive an approxima-

tion of the macro-likelihood function:

T
Z log g (fnT,t’fnT,tfl; 9) :
t=1

By maximizing this approximate likelihood w.r.t. 6, we get an efficient estimator of the

macro-parameter.

Proposition 7. Under Assumptions A.1-A.9 and H.1-H.14, and if n,T — oo such that
T°/n = O(1), b > 1, the estimator:

T

Onr = arg max Z log g <fnT,t|fnT,t71§ 9) :
t=1
is root-T" asymptotically normal and efficient.

Proof. This follows from Proposition 6 ii) by using Assumption H.11-H.14, condition 7% /n =
O(1), b > 1, and standard asymptotic arguments for extremum estimators [see Connor, Hag-
mann, Linton (2007) for a similar result in a semi-parametric model with linear factor struc-

ture and nonlinear factor dynamics]. [
Estimator 6,7 is asymptotically equivalent to the unfeasible ML estimator

T
é}* = arg maXZ log g (fi|fi—1;0), that uses the true factor values. As already noted in
2

Section 3, replaci_ng the true factor values by their root-n consistent approximations has no
effect asymptotically for estimating 6 at rate root-T', if 7°/n = O(1), b > 1. Since Proposi-
tions 5 and 7 show that estimators B;';T and 0,7 achieve the efficiency bounds for parameters
[ and 6, respectively, then the joint estimator (B;;T, énT> is also asymptotically efficient [see

Gouriéroux, Monfort (1995)].
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4.4 Cross-sectional Asymptotic and Granularity Adjusted Maximum

Likelihood estimators

The asymptotic analysis can be refined by considering expansions of the log-likelihood func-
tion at probability order 1/n, and 1/n?. From Corollary 2, an approximation at order 1/n is
given by:
CSA x 1
EnT (ﬁ7 9) = £nT(ﬂ) + E'Cl,nT(ﬁa 9) (44)

This approximation defines the cross-sectional asymptotic (CSA) log-likelihood function.

Similarly, we can derive an approximation valid up to order 1/n?%:

1 1
L7(8,0) = Lz (B) + Lawr(B,0) + —5 Lowr(B.0), (4.5)

where L ,,7(3, 0) is given in (A.5) in Appendix 5. This approximated log-likelihood function
defines the granularity adjusted (GA) log-likelihood function.

Both CSA and GA log-likelihood functions have closed form expressions, that is, without
integrals w.r.t. the factor values. Then, we can define the CSA and GA maximum likelihood

estimators as follows.

Definition 2. (i) The CSA maximum likelihood estimator is:
(B, 053 ) = avgmax L57(5.0).
(ii) The GA maximum likelihood estimator is:
(89,05 ) = axgmax £3(3,6).

The difference between the GA and CSA maximum likelihood estimators is called the gran-
ularity adjustment. This terminology is explained by the link with the recent literature on
granularity adjustment in credit risk [see e.g. BCBS (2001), Gordy (2003)]. This literature
focuses on the computation of risk measures, such as the Value-at-Risk, for large homoge-
neous portfolios of n assets, whose values are affected by systematic risk factors. The basic
idea is to expand the risk measure around the cross-sectional limit of an infinitely fine grained

portfolio (n = o0), and compute the adjustment at order 1/n [see Gagliardini, Gouriéroux

(2010) for a general presentation of granularity for risk measures].
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The CSA and GA estimates can be computed directly from Definition 2. They can also
be approximated at the appropriate order by other estimates with simpler expressions. For

instance, we have the following result.

Proposition 8. (i) Let us denote:

~ —1
. . oL (Bip)\ 10Linr, 5 - oo
CSA __ % o nT \MnT - B * CSA —
nT _ﬁnT+< aﬁaﬁ/ ) n 86 (ﬁn%enT)a enT QnTa

~ ~

where (ﬁ;‘LT, HnT> are defined in Propositions 5 and 7. Then:
W = Ot =o(1/n), O~ 053 = 0,(1/n).

(ii) The estimator defined by:

N o -1 ~ ~
AN orry (o 0) ) ocs (o050
g | \agsn ) T\ 0w eyem e 0.0y
is such that:
3k — B9 = 0, (1/n?), 0% — 0% = 0,(1/n).
Proof. See Appendix B.9. [

Thus, computationally tractable CSA and GA approximations are easily derived by applying
an iteration step in modified Newton-Raphson algorithms with appropriate starting values
[see also Gouriéroux, Jasiak (2008) in a static framework].

The interest in introducing several CSA and GA type estimators is threefold. First, it
provides approximations of the true ML estimator (BRT, énT) with different accuracies, as

seen in Corollary 9 below.
Corollary 9. The CSA, GA and true ML estimators are such that:
W = Bar = 0p(1/n%), O = Our = O,(1/n),

and:

ASIA: - BnT = Op(l/nQ), ég? — O = op(1/n).
Proof. See Appendix B.10. [
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Second, the different CSA and GA estimators introduced in Definition 2 and Proposition
8 are all asymptotically efficient, but have different finite sample properties. Therefore, we
get a set of consistent and asymptotically efficient estimators in which we can select the
preferred one in finite sample, according to the specific model and sample size. Third, as
seen in Section 4.5, the higher order expansion of the GA estimator can be used to derive the

second-order bias of the true ML estimator in the nonstandard framework considered in this

paper.

4.5 Higher-order bias of CSA, GA and ML estimators

It is possible to derive higher-order stochastic expansions for the CSA and GA estimators
introduced in Definition 2 and Proposition 8 by exploiting the closed form of the CSA and
GA log-likelihood functions given in Section 4.4. Then, Corollary 9 allows us to deduce the
stochastic expansion of the true ML estimator at the appropriate order, in particular its second-
order bias. For expository purpose, we focus on a model with a scalar macro-parameter only,
and a single static factor with unconditional pdf g(f;; ). Moreover, let us assume that the
cross-sectional and time dimensions are such that 7°/n is bounded and bounded away from
0, for 1 < b < 3/2. Then, the asymptotic expansion of the bias E[0,7] — 0 at order o(1/n),
where énT denotes either the CSA, or the GA, or the true ML estimator, involves terms of
order 5 1/T, 1//nT and 1/n, that is:

bl(j?O) N lh(\/s;oT) N bs(n@o) N
The coefficients b1 (6y), bo(6y), b3(o) for the second-order bias expansion of the CSA and GA

E [énT] Gy = o(1/n). (4.6)

estimators are given in the next proposition.

Proposition 10. (i) The second-order bias expansion of the CSA maximum likelihood estima-

15The bias expansion does not involve a term at order 1/+/T since the efficient score

Z dlog g (ft;60)
199\/* 6ft

tion n = o(T3/ 2) is not satisfied, the development at order 1/n involves additional terms, of order 1/73/2,

with observable factors has zero expectation. Moreover, when the condi-

1/ (v/nT), etc. The extension of the results to the general case is theoretically straightforward, but notationally

cumbersome.
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tor of the macro-parameter 0y is such that:

Ologg (f1,60) Ologg(fi.00)Y , 1,2 1, [0"logg (fi, o)
00? ’ 00 2 1,60 003 ’

bSSA(0y) = IigeCov (

bS54(0y) = 0, and:

_ _ 1 > logg (fi,00) | 1 & log g (ft, 6o)
b5 (60) = I 4o B [[ff(t) ? (Kl,z(t) + §K3(t)) aeaft =+ §[ff(t) ' aeaf; ” } )

where Ko (t) =

Cov <82 log h (yi,t|yi,t—la ft) dlogh (yi,t ’yi,t—b ft)

gt Sl and

831 h Lt Yi,t—1y Jt
Kg(t):E[ og %fti")y 1f)|ﬁ}

(ii) The second-order bias expansion of the GA maximum likelihood estimator is such that

bIGA(Q()) = bICSA(Qo), bg;A(eo) = ngA(Qo) =0 and.:

A0 = I E {fffos)? (Kualt) + Ks(t))

_ _y (0log g (fi,00) 0?logyg (fi,00) = 0°logg (ft,bo)
+Il,610E |:Iff(t) ' < 8f afae + agan >:| :

Proof. See Appendix 7. [

9%log g (ft, 90)]
000 f

The bias term at order 1/7" for the CSA estimator coincides with the second-order bias of
the ML estimator with observable factor values [see e.g. Gouriéroux, Monfort (1995), Section
23.2.1 for the second-order bias of the ML estimator]. The term at order 1/4/nT does not
contribute to the bias. The bias term at order 1/n involves third-order (cross-) conditional
moments of the micro-density given the factor path, as well as third-order derivatives of the
macro-density w.r.t. the factor value and the parameter. From Corollary 9, it follows that the
CSA and GA estimators of the macro-parameter differ at order O,(1/n), which is reflected in
Proposition 10 in the different bias coefficients b5 () and b$4(6;). Finally, from Corollary
9, we deduce that the bias expansion of the true ML estimator coincides up to order 1/n with
that of the GA estimator given in Proposition 10 (ii). The bias expansion in Proposition 10
can be used to eliminate the bias up to order 1/n by considering the estimator:

VGG A0

gGA — éGA o
nT nT T n

This estimator is asymptotically efficient at first-order and such that E [057'] — 6o = o(1/n).
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S Approximate linear state space model

In this Section, we consider an exchangeable panel factor model, where the impact of the
macro-factors on the micro-dynamics is summarized by a vector of canonical factors. The
vector of canonical factors is a noisy affine transformation of a reduced set of factors ad-
mitting a Gaussian autoregressive dynamics. For this panel factor model we show that the
CSAML and GAML estimators derived in Section 4 are asymptotically equivalent to esti-
mators derived by a linear Kalman filter at appropriate orders in 1/n. The measurement
variables are suitable cross-sectional aggregates that approximate the canonical factors. The

methodology is illustrated by the Single Risk Factor model with heterogeneity.

5.1 Panel model with canonical factors

The model is defined in three steps. First, the micro-dynamics conditional on the canonical

factors is given by the transition pdf:

E(?/i,t\yz’,pﬁat), (5.1

where a; is a (m, 1) vector of latent canonical factors. Second, the canonical factors are such
that:

ar = o+ 7Fy + g, (5.2)

where Fiisa (J, 1) vector, J < m—1, and corresponds to a reduced set of latent factors, « is a
(m, 1) vector of intercept parameters and ~ is a (m, J) full rank matrix of factor loadings. The
time specific noise is such that u; ~ IIN(0,A) with (m,m) diagonal variance-covariance
matrix A = diag(n?,--- ,n2,). Third, the reduced factors satisfy a Gaussian Vector Autore-

gressive (VAR) model of order 1:
Fy=p+®F 1+ vy, (5.3)

where (v;) is IIN(0,2) and independent of the time specific noise (u;). In this panel model
the micro-dynamics (5.1) is potentially nonlinear, while the macro-dynamics is linear and

given by the Gaussian state-space model (5.2)-(5.3) for the canonical factors.
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Let us discuss factor and parameter identification. First, we assume that the canonical fac-
tors a; are cross-sectionally identified. Second, the model is invariant under invertible affine
transformations of the latent factor F; and the associated transformations of the parameters -,
1, . To get the identification of factors and parameters, we may assume that 4 = 0, {2 = Id;,
and ~'y = Id;. The model (5.1)-(5.3) differs from the specification (4.1), (4.3) considered in
Section 4.1. Indeed, by writing f; = (F},u})" the order condition dim(a;) > dim(f;) + 1 is
not satisfied. In fact, the parameters «, v and A have to be considered as macro-parameters,
and no micro-parameter is included in the model. By setting A = 0 we recover the model in

equations (4.1) and (4.3), but then the interpretation of « and +y is as micro-parameters.

Example 1: Default Risk Factor Model with stratified heterogeneity

Let us consider a population of n credits partitioned at each date into /K homogeneous
strata with size ng, for k = 1,--- | K, with K > 2. The individuals are doubly indexed by
(t,k),i =1,--- ,npand k = 1,--- | K. An extension of the basic SRF model of Section
2.2 accounts for the heterogeneity between strata. The default indicators v; .+, @ = 1, -+, ng,
k=1--- K,t=1,---,T, are independent conditionally on the underlying factors, with

Bernoulli distribution:

Y| (F), (Unye) ~ B(1, PDyy),
and conditional default probability:
PDy; = @ (ap + 7 Fr + ury)

where (F;) and (uy,) are independent, such that F; ~ IIN(0,1d;) and ug, ~ IIN(0,n?),
and uy, ; is a stratum-specific effect common to all individuals in stratum £ at date ¢.

The model can be rewritten as:

yz‘,k,t|(Ft)7 (ukt) ~ B [17 (I)(Clk,t)] )

where the canonical factors a; = (a1, - - - , ax,) satisfy equation (5.2) with v = (g, - - , k),
v= (7, ,vx) and uy = (w14, --- ,ux). In this example, we have m = K. The canon-
ical factor satisfies the cross-sectional identification condition and the number J of reduced

factors has to be strictly smaller than the number of strata, i.e. J < K — 1.
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5.2 The CSA Maximum Likelihood estimator

Under the identification conditions on the canonical factors and parameters, the model in-
cludes macro-parameters only, gathered in vector §. The asymptotic expansion of the (n7-
standardized) log-likelihood function becomes (see Appendix 8):

1 1
Larl®) = Loz + 2 L12(6) + Oy () 54
where L is constant in 6 and function £, ,,7(6) is given by:

1 1
Linr(®) = 7los ([(2ﬂ)mdet AJ"2((2m) det )"/

T
1o C
/---/exp{—§§ (np — = 7F) A7 (ang — = F))
t=1

T T
S (Fi—p=®F) Q" (F—p— @Ftl)} 11 dFt> . (5.5)
t=1

t=1

N —

where vector a,,; denotes the cross-sectional ML estimator of the canonical factor at date ¢:
n
(p; = arg max Z log h(%,t‘yi,tfl; at)-
E——

Function £ ,7(f) is the (T'-standardized) log-density of the canonical factor path ar evalu-

ated ata; = a,, t = 1,--- , T, for parameter value . We deduce the next result.

Proposition 11. An asymptotically efficient estimator of parameter 0 can be obtained by

applying the linear Kalman filter to the linear state-space model.:

dn,t :Oé+’yFt+Ut, U ~ I.[N(O,A),
Ft ://L‘i_@Ft—l +'Ut, (0 NI[N(O,Q)

Proof. See Appendix 8. O

The approximate log-likelihood (5.5) associated with the state space model of Proposi-
tion 11 still includes multiple integrals of large dimension since the macro-factors F; are not
semi-parametrically identified. However, due to the interpretation in terms of linear state
space model, an asymptotically efficient estimator is easily derived numerically by means of
a linear Kalman filter. The linear state space model in Proposition 11 corresponds to equa-

tions (5.2)-(5.3) after replacing the unobservable canonical factors a, by their consistent ML
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cross-sectional approximations a,, ;. Thus, we have reduced the estimation of a nonlinear la-
tent factor model written for a large number n of individuals to the estimation of a linear state

space model with m cross-sectional aggregates.

Example 1: Default Risk Factor Model with heterogeneity (cont.)
The cross-sectional estimator of ay, is simply the transformed default frequency in the
category k for date ¢, that is,
injs = D (PDysy), (5.6)

where PDn kit = — Z ik The approximate CSA state space model becomes:
=1

— — !
(cp-l(PDn,Lt), . ,<I>‘1(PDn7K7t)> —a+F +u, u~ IIN(0,A),
Ft:M+(I)Ft_1+'Ut, ’UtNI]N(O,Q)

5.3 The GA Maximum Likelihood estimator

Let us now derive the GAML estimator. For this purpose, the term L5, () of order O, (1/n?)
in the log-likelihood expansion has to be taken explicitly into account. In Appendix 8, we
show that:

T ~1/2
1
L,r(0) = 7 log | (2m) =M+ T2 (et Q) =1/ <H det \Ilm>

t=1
T

1 ) PSRN 1,
/ /GXp {—5 Z (Clt —a—vyF+ Efnt) ‘Ifn}g <Clt —a—yk+ ant)

T
——Z (F,—p—®F_,) Q! (Ft—u—CDFt_l)}HdFt

t=1

+0,(1/n?), (5.7)

where:

-1
. 1. S 0% log h .
\Ijn,t =A + EEn,ta = <__ Z 8@158 I yz t|yi,t—1; an,t)) ) (58)

and ém is a (m, 1) vector with components:

A n 133 l()g h ( | N ) A~ ~ ( )
éntv § § it Zt—l)Cln En En T r 17"”m‘ 5'£
™ 8(11 taap taaqt y ’ y ’ 7t 7t7lp 7t7q

lpq 1

Thus, we deduce the following result.
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Proposition 12. An estimator asymptotically equivalent at order 1/n to the GAML estimator
of parameter 0 can be obtained by applying the linear Kalman filter to the linear state-space
model: . .
n¢ + Eént =a+vF +u, up~IIN (0, A+ Eint> )
F;g = /,l,+ q)Ft,1 +'Ut, Ve ~ [[N(O,Q),

where ﬁ)m and ém are defined in (5.8) and (5.9), respectively.
Proof. See Appendix 8. [

The state-space model to compute the GAML estimator involves corrections at order 1/n
in the measurement variable and in the variance of the measurement error. As seen in Corol-
lary 9, corrections of such an order are sufficient for GA estimation of macro-parameters.
The matrix XAIn,t in the variance adjustment is the inverse of the Fisher information matrix for
cross-sectional estimation of the canonical factors. The vector én,t involves the third-order
derivatives of the log micro-density and adjusts the bias of the cross-sectional ML estimator
of a; at order 1/n. This bias adjustment is not complete, since the GAML (and thus the true

ML) estimator has a non-zero second-order bias as seen in Proposition 10.

Example 1: Default Risk Factor Model with heterogeneity (cont.)
From Proposition 12, the GA approximate state space model corresponds to approximate

measurement equations for the different strata:
. L, .
Qn kot + n—fn,k,t = ay + Yl + Up 1 (5.10)
k

where the uy, are independent across strata and time, with time-inhomogeneous Gaussian

distribution:
PD, .,(1—PD, ) [dd~'(p)]?
up, ~ N 0,n; + st i) { - (p)} )
K P 1p=PD, .,
and:
2 — dd—1 3 _— o L2p-1
gn’k’t - (1 - 2PDnvkvt) |:d—@‘| + 5PDn,k,t<1 - PDn,]@t) |: d 2(p>:| .
p p:ﬁ\Dn’k’t p p:ﬁ)n,k,t

The measurement equations (5.10) involve two granularity adjustments. The first one is a

variance adjustment and corresponds to the delta-method applied to the transformation of
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the default frequencies (5.6). The second one is a partial bias adjustment of the estimated

transformed default frequencies.

6 Stochastic migration model

In this Section we illustrate the finite sample properties of the efficient estimators in Propo-
sitions 5 and 7 for a dynamic panel model with factor structure as in equations (4.1) and

4.3).

6.1 The model

The stochastic migration model has been introduced to analyze the dynamics of corporate rat-
ings and is a basic element for the prediction of future credit risk in an homogeneous pool of
credits [e.g., Gupton et al (1997), Gordy, Heitfield (2002), Gagliardini, Gouriéroux (2005b),
Feng, Gouriéroux, Jasiak (2008), Koopman, Lucas, Monteiro (2008)]. A basic stochastic mi-
gration model is the ordered qualitative model with one factor, which extends the SRF model
of Section 2.2 to more than two alternatives. Let us denote by y; ;, ¢ varying, the sequence of
ratings for corporate i. The possible ratings are k = 1,2, ..., K, say '6. The micro-dynamic

model specifies the transition matrices with elements depending on the factor value:

Tkt = Plyie = klyie1 =1, fi] =G (W) G (Ck—l —Nfi — Oéz) ’

o gl
where ¢; < ¢ < ... < ¢g_1 and oy, 7,0, [ = 1,..., K are unknown micro-parameters,
and ¢y = —o0, cx = +o0. Function G is the cdf of a probability distribution, that corre-

sponds to the standard normal distribution for the Probit model, where G(x) = ®(z), and
to the logistic distribution for the Logit model, where G(z) = 1/(1+ e ®). The ratios
argt = (cx —ft — aq) /oy in the above transition probabilities allow to identify semipara-
metrically the micro-parameters and the factor values up to location and scale transforma-
tions. For semiparametric identification (Assumptions A.6-A.7), we impose the constraints

cit =0,00 =1, a1 = 0,7 = 1when K > 2, and additionally o5 = 1 when K = 2 (see

16Tn practice, the alternative k = K typically corresponds to default, which is an absorbing state. For exposi-

tory purpose, we do not consider an absorbing state here.

30



Appendix 9.1). The model can be written as in equations (4.1) and (4.3), where the vector of
canonical factors is a; = vec[a; ;+]. Finally, the common factor f; follows a linear Gaussian

autoregressive process:
fi=p+pfio1+omn, (6.1)

where (1) is IIN (0, 1), and y, p and o are unknown macro-parameters.

6.2 Estimation of the micro-parameters

The micro log-density is given by:

log b (Yit|Yii—1 fr; B)
Cr — — Cr_1 — — «
1{yea = b, yoao1 = 1} log [G (Lf’z) e ( e1— ki l)] |

a1 0l

; _ Ck — Nt — Cr—1 — e — .

fot(B) = argmaxZZle,t log {G (T) e ( p )} , t=1,....T,
(6.2)

and depend on the data through the aggregate counts N, ; of transitions from rating [ at time

t — 1 to rating k at time ¢, for k,l = 1,..., K and ¢t = 1,...,T. The (semi-)parametrically

efficient estimator of the micro-parameter is:

K K T A N
B = argmaxZZZletlog (Ck - %fr;z;(ﬂ) - al) _G (Ckl - 71]2;,1&(5) - Oél)] -

k=1 I=1 t=1
(6.3)

This estimator is computed from the aggregate data on rating transition counts (N ;).

To compare the finite-sample distribution of estimator B;‘;T and the semi-parametric effi-
ciency bound, we perform a Monte-Carlo study. We consider the two-state case K = 2 and
a DGP where the transition probabilities are given by a one-factor logit specification. Under
the semi-parametric identification constraints ¢; = a; = 0 and v = 01 = 02 = 1, the
micro-parameter to estimate is 5 = (aw,72)’. The parameter values used in the Monte-Carlo

study are displayed in Table 1.

Table 1: Parameter values
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061:0 ")/1:1 0'1:1 042:—0.5 ’}/2:1 02:1
co=—-—00 | =0 |y =400 w=0.1 p=05 |o=0.5

In Figures 1 and 2, we consider the sample sizes n = 200, 7" = 20, and n = 1000,
T = 20, respectively. In each figure, the two panels display the finite sample distributions
of the estimators B;T for the two micro-parameters (solid lines). We also display for each
micro-parameter the Gaussian distribution (dashed lines) with mean equal to the true param-
eter value and variance equal to the semi-parametric efficiency bound divided by n’7". The
estimator B;;T is computed from (6.3) by numerical optimization, where for given [3 the esti-
mate fn,t( /3) in (6.2) is computed by grid search !7. As expected from the stochastic migration
literature, the v, parameter, which represents the sensitivity of the transition probabilities with
respect to the factor, is the most difficult to estimate. Its asymptotic variance is larger and the
convergence of the finite sample distribution to the asymptotic one is slower. A comparison
of Figures 1 and 2 shows that the standard deviations of the estimators decrease by a factor
of about 2 when passing from n = 200 to n = 1000, as suggested by the rate of convergence
V/nT of the micro-parameters. Finally, we observe a rather small finite sample bias for both
estimators.

The semi-parametric efficiency bound for (as,72)’ is given by (see Appendix 9.2):

Bgg =

H2t—1T22 ¢ (1 - 7T22,t) 73 ) ft2 ft

Eq | p2—1ma2,e (1 — mo2, (1 -
f2,t-1722.1 ) pa,i—1712, (1 — i) + pop—1ma2 (1 — T224) 73 fi 1

where m19; = 1/(1 + e't), o2, = 1/(1 + €72/+92) and:

Hit—1 = P [yz',t—l = 1|ft—1 =1—pos-1.

1"The stochastic migration model can be easily extended to include multiple factor in the transition probabil-
ities. In such a model, the estimation procedure described in Section 4.1 based on optimization problem (4.2)
is numerically convenient. In particular, the cross-sectional estimators of the canonical factors a; ;,; are given
in closed form. This estimation procedure has been applied in Gagliardini and Gouriéroux (2005b) without

proving its asymptotic efficiency.
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The matrix B3g involves the probabilities j¢; ;—; and po ;1 of the lagged states, conditional on
the factor path, and the conditional variances of the indicator of state 2, that are mo; (1 —72; )
and a2, (1 — ma2,), respectively, according to the previous state. The matrix Bz depends on
macro-parameters /i, p, 02 by means of the expectation Ej. The semi-parametric efficiency
bound can be approximated numerically by Monte-Carlo integration (see Appendix 9.3).
Figure 3 displays the semi-parametric efficiency bound of parameter v, as a function of
the autoregressive coefficient p and the unconditional variance % of the factor process ( f;).

The values of the micro-parameters and p are given in Table 1. More precisely, we display

%BWW)I/Q, where n = 1000 and 7" = 20. The semi-

the asymptotic standard deviation (
parametric efficiency bound is decreasing w.r.t. the factor variance. The pattern is almost flat
w.r.t. the autoregressive coefficient p of the factor, except for values of p close to 1, where the

semi-parametric efficiency bound diverges to infinity.

6.3 Estimation of the macro-parameters

Let us now consider the efficient estimation of the macro-parameter 6 = (u, p, 02)'. The esti-
mator is based on the cross-sectional approximations of the factor values fnT,t = fmt (B;;T>

from (6.2) and (6.3). The estimators /i and p are obtained by OLS on the regression:
Fure = p+ plares +up, t=2,...,T.

T
The estimator of parameter o2 is given by 6% = 71 Z 42, where iy = fory—fi—pfuri—1

t=2
are the OLS residuals. The estimator 6 = (4, p, &2)’ achieves the asymptotic efficiency bound
with observable factor, that is, the Cramer-Rao bound for 6 in the linear Gaussian model

(6.1). Thus, the asymptotic efficiency bound is such that the estimators of (u, p)’ and o2 are

asymptotically independent, root-T consistent, with asymptotic variance:

-1

* 2 L fi 034—#3% —pto(1 + po)
B(u,p) =0k 9 - 9 ’
fi f —po(L+po)  1—pg

for (11, p)’, and B%, = 20 for o2
Figures 4 and 5 display the distributions (solid lines) of the efficient estimators /i, p and
62 in the Monte-Carlo study for sample sizes n = 200, 7" = 20, and n = 1000, 7' = 20,
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respectively. The parameter values are given in Table 1. We also display Gaussian distri-
butions (dashed lines) centered at the true values of the parameters, with variances equal to
the efficiency bounds divided by 7. As expected, it is more difficult to estimate the autore-
gressive coefficient p and the variance o2 than to estimate the intercept p. The estimators
p and &2 feature moderate downward biases. By comparing Figure 4 and Figure 5, we no-
tice that the standard deviations of the estimators are rather similar for the two sample sizes
and do not scale with n. Moreover, by comparing Figure 2 and Figure 5, it is seen that
the discrepancy between the finite-sample distribution and the asymptotic efficiency bound
is more pronounced for the macro-parameters than for the micro-parameters for our sample
sizes. These findings are a consequence of the different convergence rates of the two types of

estimators, that are /7" and v/nT, respectively.

7 Extension to panel factor models with individual hetero-
geneity

The results can be extended to cases of either observed heterogeneity, or unobserved stochas-
tic heterogeneity. Let us first assume that the micro-dynamics is given by the transition pdf
h(yit|yit—1, ft, is; B), Where z;, is an observed explanatory variable. The joint density of
the endogenous variables yr and the factor path fr, conditional on the path of the explanatory

variables xr and the initial conditions, is given by:

n T T
e, frlees 8,0) = TTT1R Wetlvia—r, foowin 8) [ 9(fil fir; 6
t=1

i=1 t=1
The asymptotic approximation of the log-likelihood function is performed as in Corollary 2
n
with the cross-sectional factor approximation fm(ﬁ) = argmax Z log h(yit|Yit—1, fr, Tie; B)-
Results analogous to Propositions 3-7 can be proved under suital;l:e1 regularity conditions.
Let us now consider unobserved individual heterogeneity in terms of a discrete mixture.
For expository purpose, let us assume that in the population there are individuals of two types,

type 1 and type 2, say, with unknown proportions 7 and 1 — 7, respectively. Conditionally on

the factor path (f;), the individuals are independent. The micro-dynamics for an individual
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of type j follows a Markov process with transition A(y; |y -1, fi; 3;) with parameter [3;,
for j = 1,2. The factor (f;) follows a Markov process with transition g (f;|f;_1;6). The
individual type and the factor path are unobservable for the econometrician. The unknown
parameters vector is (3], 35,0, 7)".

Let z; be the indicator variable that is equal to 1 if individual ¢ is of type 1, and equal to

0, otherwise. The complete data density is:

=1 t=1

n T Zi T 1-2;
Uy, fr. 260 B2, 0,7) = ] (Hh(yi,ﬂyi,t_l,ft;ﬂl)) (Hh(y,-,ﬁyz-,t_l,ft;ﬁz))

n T

.Hﬂ'zi (1_7T)1_Zi'Hg(ft|ft—1§9), (7.1)

i=1 t=1

where z = (21, -+ ,2,). The log-likelihood function is obtained by integrating out both
the factor path fr and the indicator variables z. To integrate out the factor path, we ob-
serve that for given z the density (7.1) corresponds to the density of a model with ob-
served time-invariant individual heterogeneity and micro-dynamics ﬁ(hivt\yi,t_l, fi,z;0) =
[h(hi,t|yi,t—la ft;ﬁl)]Zi [h(hi7t|yi,t—1a ft;ﬁz)]lizi’ say, where 3 = (1, 33)". Thus, we can ap-
ply the Laplace approximation along the lines of Proposition 1 and Corollary 2 as discussed

above, and show that asymptotically:

1
— logl (yr. 2 B, Bo, 0, 7)

12

% tzi; Zgn; [z, log i (yi,t|yi,t—lv fn,t(ﬁ’ z); ﬁ1> + (1 —z)logh <yi,t|yz-,t—1, fn,t(ﬁ7 z); 52)}

n

1 1 & . .
+n_T Z [ZZ logﬂ- + (1 - 22) IOg (]' - W)] + n_T tz;logg <fn,t(ﬁ7z)|fn,t—1(ﬁa 2)70> ) (72)

i=1

where the cross-sectional approximations of the factors are given by:

fn,t(ﬁa z) = arg mfaxz [zilog b (Ui e|yie—1, fr; Br) + (1 — 2:) log h (Yie|yii—1, fr; Ba)] -
b=l

The first two terms in the RHS of (7.2) correspond to the complete data log-likelihood func-
tion of a panel mixture model, where the individual dynamics depend endogeneously on
the population segmentation through the summaries fnt( 3, z). The approximate maximum

likelihood estimator of (31, 35, ) can be computed by using standard methods for mixture
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models, such as the EM algorithm, where the E-step is performed using a Gibbs sampler to
integrate over the discrete state space of z. Then, the estimator of parameter 6 is derived
as usual from the dynamics of the factor approximations. The derivation of the asymptotic

properties of such estimators is behind the scope of this paper.

8 Concluding remarks

We have considered nonlinear dynamic panel models with common unobservable factor,
in which it is possible to disentangle the micro- and the macro-dynamics, the latter being
captured by the factor dynamic. Such models are largely encountered in finance and in-
surance when the joint risk dynamics are followed in large homogenous pools of individ-
ual contracts such as corporate loans, household mortgages, or life insurance contracts. In
such applications the model allows to disentangle the dynamics of systematic and unsys-
tematic risks. These models are also appropriate for performing macro-prediction from ten-
dency surveys [Gouriéroux, Monfort (2009)]. For large cross-sectional and time dimensions
[n,T — oo, T"/n = O(1), b > 1], we have derived the semiparametric efficiency bound of
the parameter (3 characterizing the micro-dynamics. The semi-parametric efficiency bound
takes into account the factor unobservability, and coincides with the bound for known fac-
tor transition. Moreover, we have shown that the fixed effects estimator of  achieves the

(semi-) parametric efficiency. We have also shown that an asymptotically efficient estimator
of the macro-parameter 6 is obtained by replacing the unobservable factor values by consis-
tent cross-sectional approximations in the likelihood function. These results require a large
cross-sectional dimension to approximate the likelihood function, which involves multidi-
mensional integrals, by a closed form expression. The higher-order terms in this expansion
around n = oo are the basis for granularity adjustments, which yield asymptotically efficient

estimators, that are more accurate approximations of the true ML estimator.
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Figure 1: Distribution of the semiparametrically efficient estimators of the micro-
parameters, sample size n = 200 and 1" = 20.

P.D.F. of estimator &,
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The solid lines give the pdf of the semiparametrically efficient estimators of parameter v (upper Panel, true
value 1) and parameter o (lower Panel, true value —0.5). The pdf is computed by a kernel density estimator.
Sample sizes are n = 200 and 7" = 20. The dashed lines in the two Panels give the pdf of a normal distribution
centered at the true value of the parameter and with variance equal to the semi-parametric efficiency bound
divided by nT.
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Figure 2: Distribution of the semiparametrically efficient estimators of the micro-
parameters, sample size n = 1000 and 7' = 20.

P.D.F. of estimator &,

15

10

The solid lines give the pdf of the semiparametrically efficient estimators of parameter y (upper Panel, true
value 1) and parameter o (lower Panel, true value —0.5). The pdf is computed by a kernel density estimator.
Sample sizes are n = 1000 and T" = 20. The dashed lines in the two Panels give the pdf of a normal distri-
bution centered at the true value of the parameter and with variance equal to the semi-parametric efficiency
bound divided by nT.
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Figure 3: Semiparametric efficiency bound of the micro-parameter -.

The figure displays (

and n. = 1000, T = 20, as a function of the autoregressive coefficient p and the variance 7—
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Figure 4: Distribution of the efficient estimators of the macro-parameters, sample size
n = 200 and T" = 20.

P.D.F. of estimator fi,,r

15

0.6

The solid lines give the pdf of the efficient estimators of parameter 1 (upper Panel, true value 0.1), parameter
p (central Panel, true value 0.5) and parameter o2 (lower Panel, true value 0.25). The pdf is computed by a
kernel density estimator. Sample sizes are n = 200 and T" = 20. The dashed lines in the three Panels give
the pdf of a normal distribution centered at the true value of the parameter and with variance equal to the
efficiency bound divided by 7'
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Figure 5: Distribution of the efficient estimators of the macro-parameters, sample size
n = 1000 and T" = 20.

P.D.F. of estimator fi,,r

15

0.6

The solid lines give the pdf of the efficient estimators of parameter p (upper Panel, true value 0.1), parameter
p (central Panel, true value 0.5) and parameter o (lower Panel, true value 0.25). The pdf is computed by a
kernel density estimator. Sample sizes are n = 1000 and 7' = 20. The dashed lines in the three Panels give
the pdf of a normal distribution centered at the true value of the parameter and with variance equal to the
efficiency bound divided by 7'
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APPENDIX 1
Weak LLN and Slutsky Theorem

This Appendix provides asymptotic results for nonlinear panel models with common fac-

tor to show the uniform stochastic convergence:

n <
=1

=30 (1 S Vi, fn,m),ﬁ)) Bl mt(@))]‘ 2,0, (A1)

as n, T — oo, where Y;; = (yz‘,tayi,tA,"' 7%‘,th)', m(B) = Ey [a(ii,t,ft(ﬁ),ﬁ)lﬁ],
fas(3) is a consistent estimator of f,(3), B C R? denotes the parameter set, and a and ¢

are functions. The result in Lemma A.1 is proved in Appendix B.1 on the web-site.

Lemma A.1: Let matrix function a(Y, f, 3) admit values in R™". Assume:

(1) (i) Parameter set B C RY is compact.
) o (Vi S0, 0)I°) < oo.forany 3 € B Eo suplat¥ie, £(9). D] < .

0 vecla(Y;y, fi(3), 4
sup [a( 5ﬁ'f (8), )]
(iv) For any 3 € B: Eq [||1:(8) — Eola(Yiz, fi(8), ) fis s fromlll?] = O (m~=*), for
some o > 0, as m — oo, where p,(3) = Eqla(Yiy, fi(8), B)| fi]-

V) P& > u] < Crexp (—CQU(S) as u — oo, for some constants C1,Cy,d > 0, where
& = supoy(5) and o}(8) = Eu [la(¥ic £4(8), B)IPIf].
(vi) Condition (v) holds for & = Sﬁlelg 52(3), where 62(3) = Ej [b(Yi’t, f:(B), ﬁ)2|ﬂ

dvecla(Yiy, £, 5)]
af’

(iii) E,

< 0Q.

and b(Y; 4, fi(B),B) = sup
Fllf=rfe(B)1<n*

, > 0.

(2) Function ¢ : R"™*" — R is Lipschitz and there exists T > 2 such that Ey [|p(1:(06))|7] < oo,

forany (8 € B.
3) sup supl|fui(B) — fi(B)]| = O(T "), for p > 0.
1<t<TBeB

4) n,T — oo, such that T'/n — 0.

Then, under Assumptions A.1-A.5, the uniform stochastic convergence (A.1) holds.

46



Lemma A.1 follows from:

(a) The convergence of estimator f,,;(3) to f,((3), and the convergence of the cross-sectional
n

werage — " a(¥ig, £i(0). 0) 10 ju(3) = Eo [a(Yir, £(5), H)|5] by a Weak LLN (WLLN)
conditionali(:)il ft, uniformly int = 1,--- ;T and 8 € B,
(b) The application of the Slutsky theorem with continuous function ¢,
(c) The convergence of the time series average of ¢ (u(3)) to the population expectation by
the WLLN, uniformly in § € B.

Since the continuity point j,((3) for the application of the Slutsky theorem is stochastic,

we need the Lipschitz condition for ¢ in condition (2). Condition (1) (v) in Lemma A.1 is used

to apply Bernstein’s inequality [e.g., Bosq (1998), Theorem 1.2] to derive a large deviation

1
bound for — Za(Yi,t, f:(B), 8) — pe(B) uniformly in 1 < ¢ < T and 3 € B. Condition (1)
n

=1
n

(vi), combined with condition (3), is used to show that 1 Z [a(Yi,t, fnvt(ﬁ), B) — a(Yi, fi(B), ﬁ)]

n <
=1

converges to zero, uniformly in 1 < ¢ < T'and 3 € B. The uniform convergence in condi-

tion (3) is proved in Appendix 4 (see Lemma A.6), when fn,t(ﬁ) is the cross-sectional ML
T

estimator introduced in Section 3. Finally, the uniform convergence of %Z o(pe(8)) to
Eo [o(u(5))] relies on a mixingale WLLN in Andrews (1988) and converg;:nlce results for
Near-Epoch Dependent processes in Davidson (1994).

Lemma A.1 is also valid for multivariate functions ¢ whose components satisfy condition
(2), in particular for the matrix identity mapping ¢(z) = x, v € R"*". However, the Lips-
chitz property in condition (2) prevents the application of Lemma A.1 when ¢ is the matrix

inversion (z) = x~!. Lipschitz condition (2) is relaxed in Lemma A.2, which is proved in

Appendix B.2.

Lemma A.2: Let a(Y, f, 3) admit values in the set of symmetric matrices of dimension r,

and let U be the open subset of positive definite matrices. Assume:

(1) Conditions (1) (i)-(vi) of Lemma A.1 hold. Moreover:
vii) 1 (3) = Eo [a(Yis, £:(8), B)| 1] € U, for any t and 3 € B, P-a.s.
-1
(viii) Condition (1) (v) of Lemma A.1 holds for & = (érellfg /\t(ﬁ)) , where () is
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the smallest eigenvalue of matrix 1, ([3), for & = sup Ut(ﬁ), and for & = sup Ut(ﬁ),
seB A() seB Ai()
where 04(3) and &,(3) are defined in Lemma A.1.
(2) Function p : U — R is such that:
(1) ¢ is Lipschitz on any compact subset of U.

(ii) |p(w)| < C||z]|"¥(2), for any w, z € U such that w = (1+A)z,

Al < 1/2, where

constants C, 7 satisfy C' > 0, 7 < 2, and function 1 is such that Eq[sup|(u.(5))|*] < oo.
BeB

3) sup supl|fui(8) — fi(B)|| = Op(T~"), for p > 0.

1<t<TBeB

4) n,T — oo such that T'/n — 0.
Then, under Assumptions A.1-A.5, the uniform stochastic convergence (A.1) holds.

Assumptions (1) (vii)-(viii) of Lemma A.2 involve a tail condition on the stationary distri-
bution of the smallest eigenvalue \;(3) of matrix 1,(3) in a neighbourhood of 0. In condition
(2) (i), function ¢ is locally Lipschitz on compact subsets of &. The growth of || outside
compact sets is bounded by condition (2) (ii). These conditions are sufficiently general to
accommodate functions ¢ used in Appendix 6 to derive the asymptotic properties of the esti-

mators.

Corollary A.3: Assume that conditions (1), (3) and (4) of Lemma A.2 hold. Let function ¢
be either:

(A) The matrix inversion ¢ : U — R™", o(z) = 7!, or

(B) The mapping ¢ : U — R**%, p(x) = (x'1)~! where 2! is the upper-left s-dimensional
block of 71, s < r.

Then, the uniform stochastic convergence (A.1) holds.

Corollary A.3 is deduced from Lemma A.2 since the inversion mapping satisfies w~! —

= —w™ (w—2) 27!, forw, z € U (see Appendix B.3).
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APPENDIX 2

Large deviation bounds for ML estimators in an i.i.d. framework

We provide two large deviation bounds for ML estimators in an i.i.d. framework. They
are used in Appendix 4 to derive the rate of convergence of the factor approximations through

a conditioning argument. Let us consider the ML estimator:

0, = arg max L,(0),

where L,,( Zz ) and I; (0) = logh (y;,0). Let L(0) = E,[l; ()], where Eq|]
denotes expectatlon w. rt the true probability distribution F;. Let us assume:

i) Parameter set © C R? is compact and convex.

ii) The observations y;, i = 1,...,n, are i.i.d. with density h(y;,6), where 6, is the true
parameter value.

iii) Parameter 6, € O is globally identified, that is, L (6y) > L () for any 6 € ©, 6 # 6, and
0? log h(y;, 90

locally identified, that is, the matrix Jy = Fj [— 2000

1 is non-singular.

iv) There exists 7 > 2 such that:

dlog h(y;, 0) "

00

R = Ej {sup
0cO

| <o

Under the compactness condition in 1), condition iii) is equivalent to:

K:=2 inf M >0, (A.2)
0€6:0700 || — 6|

h (yia ‘90)
ancy between 6 and 6,. Moreover, under condition iv):

dlog h(y;,
| <o

where KL (0,0y) = L (6p) — L (0) = Ey [bg ( )} is the Kullback-Leibler discrep-

[:=supTri(0,60y) = supEy
=C) )

9log h(y;, 9) D1og h(y:, 0)]
06 o0’

mation matrix equality, but matrix 1(6,6,) differs in general from J, for 6 # 6, even for

where 1(0,00) = Ey

. Note that 1(6y,6y) = Jo by the infor-

well-specified models.

49



Lemma A.4: Under conditions i)-iv), there exist constants cy, ca,c3 > 0 (depending on d,

but independent of © and the parametric model) such that for any n and € > 0:

al

~ K R
0, — 90H > 5} < e exp (_CanQW) + c;»,s”‘QE.

Proof: See Appendix B.4.

Lemma A.4 differs from large deviation bounds for ML estimators known in the literature
[e.g., Fu (1982), Chen, Shen (1998), Theorem 3], since Lemma A.4 makes explicit how the
bound with given threshold € and sample size n depends on the true probability distribution '8,
This dependence is summarized by statistics /C, [' and R, and by exponent 7. In particular,

the coefficient of ne? in the exponential term involves the ratio This ratio is an

K
1+T/K
increasing function of the Kullback-Leibler measure K, and and a decreasing function of the
second-order moment of the score I'.

The large deviation bound in Lemma A.4 can be extended to models with nuisance pa-
rameters. Let the log-density /;(#) = logh(y;,0) be parametrized by = («a, 3), where

the parameter of interest is & € A, and the nuisance parameter is § € B. We consider the

concentrated ML estimator of parameter « defined by:

an () = arg max Ly (e, §),
for any 5 € B, where L, («, 5) = %le (0). Denote L(0) = Ey [1;(0)], and © = A x B.
=1

Lemma A.5: Assume:

i) Set A C RE is compact and convex, and set B C RY is compact.

ii) The observations y; are i.i.d. with density h(y;, 0y), where 0y = (a, Bo) is the true param-
eter value.

iii) For any given 3 € B, the function L(«, [3) is uniquely maximized w.rt. o € A at

a(f) = argmax L(«,3). The true values of parameters oy € A and [y € B satisfy

acA
ag = a(fo), and the matrix J () = Ey _W

0log h(y;,0)
00

is non-singular, for any 3 € B.

~

iv) There exists v > 2 such that R := Ej {sup < 0.

0cO

8Moreover, compared to the results in Fu (1982), Lemma A.4 applies for multivariate parameter 6.
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Then, there exist constants cy, ca, c3 > 0 (depending on dimensions K and q, but independent
of A, B and the parametric model) such that for any n and € > 0:

K+q

P |sup |@n(8) — a(B)|| > | < eVol(B)™
BeB e?

exp | —c ’m’:‘QL +c 87_2E
" 14+1/K K
where:

P 2K L(a, oa(5); B)
BEB acA:a#a(B) ||04 - O‘(ﬁ)HQ

and K L(a, a(5); B) = L(a(B), B) — L(«, ) is the Kullback-Leibler discrepancy between o

2
< 00,

/ d\ is the Lebesgue mea-
B

> 0,

and o(3) for given 3 € B, the scalar T is given by:

[':=sup Tri(0,6y) = supEy

0o 0cO Oa

Halog h(yi, 0)

with 1(9, 90) = E(] 9 oo
« «

sure of B.
Proof: See Appendix B.5.

}, and Vol(B)
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APPENDIX 3

Regularity conditions
The regularity conditions used to derive the large sample properties of the estimators are
given below.

H.1: The parameter sets B C RY and © C RP are compact. The true parameter values [3y

and 6 are interior points of B and ©, respectively.

H.2: For any multi-index o € N such that |o| < 3:

9
Eo |sup 01 og h(yilyie1, f35) e
geb o(6", 1) =1 ’
8
where K = dim(f). Moreover Ej |sup 910) < 00
ses || Op

H.3: Forany § € B: (1) Eol[|fi(B) — Eolfe(B)|fes s fimmlI?] = O (m™),
(i) Eo [|Eo [Lis(B)|fe] = Eollie(B)| fe: -y feeml ] = O (m™),
(i) Eo [[|Eo [Hi(B)|fi] — EolHix(B)| fer s fr-ml||?] = O (m™®), as m — oo, for some

log h(Yiplyii-1, f
a > 0, wherel; () = log h(y;¢|yit—1, f:(B); 5) and H; +(B3) = [—a (;)ng’ (glf)’g(fflﬁ{) b) ( ).
) ) =1

H.4: Martrix I(t, 3) = Eq [H;(0)| /] is positive definite, for any t and 3 € B, P-a.s.

H.5: P > u] < Crexp (—Cgué) as u — o0, for some constants Cy,Co, 6 > 0 and:
~1

& = (érelg)\t(ﬁ)) , where \i([3) is the smallest eigenvalue of matrix 1(t, 3);
(i) & = sup Eq Ul@t(ﬁ)mﬂ,
BeB
dlog h(yitlyii—1, f; ) ’
of =

(i) & = sup Fy sup where n* > 0;

peB Flf=fe(B)lI<n*
()& = sup §4 8, where o7(9) = o [| (D) 1]
5(5) *10g h(ysalyii—1. /1) |
t h t = E : . d
(0 & = sup X3y Where 709 = o Fir-sonsr | OBV, )0 _] .

n* > 0.
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H.6: The process sup || f:(5)]| is such that P [sup | f:(B)] > u} < Csexp (—Cyuf) as u —
BEB BeB

0o, for some constants C3,Cy, 0 > 0.

H.7: The set F,, C R¥ is compact and convex, for any n € N, and is such that B,,,(0) C F,,
where B, (0) denotes a ball in R* centered at 0 and with radius p, = [(2/C4) log(n)]l/g.

H.8: There exists a constant a; > 0 such that:

L . . a12KLt(f7ft<ﬁ)>ﬁ)
Koi=inf inf o inb ) los(I" =

for any t, P-a.s., where KL,(f, f;(6);3) = Ey [log <h<f?jzgj|?i];_jilft;6)ﬁ’)ﬁ)) |ﬁ} is the

conditional Kullback-Leibler discrepancy between f and fi([3) given the factor path f;.

> 0,

H.9: There exist constants v > 4 and ay > 0 such that:

Olog h(yitlyit—1, f; 5)
a(f/7 ﬁ/)/

v
R, :=sup [log(n)]"**Ey {sup sup ‘ﬁ] < o0,

n>1 BEB fEF,

for any t, P-a.s. Moreover Ey[R?] < cc.

H.10: There exist constants Cs, Cg > 0and az > 1 such that P [&, > u] < Csexp [—Cgu'/(371)]

Ko\
, wh = —=F d:
as u — 0o, where &, (1+Ft//Ct) an

[y :=sup sup sup [log(n)]"* TrE,
n>1 BeB feF,

{mOg h(YitlYii—1, [ ) 01og h(yislyii—1, f3 5) |f}
of of Jt| -

H.11: The function G(F;,0) = log g(fi|fi—1;0), where F, = (fi, fi—1), is Lipschitz contin-

uous w.r.t. Fy € R?X, and such that Ey [||G(Fy(3),0)||"] < oo, k > 2, for any 3 € B and
0 6 ("‘), and E |:sup Sup w aG(Ft(ﬂ)7 9) ‘
9cO peB B 00

< oo, KB [supsup ] < 00.

0cO peB

H.12: P [(; > u] < Crexp —C’gul/x), as u — oo, for some constants C, Cg, x > 0, where

OG(F,0
(; = supsup sup ﬁ' , " >0, and G(Fy, 0) = log g(fi| fi—1;0) -

0€0 BEB F:||F—F(B)|<n*

OF

o 10gg(ft’ft—1§ 9)
0000’ ’

H.13: Assumptions H.11 and H.12 are satisfied for G(F;,0)

_ 0? logg(ft‘ft—l;g) and — 0? 10gg(ft|ft—1§9)
000 f] ’ 000 f]_, '
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dlog g(fil fe-1:60)
060

His: 5 |

14
}<oo,y>2.

Assumption H.1 is a standard condition on parameter sets and true parameter values. As-
sumptions H.2-H.6 concern the micro log-density and the pseudo-true factor values. Specifi-
cally, Assumption H.2 requires finite higher-order moments for log h(y; ¢|y; -1, f; §) and its
derivatives w.r.t. § and f, evaluated at f = f,(3), uniformly in 5 € B. Similarly, finite higher
moments for 0 f,(/3) /0’ uniformly in /3 are required. Under Assumption H.3, the pseudo-true

factor value f;((3), and the conditional expectation of /; ;(3) = log h(yi +|yi+—1, f:(0); F) and
9% log h(yit|yi i1, f; B)
Hi, B)=|— NETEND
() o(f,BYof 7)) ] p=ps)

by the conditional expectation given a finite number of past factor values. Assumption H.4

given the factor path f;, can be approximated

implies the concavity of the cross-sectional likelihood function F [log h(yitlyii—1, f; 5)] ﬂ
wrt. (f,0), at f = fi(f) and 5 € B, P-as. Since I(t,3y) = I(t), where matrix I(t) is
defined in (3.10), Assumption H.4 strengthens identification Assumptions A.6 and A.7 for
micro-parameter . Assumption H.4 is equivalent to the condition A\;((3) > 0, for any ¢ and
B € B, P-a.s., on the smallest eigenvalue of matrix (¢, 3). Assurlnption H.5 (i) is a tail condi-
tion on the stationary distribution of process §; = ( érelg Ae(B) | . This condition is satisfied,
when the factor paths associated with very small \;(3) for some [ are sufficiently unfre-
quent. Assumptions H.5 (i1)-(v) are similar tail conditions for the stationary distributions of
process & = sup Ey [|1;(8)]?| f¢] as well as processes involving the derivatives of the micro
log-density fuﬁrfclzgtion. Assumptions H.1-H.5 are used in Appendix A.6.2 to prove the uni-
form convergence of the likelihood function £}, (3) defined in (3.5), and of its second-order
derivative w.r.t. 3, using Lemmas A.1, A.2 and Corollary A.3 given in Appendix A.1.
Assumptions H.6-H.10 are used in Lemma A.6 to derive the uniform rate of convergence
of the factor approximations (see Appendix A.4). Specifically, Assumption H.6 concerns the
tail of the stationary distribution of the process sup || f;(/3)||. The parameter set F,, is allowed
to grow at a logarithmic rate as n — oo. Assurrﬁ:)etligon H.7 gives a lower bound on this growth
rate. Under Assumptions H.6 and H.7, the pseudo-true factor value f;((3) is in F,,, for any
1 <t < T and B € B, with probability approaching 1 at rate O(7/n*). Assumption H.8
concerns the identifiability of the factor values. For any given n, the conditional Kullback-

Leibler discrepancy between f € F,, and f;(3) given f; is bounded from below by a quadratic
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function proportional to the squared distance || f — f;(3)||%, uniformly in 3 € B. The scale
factor converges to zero at a logarithmic rate, as parameter set F,, grows. Assumption H.9
introduces a uniform bound on the higher-order moments of the score of the log-density w.r.t.
factor value f € F, and parameter § € B. The moment of order v > 4 is allowed to
diverge at a logarithmic rate as F,, grows. The logarithmic rates in Assumptions H.8 and H.9

imply an upper bound on the growth rate of set F,,. Assumption H.10 is a tail condition on
Kt
1+ Ty/K,

involves the measure of Kullback-Leibler discrepancy K;, and the measure I'; of

the stationary distribution of the process in a neighbourhood of 0. The quantity

t
1+ T /Ky
second-order moment of the score of the log-density w.r.t. f;, which are functions of the factor

path f;. Assumption H.10 is satisfied when the probability mass of X in a neighbourhood of
zero, and the probability mass for large values of the ratio I'; /KC;, are small.

Finally, Assumptions H.11-H.14 concern the macro log-density and its derivatives w.r.t.
factor values and macro-parameter 6. Specifically, Assumption H.11 requires finite moments
for log g(fi(5)|fi—1(B);€) and its first-order derivatives w.r.t. 3 and 6. Assumption H.12
is a condition on the right tail of process ;. This assumption is used to prove a WLLN
for time series averages with true factor values replaced by cross-sectional estimators (see

Lemma A.8 in Appendix 4). Assumption H.14 is a bound on the moment of the macro-score

dlog g(fi| fi—1;60)
00

of £1.,7(8,0) [see (3.6)] and the Hessian

of order v > 2. Assumptions H.11-H.14 imply the uniform convergence

PLynr(3,0) :
o000 uniformly in 3 € B, § € O, as

OL:1r(Bo, bo) . iti
% in the proof of Proposition 5

(see Appendix 6). These assumptions are also used to prove the asymptotic efficiency of the

well as the asymptotic normality of the score

estimator of # in Proposition 7.
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APPENDIX 4

Uniform rate of convergence of the cross-sectional factor approximations

Let us derive the uniform rate of convergence of the cross-sectional approximations of the

factor values:

Jnt(B) = argmax z; log b (yilyiz—1, 1 5)
where set F,, C R¥ is compact and tends to R* when n — oo as defined in Assumption H.7.

A.4.1 Uniform rate of convergence

Lemma A.6: Under Assumptions A.1-A.5, H.1, H.6-H.10, and if n,I' — oo such that
T/n=0(1) forab> 1:

sup sup
1<t<T BeB

Fuil®) - £5)] = 0, ( “()g”)a) ,

n

a = 2a1 + as + az > 0, where a1, as, az are defined in Assumptions H.8-H. 10.

The logarithmic factor in the uniform convergence rate of fn,t () depends on three param-
eters. Parameter as controls the tail of the distribution of information measure Tﬁ//@ in
a neighbourhood of zero (see Assumption H.10). Parameters a; and a, describe the effect of
the expanding parameter set F,, on the identifiability and higher-order moments of the score

(see Assumptions H.8 and H.9). The uniform rate of convergence in Lemma A.6 is valid

when cross-sectional dimension n increases faster than time dimension 7.

A.4.2 Proof of Lemma A.6

1 a
{logn)
n

Lete, = , where > 0 is a constant. We have to show that for any n > 0,

~

frt(B) — ft(ﬁ)H > an} < n, for large n and

there exists a value of r such that P [ sup sup
1<t<T BeB

T such that T®/n = O(1), b > 1. We have:

~

Ful) = (0] 2| < TP [sup

BeB

-~

Ful) = (9] 2 =

P [ sup sup
1<t<T BeB

= TFE {P {sup
BeB

Fut) ~ 190 2 20 1 41
(A.3)
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Conditional on factor path f;, the estimator fn,t(ﬂ) is the ML estimator of “parameter” f;
given the “nuisance” parameter 3, computed on the sample (y;;, y;¢—1), ¢ = 1,...,n. This
sample is i.i.d. conditional on f;. Thus, the strategy of the proof is to first use the large devia-

tion result in Lemma A.5 in Appendix 2 to get a bound for P {sup ’
BeB

as a function of f;. Then, we compute the expectation of this bound w.r.t. f;.

i) Bound of P Elelg ) Fat(B) — ft(ﬁ)H > en | ﬁ}

Let us first consider the realizations of f; such that fi(3) € F, for any g € B. We
apply Lemma A.5 with [;(0) = logh(yit|yit—1, f;5), ¢ = 1,...,n, and 0 = (f,03) €
F. x B. Conditions i) and ii) are implied by Assumptions H.1 and H.7, and A.1-A.2, re-
spectively. Condition iii) is satisfied since Assumption H.8 implies that f,(/) is the unique

maximizer of Ly(f,3) = FEo [logh(yislyie—1, f; )| fi] wrt. f € F,, and that matrix
E _(9210gh(yz',t|yi,t_1,ft(ﬁ)?ﬂ)
0 aofof
Lemma A.S5 is implied by Assumption H.9 and:
dlog h(yitlyii-1, f; B)
8(]5'/7 /8/)/

Moreover, from Assumption H.8 we know that:

uf 2KLt(f7 ft(ﬁ)>5)
peB fer.f25:8)  ||f — fi(B)])?

] ﬁ} is non-singular, for any § € B. Condition iv) of

7
B [sup sup 1] < Hog(u1 R

BeEB feFn

> [log(n)]” " K,

and:

sup sup TrEjy

{3101% h(yi,t‘yi,tfly fi 5) dlog h(yi,t’yz’,ph f; 5)
BEB fEFn

of of

from Assumptions H.9-H.10. Then, from Lemma A.5 we have:

5] < Bog(wer,

Plsup |Fet9) - 569 2 1 6]
BeB
nfta [log(n)]~" K, R
< _ 2 v—2 aitag "Mt
S g oxp ( Caney T [log(n)]alJFa?Ft/lCt) + c3e) " *[log(n)] K,
< riet a1(y—1)+(az+as)y/2—as3

&1 a Kt
mnlﬂ?’qﬂ exp (—cy’[log(n)] Sl—l—Tt//Ct> - 03W[log(n)]
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for any factor path such that f,(3) € F, for any 5 € B, where ¢;, ¢o, c3 are constants inde-

pendent of f; and n, T'. Thus, we get:

P [2“2 FosB) = 48| 2 20 ﬁ]
€
/2—1
C1  K+3q/2 a3 Ky 7 a1(y—1)+(az+a3)v/2—as3 R
< L - 117K, Sp/2-1 K
< rq/Qn exp ( CQT’[IOg(n)] 1 i Ft/lct> + C3 77,7/271 [bg(n)] ’Ct
+1 { U Lf:(B) € fﬁ]} , P-as.. (D
peB

ii) Integrating out the factor path
By integrating out the factor path f;, we get from (A.3) and (A.4):

P [sup [ a9 - 590 2 ]
peB
< iTnK—i—iiq/QE exp _CQT[IOg(n)]aSL
— T‘J/Q 1+ Ft/ICt
v/2-1 R
+03T%[log(n)]al(7_1)+(a2+a3)7/2_a3E {Et] +TP U [ft(ﬂ) € JT;]]
t 3eB

= Lo+ lonr+ 13,7

Let us now bound these three terms.

(a) To bound I, ,, 7 we use the next Lemma A.7.
Lemma A.7: Let £ be a positive random variable such that P[§ > u] < Cy exp (—Chu?) as
u — oo, for some constants Cy,Co, 0 > 0. Then Elexp (—ué™1)] < Cy exp (—é’gug/(lw))
as u — 0o, for some constants Cy, Cy > 0.
Proof: See Appendix B.6.

From Assumption H.10 and Lemma A.7, and using 7'/n?/>~! = O(1), we have for some

constants ¢y, c5 > 0:

C C a
Il,n,T < rq_}264TnK+3q/2 exp (—Cg,(CgT)l/a?’ log(n)) < 7nq_}2C4n*y/2—1—i—K-&-3q/2—C5(027“) 3 _ 0(1)’

1 2+ K 91\
ifr>—(7/Jr + 349/ ) .

(6)) Cx
t

R
(b) From Assumptions H.9 and H.10, F {E} < E [Rﬂ 1/2 FE [Ict—z
t

}1/2 < o0. Then,

from the condition 7%/n = O(1) for b > 1, and since v > 4, we get I, 7 = o(1).
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(c) Finally, from Assumptions H.6 and H.7, we have:

U[ft(ﬂ) = }—fz]] < P {zug 1f:(B) = pn| < Cexp (—Cypl) < Csn™?
peB €

Since T'/n* = o(1), we get I3, 7 = o(1). This completes the proof of Lemma A.6.
A.4.3 Uniform WLLN with factor approximations

The uniform rate of convergence of cross-sectional factor approximations (Lemma A.6)
can be used to derive uniform WLLN when the true factor values are replaced by their ap-

proximations.

Lemma A.8: Let F; := (f:, f;—1) and assume that function G(F,0) is such that:
() G(F,0) is Lipschitz continuous w.r.t. ' € R*X, for any 0 € ©.

(ii) Forany 8 € Bandf € ©: Ej [HG(Ft(ﬁ),G)H”] <oo,k>2, F {sup sup QveclG . H]
0co BeB aﬁ
Jvec|G
and E |supsu
s |75 lH
(iii) P[¢ > u] < c¢rexp (—c ut/ , as u — 0o, for some constants ci,cs, X > 0, where
8vec[G(F 0)]

(¢ = supsup sup ,n* >0,
0c0 BB F:|F—Fy(8)|<n* OF

Then, under Assumptions A.1-A.5, H.1, H.3 (i), H.6-H.10, and if n,'T" — oo such that
T /n = O(1) forab > 1:

: ZG B), foi=1(8),0) = Eo [G(f:(B), fi-1(B), 0)]| = 0,(1).

t=1

sup sup |—=
0co peB

Proof: See Appendix B.7.

Lemma A.8 is used in the proofs of Proposition 1 (Appendix 5), Proposition 3 (Appendix

6) and Proposition 7.

59



APPENDIX 5

Proof of Proposition 1

We have:

n

T T
prsi ) - [ - /exp{zzloghwym,ft, +zlogg (lfir }det.
t=1

t=1 i=1

Let us now expand the integrand w.r.t. f; around fnt (8),t=1,...,T, and define:
Ve ([t fro1) = Zlogh (Yitlyis—1, fr; B) — Zlogh (yi,t|yz‘,t—17 fnt () ;5>
i=1 i=1

v (= Fu () L (D) Vi (i~ ()
+10g g (filfi-1:0) = 1089 (fur (8) | Fa-1(8)30)

Then:

! (yr; 5,6) HHh(yniym,fm >ﬁ9<fnt 8) fua-1 (8):6)

t=1 i=1 t=1

/.../exp{—%zﬁ( ~ u() I mwwﬁ(ft—fm(ﬁ))}

t=1
T

exp{zwnt fes fi 1)} det
t=1

Let us introduce the change of variable:

Ze =Vl D] (fi = (D) = fi = fue (B) + —= [ (9] 2.

Bl

Then:
[ (yrs 53,0)
T n

= (%)TK/Q ﬁ [det L, (8)] 7/ H H h <yi,t|yi,t—1a fur (B > ﬁg <fnt )| fai-1(B); )

t=1 t=1 i=1 t=1

1 / / 1 i 77
——= | ... | eXxp{ —=
(2m) K72 2 71
T

exXp {; wn,t (fn,t (ﬁ) + % [In,t (ﬁ)]ilm Zta fn,t—l (ﬁ) + % [[n,t—l (/6)]71/2 Zt—l) } H dZt

t=1
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Thus, function V1 (3, 0) is defined by the Gaussian integral:

exp [(%) W (579)]
- o [ - [ee] 432
exp {Ei: Unt (fnt (8) + % [Ls ()2 Zi, frpr (B) + % L1 (3))? 2, 1) } H az,

which can be made explicit by expanding function exp {ZtT:l wm} in a power series of Z,
t=1,...,T.

To simplify the notation, let us consider the one-factor case, ' = 1. Then:

exp K%) W, (@9)]
1

E |exp {tz_; Unt (fnt (B) + % [t (ﬁ)]_l/Q Zy, fAn,tfl (B) + % L1 (5)]_1/2 Zt1> }] )

where the expectation is taken with respect to a multivariate standard normal distribution for

Z = (Zy, ..., ZT)/ . Expanding v, ; at order 1/n yields:

. 1 12 - ES ~1/2
Yot (f (9) 4 = e O 2o fuaca (8) + = Ui () Z)
- é%[ AT By D)+ o (D] K ()7 + -
+ fDmmw, 0) [Lns ()] 1/2Zt+\iﬁDmm<ﬁ, 0) nss (B)] V2 Zoy
b Dao(5,0) U (7 22+ 52 Doaa(8,0) ey (9))7 224
1

+5D11,nt(ﬁa 0) [Int (5)]_1/2 i1 (ﬁ)]_1/2 VAV/EEEE S

where: .
ol 9) = 32 g (wlacasfr (9)36)  m =34,
and:
D8, 6) = % (fur ()| fuiet (9):60) . pea=0,1,2,... .
By expanding the exponential function exp {Zthl @Z’mt}, and computing the expectation

—-1/2 —3/2
/2, n302,

w.rt. Z, it is seen that terms of orders n . involve odd power moments of
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standard normal variables, which are zero. Thus, we get:
T T
exp o Vo (8,0)] =1+ E‘CQ,nT<Ba 6) + op(T'/n),
where:

Lot (5.0) = 523 Ut (B KanalB) + 55 D (e (9)] Diosa(8.0)

11 T _ 51 _
+§T tz:; [In t—1 (ﬁ)] ! D02 nt(ﬁv 0) + ﬂf ; [Int (6)] ’ K§nt<5)
11, IFR [ R, S
+§T ; DlO,nt(ﬂv 8) [Int (6)] + §T ; DOl nt(67 0) [[n,t—l (6>]
11 &
#3730 Une ()7 Proae 500 0e(9)
11 <&
#3 Do Waacs (007 Do 39K
T
‘l—% Z [In,t—l (5)]71 DlO,n,t—l(ﬁv Q)DOLM(ﬁv 9) (A'S)

t=1

From Lemma A.6 in Appendix 4, we know that sup sup ﬁl,t(ﬁ) — f:(B) H = O,(T™"), for
1<t<T peB
a p > 0. Then, by applying Lemmas A.1-A.2 in Appendix A.1, and Lemma A.8 in Appendix

4, we get Lo, 7(5,0) = O,(1) uniformly in § € B and 6 € ©. Proposition 1 follows.

APPENDIX 6

Efficiency bound and efficient estimators

Let us derive the efficiency bound and prove the asymptotic efficiency of the estimators
introduced in Section 4. We first give in Section A.6.1 a preliminary Lemma, used in Section
A.6.2 to derive the efficiency bound (proof of Proposition 3). Then, the asymptotic properties
of the estimators of the micro-parameters and the factor values are derived in Sections A.6.3

and A.6.4, respectively (proofs of Propositions 5 and 6, respectively).
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A.6.1 A preliminary Lemma

Lemma A.9: Let the estimator (BnT, §RT> be defined by:

(Bur.ur) = arg_max Loz (8,6).

where B CR? and © C RP are compact sets, and:

Lot (8,0) = L (8) + ~ Lo (5,0) + ~Wor (5,6).

is such that:

(1) () L:,(5) converges in probability to a function L*([3), uniformly in 3 € B;
(i) L1.n7 (0, 0) converges in probability to a function L1(3,0), uniformlyin § € B,0 € © .

(2) (i) Function 3 — L*((3) is uniquely maximized at the interior point 3y € B;

(ii) Function 0 — L1(0o, 0) is uniquely maximized at the interior point , € ©.

(3) (1) The matrix LT(@ is well-defined and converges in probability to I* ([3), uni-

9Bos
formly in B € B, with I} := I* (0,) positive definite; (ii) The matrix —% is
well-defined and converges in probability to I, g9 (3, 6), uniformly in § € B,0 € O,
with Iy g9 := I 99 (5o, 6o) positive deﬁmte (iil) supgep geo H o Ealﬁ”;ﬁﬁg H = ) and
02L1 1 (8,0
SUPgeB,0c0 H aﬁgf )H
@) (@)
T L0 6 \
\/_3ﬁ1 nT(/BO 6o) 0 0 ]1799
0Ly w1 (3,0
G sip B0 _ o )
BeB.0co B
, . oV, (56,60
(5) (i) sup W,r(B,0) = O,(1); (ii) sup M ' = 0,(1).
BeB.0cO sesoeco || O (0,0

Moreover, let:

By = arg fgeaé( Lo (5) .
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Then, if n,T — oo such that T'/n — 0, the estimators Bur and 0,7 are consistent and Jjointly

asymptotically normal:

VnT (BnT — ﬁo> (] I o
\/T (énT - 90) 0 | 0 Iielﬁ

Moreover, 3,1 and BZT are asymptotically equivalent, that is, /nT (BHT — BZT) = 0,(1).
Proof: See Appendix B.8.

A.6.2 Proof of Proposition 3

The efficiency bound B* is the asymptotic variance-covariance matrix of the ML estimator
(BRT, énT> = argmaxgeggco Lnr (0, 0), where L, (3,0) is defined in Corollary 2. This
asymptotic variance-covariance matrix is derived by applying Lemma A.9. Let us verify the
conditions of Lemma A.9.

Condition (1) of Lemma A.9: We have:

1 T

Lir (8) = —= > logh (vl fut (8):5) (A.6)

t=1 i=1
This converges to L* (3) = Ey [log h (yit|yit—1, f: (B) ; §)] in probability, uniformly in 5 €
B, by using Lemma A.1 in Appendix 1, with a(Y;,, fi, 3) = log h(yi+|yist—1, fr; 5) and ¢
corresponding to the identity mapping. Indeed, condition (1) of Lemma A.1 is implied by
Assumptions H.1, H.2, H.3 (i1), H.5 (i1)-(i11), and condition (3) of Lemma A.1 is implied by

Lemma A.6. Further:

T T
Lor (8,0) = =5 > logdet L (3) + > logg (o () aua (8):6), (A)
t=1 t=1

converges to:

1
L1(8,0) = =5 Eo logdet Iy (t; 5)] + Eo [log g (fi (8) | fi-1 (5) ;)]
. . 02 log h
uniformly in § € ©, 3 € B, where I (t;5) = Ey ~afaf Witlyii—1, fr (B); 8) | f¢| [use
Lemma A.8 in Appendix A.4.3 and Assumptions H.1, H.3 (i), H.6-H.12].
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Condition (2) of Lemma A.9: Statement (i) follows from Assumptions A.6 and H.1.
Statement (ii) follows from Assumptions A.8 and H.1, by using £, (5o, 0) = Ey [log g (f¢| fi—1;6)],
up to a constant in 6.

Condition (3) of Lemma A.9: From (A.6), we get by differentiation:

oL* Ologh ;
%(ﬂ) — ZZ og (yi,t|yi,t—1,fnt(5)§ﬁ>

a nt (9 ¢
+nLT Z f Z logh <yi,t|yi,t—1, [t (B) ?5)

/

~~

=0

T n a R
— %ZZ % <yi,t|yi,t—1>fnt (5) §ﬁ> )

and:
T D) %TZ_I Cl ! (siduie-1o o (9):5)
T PR (s ur(9:8) P
By differentiating the f.o.c. i a?ﬁ h (yi,t\yi7t,1, Fot () ;ﬁ) = 0 w.rt. 3, we get:
i=1

"L 02 logh d*logh 5 _ O fni (B) B
; (ylt’ylt 17fnt > Z aftaft (yi,tlyi,t—l,fnt (ﬁ)?ﬁ) aﬁ/ = 0.

Let us introduce the notation:

d*logh 2
[55 :——Z aﬁggﬁ (yi,t|yi,t—17fnt(ﬁ)5ﬂ)>

and similarly I5¢(t), I;(t). Then we get:

a Ant S 12
bt O) — 0 ips0),
and .
L 1 R R
agngﬁ ;[Iﬁﬁ — Top () (8) pp(0) | -
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Thus, condition (3i) is satisfied with I = E [Igs(t) — Igp(t)I;;(t) " 1;5(t)] by applying

Corollary A.3 in Appendix 1, case (B). Indeed, condition (1) of Lemma A.2 is implied by

Assumptions H.1-H.5, and condition (3) of Lemma A.2 is implied by Lemma A.6.
Moreover, from (A.7) we have:

Lyt (B,0) _ 8logg R |
P =7 2 T (D (9):9).

and: .
82£1,nT (6, 9) o 1 82 log g
W_thl 9000 (fnt( )|fnt 1(6); )

Thus, condition (3ii) is satisfied with [; g9 = £ [— a;)lgg,g (felfiz1; 90)} (use Lemmas A.6-A.7
and Assumption H.13).
Condition (4) of Lemma A.9: Let us first consider the approximated score w.r.t. 5. We

have:

m@ﬁngﬁ (Bo) _ — Z Z Ologh (yi7t|yi,t—17 fnt (6o) §60) .

By the mean-value Theorem:

and the expansion of f; ((o):
. dlogh
Vit (fur (Bo) = fi) = =15 (0) f Z o (il faf), AB)

where I;;(t) is based on a mean value f;, we get:

Olog h
\/_Z & yztlyi,tfbft;ﬂo)

DL (Bo) d
T Zenr \Po) (;ﬁo _ Z

= alogh
_] ] i i t—1, ’
ar(t)ps(t \/—Z a7, (YilYie—1, fr; Bo)
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Then, we get:

a2 (Bo) _ 1 i ) I (OO ()] +0p(1), (A9)
aﬁ \/thl Bf i ! p ) :

where:
maofgth (yi,t‘yi,tfla [t Bo)

Let us now consider the approx1mated score w.r.t. f. By the mean-value Theorem, we have:

o(t) =

351,nT(ﬂ0,90) . dlogg
VTR e fZ =t (Fot (80) | i (Bo) 60

0l
= fZ o (il fioii o)

(e

+li 0’ 1ogg (ftlft 1,90) \/a(fn,t,1 (fo) — ft1)> :

By using 7°/n = O(1), b > 1, Assumption H.13 and Lemmas A.6 and A.8, it follows that:

351,nT(50,90 1 d dlogg i
VT —ﬁz o5 (filfi1i 00) + 0,(1). (A.10)

Thus, from (A.9) and (A.10) we deduce:

+0,(1).

\/—85 (ﬁO _ L i (szﬂ(t) — [ﬁf(t)lff(t)_lwf(t))
\/—851 nT(BO 6o) — 8lgegg (ft’ftfﬁ 60)

By using {%ﬁ(t)!@v ﬁ} =0,V [1hp(t) = Iss () I5(t) " "0s ()] = E [Tgp(t) — Lop(t) (1) L15(t)]
and a CLT for martingale difference sequence, we get (41).
Condition (5) of Lemma A.9: Condition (i) is implied by Proposition 1.

From Lemma A.9 we deduce the efficiency bound.
A.6.3 Proof of Proposition 5

From Lemma A.9, it follows that v/nT' (BnT — B;;T) = 0p(1). The conclusion follows.
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A.6.4 Proof of Proposition 6

We have:

Vn (fnT,t - ft> =vn (fn,t(ﬁo) - ft> + %\/ﬁ (B;T B ﬁo) ’

where f3,7 is a mean value. The second term in the RHS is O,(1/+/T)) from Proposition 5.

Thus, point 1) follows from expansion (A.8). Point ii) follows from Lemma A.6.

APPENDIX 7
Proof of Proposition 10

A.7.1 Higher-order asymptotic expansion of the cross-sectional factor approximations
By conditioning on the factor path (f;), we can apply results on higher-order expansion

of the ML estimator in the iid case. From Gouriéroux, Monfort (1995), Section 23.1.2, we

get:
A 1
fnt ft \/— nt+ Bnt+0p(1/n) (All)
where:
310gh yztlyzt 1>ft)
An =171 )
t ff \/— Z aft
and:

B 1 &= Plogh (Yiglyie, f dlog h (yis|yii-1, [
Bny = Ip(t) 2(%2 (8;1?' — t>+[ff \/—Z a}‘t )

i=1
2
1 -3 alogh yzt‘yzt 1,ft)
+§]ff() Ks(t <\/—Z af, .

Conditionally on the factor path, the statistics A, ;, ¢ varying, are a martingale difference

sequence with E [A2 | f;] = I;;(¢)~". Moreover:

B [Builf] = (0™ | Kaalt) + 55a(0)] = Bto). sy
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A.7.2 Asymptotic expansion of the CSA estimator
The CSA log-likelihood function is £LE24(6) = L%+ — Ll n7(0), where L - is indepen-
dent of § and

Let us expand this first-order condition w.r.t. both fm and 0,1 up to 0,(1/n), and replace

expansion (A.11). Since n < T%/2, it is enough to keep terms which are at most of second-

order in (fnt ft> and < T — 90>. We get:

T T
_ 1 dlogg (fi,00) 1 9?log g (fi,60) /-
0 N T ; T + ? ; 892 (gnT 00)

9%1og g (f:, 60) 1 &*logg (fi,00) /4 2
Z 000 <\/ﬁA”t+ B"t>+ﬁ; sg (Our = o)

3 ~
+f Z d*log g (f:,00) <9nT _ 90> (LAM + %Bn,t>

— 0020 f vn
9 log g (fi,60) ,o
2nT Z 900 f2 A+ 0p(1/n). (A.12)

Now, we use that:

ZaMgn@B ifé%wmmﬁ
000 f M aT 4 D00 f2 n

821 +,00) 1 £, 0
) E{ S [’”u} { s t"[tﬂﬂp()

931 .
+5E {Iff(t)l Oagegagf;t 0)} +o0,(1),

0*logg (f1,00)] 1
. E{B(t) Ogga(;’f 0)]

and:

1 < #*logg (fu.0) (; ( 1 )
— en _9 nt"’ Bnt
T; 9020 f ( T °> NG
1 0*logg (fi:0) , 0310gg(ft,90)
Tv/n (\/—Z 9020 f ) < —  06%0f B”’t)

= 0 (7m) +0 () =0
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Thus, the expansion in (A.12) simplifies to:

T T T
1 0logg(fi,00) | 1 ~x=09%logg(fi,60) (; 1 1 0logg(fi,00)
0 = T; 20 +T; e O 9°)+\/5T; o00f

T
L 3 9*log g (ft, o) (énT B «9())2

2T — 003
1 9?log g (fr,6o) 1 0P log g (ft,00)
+-E [B(t) 5007 ] +5-E [Iff( ) T } +0,(1/n). (A.13)

By multiplying (A.13) by v/ and solving for /T (énT — 90>, we get:
T
) _ 1 0*log g (ft: 0h) 810gg ftaeo
ﬁ(@nT—Go) = <_TZ:: 90 \/_Z

8210gg ftveo
(\/‘Z 000 f >
\/_

o (R ) (7 (- )]

\/T 8210gg(ft790) \/T _15310g9(ft,90)
+Tp {B(t) T }+ : E[fff(t) e }
+op(\/f/n)} . (A.14)

Let us now expand the inverse matrix in the RHS:

T -1 T -1
1 < 9*logg (fi,00) _ 11 9*log g (ft,60)
<_f Z 902 = | 100+ T Z [— 002 - —71,99}

=1
_ _ 1 1 62 logg (f ) 90)
= 1109 ]190ﬁ TZ 00 d —11,99}

+0,(VT/n), (A.15)

where we used 1/7' = o(v/T /n). By plugging (A.15) into (A.14), we get:

ﬁ(énT_e[)) = [1919 (\/_Zalogg ft’00)>

1 [ 9Plogg (fi0) 8logg ft,eo
VT 199<f2[ 02 ”"D (fz )

1 1 a logg ft>90)
"‘\/—1199 (\/—Z 900 f An,t)
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i (£ P [V i)

T 9logg(f,.00)] 1 P logg (f,.0
+\/7_H,59 (E {B(t) Ogga(j: 0)}+§E [Iff(t) ! 059%% °>D

+0,(VT/n).

By iterating this expansion, it is seen that:

i (33 2 ) [V 1 )]

931 1, 0 01 ¢, 0
_ %[;’%E[ Oggegf 0](\/_2 Ogg f 0) +0,(VT/n).

Thus, by replacing the expression of B(t), we deduce the asymptotic expansion of the CSA

estimator:

A o0l t,@
VT (0554~ 0,) = 11$e<fz Oggf 0>>

1 L[ 9logg(fi,0 01 ft,e
wee(fZ[ S - n]) (G5
1 9%log g (f,60)
+\/—1109 (\/—Z 808f An,t)

1 _ 3310%9 ft 90 8logg ft 90
— I3 F ! !
e e WZ

+

A.7.3 Asymptotic expansion of the GA estimator
1
The GA log-likelihood function is L5 (6) = L+ — Cl 7(0) + — L2 7 (0), where [see
n
Appendix 5, equation (A.5)]:

1 _,0%logg 1 — dlog g ’
L) = 372 fm& op (fnb) + ﬁZI{ o (fne )]
2T Z alogg (fnta > K3,nt~
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From the first-order condition for the GA estimator, we deduce the asymptotic expansion:

VT (05— 00) = h_gg(\/_zﬁlogg ft’9°)>

1, T 9*log g (f+,6) 8logg ft,90
_ﬁ[we <TZ [— 90° —11,99}> (\/—Z )

1 9%log g (f.00)
\/_1199 <\/_Z 696f An,t)

1 — 83logg ft 90 8logg ft 90
— I3 F ’ ’
2T [ o3 } fz

2 L153y ( [ G100+ )2 bggg;?v “)

dlog g (fi,00) 0%log g (ft,60) _10%1og g (ft,00)
BT S| e e )

+0,(NT/n). (A.17)

_I_

+E {Iff(t)_

Proposition 10 follows from (A.16) and (A.17).

APPENDIX 8
Proofs of Propositions 11 and 12

A.8.1 Asymptotic expansion of the log-likelihood function (Proof of Proposition 11)

Let us write the density of the sample of observations yr (given an initial condition) as:

l(yr; 0 / /QT\FT, HgFt|Ft 1;0 HdFt, (A.18)

where:

Wyr|Fr;0) = /.../exp{ZZlogﬁ(yi7t\yi7t_1;at)—|—Zlogl(at]Ft;9)}Hdat
; t t

detA T/2/ /exp{ Zlogh yzt|yzt 17at)
__Z —CV_VFt ) AT (at—a—th)}Hdat.
t
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By applying the argument in the proof of Proposition 1 (see Appendix 5) to the conditional

density l(y_T | Fr; 0) and replacing it into (A.18), we get:

yTa X ||||hyzt|yzt 17ant)
T
e ” G, | e vy ” FIF 4 ”F
/ / t g(an,t’ t,@)exp {n nT(Q)l 9( t’ t 119) t dF;

t

[ [Tstuimoe B2 [Totrmaso [Tk,

(A.19)
where W, () is such that:
exp F\Ifﬂ(e)} exp {Z Ut (am +— }/fzt) } , (A.20)
n vn
the expectation is w.r.t. the standard Gaussian vector (Z}, - - - , Z}.)', the matrix 3, ; is defined

by:

-1
—ﬁi 1 m(yi,t|yi,t_1;an,t)> )

and the function 1, +(a;) is given by:

~ ~ " n " A "
Ynelay) = Z log A(Yi t|yis—13 ar) — Z Log (Y e|Yi 413 fne) + 5 (@6 — @) Sy (0 = i)
1 /A —1 ~ I A =17/~
—3 [(at —a—vF) A7 (ar —a—vF) — (py — o —vEF) A7 (G — o — th)} .
Let us now compute the term ¥, (6). By expanding v, ; (ant + — \/_ ,1/ t2 Zt> at order

1/n we have:

Uns (ant+ NG }/fzt) = \/_ Z Koy (L,p.q )<21/22t> (ﬁ:;{fzt)p(zl/2zt)

l,p,q=1

e S Rt (i), (815), (5175), (247%),

Lp,gr=1

1 A 1 N
—% (g — o —vF) A_lzl/QZt - 2—Z/21/2A_12;{752Zt + op(1/n),
where:
. 3 logh .
Kn,t (l7p7 Q) = Z (9&;,5(3& .0a t(yi,t|yz‘,t—1§an,t),
p,tUlq,

. = d*log h
Kn l? s Yy = - 7 i,t— ;A'n, .
(L, a,7) n ZZI Oay 1 0ay 10ag 10a, (WielYie—1; np)
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By expanding the exponential function and computing the Gaussian integral in (A.20), we

get:
T
exXp Z\DnT(e) =1+ i Z (dnt —a— ’YFt)/A_lintA_l (dnt - o= ’YFt)
n 2n — ’ ' '
T 1 T m
“om ZTT <Zn tA_1> ~ Z Z Kn: (1, p,q)
= t=1 l,p,q,r=1

R R A T
E [(Ei(fzt)l (iz) (Biz) (5iz) } (A (@ns = a = yF)], + = Bur + 0,(T/n).
p q

where B, is independent of both the factor values F; and the parameter 6, and:

p|(sth2), (3i2) (£102) (£42) | = sreman o (3750)
p q

A=0
= EntlpEntqr—i_Enthzntpr_|'Entlr2ntpq

Then, by using the symmetry of Knyt (I,p,q) wrt. I, p, q, we get:

) Kn,ta,p,q)E[(zl”Zt) (2z) (SFz) (s1iz) } (A (@ — 0 —yF)],
p q

l,p,g,r=1

= SA;L’tA_l (&n,t — O — ’}/Ft) s

where A, is a (m, 1) vector with elements:

ntr_ Z l yD, 4 ntlpznt,qra 7“:1,...,771.
Thus, we get:
T T T
exp [E\PHT(Q)] = 1+ EAnT(G) + EBHT +0,(T/n), (A.21)
T T
= exp (EATLT(H) + EB”T + 0,,(T/n)> , (A.22)
where:
1 T
Anr(0) = 5T Z (Gt —a—vF) A Iy A (Gpy — a — YEFY)
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By replacing (A.22) into (A.19), it is seen that the term 5,1 is irrelevant for maximization

w.r.t. 0. By replacing (A.21) into (A.19), we get:

[+ [ M otanslrio) TLotRIF-50) [T aF
% / » / T 9@ B 0) Az (0) T] 9(Ful Ei150) [ dE: + 0p(T /).

Thus, the (n7T'-standardized) log-likelihood function £,,7-(6) is such that:
1 1
ﬁnT(Q) = LZT + EEL”T(Q) + ﬁﬁQmT(Q) + Op(l/n2),

where L} is constant in 0,

Ly ,7(0) = log (/ /Hg nt|Fy; 0 H (| Fi—1;0) HdFt>

1 1 1 N A1
=l ([(27r)m+"(det A)(det Q)72 / . / P {_5 D (any —a=F) A

t

R 1 oy
Aty —a—yF) = 2> (Fy—p—®F4)'Q 1(E—M—CI>Ft1)}HdFt> :
t

2
t
and:

/ /Hg (i 1| F1; 0) A (6 )H (EIB_1;0)1:[dB
/ /HganﬂFn H (E|Ft—1§9)1:[dFt '

By applying Lemma A.9 (Appendix 6), parameter 6 is estimated at rate 1/+/7 and an efficient

£2 nT(

estimator is obtained by maximizing the criterion function £ ,,7-(#). Proposition 11 follows.

A.8.2 Granularity adjustment (Proof of Proposition 12)
By replacing (A.22) into (A.19) we get:

(yT7ﬁ7

1~
A —1 1 .
B detA (det A)T72 / /exp {" (e m Tl (Im Tl ) (G — 0 = )

~5 A A (Gnt — a0 — VF) __ZTT(AMA_1>}
‘Hg Ft|Ft—1;‘9 HdFt' (1+0,(T/n)).
t t
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Now, since:

1 _ 1. _ . 1 4 o

—5 (an,t —a—= VFt),A ! (Im - EZWA 1) (an,t — = 7Ft) - %A A! (an,t — = WFt)
1 1,y 1,

= _5 (An,t - — ’}/Ft + gé%,t) ‘P;; (dn,t -0 — 7Ft + Efn,t) + Op(l/n)a

where:
1.

zA:n,t and én,t = éAn,ta

A

\Ijn,t =A+

S|

and:

1o 1 .

det ¥, , = det(A)det (Im + EzmA—l) = det(A) (1 + ETT (En,tA—l) + O,(1 /n2)>
1 3 -1

= det(A)exp ;TT( ntA ) +o0,(1/n) |,

we get:

1
I (det w, )"

t
1 (i 1\ /. 1,
. e exp —5 an,t — o — ’}/Ft + ﬁgn’t \Ijn,t amt — 0 — 'YE + Efnﬂf
t

[T9(FIF-:0) [[dE - (1+ 0,(T/n)).

W(yr; 8,0)

Thus, we get equation (5.7), and the conclusion follows.

APPENDIX 9

Factor ordered qualitative model

A.9.1. Identification

i) Let us first consider the two-state case, KX = 2. The transition matrix m; = [m ] is:

G <C1_’Ylft—a1> 1-@G <Cl_’Ylft—Oél>
_ o1 g1
Tt G <C1*’Yzft*az> 1-@G <C1*’72ft*042>

02 02
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By reparametrizing coefficients oy and «s, we can assume ¢; = (. The transition matrix
becomes:

G (_71f;—1i-0l1) 1-@G (_11f(t7-1-041)

G (_'YQf;:az) 1—-G (_’Yzf;—az>

We can also scale the parameters to get 0y = 09 = 1:

Ty =

G(-nfi—a1) 1-G(=nfi— )
G (_’Yzft - 042) 1-G (_’72ft - 042)

Ty =

Finally, by standardizing the factor, we can set y; = 1 and a; = 0:

G (= /) 1=G (/)
i G(—vfi—az) 1-G(—yfi —a)

Then, the values of the factor f; are identified by the first row of the transition matrix, t =

Ty =

1, ..., T. The values of 75, ay are identified by the second row, when 7" > 2.

ii) Let us now consider the case K > 2. The [-th row of the transition matrix is:

{G (61 —Vife —Oéz) G (Cz —Vife —Oéz) _a (01 —fe — Oél) o 1-G (CKl —ifi _Oél):| ’
o} o} o] a1

forl =1,..., K. As above, we can first set ¢; = O:

{G (_’Ylft +Oél> G (02 —nfi— al) e (_’Vlft +Oél> 1-C (CKl e Oél)] .
o] gy gy o]

(A.23)

Second, by normalizing the factor values and the thresholds, we can set vy = 0; = 1 and

a1 = 0 1n the first row. Then, the transition matrix has a first row given by:

G (—=f),G(ca—fi) =G (=f),...., 1 =G (cx—1 — f1)],

and row [ is given by (A.23) for [ > 2. From the first row, we can identify the factor value f;
and the K — 2 thresholds ¢, ..., cx. Then, the values of v;, oy, 0; are identified by the row [,
forl =2,..., K, when (K — 1)T > 3.

A.9.2 Semi-parametric efficiency bound [Proof of Equation (6.4)]

We have:

K
log h (yi,e|yii—1, fr; B) = Z Z Hyir =k, yir—1 = U} logmy (fi, B)

K
k=1 I=1
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where . (f3, 5) :G<C’c whe= ) G(C’“ 1 Wft ) Thus:

8210gh<y2t|yzt 17ft7 KX 1 k _l J
3. £) (3. kzg (v = thams = e ().

where:
. 827rlk 1 67% 87%

J = — ; — ; —,
AW, Y o) (s, Y 0. T)

The conditional information matrix is given by:

K K 1
] Z ZEO [1 {yi,t = kayi,t—l = l} |M %Jlk,tv

k=1 =1

0210gh(yzt|yzt 17fta60
o(8,1) (8, 1)

where 7+ = Tk (fi, 50)s Jier = Ju(ft, Bo) and all functions are evaluated at the true param-

I(t) = Ey

eter and factor values. Under Assumption A.1:
Eqy [1 Wie =k yig1 =1} ‘ﬂ = FEo [EO [1 {yie =k} |yie-1 = l?ﬁ] Hyi1 =1} ‘ﬁ}
= TP [Yig—1 = U fi] = mpaP [yi,t—l - llﬁ] = Tkt f0,t-1

where ;1 = P [yi,t_l = Z\E] It follows that:

K
= E /Ll,tq[z,t,
=1

where:
1 Ompy Ot

K
lip =) Jike = AT
t ;; L e (s, ) 008 1)

Then, the semi-parametric efficiency bound s (15) ™", where I = Eq [I35(t) — Igp(t)15(t) " I15(t)).

]~

(A.24)

In the two-state logit model, we have 3 = (72, a2)’ and

—A(f) AR

= , , , (A.25)
A (Fm) A ()
where z; = (f;, 1)/ and A(z) = 1/ (1 + e~ ™) is the logistic function. Since 7y ; = —mo, for
[ =1,2, we have:
1 1 Oma4 0o ¢ o 1 Omig a4 .
Il,t = + 7 7 - 7 7 ) [ = 17 2.
Tioe  L—mas) (3, f) 0B, f)  mai(l—mad) o3, f,) 08, 1)
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Since %gf) = A(x) [1 — A(x)], we deduce:

Iy = gy (1 —may) fl,tfl,,t, l=1,2,
where & ; = (0,0,1)" and &, = (f;, 1, ’}/Q)I . Thus, we have:

2 ft
Isp(t) = pog—1mas (1 — magy) ft X o Agp(t) = por—1ma0s (1 — Ta2t) V2 X
t

Irp(t) = pag—1miog (1 — mioyg) + plor—1ma2s (1 — maoy) 7.

We deduce formula (6.4).

A.9.3 Numerical computation of the semi-parametric efficiency bound

The semi-parametric efficiency bound (I()")*1 can be approximated numerically by Monte-

Carlo integration. Let (f; : t = —h,—h + 1, ...,T) be a simulated factor path of length S =
T + h + 1. We define 1,1 g by:

! !/
g =ell psll pp1g---Iag, t=1,...T,

where ¢ = (1/K,...,1/K)’, and

K
IS(t) = Z,ul,tfl,S[l,t,Sa = 17 7T
=1

Matrices I, ¢ and II; g correspond to the matrices in (A.24) and (A.25), respectively, based

on the simulated factor values. Then we approximate matrix I by

T
* 1 -
oS = D Usaa(t) = Isop (815,55 (8) s (1)

t=1

for large 1" and h.
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