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Abstract

This paper considers the semiparametric identification of endoge-
nous and exogenous peer effects in the linear-in-means model. We show
that this model is generically identified when at least three different
sizes of peer groups are observed in the sample at hand. While unnec-
essary in general, homoskedasticity may be required in special cases to
recover all parameters. Extensions to asymmetric responses to peers
and binary outcomes are also considered. Once more, most parame-
ters are semiparametrically identified under rather weak conditions.
However, recovering all of them requires more stringent assumptions.
Finally, we bring theoretical evidence that the model is more adapted

to small groups.

JEL classification numbers: C14, C21, C25.
Keywords: social interactions; linear-in-means model; semiparamet-

ric identification.

1 Introduction

In a seminal paper, Manski (1993) showed that in a linear-in-expectations
model with social interactions, endogenous and exogenous peer effects can-

not be separately identified. Only a function of these two types of effects



can be recovered under some strong exogeneity conditions. In the context
of pupils achievement for instance, Hoxby (2000) and Ammermueller and
Pischke (2006) reach identification by assuming that variations in time or

between classrooms within the same school are random.!

However, Lee
(2007) has recently proposed a modified version of the social interaction
model, which corresponds to a linear-in-means model, and which is shown
to be identifiable without any of the previous restrictive assumptions, thanks
to the group size variation.

The aim of our paper is threefold. Firstly, we re-examine the identifica-
tion result proposed by Lee (2007) for the linear-in-means model. We show
that the crucial assumptions here are 1) the knowledge of the group sizes,
and 2) the fact that group sizes take at least three different values. On the
other hand, and contrary to usual identification strategies based on reduced
forms and exclusion restrictions, one does not need to observe all the mem-
bers of each group. This contrasts with the usual reduced-form approach
where measurement errors appear as soon as some members of the groups
are missing (see Graham and Hahn, 2005). In general, neither parametric
assumption nor homoskedasticity restriction on the error term are needed.
Yet, we show that, in some special cases, the homoskedasticity assumption
is required for recovering the structural parameters.

Secondly, we extend the analysis beyond the linear-in-means model. One
important limitation of this model is the fact that the mean outcome does
not depend on the allocation of individuals across groups. We consider a
model with asymmetric responses to peers, and show that almost all pa-
rameters can then be identified. However, some parameters are identified
only when the whole group is observed. We also consider the case of bi-

nary outcomes. Identification of discrete models with social interactions

'In the following, we will often consider the example of peer effects at school, although
the model could also be applied to other topics like smoking (see e.g. Krauth, 2006),
productivity in teams (see Rees et al., 2003) or retirement (Duflo and Saez, 2003).



has already been studied by, e.g., Brock and Durlauf (2001, 2007). Our
model is slightly different, though, as we assume that social interactions
may affect individuals through peers’ latent variables rather than through
their observable outcomes. This is convenient when only binary outcomes
are observable, because of data limitation. To the best of our knowledge,
this is the first time such a model is considered in the econometric litera-
ture. The attractive feature of our result is that it does not rely on any
functional assumption concerning the errors. Yet, due to data limitation,
homoskedasticity is needed to recover endogenous peer effects.

Thirdly, we discuss the theoretical background of the linear-in-means
model. We show that, in the framework of a noncooperative game between
members of the group, the Nash equilibrium satisfies Lee’s model (2007),
Manski’s model (1993) or an intermediate version of these two models, de-
pending on the amount of common knowledge of the players. Lee’s model
arises when their information is rich whereas Manski’s model emerges when
players have little information on their peers. This result shows that our
model should be used when groups are small. Lastly, we also show that our
model can be viewed as the stationary equilibrium of a dynamic model. In-
terestingly, one of the identifying assumption arises as a stability condition
of this model.

The paper is organized as follows. The first section re-examines the iden-
tification of the linear-in-means model. Section two considers an extension
to the case of asymmetric responses to peers. Section three is devoted to
the discrete case. The fourth section discusses the theoretical foundations of
the linear-in-means model. Section five concludes. Proofs are given in the

appendix.



2 The linear-in-means model

Suppose that we observe R non-overlapping groups (r = 1,..., R). Group
r has size m,. According to the linear-in-means model of Lee (2007), the
outcome variable y,; for individual ¢ in group r is assumed to be a linear
function of her own observable covariates, denoted x,;, but also of the out-
come variables and observable covariates of her peers, and of a group-specific

(fixed) effect:

1 — 1 —
Yri = Trifl19+ p— Z Yri Ao+ p— Z rj B+ r +Eri-
J=1,j#1 J=1,j#i

1)
Following the terminology introduced by Manski (1993), the second term
in the right hand side corresponds to the endogenous peer effect, the third
refers to the exogenous peer effects and «, is a contextual (group-specific)
effect. This model essentially departs from the one considered by Manski
(1993) or by Graham and Hahn (2005) by replacing, on the right-hand side,
the expectations relative to the whole group by the means of outcomes and

2 As we shall see, this small difference

covariates in the group of peers.
allows to obtain identification of the structural parameters, as soon as there
is sufficient group variation.

In this section, we clarify and extend some results obtained by Lee (2007).
We restrict our analysis to the case where m, does not depend on the size
of the sample. We believe that, in practice, such an assumption is virtually
always satisfied. For instance, there is no reason why the mean classroom
size should depend on the size of the sample. Moreover, we do not require to

observe all the persons in each group. We denote n, the number of sampled

individuals in group r.

?Graham and Hahn (2005) makes the further restriction that 8,0 = 0, i.e. that there
are no exogenous peer effects.



Identification is achieved by the within-group equation, that is:

(my —1)B19 — Bao
my — 1+ )\0

Er

T P

Wnr?r = Wnrjzr ( > + Wn

where Y, (respectively, X, and gr) is the vector of outcomes (respectively,
of observed covariates and unobserved residuals) for individuals sampled in
group r, and W, denotes the within-group matrix of size n,.To recover the
structural parameters, we use the variation in the slope coefficient G(m) =
((m —1)B19 — Bao) / (m — 14 Xg). For this purpose, we make the following

assumptions:

Al. Forallr =1,.., R, (Y, X, m,,n,) are i.i.d.3

A2. Pr(n; >2) > 0.

A3. mq,...,mg are known and should take at least three different values.
A4. For all 1 <4,j <my, E[2}; €15 | m1,m1] = 0.

A5. F )A(:{ Wh, )?1 ] ml,nl} is almost surely nonsingular.

A6. 1 > Ao > 1 — min (Supp(mq)), where Supp(m;) = {k € N | Pr(m; =
k) > 0}.

Assumption A2 simply states that the within-group approach is feasible.
Assumption A3 is crucial; it imposes that group sizes are known and that
these sizes vary sufficiently in the sample. Assumption A1, A4 and A5 are
standard in linear panel data models, except that conditional expectations
depend here both on the number of observed individuals in each group and
on the group size. Conditioning by n; does not cause any trouble if, for
instance, the observed individuals are drawn at random from the group.

Finally, assumption A6 ensures that 3(m) exists for all m € Supp(m;).* As

3This definition is rather informal because the size of Y, is random. To be rigorous,
one should consider R i.i.d. infinite sequences (?T)rzl,,,g and define }N’} as the n, first

components of Y,.
*This assumption is not minimal here, since Ao ¢ —Supp(m1 — 1) would be sufficient.
But it is necessary in Theorems 2, 4, 5 and Lemma 1.



we will see in section 5, this assumption arises as the stability condition of

a dynamic model.

Theorem 1. Under assumptions A1-A6, 3, is identified. Moreover,
- if Bog # —XoPg, then No and Byg are identified;
- if By = —AoBig, then Ao is not identified and By is identified up to a

constant.

This theorem states that all parameters are generally identified provided
that there is sufficient variation in the group sizes. As a notable exception,
identification is lost in the absence of endogenous and exogenous peer effects
(since then By = —XofB1p = 0). One can always rationalize such a model
with any Aj # 0 and 3% = —\y(;0- Below, we provide a method which
yields identification in this case, but it relies on a stronger assumption of
homoskedasticity. In any case, one can check whether identification is lost
or not, since this amounts to test whether (3(.), which is always identified,
is constant.

Contrary to the reduced form approach, we do not need to know the
means (T, )1<r<g in each group to identify the parameters. Thus the problem
of measurement error of Z,, which appears when some individuals in the
group are unobserved, does not arise in our framework. Here the crucial
assumption is the knowledge of the group size. If it is unknown but can
be estimated, the measurement error problem comes back in a nonlinear
manner. The issue of identification in this case is left for future research.’

Another identifying assumption is the additive nature of the group size
effect. Indeed, m, may be correlated with o, in a general way, but we
cannot add interaction terms m, X x,; to the list of regressors, since then

assumption A5 would fail. Moreover, (3, 899 and Ao are assumed to be

*Following Schennach (2004), the model would still be identified if two independent
measures of m, were available. The remaining issue is whether the model is identified with
only one measure, as it is (under weak conditions) in a linear model (see, e.g., Lewbel,
1997).



independent of the group size. An informal test of this assumption would
be to estimate (3, 99, A\o) on strata made of groups with at least three
different sizes, and to compare the estimates obtained from different strata.

If 899 = —A0f1g, then A and (355 cannot be identified. However they
can be recovered by studying variance variation under an homoskedasticity
condition (assumption A7 below). More precisely, the conditional variance of
the residuals should not depend on the group size. This hypothesis is rather
weak since it does not imply restrictions on the form of the relationship
between the residuals €,; and the covariates x,;. Moreover, under A7, one
needs less variability in the group sizes than previously and we can replace

assumption A3 by A3’.

A3’. mq,...,mp are i.i.d. and known; they should take at least two different

values.

AT7. Var (€1 | n1,my) = 0%I,, where I, is the identity matrix of size n;.

Theorem 2. Under assumptions A1-A2, A3" and A4-A7, (819, Mo, Bag) are
identified.

The idea of using second order moments has already been used by Graham
(2005) to identify peer effects. On the contrary to us, however, he can only

estimate the posterior distribution of Ag in a Bayesian framework.

3 Asymmetric responses to peers’ outcomes

One major limitation of the basic linear-in-means model is its functional
form. In particular, the fact that everybody reacts similarly to peers is
often considered implausible. Moreover, this restriction implies that the

composition of groups does not affect the mean outcome. Hence, if this

SFor instance, inside the classroom, the race and gender composition variables could
interact with individual race and gender. Hoxby (2000), Angrist and Lang (2004), and
Cooley (2006) find that such interactions are important.



outcome corresponds to individual preferences, rearranging groups is useless
for designing a public policy whose objective is to maximize a utilitarian
social welfare.” For instance, losses due to the reallocation of students in
classrooms should perfectly compensate for the gains of this reallocation.
Thus, the model implies that the much debated issue of tracking versus
mixing in classrooms is irrelevant in terms of efficiency.

To allow for asymmetric reactions to endogenous effects, one could con-
sider, as Cooley (2006), a general nonlinear model. However, the identifi-
cation of her model relies on the existence of a valid instrument. Instead,
we propose a simple extension to the basic model (1) that does not require
any exclusion restriction, because our identification strategy still works out

in this framework. More precisely, we suppose that

1 o 1 —
Yri = mriﬂlo"‘ m . Z 'y'r‘j )\O(tri)+ m . Z '377‘]' ﬁQO(tTi)+ar+Eri;
J=1,j#i J=1,j#i

(3)
where t,; denotes an observable characteristic of individual i. For the sake
of simplicity, we consider that t,; is binary (and may take value 0 or 1).3
The assumption that 3;; does not depend on t,; can be relaxed without loss
of generality by including in x,; some interaction terms between t,; and the
other covariates. On the other hand, an exclusion restriction is needed for
identification, and we assume that x,; is not reduced to t,;. Let us denote
:U;it the components of x,; different from ¢,;.

Though simple, this model enables us to overcome the aforementioned

"THowever, under a social welfare function with inequality aversion, the composition of
the groups does in general matter in the basic linear-in-model model.

8The extension to any discrete variable is straightforward. On the other hand, the case
of a continuous variable is more tedious and not considered here.



drawback. Indeed, some tedious algebra gives:

— 1

y =
r mr(0)2o(0) me()o(1)
b (m 1+ 200) —1+)\0(1))

X o (T;((%) 7(0) (/310 - riiO(—O)1> " my (Tln;(gii)l) ot

Bao(1)

my, —

1

1) (- 2000

)

( my(0)Ba(0) + my(1)Bgp(1) > T + m,(0) (ar +2+(0)) | mr(1) (r +E+(1))

my — 1+ Xo(0)  my — 1+ Xo(1) m, (1+ /\0(0))

mr—1
where, for k € {0,1}, T, (k) denotes the mean among individuals of group r
for whom t¢,; = k, and where m, (k) denotes the size of this subgroup. Con-
trary to the basic model, it is now possible to increase the average outcome
of the population, j = % Zf;l myY,, by changing the (m,(k))1<,<g-

Let 3%, (respectively, 85 (t)) denote the component of the parameter
vector (3, (respectively, By0(t)) which corresponds to the covariate denoted
t. For instance, if ¢ denotes the ethnic group of a pupil in a classroom (with,
e.g., t = 0 for a white pupil and ¢t = 1 for a black pupil), 3, denotes the
impact of being black on, e.g., individual achievement, and [35,(0) denotes
the effect of the proportion of blacks in the group on the achievement of
a white pupil. ﬂfg and ﬁgg(t) correspond to the other components of pa-
rameter vectors B¢ and By(t). The following additional assumptions are

required for identification of these parameters:
A2, sup(Supp(ni(k))) > 2 for k € {0,1}.

A5 E )A(:{_t(k:) W, (k) )N(I_t(k‘) | m1,n1| (where )A(il_t(k‘) is the subvector of
)?f ! for individuals such as t; = k) is almost surely nonsingular for k €
{0,1}.

A9. (T, Y, )1<r<r are known.

my (1+

Mo (1)

my—1

)

7



Assumption A2’ states that there are some subgroups in which at least
two individuals are observed, so that we can use the within equation on sub-
groups with a positive probability. Assumption A5’ supposes that variables
are linearly independent within subgroups, almost surely. Assumption A8
is made for convenience. If it does not hold, one can still obtain partial
identification results, as in theorem 1. Assumption A9 is restrictive, since it
supposes in practice that all individuals belonging to a group are observed.
However, it is not required to identify parameters 315, Ao(k) and B (k),

ke {0,1}.

Theorem 3. Under assumptions A1, A2, A3, A4, A5’, A6 and AS, 61_5,
Mo(k) and B3 (k) (k € {0,1}) are identified. Moreover, if assumption A9
holds, 3 and B (k) (k € {0,1}) can also be recovered.

4 The discrete case

In this section, we investigate whether the parameters are still identified
when one cannot observe directly the outcome variable but only a rough
(binary) measure of it. In other terms, we observe y,; = 1{y*, > 0}, where
yr. satisfies equation (1). For instance, to study pupil achievement, only
grade retention rather than test scores may be available. Similarly, in vio-
lence studies, only criminal (that is, sufficiently violent) acts can be observed
by the econometrician. Note that these models remain essentially linear be-
cause the underlying model is linear. One could also study the case where
Y,; depends on yr; rather than y,. Such models, which have been studied by
Brock and Durlauf (2001, 2007), Bayer and Timmins (2002), Tamer (2003)
and Krauth (2006), are more complex since they are generally characterized
by the existence of multiple equilibria.

When the outcome is a binary variable, the reduced-form equation (3)
is useless for identification because Wnr?,,* (where 57;,* is the vector of latent

outcomes for observed individuals of r) has no observational counterpart.

10



Instead, we rely on equation (4) below.

Lemma 1. Suppose that y,; = 1{y}; > 0} with y}; satisfying equation (1),
and that assumption A6 holds. Then the model is observationally equivalent

to

Yri = {xrz (ﬁlo 620 1>

— My B1o + Bao r Ao
. — = s 1
+|:me (ﬁzo‘i‘ 1 )\ >+OK <+mr_11_)\0

my 0
m,—11— )X

+&r

o> o} . .

The term between brackets corresponds to a group-specific effect. Thus
we are led back to a binary model for panel data. Identification of such
a model has been considered, among others, by Manski (1987), and our
analysis relies on his paper. The group indices are omitted for simplifying
notation. Then mf denotes the k-th covariate of individual j. The following
assumptions are needed for identification:

A10. (e1,...,em) are exchangeable conditionally on (m,x1, ..., Zm,a). The

Ao
m—11-—Xg

support of g1 +2 conditionally on (m, x1, ..., Tp, @) is R, almost

surely.

All. Let z = 23 — x1.Y The support of z is not contained in any proper

linear subspace of R¥ (where K is the dimension of ;).

A12. There exists at least one component of z, for instance the kg-th com-
ponent, denoted 2%, which has everywhere a positive Lebesgue density con-

ditional on the group size and the other components of z, i.e. conditional

on the vector (m, 2!, ..., 2Fo=1 Zhot1 2K "and whose associated slope pa-

rameter is normalized (610 = ) Without loss of generality, we set kg = 1.

YWithout loss of generality, we assume here that individuals 1 and 2 are observed.

11



The first part of assumption A10 holds for instance if (;)i=1,... m is con-
ditionally independent of (z;)i=1,.. m given m and «, and if (g;)j=1.. m are
exchangeable conditionally on m, . Hence, it is satisfied if the (51-)1-:1,,“77”
are i.i.d. and independent of (x1, ..., Tm, m, ). The second part of assump-
tion A10 is a technical condition, which is identical to the second part of
assumption 1 set forth by Manski (1987). Assumption A1l ensures that z
varies enough within a group. As usually in binary models, one parameter
must be normalized and this is the purpose of A12. However, a small dif-
ficulty arises here, because the reduced form does not allow us to recover
the sign of the structural parameters. A sufficient condition is to fix one

parameter (and not only its absolute value): thus we set 31, = 1.1

Theorem 4. Suppose that assumptions A1-A3, A6 and A10-A12 hold. Then
B10 is identified. Moreover,

- if Bag # BaoBro, then By is identified,

- if Bog = B0B10, B is not identified and the other (5, are identified up
to Bl

On the other hand, \g is not identified.

If fewer parameters than in model (1) are identified, Theorem 4 shows
that the main attractive features of the method remain. Without any ex-
clusion restriction and even if only two members of the groups are observed,
B10 and B9, are generally identified. Similarly to the result of Theorem 1,
identification of B, is lost when there is no exogenous effect, because in this
case (o9 = [P0 = 0. That A\g cannot be recovered is not surprising as this
parameter only appears in the fixed effect and the residuals (see equation
(4)). Heuristically, without any hypothesis imposed on these terms, any Ag
can be rationalized by changing accordingly o and the (g;)1<i<m.

Thus, stronger assumptions are needed for identifying Ag. One possibility

'90bviously, Theorem 5 also holds when 1, = —1.

12



is to observe T and to restrict the dependence between the residuals and the

covariates.

A3”. myq,...,mg are i.i.d. and known; conditionally on %, m; should take

at least three values.
A9’. T is observed.

Al13. (e1,.r,em, ) 1L (21, ..., xm) | M, .

Var(ey | T) I, 0 >

Al4. Var(eq,...,em,a | T,m) = ( 0 Var(a | T)

A15. Given (T, m), the support of {ml(ﬁlo - 6201),.%‘2(,310 C )} is
m— m—
R2.

A3” is slightly more restrictive than A3 but should hold most of the time. It
is satisfied for instance when a multinomial logit (or probit) model generates
m, conditionally on T. As mentioned above, assumption A9’ is a restrictive
condition as it imposes either to observe all individuals in the group or to
consider only the covariates for which the means are known. Assumption
A13 is in the same spirit than assumption A10. It restricts the dependence
between « and the covariates to a dependence on the mean. Assumption Al14
is the assumption of homoskedasticity in m; it is very similar to assumption
A7. The difference between both assumptions stems from the identifying
equation we use in both cases. In the discrete model, a remains in expression
(4) and thus its variance must be specified as well as its covariance with the
(¢i)1<i<m-'! Lastly, assumption A15 is a condition of large support. It
especially implies that m > 3. Otherwise, indeed, the two variables belong

to a line in R2.

Theorem 5. Under assumptions A1-A2, A3”, A6, A9’, and A10-A15 and
if Boo # BoB10s Mo is also identified.

"' The assumption of no covariance is not restrictive. Indeed, if the correlation between
€; and « is not zero and independent of ¢, we can always reparametrize the model in order
to make them uncorrelated.

13



5 Theoretical background

Model (1) is very close to the one considered by Manski (1993) or by Graham
and Hahn (2005). Yet conclusions much differ since the basic linear-in-means
model is generically identified without any exclusion restriction. Thus, one
should set forth the reasons to choose this model rather than the linear-in-
expectations model. An argument coming from game theory shows that this
choice is in fact better justified for small groups. Indeed, we show below that
identification depends on the information set of players. Equation (1) arises
when players are fully informed, whereas Manski’s model corresponds to an
imperfect information situation. We also consider an intermediate situation
where homoscedasticity is lost, and thus Theorem 2 cannot be applied.

Suppose that the utility of player ¢ has the following form:

1
Urileri, (erj)jzi) =  eri {ﬂmﬂw + (m DI i 6rj> o

1
+ ( Doy ik x,«j) Bag + o + sm} — e,
my — 1 ’

where we suppose here that the individual specific terms (&,;); are mutually
independent and independent of (%, &, m,). In this game, the marginal
returns of individual ¢ depend on her peers’ outcomes. This captures the
fact that people are influenced by their peers’ behavior. If Ay > 0, player ¢
tries to conform to other members of her group, whereas she tries to stand
out from them when Ag < 0. This model is close to the one developed by
Cooley (2006) for examining pupil achievement in the classroom.
Assuming that «, and the (2,;,&ri)1<i<m, are observed by all players in

group r, the Nash equilibrium of the game (e}, ...,e satisfies equation

*
rmr)
(1). Thus, using Theorems 1 and 2, all parameters are identified provided

that there is sufficient variation in group sizes.!?

12This conclusion still holds if we do not observe the optimal effort e; but instead the
corresponding outcome y,; = ey; +1,,;, where n,.. is an unanticipated shock, independent of
other variables. A quick examination reveals that in the within-group equation (3), shocks

14



Now suppose that the (e,;);.; are unobserved by player ¢. This situa-
tion is realistic in moderately large groups where each player observes the
characteristic x,; of j but not her idiosyncratic shock. Then the Bayesian

Nash equilibrium satisfies:!?

m. m
* - * 1 -
€ri = Triff19+ Z E(erj | eri) | Xo+ Z ZTrj | Bogtarter.
™ . . . T . .y
J=1,j#i J=1, 571
Taking the conditional expectation for i # k leads to
my 1 mg,
E(ey; | erk) = i1+ — Z E(er;) | Aot Z Trj | Baotaur,
T =, g T =LA

(6)
because, by independence of the (er:)i, E[E(ey; | ri) | erk] = E[E(e}; |
eri)] = E(ey;). Hence, taking the expectation of (5) and comparing with (6)
leads to E(ey; | eri) = E(ey,;) for all i # k. Replacing E(ey; | er;) by E(e;;)
in (5), we get e;; = E(e;) + &r;. Finally, substituting ey, — ey, to E(ej;) in

(5), we obtain:
w= bt (g ) 20t (g D)
€r; = ZTriPyo e — 1 j=1,j;éie”7 0 e — 1 j:L#il’m 20

m A
+ao — . A0+ Eri <1+ 0 > )

mr—l mr_l

which is equivalent to

1 My 1 Moy
* * / /
e = Trif10+ E eri | Aot E Trj | Bog+an.+<r,,
my —1 4~ my—1 &~
J=1,5#i J=1,5#i

where a; = a, —m,/(m, — 1)g-\¢ and &}, = & (1 + %) This equa-
tion is very similar to (1) and the parameters can be identified using the

exogeneity of covariates. However, the errors become heteroskedastic. More

are not homoskedastic anymore, but the proof of Theorem 2 can be adapted provided that
at least three different group sizes are available.

RN expectations are in fact taken conditionally on (zri)i1<i<m, and a,. We omit them
for the sake of simplicity.

15



precisely, the variance of residuals in the within-group equation (2) is no
more dependent on m,., so that A\g cannot be recovered by using this device,
as in Theorem 2. Identification of B9y and Ag is lost when 395 = —XoB1p-
Lastly, let us suppose that the (x,;);-; are also unobserved by ¢ but that
«, is still observed. If groups are large, player ¢ may not know j and thus
does not observe neither ¢,; nor x,;. On the other hand, she may know the
general features of the group, represented by o, and E(xy1 | o). Then,

proceeding as previously, we can easily show that
* *
er; = Tpif1o T E(@r | ar)Bag + E(ey; | ar) Ao + ar + &7
Thus we are led back to Manski’s model (1993), which is not identifiable.

Another structural interpretation of the model is to consider equation
(1) as the stationary state of a dynamic model with interactions. Let y’,
denote the outcome of individual ¢ in group 7 at date ¢, and suppose that the
variation in this outcome at date t is generated by the following first-order

differential equation:

dyt. s 1 s
d: = Ypilt+ p— Z ’yﬁj Ao+rifi0+ ; . Z rj Bootarter;.
J=1, j#i J=1, j#i

In other terms, the variation in the i-th individual’s outcome at date t de-
pends on her current outcome and on her time-constant observable covari-
ates, but also on the mean of her peers’ outcomes at date ¢ and on the mean
of their time-constant observable covariates. In the example of a classroom,
Ao > 0 implies that a pupil will get better test scores when the mean score

of her classmates is higher.

Proposition 1. Equation (7) admits a stable solution for all r = 1...R if
and only if

w<0and A\ € }M {mrin(m,,)—l},—u{.
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Provided that = —1, this solution is given by equation (1).

Setting 4 = —1 is natural in view of identification. Indeed, in the steady
state, dy!,/dt = 0 so that equation (7) can be normalized without loss of
generality. Proposition 1 states that if the dynamic model is true, then Ag
lies in a known interval. Interestingly, this restriction (A9 > 1 — min,(m,))
is used both in Lee’s paper (assumption 3) and in ours (assumption A6) to

identify the model.

6 Conclusion

This paper considers identification of linear social interaction models using
group size variation. Provided that the size of the group is known and varies
sufficiently, endogenous and exogenous effects can be identified without any
exclusion restriction. Moreover, the method does not require to observe all
the members of each group. The result is extended to asymmetric models
and binary outcomes. We also show that, from a game theoretic point of
view, our analysis is more relevant for small groups such as classrooms.
When groups are large, Manski’s model (1993) should be more appropriate
in terms of players’ information. The result is also in line with the weak

identification result obtained by Lee (2007) in the case of large groups.

Our paper has two main limitations. First, the size of the group is
assumed to be known. However, as emphasized by Manski (2000), it is of-
ten difficult to define groups on an a priori background. This criticism is
common to all models of social interactions, but may be especially problem-
atic here. Indeed, ignoring the boundaries of the group leads (among other
difficulties) to measurement errors on the group size, which could prevent
identification. Second, we do not consider a fully nonparametric regression.
The issue of whether group size variation has an identifying power in this

general case remains to be settled.
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Appendix
Theorem 1

First, under assumption A4, E()?{Wm’gl | n1,m1) = 0 and thus, by as-
sumption A5, F(m) is identified for all m € Supp(m;). We now prove that
the knowledge of m +— [(m) allows in general to recover the structural

parameters.

Let (m*,m%) € Supp(m;)?, then

(m] —1)B19 — Bao _ (m5 —1)B19 — Bao
mT—l—i—)\o m§—1+)\0

is equivalent to

1 1 1 1
- — = — .
0910 (m’{—l m§—1> Fao (m’{—l m§—1>

Hence, if 859 = —X0B1g, B(.) is constant, and if not, ((.) is a one-to-one

mapping. In the first case, 3(m) = §;, for all m. Thus 3, is identified, but
Ao cannot be recovered by ((.). Because 859 = —AofB0, [Bap is identified up

to a constant.

Now suppose that By # —AofBqg and let (mg, mi, m%) be three different
values in Supp(m;). We will prove that the knowledge of B(mg), B(m])

and B(m}) permits to recover (3¢, Ao, F99). This amounts to show that the
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system
B(mg) Ao — (mg — 1)B1g + Byg = —B(mg)(mf — 1)
B(mi)Ao — (m7 —1)B1g+ Byg = —B(mi)(m] —1)

B(mz)do — (m3 —1)B19 + Bag = —f(m3)(m5 — 1)
has a unique solution. Using the matrix form, we can rewrite the system as
Ay = B where ¢y = (o, 819, Bo0)’- If det(A) # 0, (, is identified. Suppose
that det(A) = 0. Then com(A)'B = 0 where com(A) denotes the comatrix
of A. By using the first line of this equation and the expression of det(A),

we get
(m3 — m})B(mg) + (mg — m3)B(mi) + (m} — m§)B(m3) = 0

(mg — 1) (ms —m7)B(mg) + (mi — 1)(mg —m3)B(m7) + (m5 — 1)(m] —mg)5(m3) = 0.
Hence,

* * * *

(m5 —m7)B(mg) = —(mg —m3)B(m7) — (m] —mg)B(m3)
mg(ms —m7)B(mg) +mi(mg —ms3)B(m7) +ms(mi —mg)B(m3) = 0.
Thus,
(m3 —m7)B(mg) + (mg — m3)B3(m7) + (m] —mg)B(m3) =0
B(m71)(mg —m3)(m] —m3) 4+ B(mg)(m5 —mi)(mg —m3) = 0.
Because mj # mj and m{ # mb, this implies that g(m7) = B(m{), which
is in contradiction with the fact that (3(.) is a one-to-one mapping. Thus

det(A) # 0 and ¢ is identified.

Theorem 2
Wh, €1
Ao

m1—1

Because m +— [3(m) is identified, Var | n1,my | is known.

1+

Thus, under assumption A7,

w, El ()’2
Var (ﬁ | n17m1> = —QWm.

m—1
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* *
Hence, for mj # ms3,

is identified. Under assumption A6, (1 + 2o ) > 0 for all m € Supp(my).

m—1

Thus
C 1
< */_ - — ) Xo=1-+C.
mi—1 mj—1
It is clear that (% — mgl—l) # 0. Otherwise C' = 1 and then m] = mj3,

which contradicts the assumption. Thus \g is identified.

Then, because m — ((m) is identified, 3,7 — 3)1 is known for all m €

m
Supp(m1). Taking two different values for m allows to recover 35y, and then

Bio-

Theorem 3

Let ¢; and %2 be two individuals in group r such as t,;;, = tr;, = k. Then

(my —1)B19 — ﬂ20(k)> + Erip — Erig

mr—1+)\0(/€) 1+)\0(k)/(m7«—1).
Thus, by application of Theorem 1 on both subgroups, 314, 354 (k) and Ao (k)

yTil - yTiQ = (x'r‘il - x'r"ig) (

are identified. To recover 3, and 34,(k), we start from
Yri (mr -1+ )‘O(tri)) - x;z't ((mr - 1)/31—015 - ﬂgg(trz)) - mryr)‘o(tri) =+ mrj;tﬂgot(tri)
=ty ((mr - 1)/350 - ﬂgo(tri)) + mr%rﬂgo(tri) + (mr - 1)0&,« + (mr - 1)57“2'-

Let y,; denote the left hand side of this equation; it is identified thanks
to the previous result and to assumption A9. Taking i; and i3 such as

tri, =1, tri; = 0, we get
Yrir—Jris = (mp—1) 85— B% (1) +m,ty [550(1) - 550(0)]+(mr—1)(6m1 —Erig)-

This regression (over groups of the same size but with different ¢,.) enables
us to recover the constant (m, — 1)3%, — B5(1) and B4 (1) — B44(0). Then

making m,. vary allows us to identify 3%, and B5,(1), and thus B5,(0).
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Lemma 1

Applying the between-group operator to (1) gives

— ([ B0+ By Qi €r
* —
r x( 1= ) T Tox T1on

since 1/(1— o) exists, according to assumption A6. Consequently, replacing
y¥ in equation (1), we obtain

. A g . my B1o + 5
Yri <1+ - >: Lri (610_ 20 >+xrm _1<620+110_7)\020)\0>

m, — 1 my, — 1 r

m )\0 __m )\0
+ar(1+mrill—)\o>+57" T + Epi-

Note that this equation is equivalent to equation (1). Now, under assump-

tion A6, 1 + X\o/(m, —1) > 0 for all r, so that y; > 0 if and only if

yr (1 + m>‘ 1) > 0. Thus, under assumption A6, y; = 1{y’;, > 0}, where

r

yy. satisfies equation (1), is observationally equivalent to y,; satisfying equa-

tion (4).

Theorem 4

m )\0
+
m—11— )\0
g; is the same for each 7. Thus assumption 1 in Manski (1987) is satis-

Assumption A10 implies that the conditional distribution of

fied and, using A1l and A12, we can apply directly his result to recover
(m —1)B10 — Bao (m —1)B1o — Bao

Im —1— Y| [m —1 = B
identified. By assumption A12,

. The first term of the vector, , is also

P (m —1)B10 — Bag _ ((m —1)By9 — [320) / ((m - 1)[3%0 - ﬂ%o) 7

fm) = = =51 [ — 1 — 35| jm —1— Bl

so that B(m) is identified as the ratio of two known terms. The rest of the
proof of identification of (B1g,3y) follows the same line than the one of

Theorem 1, Ag being replaced by (—6%0).
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However, \g cannot be identified. Indeed, let A\ # g and define

m(Ao — Ap)
(m—14+X)(1—Xo)

gi=¢e;i+¢

Finally let

o — mT(B10 + B20) (Ao = Ao) + a(m =1+ Xo)(1 = Xp)
(m—1+X) (1= Xo) ’

Then (X),/,€},...,el,) are observationally equivalent to the initial model.
Indeed, we can check that they lead to equation (4) as well. Moreover, condi-
tioning on (m, 1, ..., Tm, ') is equivalent to conditioning on (m, x1, ..., T, ),
and conditional exchangeability of (e1, ..., &) implies conditional exchange-
ability of the (£, ...,¢},). Furthermore, letting F,, denote the c.d.f. of any

random variable wu,

F — VA = F =_m Ao o ¥ ek ek —x )
€3+€,m7i1 1_(;\, mzm*,xlza:{,...,:cmzx;‘n,a’:a’* 51+5m_1 Toao m=m*,r1=x7,..., T =2y, , 0=
0
where

o — (m — 1+ M)A = Ao)a"* — mT(B10 + Ba0) (Mo — )\6)_

(m—14 Xo)(1—Xp)

/

Thus the second part of assumption A10 also holds with (A, o/, €], ...,l,).

This shows that Ag is not identified.

Theorem 5

v = [Ty [Bao + bo(Bro + Bao)] + @ (1 + 72560) | +Eayb0 + <.

22



Note that Fy,  v.jz1,..zmm = Loy, jom|z,m- Indeed

* x|, % * *
FUl:mﬂlm 1‘17”':73m:m(vl7 HS) Um|x17 oy Ly, TN )

* * |k * * % * | % *
= / Fvl,.“,vm Z1,...,Tm,M,Q (Ula s ULy ey T, M, O )dFa\xl,..A,xm,m(a |3717 ceos Ty
* * | TE ok * *| %
= /Fvl,.“,vm E,a,m(vla--wvm T, m )dFa\i,m(a ’1’*,771)

= Fv1,...,vm|f,m(v]*_<7"'7/U';kn‘F7 m*)7

where the third line stems from assumption A13 and the fact that, given

Ty ey Ty My &, (V14 ..., Upy) Is a deterministic function of (eq,...,&m,). Now

* * = *
Pr(y1 =0,y2 =0 | 2y = 2,22 = 25, T = x,m =m")

m*)

_ B B _ N _
= Pr{vlg—x’{ (ﬁlo—m?l y v S =25 (B — 22 ) v =2, 22 =23, T=2,m=m"

_ * B * B *
= Fm,vg\f,m (‘931 (510 - m*fl) y Lo (510 - m*31) |z, m ) -

Because, by Theorem 4, (3¢, 890) is identified, x} ([310 - mJﬂ*L_LJ and % (ﬁlo - mJﬁ*E—J
are known. Moreover, T is observed so that the first term is identified on
the whole support of (x1,22). Thus, by assumption Al15, making (z1,x2)
vary allows us to recover the whole conditional distribution of (vy,vs) given

T and m. Thus, using assumption Al4,

Cov(vy,v1 —ve | T,m) = Cov (E 0o +e1,61 —e2 | T, m) = Var(e; | T),

m—1
so that the r.h.s. term is identified. Let us note that assumption Al4 can

be tested thanks to the data, since it implies that Cov(vi,v; —va | T, m)
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does not depend on m. Moreover, a little algebra shows that

(m —1)*Cov(vy,va|Z,m) = m?[(1+80)*Var(a[Z)] +m [ —2(1 4 0p)Var(a|z)

+6p(2 + 90)Var(61|§)] + [Var(a|T) — 20pVar(e1|T)] .

Conditionally on 7, this is a regression of the (known) Lh.s. term on
(m?,m,1). By A3", there exists a set A of positive probability such that
m can take three different values with positive probability conditionally on
T = z*, for all #* € A. Thus, the coefficients (a, b, c) of this regression can
be recovered.' We will show that the knowledge of these coefficients implies

that 6p is identified. The conclusion will follow because 6 is one-to-one with

Ao-

First, set ¢g = 1 + 6y and py =Var(«a|Z)/Var(e|T). Moreover we set

a = a/Var(e|T), b’ = b/Var(e|Z) + 1 and ¢ = ¢/Var(e|T) — 2. Then o',V
and ¢ are identified, and

$py = a

—2¢0P0+¢(2J =V
po—2¢y = ¢

Replacing py by ¢ 4+ 2¢ in the first and second equation leads to
s+ /245 —d /2 = 0
¢ +2d /3¢y + /3 = 0 (8)
po—2¢y = ¢

This system admits at most two solutions in (p,®). Suppose that there are
two different solutions, and let (p;, ¢;) denote the second one. Then we can
write the polynomial of the first equation as a product in which one factor

is the polynomial of the second equation. Hence, there exists x such as, for

all ¢ € R,

¢+ 207 —d' j2 = (¢* +2¢ /3¢% + V' /3) (¢ + ).

“These coefficients depend on T but for the sake of simplicity, we keep this dependency
implicit in the sequel.
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Thus

x = —d/6
27dxr = -V
Wr = —3d

Hence ¢/? = 3V'. Replacing b’ and ¢’ by their expression gives

3(=2¢p + ¢%) = (p - 2¢)°,

which must hold for (pg, ¢g) and (py, ;). But this statement is equivalent
to ¢ + p = 0. Replacing p by —¢ in ¢ gives ¢y = ¢; = —//3 and thus also
po = p1. This contradicts (pg, ¢g) # (p1,¢1). Thus ¢, is identified by (8)

and the conclusion follows.

Proposition 1

Let kri = x7i810 + (ﬁ DI, i 937"]’) Bao + ar +eris Yy = (Yras s Yrm, )

and K, = (kr1, ..., krm, ). Equation (2) can be rewritten in matrix terms:

To= - I me | Y, K’l")
dt {(M mr—l) T+m 1J T} r

r

where Jp,,. denotes the matrix of ones of size m,. The eigenvalues of A, =

(1 — mi‘(il)]mr + —mi“il I, are (,u - mi‘il) and (p + Ag). Thus the system is
Ag

my—1"

{1+ o) < 0. Because max(p— 20—, 1+ o) > 4,

stable when max(p— P

this implies that g < 0. Moreover, when Ag > 0, the condition is equivalent
to Ao < —p and when g < 0, this amounts to A9 > p(m, — 1). Thus, the

system is stable for all » = 1, ..., R, if and only if
<0 and A\ € [p{min(m,) — 1}, —p].

If these conditions are fulfilled, then, lim;_.; o 4,Y! = —K,.. Equivalently,

if 3.; denotes the i-th component of the stationary state of Y,

1 - 1 -
—HYri = My — 1 Z yr] )\O+xriﬁ10+ 1 Z '-(177‘]' ﬁ20+ar+57i~
J=1,5#i J=1,5#i
Thus, when p = —1, we retrieve equation (1).
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