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Abstract

In a regression model with univariate censored responses, a new estimator
of the joint distribution function of the covariates and response is proposed,
under the assumption that the response and the censoring variable are inde-
pendent conditionally to the covariates. This estimator is an extension of the
multivariate empirical function used in the uncensored case. Furthermore,
under some simple additional identifiability assumption, this estimator is not
sensible to the "curse of dimensionality", so that it allows to infer on models
with multidimensional covariates. Integrals with respect to this empirical
measure are considered. Consistency and asymptotic normality of these in-
tegrals over a class of functions is obtained, by deriving asymptotic i.i.d.
representations. Several applications of the new estimator are proposed.

Key words : distribution function, right censored regression, law of large
numbers, asymptotic normality, kernel estimators.
MSC 2000 : 62N01, 62G30, 60F05.

Résumé

Dans le cadre d’un modéle de régression ot la variable expliquée est uni-
variée et censurée a droite aléatoirement, nous proposons un nouvel esti-
mateur de la fonction de répartition jointe de la variable expliquée et des
variables explicatives, sous I’hypothése que la censure et la variable d’intérét
sont indépendantes conditionnellement aux variables explicatives. Cet esti-
mateur apparait comme une extension de la fonction de répartition empirique
multivariée utilisée en ’absence de censure. Par ailleurs, sous des hypothéses
d’identifiabilité supplémentaires, cet estimateur n’est pas sensible au "fléau
de la dimension," de sorte qu’il permet de considérer des modéles avec des
variables explicatives multivariées. Nous considérons les intégrales par rap-
port & la mesure définie par cet estimateur. Des résultats de loi des grands
nombres et de normalité asymptotique, uniformes sur des classes de fonctions,
sont démontrés a partir de représentations asymptotiques i.i.d. Plusieurs ap-
plications sont proposées.

Mots clés : fonction de répartition, régression en présence de données
censurées, loi des grands nombres, normalité asymptotique, estimateurs a
noyau.



1 Introduction

Under random censoring, estimation of the distribution of a single variable
Y is traditionally carried out by using the Kaplan-Meier estimator (1958).
A vast scope of approaches has been developed to study the theoretical be-
havior of this estimate, and of Kaplan-Meier integrals (K M —integrals in the
following). See e.g. Gill (1983), Stute and Wang (1993), Stute (1995), Akri-
tas (2000). A crucial identifiability assumption to obtain convergence is the
independence of Y and C, the censoring variable.

In presence of (uncensored) covariates X, it seems natural to extend
Kaplan-Meier’s approach, but now to estimate a multivariate distribution
function, that is F'(x,y) = P(X < z,Y < y). However, one must first extend
the identifiability assumption to this regression framework. In the spirit of
K M —estimator, one may impose that ¥ and C are independent condition-
ally to X, which seems to be the slightest identifiability assumption. Under
this assumption, Beran (1981) provided an estimate of the conditional dis-
tribution function F' (y | x) = P(Y <y | X = z). In this approach, kernel
smoothing is introduced into Kaplan-Meier’s approach to account for the
information on the interest variable contained in the covariates. Dabrowska
(1984, 1990) studied asymptotics of Beran estimate. Van Keilegom and Akri-
tas (1999) proposed, with some additional assumptions on the regression
model, a modification Beran’s approach and derived asymptotic properties
of their estimate in the case X € R. A major difficulty in studying this kind
of estimate stands in the non-i.i.d. sums that may be involved in. Therefore,
several asymptotic i.i.d. representations of the estimated conditional distri-
bution function have been proposed, all in the case where z is univariate,
see e.g. Van Keilegom and Akritas (1999), Van Keilegom and Veraverberke
(1997). In particular, Du and Akritas (2002) proposed an uniform i.i.d. rep-
resentation that holds uniformly in y and .

When it comes to the multivariate distribution function F'(z,y), Stute
(1996) proposed an extension of KM —estimator, and furnished asymptotic
representation of integrals with respect to this estimator that turned out to
have interesting practical applications for regression purpose in some situ-
ations, see also Stute (1999), Gonzalez-Manteiga, Sanchez-Sellero and Van
Keilegom (2005), Delecroix, Lopez and Patilea (2006), Lopez and Patilea
(2007). Moreover, in this approach, the covariates do not need to be one-
dimensional. Nevertheless, consistency of Stute’s estimator relies on assump-
tions that may be unrealistic in some situations, especially when C' and X



are not independent. On the other hand, under the more appealing assump-
tion that Y and C are independent conditionally to X, Lo and Singh (1986)
and Van Keilegom and Akritas (1999) used an empirical integral of Beran
estimator. Van Keilegom and Akritas (1999) also provided some alternative
estimate in their so-called "scale-location” model. To our best knowledge,
i.i.d. representations of integrals with respect to these estimated distribu-
tions have not been provided yet. Moreover, it is particularly disappointing
to see that, in the uncensored case, the empirical distribution function of
(X’,Y) can not be seen as a particular case of these approaches. On the con-
trary, K M-estimator is a generalization of the (univariate) empirical distri-
bution function. As a large amount of statistical tools are seen to be integrals
with respect to the empirical distribution function, it is still of interest to
produce some procedure that would generalize this simple and classical way
to proceed to the censored framework. In fact, an important preoccupation
in the study of censored regression is to extend procedures existing in the
uncensored case. For this reason, it is of real interest to use the most natural
extension of the uncensored case’s concepts.

In this paper, we propose a new estimator that generalizes both uni-
variate Kaplan-Meier estimator, and the multivariate empirical distribution
function. Using the results of Dabrowska (1989) and Akritas and Du (2002),
we provide some i.i.d. representation of integrals with respect to this estima-
tor. Furthermore, we propose a reasonable modification of the identifiability
assumption that may allow us to consider multivariate covariates. The paper
is organized as follows. In section 2, we present the model and motivate the
introduction of our new estimator of F'(z,y). In section 3, we present the
asymptotic properties of integrals with respect to this estimate. Section 4 is
devoted to some applications of these results, while section 5 gives the proof
of some technical results.

2 Model and estimation procedure

2.1 Regression model and existing estimators

We consider a random vector (X’,Y) € R4 and a random variable C' which
will be referred to as the censoring variable. If variables X and Y are fully
observed, and if we dispose on a n-sample of i.i.d. replications (X}, Y;)1<i<n,
a traditional way to estimate the joint distribution function F(z,y) = P(X <



x,Y <) is to consider the (multivariate) empirical distribution function,

Femp l’ y Z]-X <z,Y;<y> (21)

where 14 denotes the indicator function of the set A. If we are interested in
estimating E[¢(X,Y)] = [ ¢(x,y)dF(z,y) for some measurable function ¢,
we can proceed by using

[ ota)ibomyta) = Z¢> X, 7).

Studying the behavior of these integrals is then more general than simply
studying the distribution function (2.1). Asymptotic results on these empir-
ical integrals may be derived by applying the classical strong law of large
numbers and the central limit theorem. In a censored regression model, the
situation is different since the variable Y is not directly available. Indeed,
instead of Y, one observes

T = YAC,

0 = 1Y§C'

Observations consist of a n—sample (X/, T}, 0;)1<i<n. In this framework, the
empirical distribution function can not be computed, since it depends on
unobserved quantities Y;. In absence of covariates X, the univariate distri-
bution function P(Y < y) can be estimated computing the Kaplan-Meier

estimate,
d;
1
Fim (y) =1— -7 -
(¥) 11 ( > 1Tj>Ti)

Ti<y

Asymptotics of Fj,, and of integrals with respect to Fj,, can be found in
Stute and Wang (1993) and Stute (1995). Conditions for convergence are
essentially of two kinds : moment conditions (which can be interpreted as
assumptions on the ”strength” of the censoring in the tail of the distribu-
tions, see condition (1.6) in Stute (1995), and an identifiability condition
that are only needed to ensure that Fj,, converges to the proper function.
This identifiability condition, in the univariate case, reduces to

Y and C are independent. (2.2)



In a regression framework, an important question is to extend condition (2.2)
to the presence of covariates. A first way to proceed would be to assume that

(X',Y) and C are independent. (2.3)

However, assumption (2.3) is too restrictive, since, in several frameworks, the
censoring variable may depend on X. Stute (1996) proposed to replace this
assumption by assumption (2.2) and

P(Y<C|X,Y)=P(Y <C|Y). (2.4)

Under these assumption (2.2) and (2.4), Stute (1996) studied the asymptotics
of the following estimate, that is

Fs(z,y) = Z Winlx,<a1,<y,

i=1
where W;, denotes the jump of Fj,, at the i-th observation. Observing that

1 5;
- nl—ka(Ti—)’

Wi

where Gy, (t) denotes the Kaplan-Meier estimate of G(t) = P(C <t) (see
Satten and Datta, 2000), this estimator may be rewritten as

n

1 (57;1X-<x T:<y
. B oy 2.5

From this writing, one may observe two interesting facts. First, this esti-
mate is a generalization of the empirical distribution function used in the
uncensored case. Indeed, in absence of censoring, 1 — Gy, (t) = 1 for t < oo,
and 0 = 1 a.s. Second, Fs can be seen as an approximation of the empirical

function
n

2 1§ dilxi<emi<y

Fg(z,y) = E;T(Ti—)’

function that can not be computed in practice since G is unknown. The

identifiability conditions (2.2) and (2.4) (or (2.3)) are needed to ensure that
EIFy(z,y)] = F(z,y)

However, conditions (2.3) and (2.4) are still too strong for some appli-

cations (see e.g. Beran, 1981, Dabrowska, 1987, 1989, Van Keilegom and
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Akritas, 1999). The slightest condition that one may whish to impose, in the
spirit of (2.2), is

Y and C are independent conditionally to X. (2.6)

Under this condition, most of the efforts have been concentrated in estimating
F(y|z) =P <y | X =z). Beran (1981), in the case d = 1, proposed to
generalize the approach of Kaplan and Meier (1958), leading to an estimate

9
. Win ()
Fylo)=1- ] (1 -5 (@hjﬂ) e

Ti<y j=1Win
where, introducing a kernel function K,

K (%)

= 2?21 K <thfx> .

Dabrowska (1987, 1989) studied uniform consistency and asymptotic normal-
ity of Beran’s estimate. Van Keilegom and Veraverberke (1999), in the case
of a fixed design, provided an asymptotic i.i.d. representation of F' (y | x),
that is a representation of F'(y | z) as a mean of i.i.d. quantities plus a re-
mainder term which becomes negligible as n grows to infinity. Recently, Du
and Akritas (2002) provided an analoguous representation holding uniformly
in y and z for a random X. Van Keilegom and Akritas (1999) proposed
an alternative to Beran’s estimate under some restrictions on the regression
model. In particular, they assumed

Wi ()

Y=m(X)+o0(X)e, (2.8)

for some location function m, some scale function o, and ¢ independent from
X.

When it comes to the estimation of the estimation of F'(x,y), the only
approach that has been used consists of considering

/ " By | w)dF (), 2.9)

—00

where F (x) denotes the empirical distribution function of X. Instead of (2.7),
any other estimate of the conditional distribution function may be used, see
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for example Van Keilegom and Akritas (1999) who provided asymptotic i.i.d.
representations for two different estimate based on this principle. To con-
nect another drawback of these procedure with this incapacity to generalize
the empirical distribution function, we must mention that none of these ap-
proaches has been extended successfully to the case d > 1. Of course, the
definition of Beran’s estimate could be extended to multivariate kernels, even
if the theoretical study has still not been carried out. But the use of non-
parametric regression methods make estimates of the type (2.9) very sensible
to the so-called "curse of dimensionality”, that is the loss of performance of
non-parametric techniques when the number of covariates d increases (d > 3
in practice). This drawback does not affect the estimator (2.1) in the uncen-
sored case. For this reason, parametric estimates which can be written as
integrals with respect to (2.1) do not suffer from the curse of dimensionality.
It is still the case using the estimate (2.5) under (2.2)-(2.4) (see Stute, 1999,
Delecroix, Lopez and Patilea, 2006). Unfortunately, this is not the case if we
use (2.9). For this reason, parametric regression has only been considered in
the case d = 1, see Heuchenne and Van Keilegom (2007a, 2007b).

In the following, we propose an estimate of the distribution function which
does not rely on (2.9). It still relies on Beran’s estimator, but to estimate
F(z,y), we use an approach which has to be connected to Stute’s estimator
(2.5). Indeed, our estimate may be seen as a generalization of the empirical
distribution function, and as an adaptation of (2.5) to a context where (2.3)
and (2.4) are replaced by (2.6). Our estimate is defined in section 2.2. Un-
fortunately, it will still be based on multivariate kernel estimates, so that its
asymptotical behavior will only be carried out for d = 1. However, in section
2.3, we propose a modification of this estimate to handle the case d > 1, by
slightly strengthening the condition (2.6).

2.2 Alternative approach

Inspired by the empirical distribution function, we are searching for an es-
timate which puts mass only at the uncensored observations, that is of the
form

1 n
n ZdiW<XivTi)1XiS%TiSy7 (2'10)
i=1

where W (X, T;) is some weight which has to be chosen in order to compen-
sate the bias due to censoring. An "ideal” way to proceed would be to use



weights such as, for any function ¢,

so that integrals with respect to the measure defined by (2.10) converge to
the proper limit by the law of large numbers. In this case, (2.10) would
appear to be a sum of i.i.d. quantities converging to F'(z,y) from the strong
law of large numbers. Under (2.6), observe that, for any function W, and
any function ¢,

E[W(X:, T)o(Xi, Th)l = EJ1 - G (Yi— [ Xa)} W(X;, Vi) o (X5, Vi),
(2.11)
where G(y | x) denotes P(C' < y | X = z). Hence, a natural choice of W
would be

1
W(X;,T;) = :
KT =1
This would lead to
~ 1 dilx,<ami<y
F = — et ) 2.12

=1

Unfortunately, G(y | =) is unknown. However, it can be estimated using
Beran’s method. Denote by G(y | x) this Beran estimate. The estimate we

propose is
n

- 1 0ilx,<a <
F(z,y) = — Xisolisy 2.13
()= Do (213

i=1

This type of approach is quite natural in censored regression, see e.g. van
der Laan and Robins (2003) or Koul, Susarla, Van Ryzin (1981). From this
definition, we see that this estimate generalizes the empirical distribution
function for the same reasons (2.5) does. Now if we consider a function
é(z,y), we can estimate [ ¢(z,y)dF(x,y) by

n

/ ¢z, y)dF(z,y) = %Z " _512 g_T')X) (2.14)

This estimator is more difficult to study than (2.12), since, as it is the case
for Kaplan-Meier integrals, the sums in (2.13) and (2.14) are not i.i.d. In



fact, each term depends on the whole sample since G is computed from the
whole sample. In the following section, we will show that

/ o, y)dE (z, ) = / o, y)dF (2, 9) + Sa (6).

From (2.11), the classical strong law of large numbers and the central limit
theorem, the first integral will converge to [ ¢(x,y)dF(z,y) at rate n~'/2,
while S,,(¢), under suitable conditions, can be written as an i.i.d sum which
only contributes to the asymptotic variance, but does not modify the limit.

2.3 The case d > 1

In (2.13), a non-parametric kernel estimate appears. Therefore, considering
a large number of covariates raises theoretical and practical difficulties. For
this reason, we propose a slight reasonable modification of the identifiability
assumption (2.6) which happens to be a good compromise between (2.6) and
(2.3)-(2.4), and under which we will be able to modify the definition of F
using only univariate kernels. Let ¢ : R — R be some known function. The
new set, of identifiability conditions we propose is

Y and C independent conditionally to g (X), (2.15)

P(Y<C|X,Y)=P(Y <C|g(X),Y). (2.16)

In particular, condition (2.16) will hold if £L(C' | X,Y) = L(C | g(X),Y), that
is if C' depends only on g(X) and Y. As an important example, denote X =
(XM, X@), In some practical situations, one may suspect the censoring
variable to depend only on X® for some k known.

Another interesting advantage of this model is that it may permit us to
consider discrete covariates. If we refer to the approach of Van Keilegom and
Akritas (1999), we can only consider continuous covariates. Here, we will only
have to assume that g(X) has a density (but not necessary all component of
X). Under this new set of identifiability conditions, we propose to use

n

ad 1 511X-<xT-<y
F — _ 1 =%yt = .
(,y) n;1—c(n—|g<xi>>’ (2.17)

F(z,y) = = i 5E1Xi§x’Ti§y : (2.18)
nig - G (Ti— | 9(Xy))
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Note that using the set of condition (2.15)-(2.16) does not permit to
prevent the estimators of type (2.9) from the curse of dimensionality. In
fact, using estimators (2.9), we still need to estimate F'(y | z), no matter the
identifiability conditions.

3 Asymptotics

To simplify the notation, let z = g(z) and Z; = g(X;). We provide asymptotic
i.i.d. representations of integrals of the type (2.14) which hold uniformly over
a class of functions F.

3.1 Assumptions

We list here some assumptions that are needed to ensure consistency and
asymptotic normality of our estimate. We will use the following notations to
refer to some (sub-)distribution functions,

) = P(T' <),

) = B(T<t|Z=>2).
Hy(t|z) = PT<t,6=0|2Z=2),

) P(T<to=1|Z=2z2).

Assumptions on the model.

Assumption 1 The variable Z = g(X) belongs to a compact subset X C R.
The distribution function of Z has three bounded derivatives on the interior
of X. Furthermore, the density fz (z) satisfies

inf fz () > 0.

Assumption 2 Let 7y, = inf{t | H(t | z) < 1}. There exists some real
number T < Ty, for all z € X.

Assumption 2 has to be connected with the bad performances of Beran’s
estimator in the tail of the distribution. This assumption is present in Du
and Akritas (2002). In Van Keilegom and Akritas (1999), this assumption
is avoided only through the specific form of their scale-location regression
model.



The important situation that we have in mind in which Assumption 2
holds, is when, for all z, the support of the conditional law L(Y | Z = 2)
is [a(z), TH] C] — 00, 400[, where the upper bound 75 does not depend on
z and can be finite or not (for example, this condition is fulfilled when Y is
gaussian conditionally to Z = g(X)). In this case, 7 can be chosen arbitrary
close to 7g.

Assumptions on the regularity of the (sub-)distribution func-
tions.

We will assume that the variable Z = ¢(X) is continuous, but the re-
sponses may not be. For any function J(t | z) we will denote by J.(t | z) the
continuous part, and Jy(t | z) = J(t | z) — J.(t | 2).

Assumption 3 Functions H and H. (and consequently Hy) have two deriva-
tives with respect to z. Furthermore, these derivatives are uniformly bounded
fory <.

Assumption 4 For some positive nondecreasing bounded (on [—o0; T]) func-
tions Ly, Lo, L3, we have, for all z,

|He(t1 | 2) — He(ta | 2)| < L1 (t1) — L (t2)],

OH. OH.
1= G 12| < ) - L),
OH,. OHy.
12 - 2 )| < ) - LG,

the last two assumptions implying the same kind for OHy./0z.

Assumption 5 The jumps of F(. | z) and G(. | z) are the same for all z.
Let (dy,ds, ...) be the atoms of G.

Assumption 6 F(. | z) and G(. | z) have two derivatives with respect to z,
with the first derivatives uniformly bounded (on [—oo;7T]). The variation of
the functions 0,F(. | z) and 0*F(. | 2) on [—o0;T] is bounded by a constant
not depending on z.
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Assumption 7 For all d;, define
si = sup|F(di— | z) — F(d;i | 2)],
OF OF

Si = sup a(dz‘— | 2) — g(di | 2)|,
ri = sup|G(d;— | z) — G(d; | )|,
;o oG oG

i = Sup g(di— | 2) — g(dz‘ | 2)|-

Then Y4 <. si+ s+ 1+ 1 < 00,
Assumptions on the kernel.

Assumption 8 The kernel K is a symmetric probability density function
with compact support, and K has bounded second derivative.

Assumption 9 The bandwidth h satisfies (loglogn)n='h™2 = O(1), and
nh®(logn)~! = O(1).

Assumptions on the family of functions. To achieve uniform con-
sistency over a class of functions, it is necessary to make assumptions on the
class of functions F.

Assumption 10 The class F is P-Glivenko-Cantelli (¢f. Van der Vaart
and Wellner, 1996, page 81) and has an integrable enveloppe ® satisfying
®(t) =0 fort > 1, for some T as defined in Assumption 1.

For asymptotic normality, we will need more restrictions on the class F.
Let N(e,F, L?) denote the covering number (cf. Van der Vaart and Wellner,
1996 page 83) of the class F relatively to the L?—norm.

Assumption 11 N(g, F,L?) < Ae™V for some A and V > 0, and F has a
square integrable envelope ®, satisfying ®(x,t) = 0 for t > 1, for some T as
defined in Assumption 1.

Particular case of classes satisfying Assumption 11 are V(C—subgraph
classes of functions (see Van der Vaart and Wellner, 1996). We also need
some differentiability conditions on functions ¢.
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Assumption 12 Assume that
o The envelope @ is square integrable.

o Let Fy(z,y) =P(X <z,Y <y | Z), and for any function ¢, define

B.(s) = /X Lecybla F(o.0).

Let X5 be the set of all points at a distance at least 6 > 0 from the
complementary of X. Assume that there is a finite number K(F) such
as, for all ¢ € F,

K(F)

¢(X7 Y) = Z ¢%(X’ Y)lg(X)EIN

i=1

where I; CiX(;, and gziﬁijziis tuice differentiable with respect to z, with
SUPycr. [0:05:(5)] + 020 -(s)] < M < oo, for some constant M not
depending on ¢;.

o @ is bounded on Xsx]—oo; 7|, and has bounded partial derivatives with
respect to z.

The reason for introducing the set Xj is to prevent us from some boundary
effects which happen while obtaining uniform convergence rate for kernel
estimates, see the proof of our Theorem 3.2 below. Note that it is possible to
replace X by a set growing with n, that is Xfs(,). For the sake of simplicity, we
do not consider this situation, and prefer to focus on a fixed §. Consequently, if
we consider the case g(x) = x, to estimate the distribution function F'(xo, yo),
we should consider the function ¢(z,y) = 1,<z0y<y,- This function does not
satisfy Assumption 12, but we can still consider 1,<;, y<y, Lzex;- This will lead
to an asymptotically biased estimate, but this bias can be taken arbitrary
small, as in the approach of Van Keilegom and Akritas (1999).

3.2 Consistency

Theorem 3.1 Under Assumptions 1, 2, 8, 10, and with h — 0, and nh —
o0,

sup
PeF

/aﬁ(fc,y) dF (z,y) —/¢(a¢,y) dF (fc,y)‘ S
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Proof. Write, from the definition (2.14) of I(¢),

o - A3t

5.6(X., T)C(T, — |Z) — G(T, — |2)
! nz -G zi-CT—jzy
= Io, + Iin.

From the strong law of large numbers, the first term converges almost surely
to [¢(z,y)dF (z,y) (uniformly over F since F is P—Glivenko Cantelli),
while, for the second,

n

§ 1 0; | O(X;, T;
i=1

- G(Ti —|Z)]"

The empirical sum converges almost surely, while the supremum tends to
zero almost surely from Corollary 2.1 of Dabrowska (1989). m

t<T,xEX

3.3 Asymptotic normality

Theorem 3.1 is not sufficient when it comes to proving asymptotic normality
of integrals of type (2.14). As in the case of Kaplan-Meier integrals (see
Stute, 1996), the i.i.d. expansion introduces an additional term if we need
a remainder term decreasing to zero at a sufficiently fast rate. For instance,
let us recall the i.i.d. development of Beran’s estimator from Du and Akritas
(2002). Defining

[1 = G(T = [2)](1 = 0)1r,<

[1 = G(T)][L = H(T: - |2)]

_/t Lr>o[1 = G(s — [2)]dHo(s]2
oo [L=G(s|2)][1 — H(s — [2)]?

t
= ¢1,z(Tz’,5i)1Ti§t—/ ¢2,x<ﬂ75)dH0(5|Z)a

the authors showed that, under Assumptions 1 to 9 and for ¢t < 7,

G(tlz) — G(t]z) 1 |
—G(tlz) n ;wm(z)ﬁz(Tu i) + RS (z,1),
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with sup,cx, i<, |RS (2, 8)| = Ou.s.((logn)**n=3/4h=3/*). Actually, the authors
provide an uniform rate over the whole set X, but this is due to the fact that
they overlook the Taylor expansion problem near the boundaries of X. See
formulas (A.13) and (A.14) in Du and Akritas (2002), where their O(h3)
should be O(h2). See also the proof of our Theorem 3.2.

The representation of Du and Akritas can be rewritten, analogously to
the expansion of Kaplan-Meier’s estimate,

G(tls) - G(tlz) [ aM, (y) y
1-G(t]z) /_Oo 1 — Gyl - Fly —|2)] + RS (z,t),  (3.20)

where
t
N Zw’” { O)lrce = /_ool—G<y—|z>'

Observe that, contrary to the i.i.d. representation of Kaplan-Meier esti-
mate, M, , is not a martingale with respect to the natural filtration H; =
o({Xiln<t, T}1p<i, 6 11,<¢, i = 1, ...,n}), since it is biased. In fact, we have

El§2,(T;, 0i34)| Xi] = 0, (3.21)

but E[£.(T;,6;;t)] # 0. However, from (3.20) and (3.21), it seems natural to
define

, Y 1p5,dG (Y| Z;
M'(t) = (1—51')1Ti<t_/ 1712é(y(—y‘]Z-))’

which is a martingale which will naturally appear in the development of the
integral of type (2.14).

Theorem 3.2 Under Assumptions 1 to 12,

B (5)dM(s)
[ o P @) - ‘2/1— Fio— | 2011 - G> | Z)]
TR(0),

with supyer | Ry, (¢)] = Op((logn)¥*n=3/"h=3/*) + O(h?), and ¢ defined in
Assumption 12.
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In particular, we see that, choosing h such as nh* — 0 and such as
(logn)**nh® — oo, the remainder term is op(n~'/2). Also note that, if we
do not wish to restrain ourselves to the set X5 defined in Assumption 12, we
should add an O(h) in the remainder term.

Proof.

Recalling that z = g(z), write

[ oot~ Py = [ A= CO B,

|
- Gly— 12
6@ )[Gly — 1) = Gy — 1P

A TP T T

= Li(¢) + Ix(9).
For I5(¢), observe

Gly— \> Gly—| =) i
L) <0x s | TS [ v if.y),

From Proposition 4.3 in Van Keilegom and Akritas (1999), deduce that

sup |I5(¢)| = Op(n~"'h™ log(h™")]"/?).
peF

Applying the development (3.20) from Du and Akritas (2002),

5¢ XZ,T wn]( ’L)€Z(Z’L77-'Z_)

L(¢) = —Z lGAVAL (3.22)
—Z zﬁb X“T it <|ZZ§ ) (3.23)
_ Gly = 9] 0. )M ()] =
- /{ Fl)i -Gy — )| Y
+RW (). (3.24)
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Now decompose (3.24) into

o) - /[/_: [1[—1C:*(z;?(—y/||z)>]”1¢ xéy dan ]dF

+f [/m D]ff(y(;,’@))]] Lo(z, y dan ’]d

+R{(0)
= Do(¢) + B () + RV (0). (3.25)
From the rate of convergence of RS, and the fact that |¢| < ®, we obtain
sup¢€]_-]R(1( ¢)| = Op((logn)3/*n=3/*h=3/*). In Lemma 5.1, we show that

Rff)((b) = Op((logn)n™*h™1) + Op(h?), so that only Iy(¢) remains to be
studied. Applying Fubini’s theorem, rewrite

IS (T, 65:y—)b(x, y)dF (z,
Mo = L3 [ Dol ey
)

n

. i Zj -z 52’(7}76]';3/_ ¢(SC,y>dF<LE,y)
- nhZ/ K( h ) 1= Gly—2)1f2(2)
Z Z é‘z(TJ,% —)o(z, y)dF (z,y)

{ "hz/ [fz(z) — 1 =Gy — |2)][f2(2)]?

=y K(ZhZ)szu},éj;y—)as(m,y)dF(x,y) }
[f2(

nh 4 2) = F2(2)] 21 = Gly — |2))[f2(2)2[f2(2)]
= lo(o) + RS’)(@- (3.26)

We show in Lemma 5.2 that supye » IRP (¢)| = Op(n~th= 1)+ Op(n~1/201/2),
By some change of variable in the first term of (3.26), Ipo(¢) can be rewritten
as

52 +ha(T y—)o(z,y)dF(z,y | Z; + hu)du
_Z/ (y—lZ + hu)]
77012 +hu Tgafs )¢Z +hu( )du
_Z/ Gy — |Z; + hu)]

_/ (w) 2,2, +1u(T5, )¢Zj+hu()

-Gl 12+ ) hls | 2y hujdu (3.27)
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We now use Assumption 12. By linearity, we only have to consider ¢(z,y) =
¢1(x,y)1,er,, satisfying Assumption 12. Under Assumption 3, the function
1; have two bounded derivatives with respect to z. To use a Taylor expansion
in (3.27), we must check that Z; and Z; + hu are interior points of X'. This
is the reason why we introduced the set X5, and why it should appear in Du
and Akritas (2002) to control the bias of their estimate of the conditional
distribution function (for example, observe in Du and Akritas, (2002), equa-
tions (A.13) and (A.14) that the rate is not obtained uniformly in zy € X,
because g + hu is not an interior point of X for all zy € X).

Now consider some j, such as Z;, € I; C ;. Xj, is an interior point
of X. Furthermore, since u takes values only in a compact interval (K has
a compact support), Z;, + hu is almost surely an interior point of X" for n
large enough (only depending on d). From a Taylor expansion and Fubini’s
Theorem, the two integrals appearing in (3.27) corresponding to the index
Jo can be rewritten as

ggLZJ‘O (S)deo (3) 9
/ 1—F(s— | Zj)|[l —G(s | Zj,)] +O(h7),

where we used [uK (u)du =0, [w?K(u)du < co, and where the O(h?)—rate
depends only on 9.
Now we have to consider the index j such as :

1. Xj‘i‘hUG[l and Xj %Il,
2. Xj € I; and Xj+hu§é 1.

To simplify the discussion, we will assume that I; = [a;b]. The contribution
of these terms to (3.27) is

Ly 1 / 01,2, (3)AM,(s)
n ZjEI1,Zj+hu¢11 Zjé[l,Zj-i-huEIl [1 —_ F(S— | ZJ>][1 — G(S | Z])]

Jj=1

+R1(’L4) (¢1)a

where we can bound

1 n
| Ry (¢1)] < M x - Z/K(U)[lzjell,zj+hu¢h + 1z,¢1,,2;+huen |du,
=1
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where M is a positive constant, and where we used that |¢;| < ®, with ®
bounded on Xsx]—o0;7]. The expectation of the right hand can be bounded
by

M x /K(u)[FZ(a 4R = Fyla—h) + Fy(b+ h) — Fy(b— h)du,

where F'7 is the cumulative distribution function of Z. Using Assumption 1,
a Taylor expansion shows that this term is O(h?). m

4 Applications

4.1 Regression analysis

To simplify, assume that d = 1. Consider the following regression model,
ElY | X,Y < 7] = f(0y, X),

where f is a known function and 6, € © C R* an unknown parameter,
and 7 is as in Assumption 1. Once again, introducing 7 is a classical way
to proceed for mean-regression under (2.6). See e.g. Heuchenne and Van
Keilegom (2007b). If we assume that 6, is the unique minimizer of

M(e) =F [{Y - f(ea X)}Q]-YST,XGX(;} )

we can estimate 6y by

d—agmin [ [y fO0)PdF ()
6c© rEXs,y<T

As a consequence of Theorem 3.1 and Theorem 3.2, the following proposition
furnishes the asymptotics for 6.

Proposition 4.1 Assume that F = {x — f(0,2),0 € O} is P-Glivenko-
Cantelli. We have R
0 — 0y a.s. (4.28)

Furthermore, let Vg (resp. V3) denotes the vectors of partial derivatives
with respect to 0 (resp. the Hessian matriz) and assume that F' = {z —
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Vif(0,z),0 € ©} are P—Glivenko-Cantelli. We have, under Assumptions 1
to 12 fO’I" QS(l',y) = V@f((907x)[y - f(go,l')],

V(0 —6p) = N(0,Q7VQ), (4.29)
with
Q = E[Vef(bo,X)Vef(bo, X)T],
_ 1 [1 = G(s|Xi) " ox, (5)dM(s)
V—Var(/gbrzcy Y) + — ;/ 1= Fis— | X)) )
Proof. Let

M,(6) = /GX v 6.2 dF ).

Apply Theorem 3.1 to obtain supy |M,,(0) — M ()| = op(1), and hence (4.28)
follows. For (4.29), observe that, from a Taylor development,

0 — 0 = VM, (61,,) " Vo M, (6,),

for some an between 6 and 6. Apply Theorem 3.1 to see that we have
ViM,(01,)"' — Q7'a.s., and Theorem 3.2 to obtain that VM, (6)) =
N 0,V). m

4.2 Density estimation

In this section, we assume that Y has a Lebesgue density f that we wish to
estimate. Estimation of the density of Y has received a lot interest in the
case Y L C. See e.g. Mielniczuk (1986). This assumption may not hold in
several practical situations. In such cases the estimator of Mielniczuk (1986)
is biased. An alternative is to consider that we are under (2.6) or (2.15)-
(2.16), where X represent some auxiliary variables which are observed. In
this framework, our estimate F will permit us to estimate the density f, for
example through the use of kernel smoothing. Let K be a compact support
function, h; some positive parameter tending to zero, and define

f =it [ k() ab), (430

1
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Observe that, since K has compact support, if we choose h; small enough,
the integral in (4.30) is only on X5x] — oo; 7] for some 7 < 7. Let Kj, , =
K((y —.)h"). As an immediate corollary of Theorem 3.2, deduce that

fsy) = ny' N Rf(hhy(‘s)dﬁ(xvy/)
I Ry, (52) dMi(s)
Pl 2 T / 1= F(s— [ X[l - G(s | Xy)]
+Rn(y), (4.31)

with
sup |R,(y)| = Op(hl_l(log n)3/4n_3/4h_3/4) + Op(hzhl_l).

y<rt

5 Technical lemmas

Lemma 5.1 Under Assumptions 1, 2, 6, 9 and 11,
sup | R (6)] = Op((logmn™'h™") + Op(h)
€

Proof. Let
U™ ()

5,0(X;, T;) Zi—Z;\ & 0 .
[1—G(]}—|Zi)]2K< 3 )fZ(Zz') §2,(T5, 05, Ti—)

¢($7y) &= Zj 3 -1 o
Let W; = (X', Y;,C;). We can decompose U%/ into U™ (¢) = Sp_, Ui (¢),

Jr I
where

ij 0:9(Xi, Ti)€ 2, (T, 055 Ti—) Zi — Zj
el = i - ez~ ( i )
O YT Y ) (2=
E {fz(Z)[l yeTi g \Z)]K( h ) 'WJ] ’
Ny 8:0( X, Tz (T;, 053 T ) K (252
Uy (o) = &)

(f2(Z:) — Elf2(Z)| Z) 7 f2(Z:)*[1 — G(Ti — | Z:))?
O Y )Ty, 053 —) K (552
= ~ ‘W] )
(f2(2) = E[f2(Z)|Z])" Y f2(Z)*[1 = G(Y — |Z)]
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iy _ 90X TEf2(Z)| 208715, 05 Ti-) o (2= 2
e A VAC Bl A e K( h )

S B 2)|2)60(T, 85 Y ) o (22

PR - e - 12) K( i )‘WJ]’
iy - PO TIFAZ) - FA )P (T30 Tm ) K (2522
T F2(Z)2[2(Z)[1 — G(Ti — | Z)]?

i /¢><x, DIfa(2) = 2P (T b5y —)K (ij)m |

TP ()L = Gly - |2)] e

Observe that, for any k£ = 1,...,4, U;’(@ = 0. We have, for some constant
M

b

1 o M £ _ 2 Zi— 7,

n 2€X fz(2) i

= Op(n~tlogn) + Op(h?),

from the uniform convergence rate of fx, see Einmahl and Mason (2000).

Since we have E[U}7(¢)|W,] = 0, we see that the process defined by
Ui(¢p) = n2 Z#].{Ul(z’])(gb) — E[U (¢)|W;]} is a degenerate U—process of
order 2. From Lemma 5.3, deduce that this U—process is indexed by a class
of functions with polynomial covering number. From Corollary 4 in Sherman
(1994), supyex |Ui(¢)| = Op(n~"). Moreover, from a change of variable and
a Taylor expansion,

héip(Xi, Ti) [ €2.(y, 1y<e; Ti—)dE (y | Z;)dG(c| Z;)

E[U (¢)|W)] = + Ry (9),
(5.32)
where, for some constant M and using Assumption 6 and [ wK (u)du = 0,
. 5®(X;, T))
| < Mh3 i iy L4 .
R S
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The first term in (5.32) is zero from (3.21). Finally, we have obtained

N U () = Op(n~ B + Op(h2).

Using the same arguments, the terms n='h~! Zzy U,i’j for £ = 2,3 can be
decomposed into a degenerate U—process of order greater than 2 indexed by
a polynomial class, plus a "bias" term of order Op(h?) uniformly over F.
Hence, for k = 2, 3,

n%ZU;J = Op(n™'h™Y) + Op(h?).

Finally, R\ (¢) = n 2h"' Y, S0 U/ (6). m
Lemma 5.2 Under Assumptions 1, 2, 6, 9, and 11,

qsﬁug R®(¢) = Op(n~'h~'logn) + Op(h?).
S

Proof. From (3.26), we see that the second term of R%S)(QS) has order

Op(n~*h~'logn) from Lemma 4.3 of Van Keilegom and Akritas (1999), and
the fact that |¢| < ®. The first term is

1 [ Zj—z (T, 65;y—)(x, y)dF (z,y)
_ K =
nh/; < h >{fz(2) Elfz(2)]} 71 = Gy — [2)][f2(2))?

1 [ Zj—z SZ(TJ,% —)9(z,y)dF (z,y)
il K . .
+nh/; ( h ) (Elfz(2)] = f2(2))7'[1 = G(y — |2)][f2(2)]?

The first part can be written as

| |2

Zi—Z J—z

(75, 053 y =)L
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Observe that the terms for ¢« = 5 are negligible, since

n

1 Zi -z ? £Z(Tia 5i;y—)¢(l‘,y)dp($, y)
w2k Z/ K( h ) 1= Gl — NP

55;ﬁzﬁé/ﬁc(Z;”vQQ@JDmeyyzopmqh*L

7)) &(T3, 05 y—) o (@, y)dF (x, y)

a2 [ () e
e

= Op(nilhil).

Let Nj(z,y) = K (57) &(T5,0539-) — B |K (452) &(T,535-)| - We

have to consider

K (%72) — E[K (%2)]) o(a,y)dF (z,y)

= ;N =Y [CEPZBE (539
BN (e,)] (K (52) — B [ (22)]) (o, y)dF (3,0)

nm/ Z 1=Cl =) -(5:34)

From a Taylor expansion, and from Assumptions 1, 6, and 9, we have
h™*E[N;(z,y)] = h*C(z,y), with C(z,y) bounded for z € X and y < .
Consequently one readily sees that, uniformly over F, (5.34) is Op(h?). For
(5.33), by Cauchy-Schwarz inequality, the absolute value is bounded by

9 1/2

dF (z,y)

/[#ZNAZ,MK(ZZ;Z)—E[K(Z;'Z)]}

i#j
z,y)? ) 1/2
- (/ 1 = éélﬂﬂm |

Take the expectation of the first parenthesis to see that this expectation is
O(n=2h~2), while the second parenthesis is finite from the square integrability
of ® and Assumptions 1 and 2. =
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Lemma 5.3 Let w = (x, D, t), and define

Dyd(x1,11)Eq, (b2, Doty —) K (8522
Ix(@)[1 = Gty — |21)]?

Under Assumptions 1, 2, 9, and 12, for all € > 0 and for some Vi < o0,

le{(wl,w)—> ),h>0,¢e}"}.

N({‘:, gl, L2) S A16_V1.

Proof. Let
Di&;, (ta, Das t1—)

fx(@)[l = Gty — [z1)]*

The class of functions g x F as a polynomial covering number, from Lemma
A.1 in Einmahl and Mason (2000) (the function g is bounded). Let G’y =
{K (Lh”) ,h > 0}. This class is uniformly bounded. Apply Lemma A.1

of Einmahl and Mason (2000) to conclude on the covering number of G; =
G x(gxF). m

g=
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