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Abstract

We develop two kernel smoothing based tests of a parametric mean-regression
model against a nonparametric alternative when the response variable is right-
censored. The new test statistics are inspired by the synthetic data and the weighted
least squares approaches for estimating the parameters of a (non)linear regression
model under censoring. The asymptotic critical values of our tests are given by the
quantiles of the standard normal law. The tests are consistent against fixed alter-
natives, local Pitman alternatives and uniformly over alternatives in Holder classes
of functions of known regularity.

Key words: Hypothesis testing, censored data, Kaplan-Meier integral, local
alternative
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Résumé

Nous développons deux procédures de test d’'un modele de régression paramé-
trique contre une alternative non paramétrique, dans le cas ou la variable expliquée
est censurée aléatoirement a droite. Ces deux procédures sont basées sur un lissage
par noyau. Ces nouvelles statistiques de test sont inspirées des approches ”synthetic
data” et moindres carrés pondérés utilisées pour I'estimation dans des modeles de
régression en présence de censure. Les valeurs critiques asymptotiques de nos tests
sont données par les quantiles d’une loi normale centrée réduite. Les tests sont
consistants contre des alternatives fixes, des alternatives locales de type Pitman, et
uniformément sur des alternatives appartenant a des classes de Holder de régularité
connue.

Mots clés : Test d’hypotheses, données censurées, intégrale Kaplan-Meier,

alternative locale



1 Introduction

Parametric mean-regression models, in particular the linear model, are valuable tools for
exploring the relationship between a response and a set of explanatory variables (covari-
ates). However, in survival analysis such models are overshadowed by the fashionable
proportional hazard models and the accelerated failure time models where one imposes
a form for the conditional law of the response given the covariates. Even though mean-
regression models involve weaker assumptions on the conditional law of the responses, the
popularity of the parametric mean-regressions with censored data greatly suffers from the
difficulty to perform statistical inference when not all responses are available.

The existing methods for the estimation of the parameters of the mean-regression in
the presence of right censoring can be split into two main categories: i) weighted least
squares (WLS) based on the uncensored observations but suitably weighted to account
for censorship (see Zhou 1992a, Stute 1999); and ii) synthetic data (SD) estimators ob-
tained by ordinary least squares with transformed responses, using a transformation that
preserves the conditional expectation and that can be estimated from data (e.g., Buckley
and James 1979, Koul et al. 1981, Leurgans 1987).

This paper’s main purpose focuses on a further step in the statistical inference for
parametric mean-regression models under right censoring, that is nonparametric lack-of-
fit testing. Checking the adequacy of a parametric regression function against a purely
nonparametric alternative has received a large amount of attention in the non-censored
case and several approaches have been proposed. See, amongst many others, Hardle
and Mammen (1993), Zheng (1996), Stute (1997), Dette (1999), Horowitz and Spokoiny
(2001), Fan and Huang (2001), Guerre and Lavergne (2005), and the references therein.
But for right-censored data, these approaches are not directly applicable. To our knowl-
edge, very few solutions for nonparametric regression checks with right-censored responses
have been proposed. Following the approach of Stute (1997), Stute et al. (2000) intro-
duced two tests based on an empirical process marked by weighted residuals, the role of
the weights being to account for censoring. The limit of their marked empirical process is
a rather complicated centered Gaussian process and therefore the implementation of the

test requires numerical calculations. Sanchez-Sellero et al. (2005) reconsidered this type



of test and provided a complete proof of its asymptotic level. However, for technical rea-
sons, Sanchez-Sellero et al. (2005) drop some observations in the right tail of the response
variable and therefore the resulting tests are no longer omnibus. Moreover, neither Stute
et al. (2000) nor Sanchez-Sellero et al. (2005) studied the consistency of the tests against
a sequence of alternatives approaching the null hypothesis. Pardo-Fernandez et al. (2005)
proposed another test for parametric models in censored regression that is based on the
comparison of two estimators, parametric and nonparametric, of the distribution of the
errors. As the latter estimator is based on a nonparametric location-scale model, the test
of Pardo-Fernandez et al. (2005) is not consistent against any alternative.

In this paper we consider two versions adapted for right-censored responses of the
kernel-based test statistic studied by Zheng (1996). See also Hardle and Mammen (1993),
Horowitz and Spokoiny (2001), Guerre and Lavergne (2005) for closely related test sta-
tistics. In the non-censored case, the kernel-based test statistic we consider is a suitably
normalized U—statistic built from the estimated residuals of the parametric model. Un-
der suitable conditions, the test statistic converges in law to a standard normal when the
model is correct. The problem in presence of censoring is that estimated residuals can be
computed only for uncensored observations. The two solutions we propose are inspired
by the WLS and SD estimation approaches mentioned above. On one hand, we build
a weighted U—statistic using estimated residuals with the weights estimated from data.
Once again, the weights account for censoring. On the other hand, we build a U —statistic
using estimated synthetic residuals where the synthetic residuals are the difference between
the synthetic responses and the predictions given by the model. Two smoothing-based
test statistics are obtained after suitably normalizing each of these U—statistics.

The paper is organized as follows. In section 2 we recall the weighted least squares
and synthetic data approaches for (non)linear regression models when the response is
right-censored. Section 3 shows how to build two kernel based test statistics adapted for
censored responses. Section 4 deals with the asymptotic behavior of the two omnibus tests
that we derive. The main results in this paper show that the asymptotic study of our
tests boils down to the asymptotic study of kernel-based tests without censoring but with

suitably transformed observations. As a consequence, the asymptotic critical values of the



new tests are given by the quantiles of the standard normal law. Moreover, the asymptotic
consistency of our tests is obtained by arguments similar to those used for kernel based
tests in the non-censored case. In particular, we study the consistency of the new tests
against fixed alternatives, local Pitman type alternatives and the consistency uniformly
over Holder classes of alternatives of known regularity. It is worthwhile to notice that the
results of asymptotic equivalence between our two test statistics and two kernel-based test
statistics built with transformed (non-censored) observations are obtained uniformly in
the bandwidth. This motivates us to propose the construction of a data-driven procedure
inspired by the maximum test approach of Horowitz and Spokoiny (2001). However,
to keep this paper at reasonable length, the detailed investigation of this data-driven
procedure is left for future work. Finally, in section 5 we illustrate the performance of the

new tests using a small simulation experiment.

2 Preliminaries

Consider the model Y = m (X) + ¢, where Y € R, X € R, E (¢ | X) = 0 almost surely
(a.s.), and m(-) is an unknown function. In presence of random right censoring, the
response Y is not always available. Instead of (Y, X'), one observes a random sample from
(T, 6, X) with

T=YANC, 0= lyy<cy,
where C'is the “censoring” random variable, and 14 denotes the indicator function of the
set A. In our setting, the variable X is not subject to censoring and is fully observed. We

want to check whether the regression function m (-) belongs to a parametric family
M:{f(ﬁ,-):ﬁe@CRd}
where f is a known function. Our null hypothesis then writes
Hy :for some 6y, E (Y|X)= f(0y,X) a.s., (2.1)

while the alternative is P[E (Y|X) = f(6, X)] < ¢ for every § € © and some ¢ < 1. For

testing Hy, first we need to estimate 6.



2.1 Estimating (non)linear regressions with censored data

Since the observed variable T does not have the same conditional expectation as Y,
classical techniques for estimating parametric (non)linear regression models like M must
be adapted to account for censorship. Several adapted procedures have been proposed,
that we classify in two groups: synthetic data (SD) procedures and weighted least squares
(WLS). In the SD approach one replaces the variable T" with some transformation of
the data Y*, a transformation which preserves the conditional expectation of Y. Several
transformations have been proposed, see for instance Buckley and James (1979), Leurgans
(1987), Zheng (1987). In the following, we will restrain ourselves to the transformation

first proposed by Koul et al. (1981), that is

oT

Y ETTamoy

(2.2)

where G (t) = P(C < t). The following assumptions will be used throughout this paper
to ensure that E (Y* | X) =E (Y | X) for Y* defined in (2.2).

Assumption 1 Y and C are independent.
Assumption 2 P(Y <C | X,Y)=P(Y <C|Y).

These assumptions are quite common in the survival analysis literature when covariates
are present. Assumption 1 is an usual identification condition when working with the
Kaplan-Meier estimator. Stute (1993), pages 462-3, provides a detailed discussion on
Assumption 2. These assumptions may be inappropriate for some data sets. However,
they are often satisfied in randomized clinical trials when the failure time Y of each
subject is either observed or administratively censored at the end of the follow-up period.
Notice that Assumption 2 is flexible enough to allow for a dependence between X and C.
Moreover, Assumptions 1 and 2 imply the following general property: for any integrable
6(T, X), 5

E T(T_)MT,XHX =Eo(y,X) | X]. (2.3)

Unfortunately, one cannot compute the transformation (2.2) when the function G is

unknown. Therefore, given the i.i.d. observations (74,01, X1), ..., (Th, dn, X)) , Koul et al.



(1981) proposed to replace G with its Kaplan-Meier estimate

i 1\ . -
Gty=1- [ (1 - m) ,with R, (1) = ; Lit<may,

and to compute
- 0;T;

*

R ot S P (2.4)
1—G(Ti)
Next, Koul et al. (1981) proposed to estimate 6y by 650 that minimizes

n

S - rex)

i=1

1
SD _
M;P (6) = —

over ©. They obtained the consistency of 5P and the asymptotic normality of \/ﬁ(éSD —
6p) in the particular case of a linear regression model. Delecroix et al. (2006) generalized
these results to more general functions f (0, x).

The WLS approach consists in applying weighted least squares techniques directly to

variables T}, that is computing "= which minimizes
MZVLS (6)) = Z Win [TZ -/ (97Xi)]27
i—1

with a specific choice of W, that compensates for the fact that Y is censored. More
precisely, the weights W;,, are defined by

5,
nli-G@m-)]

Zhou (1992a) studied an estimator like 0WLS in the case of linear regression. Under As-
sumptions 1 and 2, Stute (1999) generalized this approach to nonlinear regressions. Using
the Kaplan-Meier estimator F(X’y) (x,y) of Fixy)(z,y) = P(X <2,Y <y) introduced
by Stute (1993), Stute (1999) interpreted 6"~ as the minimizer of

[ o= F 6.0 dir 2.0) 26)

with respect to 6. Indeed, on one hand, by definition, at observation i the jump of F( XY)
is equal to the jump of the Kaplan-Meier estimate of F'(t) = P (Y <t). On the other
hand, it can be easily shown that the jump of F (t) at observation i is equal to the

weight W, defined in (2.5). Using the properties of Kaplan-Meier integrals, one can
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deduce consistency and root-n-asymptotic normality for OWLS  See Stute (1999, 1993) or
Delecroix et al. (2006) for more details. It is worthwhile to notice that a choice of W;, as
in (2.5) connects MV (9) to MSP (6) since, in this case, Y;* = nW;, T;. In the following
section, we will see how to extend the purpose of the two methodologies (SD and WLS)

from estimation to testing.

3 Nonparametric test procedures under censoring

To better explain the new approach, first the case where Y is not censored is reconsidered.

Then, testing the adequacy of model M is equivalent to testing
for some 6y, Q(0y) =0 where Q(@)=E[U@O)E[U®)| X]g(X)],

U@)=Y — f(0,X) and g denotes the density of X that is assumed to exist. The choice
of g avoids handling denominators close to zero. When the responses are not censored,

one may estimate ) (6y) by the kernel-based estimator

Qn(0) = > UiO)U;(0) K (X — X;) (3.7)

o
n(n—1)hp oy
where 6§ is an estimator of 6, such that § — 6, = Op(n~Y2), U; (0) = Y; — f(0,X,),
K is some p—dimensional kernel function, h denotes the bandwidth and for x € RP,
Ky (x) = K(x/h). See Zheng (1996). See also Horowitz and Spokoiny (2001) or Guerre
and Lavergne (2005). For the purpose of adapting this smoothing approach to the case

where the responses are right-censored, it is worthwhile to notice that Qn(é) is equal to

m // [3/1 —f (é,:m)] [yg — f(é,$2>:| Ky (21 — x2) (3.8)

X 1 { (a1 1) (@2,2) Al emp (21, Y1) dF ey (72, 92)

where Femp is the empirical distribution function of the sample of X and Y.
Using a consistent estimate Vnz of the asymptotic variance of nh?/ 2Qn(é), the smooth-

ing based test statistic with non-censored responses is

TN = nhp/Zw. (3.9)

n



Under the null hypothesis the statistic behaves asymptotically as a standard normal and
therefore the nonparametric test is defined as “Reject Hy when T ¢ > 27, where z1_,

is the (1 — a)th quantile of the standard normal law. As an estimate V2, one could use

either
. 9 X R
2 2 2NVK2 (X, — X
Va n(n — 1)hp ;U’ (0)U; (0) K, (X i)
or
~ 2
2 _ = ~2 . ~2D ) 2 o 4
Vo = n(n — 1)h» ;U (Xi) 07 (X;) K (Xi — X)), (3.10)

with 62 (z) a nonparametric estimator of o2 () = Var(e | X = z). The former choice for
‘A/T? is simpler but is likely to decrease the power of the test because the squares of the
estimated residuals of the parametric model produce an upward biased estimate of o2 (z)
under the alternative hypothesis.

In the presence of censored responses, the test statistic (3.9) cannot be computed since
Femp is unavailable. However, it is possible to find the analogue of Qn(é) using the two

approaches of section 2.

3.1 Two test statistics with right-censored responses

In the following, the observations are (71,01, X1), ..., (T, 9, X;), a random sample from
(T,6,X). In the spirit of the SD approach, consider the estimated synthetic responses

}A/l*, s Yn* obtained from formula (2.4) and the empirical distribution function

. 1 &
P (z,y) = " Zl 1{Xi§z,ﬁ*§y}'
Now, the analogue of Q,(f) is

0 = o [ [ i 10.w0)] [ - 0. (3.11)

XKh(xl—1:2)1{(“7%#@2@3)}(1}7* (];17 yi) dF*(LIZ‘Q, y;)

_ L ST psoiaeso N
~ n(n—1)h» ZUl (O)UFZ(0) Kn(Xi — Xj),
i#]
where 6 = 03P and
R 5
PO = g 6X) £0.%) (3.12)



are the estimated synthetic residuals. The statistic Q5P () estimates
QP(0) =E [USP (O E[US” (0) | X] g(X)]

with USP () = 6T'[1 — G (T-)]"" — f (0, X). By (2.3), if Assumptions 1 and 2 hold then
the null hypothesis is equivalent to Q5P (y) = 0. Therefore Q5P(f) can serve to build
our first test statistic.

On the other hand, following the WLS approach we can replace Femp (z,y) in (3.8)
with the Kaplan-Meier estimator

F(X v) (2,9) Z Winl{x,<z, T;<y}

=1

to obtain a second U —statistic

Q)= o5 [[ =10 s O Ko=) 319

Xl{(ml y1)7# I27y2)}dF(X7Y)(x17 yl)dF(X:Y)("L?? yQ)

_ 1 STWLS (ONFTWLS () oy
i#]
with 6 = OWES and
0;
UVES () = ——— [T, — £(0, X)) = nW,, [T — f (6, X;)]. 3.14
M) = e mn T F6.X0) (T = £ (6, X)) (3.14)

The statistic QX5 (6) estimates

with UVES(0) = 6[1 — G (T—)] "' [T — f (0, X)]. By (2.3), the null hypothesis is equiv-
alent to QW5 (6)) = 0 and therefore Q" 5(6) can be used to build our second test
statistic, provided that Assumptions 1 and 2 hold true.

Now, given consistent estimates [VnSD r and [VnWLSr of the asymptotic variance of

nh?2Q5P(0) and nh?/2QWES(f), respectively, we propose the following test statistics:

TWLS — TWLS(é) _ nhp/2 QZVLS(QA)

TSD — TSD(é) hp/Q QSD< ) )
n n VnWLS

VSD

Y

The corresponding omnibus tests are
“Reject Hy when TP > 2, (resp. TVWV5 > 2,,) 7. (3.15)

8



To estimate the variance of nh?/2Q5P () we consider

e ﬁ 2#; o0 [0 K- x). 3.16)
The variance of nh?/2QWL5(f) is estimated similarly with TSP (6) replaced by UWL5(f).
Alternative variance estimates are discussed in section 4.

Checking the validity of a parametric conditional model has attracted much attention
in survival analysis. Hjort (1990) and Lin and Spiekerman (1996) considered goodness-
of-fit statistics based on martingale residuals, while Gray and Pierce (1985) showed how
Neyman’s smooth tests may be adapted to censored data. See chapter 10 of Lawless
(2003) for a review of the methods for testing the lack-of-fit. All these techniques can
be used to check whether some parametric form of the conditional law of the response
variable given the explanatory variables is consistent with observed data. Therefore, these
techniques are only of limited use in our framework where we aim to check the adequacy
of some parametric form of the conditional expectation of the response variable given the
covariates. The standard normal limit of the test statistics 75 and TV under the null
hypothesis, a property that will be proved in the following, yields the simple one-sided
tests (3.15) for checking mean-regressions. By contrast, the only alternative test statistics
available in the literature (see Stute et al. 2000) have a complicated limit and there is no

simple way to construct the critical values of the associated tests.

4 Asymptotic analysis

The most difficult part of the study of our tests is the investigation of the properties of
Q3P (9) and QVES (0). These quadratic forms are difficult to analyze even when Hy holds
true and 6 is equal to 6y, since they do not rely on i.i.d. quantities U;, as the quadratic
form (3.7) does. In fact, due to the presence of G in (3.12) and (3.14), each U (6,) and
UZ-WLS (6p) depend on the whole sample. Then, a key point is to show that under Hy, in
some sense, Q5(0) and QES(f) are asymptotically equivalent to the “ideal” quadratic

forms

Q5P (6p) = m ST USP (80) UEP (80) K (X; — X;) (4.17)
i3]



and
1

Q™ 00 = ey U U O (X=X (119
respectively, where
USP0) = TGy 0.X) = A(T)T~ (6.,
UI0) = g - FOX0 =T [T - £ 6.0

The asymptotic study of Q5P () and QW5 (6y) can be done like in the non-censored
case. Therefore, the asymptotic level of our tests will be obtained as a consequence of
the equivalence result and using techniques for kernel-based tests in the i.i.d. case. See,
for instance, Zheng (1996), Horowitz and Spokoiny (2001), Guerre and Lavergne (2005).
A similar equivalence result deduced under fixed or moving alternatives will serve for

studying the asymptotic consistency of our tests.

4.1 Assumptions

In addition to Assumptions 1 and 2 in section 2, we will use the following assumptions.

Assumption 3 (i) F' and G are continuous.

(ii) —oo <7 < 7 < 00, where T, = inf {t | L (t)=1} for any distribution function L.

Assumption 3 (i) is introduced for convenience purposes. Considered together with
Assumptions 1, it implies P (Y = C') = 0 and this latter condition simplifies the results on
Kaplan-Meier integrals (see Stute 1995, Sanchez et al. 2005) and justifies the definition
of the Kaplan-Meier estimate G. When 77 > Ta, there is no way to access information
about the law of Y beyond 7¢, so that, in general, there is no way to consistently estimate

6. Assumption 3 (ii) allows one to avoid this case.

Assumption 4 (Data): (i) Let (e1,C1, X1), ..., (€n, Cn, Xin) be an independent sample of
(e,C, X) where e,C € R and X € RP, and suppose E(e | X) =0 a.s.
(i1) X is a random vector with bounded support X and bounded density g.

(111) There exist some constants Cinf, Csup Such that for each x € X
0<cip<E[E|X=z] <E[{1+}{1-GY)} " | X =2] < oup < 0.

10



(i) E[{1 4+ e 6{1 — GY)} 4 = E[{1 + £} 1(T)Y] < co.

Assumptions 4 (iii)-(iv) are counterparts of assumptions on the conditional variance
and the fourth moment of the residuals that are usually imposed in the non-censored
case. See, e.g., Guerre and Lavergne (2005). Now, define Vyf(0,2) = 0f(0,z)/00,
Vif(0,x) = 0%*f(0,2)/0000', whenever these derivatives exist. For any matrix A let || A,
denote its 2-norm, that is [[Ally = sup,, [|Wv||/||v]|, where |[v]| is the Euclidean norm of

the vector v.

Assumption 5 (Parametric model): The parameter set © is a compact subset of RY,
d > 1, and 0y in an interior point of ©. The parametric regression model M={f (6,-) :
6 € O} satisfies:

(i) Differentiability in 0: for each x € X, f(0,x) is twice differentiable with respect
to 0. There exists a finite constant ¢y such that for each € © and v € X, |f(0,z)| +
IVaf(0,2)] + [V2f(0,2)|]2 < c1. Moreover, there exist finite constants a,cy > 0 such
that for each 6 and x, |NV3f(0, ) — Vaf (0o, )| < cal|d — 0|, where V2 (0, x) ;1 is the
element jk of the matriz Vif(0,x).

(i) Identifiability: there ezists a nonnegative bounded function ® with E[®(X)] > 0
such that for each 6 € © and x € X, |f(0,z) — f(0o, )] > P(x)]|0 — O]

Assumption 6 (Kernel smoother): (i) If v = (z1,...,xp), let K (x) = K (21) ...K (z,)
where K is a symmetric continuous density of bounded variation on R. The Fourier
Transform K of K is positive, integrable and non-increasing on [0, 00).

(i1) The bandwidth h belongs to an interval H, = [hmin, Pmaz], n > 1, such that

3p
man

honaz — 0 and nhF. — oo.

Condition (i) of Assumption 6 holds, for instance, for normal, Laplace or Cauchy
densities. The condition non-increasing Fourier Transform for I% is a convenient assump-
tion that will serve only for deriving our asymptotic equivalence results uniformly in the
bandwidth. Concerning the range for the bandwidth, in view of equation (A.9) in the Ap-
pendix, it is clear that h,,; may be taken of smaller rate if Assumption 4-(iv) above and

Assumption 7 below are made more restrictive. The following assumption is connected to

11



the asymptotic theory of Kaplan-Meier integrals, see condition (1.6) of Stute (1995) and
Stute (1996). It will serve us to control the jumps of the Kaplan-Meier estimator. Below,

a V b denotes the maximum of a and b.
Assumption 7 Let H(t) =P(T <t),t € R, and
Gp(z) =E[{|Y|+1}C(YV)/*** | X = 2],

where

y dG(#)
Cly) = /oo i-HG -G
|

There exists some 0 < p < 1/2 such that E[q(X)] < oco.

The function C'(-) in Assumption 7 appears also in Bose and Sen (2002) who derive an
i.i.d. representation for Kaplan-Meier U —statistics. Their general result would have been
useful for studying our test statistics. Unfortunately, they impose p = 1/2 for deriving
their representation, see Bose and Sen’s Theorem 1 and Remark 1. This condition is

unrealistic in our framework.

4.2 Behavior of the tests under the null hypothesis

The following theorem gives an asymptotic representation of the test statistics 7°P and
TWLS ynder Hy stated in (2.1). To simplify notation, in the following we replace the
superscripts SD and W LS with 0 and 1, respectively. For instance we write 7° and Q°
(resp. T* and Q1) instead of TSP and Q5P (resp. TWLS and QWES). As before, 0 stands
§SD

for or 0WES  depending on the approach considered.

Theorem 4.1 Let Assumptions 1 to 7 hold. Under Hy, for 3 =0 or 1
(783
Vi (60) } o
in probability, where

N
o] -t )] )] )

sup {‘nhp/QQg(é) — nhp/QQQ(HO)‘ + -1

heHn

i#j

Moreover, under Hy and for 3 =0 or 1

R p/20)B
sup Tf(@—%‘w — op(1).
n 0

heHn

12



Corollary 4.2 Under Assumptions 1 to 7 the two tests defined in equation (3.15) have

asymptotic level a.

Proof of Theorem 4.1. We give here the main steps of the proof. Technical arguments
are postponed to the Appendix.

Step 1. First, notice that the assumptions ensure 6 — 6y = Op(n=/2) (see, e.g.,
Delecroix et al. 2006 or Lemma A.12 in the Appendix). Next, by Lemma A.6

sup h?/21Q(9) — Q(60)| = op(n™"),
heHn

and thus we reduce the problem to the study of Q%(6,).
Step 2. Let us simplify notation: for # =0 or 1 and ¢ = 1, ..., n, write Uf (resp. Uf)
instead of U? (6) (resp. U’ (6y)). Now decompose

1

8 _ 678 oy
Qulb) = o ; UPUPK), (X, — X;)
2 N8 18] 178 v
ﬁﬁ:ﬂﬁ%ﬂm ] v (X - X
i#]
I 28 _ 18] [78 _ 118 v
+n(n—l)hP;[Ui UZ.HUJ. Uj]Kh(Xl X;)
= Qg (90)+2Q§1+Q§2- (4.19)

Fix 7 < 7 = inf{t : H(t) = 1} arbitrarily. To show that Q”, is negligible, first we study
a truncated version of this quantity, that is

1 X
Qui(1) = nln — 1w Z [Uf - Uiﬂ] g, <n UKy (X — X;) . (4.20)
i+

Since U’ — U’ can be decomposed into two parts
G(T,-) - G(T)
[1-G @)Y
A 2
G (1) -6 (D)

Uf — Uf = 6; [T — B (0o, X;)]

+

5 - 6i [Ti — Bf (60, Xi)] ,
1= G (L) |1 - G (1)

we can separate Q°,(7) into two sums Q7 (1) and Q7 ,(7), respectively. For Q% (1),

Gt) -G (t)‘ = Op(n~'?), provided that

take absolute values and recall that sup,.,

13



G (1) < 1 (cf. Gill, 1983). This allows us to take [G (T}—) — G (T})]? outside the sum
of absolute values and thus to bound |Q7,(7)| by a factor Op(n™') times a U—process
indexed by h € H,. By the rate of uniform convergence of U—processes indexed by
Euclidean families of functions for a square integrable envelope (see Sherman, 1994) and

the condition nh?, — oo, we conclude that supjcs, QP (7)) = Op(n™Y). For Q°,,(7),

we use the an i.i.d. representation of G (t—) — G (t) with a remainder of order Op(n~")
uniformly in ¢ where ¢ < 7. See Theorem 1.1 of Stute (1995) and Theorem 1 of Sanchez-
Sellero et al. (2005). Replacing G (T,—) — G (T;) with the sum in the i.i.d. representation
plus a remainder, the rate of lel(T) will be given by the rate of uniform convergence
of two U—processes indexed by h € H,. Using Corollary 4 of Sherman (1994) and the
condition nh?’ — oo, we deduce that for any ¢ > 0, SUPpep,. |h$QP,,(T)] = op(n1). As

a consequence

sup
hEH,

WRQ) (7)| = op(n”!). (4.21)

See Lemma A.7 in the Appendix for the details. To derive the rate of QQQ, take absolute
values and use Lemma A.1 in the Appendix to bound |U’ — U’| by Op(n~'/?) times a
function of T; and d; which is not square integrable. Consequently, |Q§2| can be bounded
by Op(n~!) times a second order U —statistic indexed by h. Here, we can no longer apply
Sherman (1994)’s results on the rates of uniform convergence for handling this U —statistic

because the square integrable envelope condition fails. However, the expectation of this
B

U —statistic remains bounded when i — 0. This implies @, = Op(n~!) when considering

a sequence h — 0. To obtain this rate uniformly in h € H,, that is

sup [Qa| = Op(n"), (4.22)

heHn

we use the monotonicity property of the Fourier Transform of the kernel K and the

condition nh??, — oo. See Lemma A.8 in the Appendix for the details.

Step 3. Since by definition le (tH) = le, it remains to make 7 1 7. By Lemma A.9
in the Appendix

sup hP/? Q§1 (1) — le = (7 X Op(n_l),
heH,
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with the Op(n™!) factor independent of 7 and C; tending to zero when 7 1 75. Use (4.21)
and the Cramér-Slutsky argument from Theorem 1.1 of Stute (1995) to deduce that

wup 1107,
h€Hn

= Op(l).
From this and (4.22) we obtain

sup. [nh?/2Q3(60) — nh"*Qi(6y)| = op(1),
heH

Step 4. The result for Vf is contained in Lemma A.10 in the Appendix. The second
part of the theorem follows if we recall that Vnﬂ((%) converges in probability to a strictly

positive limit and nh?/2Q%(6y) is bounded in probability. m

Remark 1. To estimate the variance nh?/2Q%(0) we considered (3.16). Alternatively,
extending the idea behind the equation (3.10) to the right-censoring framework, one may
replace in (3.16) the estimated squared residual U?(#)? with a nonparametric estimate of
0*?(x) = Var(Y* | X = z), the conditional variance of the synthetic responses. It is easy
to check that Var(Y* | X) =E [U° (6)* | X| under Hy and, in general, Var(Y* | X) <

E [U° (60)” | X] if the regression model is not correct. To estimate o*?(-), one can use

Z:’L:l L((X; —x)/by) Z?:l L((X; — z)/by) (4.23)

r € X, with L a multivariate kernel and b,, a bandwidth parameter chosen independently

of H,. If

S VLK 0)/b) (2?_1 VL((X, - x>/bn>)2

sup 577(0) = o°(0)] 0 (429
rzeX
in probability, we can redefine
V0] = 2 ST e (X)X K (X, - X)) (4.25)
n n(n _ ]_)hp Py n n J J

and the test statistic 79(f) accordingly. Since (4.24) and our assumptions imply V0 —V?0 =

op(1) uniformly in h € H,,, where here

[ve] = m ; 0" 2(X,)0" (X)) K2 (X — X;) (4.26)
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the new test statistic T,?(é) has the same standard normal asymptotic law under H, and
potentially leads to a more powerful test. In Lemma A.11 in the Appendix we provide
a set of sufficient conditions for obtaining sup,.y |67%(x) — 0%%(x)] — 0, in probability,
regardless of whether Hy is true, where o72(-) is defined like 672 () but with estimated
synthetic observations f/;* replaced with the true (unknown) ones Y;*. To obtain (4.24),
our result can be completed by the arguments for i.i.d. data like in Horowitz and Spokoiny
(2001) or Guerre and Lavergne (2005) allowing to deduce sup, ¢y |07:2(z) — 0*?(z)] — 0
in probability. In the WLS approach, the question of how to build an estimate of the

variance of nh?/?Q! (A) that (theoretically) performs better than V! when Hy is not true

seems harder and therefore is left open. m

Remark 2. The tests we propose depend on the choice of the smoothing parameter h €
H,,. Following a well-known data-driven method for choosing the smoothing parameter,
in the synthetic data approach we can define

Tort = max T0(6) (4.27)

where the maximum is taken over a finite subset ‘Hy, C H,,. Typically, Hy, is a geometric
grid in ‘H,, and the number of elements in H;, increases as n — oo. See Horowitz and

Spokoiny (2001). The resulting test is
“Reject Hy when T > P 7

where %" is the a—level critical value for T, Like in the non-censored case, this critical
value cannot be evaluated in applications because 6y and the law of the errors ¢; are
unknown. Horowitz and Spokoiny (2001) proposed a simulation procedure for approxi-
mating the critical value t2"*. Their procedure can be adapted to our synthetic data based
test. To build the test statistic T (é) to be compared to the approximate critical value,
we propose the use of the standard deviation estimate V,? based on the nonparametric
estimate 6%(X;) introduced in equation (4.25).

1. (Create synthetic observations) For each i = 1,...,n, generate Yi*’b = f(é,Xi) + b,
b

)

defined in (4.23).

where w? is sampled randomly from the normal distribution N [0,67%(X;)] and 672%() is
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2. (Build the test statistic with synthetic data) Use the data {Yi*’b,Xi =1, ,n}
to estimate 6 by ordinary least squares, that is minimizing >, [Yl*b — [ (6, XZ)] i with
respect to 0, and to estimate o*?(-) nonparametrically by replacing Y;* with Y;*’b in
(4.23). Denote the resulting estimates by 6 and (o7%)2(-), respectively. For each h € Hi,,
compute the statistic 7°(0) = nh?/2Q°(0)/V? that is obtained by replacing Y;* and 0 with
V" and 0" in the definition of Q°(6), and 6*2(X;) with (67*)2(X;) on the right-side hand
of (4.25). Take the maximum of T9(A) over h € Hy, to compute a value of TP,

3. Estimate t%' by the (1 — a)th quantile of the empirical distribution of TP that
is obtained by repeating steps 1 and 2 many times.

It is worthwhile to notice that no Kaplan-Meier estimate is involved in this simulation
procedure. The uniformity with respect to h of the convergence stated in Theorem 4.1
guarantees the asymptotic validity of this simulation procedure for approximating t%* as
soon as this procedure is asymptotically correct with synthetic (non-censored) responses.
See Horowitz and Spokoiny (2001) for a set of technical conditions ensuring the asymptotic

validity of the simulation procedure with non-censored responses in a related test. m

4.3 Behavior of the tests under the alternatives

Consider a sequence of measurable functions A, (z), n > 1, and the sequence of alternatives

For simplicity, assume that there exists some constant M), such that for alln > 1, 0 <

IAn(5)] < My < 0.

Assumption 8 (i) The censoring times Cy, ..., C,, represent an independent sample from
the continuous distribution function G (the same for each n) and are independent of the
variables Y1, ..., Ynon with continuous distribution function F (n),

(i1) For each n, P(Yy, < C; | X1,Y1,) =P(Yy, < C1 | Yin).

Notice that the second part of this assumption is always true if C' is independent of
e and X. Now, for each n define T}, = Yi, A C; and 6;, = 1yy,<c;y, @ = 1,...,n, and let
H™ denote the distribution function of Th,, ..., Ty, that is H™ (y) = P (T}, < y). Let us
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point out that the two test statistics we propose rely on the Kaplan-Meier estimator that
is computed from the observations (T, 6in), @ = 1,...,n. If A, (-) changes with n, the law
of the observations is different for each n. Therefore, in order to control the jumps of the
Kaplan-Meier estimator and the conditional variance of the residuals Uiﬁ (f) we need the

following assumption.

Assumption 9 (i) There exist some constants cing, Csup such that for each v € X
0<cis <E[* | X =a] SE[{1+} {1 -G(V1a)} " | X = 2] < o < 0.

(ii) There exists some constant M such that for alln > 1, E[{1 +&*}y(Y1,)Y] < M <
oo where y(Y1,) = d1,{1 — G(Y1,)} L.

(iii) Let F)\_ (y) =P (Y1, <y | X1 = z) and

(2 = [l + DEW ) AR

where

b 1 (1)
) = | e ¥

There exist 0 < p < 1/2 and a function q,(x) with Elg2(X)] < oo such that for all n,
0<q” <qp

Let Vnﬂ ((9)2 be the estimator obtained after replacing 6 with 6 on the right-hand side
of (3.16). Once again, our purpose is to transfer the problem of consistency against the
alternatives Hiy,, in classical i.i.d. framework. The first step in this transfer is realized
in a general setup in the following lemma proved in the Appendix. Next, we will be
more specific on the type of alternatives considered in order to derive the asymptotic

consistency.

Lemma 4.3 Let Assumptions 4-(i) and (ii), 5, 6, 8 and 9-(i1) and (iii) hold true. Then,

under the alternatives Hy,, for 3 =0 or 1
8 58 56 V2 pu
Q10) = Qi0)| < |QO) + un| " R = Ry + R = R
with suPgee, ner, {17 | Rut| + [Rua| + 17/ | Rua| + [Rua|} = Op(n™).
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4.3.1 Consistency against a fixed alternative
We now investigate the consistency of our tests against a fixed alternative
H1 . Y:m(X)+€,

where E (¢ | X) = 0 a.s. and, for simplicity, we assume 0 < |m(-)| < M) < oo for some
constant M. The following assumption identifies the limit of  the SD or WLS estimator

and states that the regression model is wrong.
Assumption 10 There exists @ an interior point of © such that
for any 6 € ©\ {8}, 0<E [{m(X) — 10 X)}Q] <E [{m(X) — £ (6,X)}?].

Theorem 4.4 Let Assumption 10, Assumption 9-(i) and the assumptions of Lemma 4.3
hold true. Under Hy, for 3 =0 or 1

sup
heHn

Q) ~E[{m(X) = 1 (0.X)}9(X)]| = 0p(1) and  sup |V} —c| = 0p(1),

where ¢ > 0 is some positive constant. Consequently, the tests in (3.15) are consistent.

See the Appendix for the proof. It is worthwhile to notice that the limit of Qﬁ(é)
under the alternative H; does not depend on the censoring and is the same for 5 =0 or
6 = 1. However, the limits of the standard deviations Vnﬁ depend on 3 and the degree of
censoring in the data (see the Appendix for the expressions of these limits). In general
our tests lose power if the degree of censoring increases. Looking at the limits of Vnﬂ , one
concludes that none of the two tests we propose is more powerful than the other, that is
depending on the laws of Y and C| either the SD or the WLS test will have better finite

sample properties.

4.3.2 Consistency against Pitman local alternatives

Let A(-) be a bounded measurable function of X and consider the Pitman alternatives
Hln . Y;n = f (907Xz) + TnA(X» + Eiy 1 S l S n,

with 7, — 0 when n — oo. For simplicity, we will assume that A(+) is a bounded function

and E[MN(X)Vyf (6, X)] = 0. The later condition will make the estimator 6 to converge
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to f at the rate Op(n~"/?). See Lemma A.12 in the Appendix. The following result (see
the Appendix for the proof) implies that our tests are consistent against the Pitman local

alternatives Hi,, provided that 7, decreases to zero slower than n~1/2h=7/%.

Theorem 4.5 Let Assumption 9-(i) and the assumptions of Lemma 4.3 hold. Suppose
that \(-) is bounded and E[NX)Vqof (60, X)] = 0. Under Hy,, for 3 = 0 or 1 the test
statistics TP (0) converge in law to a normal distribution N(u,1), with p > 0, provided
that r,, = n~Y/2pP/4,

4.3.3 Consistency against a sequence of smooth alternatives

In this section we provide conditions under which our tests are consistent against alter-
natives Hy, like in (4.28) defined by functions A,(-) in a Hélder smoothness class that
vanish as n — oo. The regularity s of the Holder class is supposed known and the rate
to which the functions \,(-) approach zero can be made arbitrarily close to the optimal
rate of testing n=2%4s*?) provided that s > 5p/4. Note that we have to impose this more
restrictive condition on the regularity s (the usual condition is s > p/4, see, for instance,
Horowitz and Spokoiny 2001) because of our conditions on the left endpoint of the band-
width range H,,. See Assumption 6-(ii) and the subsequent comments. For s and L > 0,

define the Holder class C'(L, s) as
C(L,s)=A{f() : |f(z1) = f(za)| < L|xq — x5|®, Vay,29 € X}, forse (0,1],

while for s > 1, C(L, s) is the class of functions having the [s]-th partial derivatives in
C(L,s — [s]), where [s] denotes the integer part of s. As a corollary of the following
theorem one may deduce that the optimal rate of testing parametric mean-regressions
when s is known is not altered by the censorship, provided that s > 5p/4. The proof of
the theorem is postponed to the Appendix.

Theorem 4.6 Let Assumption 9-(i) and the assumptions of Lemma 4.3 hold. Moreover,
the density g(-) is bounded from below by a positive constant. Let k,, n > 1 be a sequence
of positive real numbers. Consider a sequence of functions \,(+) such that for all n > 1,

() € C(L,s) for some known s > 5p/4 and some L > 0. Moreover, E[\2 (X)] — 0 as
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n — oo and for each n > 1, E[\, (X) Vof (6o, X)] =0 and

n 1/2
[Anlln = [nl Z Ai(Xz)] > Kph 4527*5'”- (4.29)
i=1

If b is of order n=/4s*P) the tests defined in (8.15) are consistent against the alternatives

Hy,, defined by the functions A\, (-) whenever k,, diverges.

Remark 2 (continued). In Theorem 4.6 we supposed that the regularity s is known and
thus the rate of the bandwidth that allows to detect departures from the null hypothesis
like in (4.29) is known. More generally, it would be useful to propose a data-driven selection
procedure for h that adapts to the unknown smoothness of the functions A,(-) and that
allows these functions to converge to zero at a rate which is arbitrarily close to the fastest
possible rate. In the case of non-censored, if s is unknown but s > p/4, the optimal rate
of testing is (n~'v/Ioglogn)?/(4sP) see for instance Horowitz and Spokoiny (2001). The
maximum test procedure (4.27) represent a potential solution in the synthetic data testing
approach. Consider the test statistic built with the true synthetic observations and the
true value of the parameter 6y, T°(6y) = nh?/?QC(6,)/V? with VO defined like in (4.26).
Suppose that under the alternatives Hi,, defined by functions A, (-) like in Theorem 4.6
with some k,, T 0o,

n—00 h€H1n

lim P (max TO(6y) > tgpt) =1. (4.30)
By Lemma 4.3 and the arguments used in the proof of Theorem 4.6 to replace 0 by 6y,

lim P (max T°(9) > tgpt) =1,

n—00 he€H1n

provided that A, () also satisfy condition (4.29) when &, is replaced by ¢k, with ¢ some
constant greater but arbitrarily close to 1. In view of the proof of our Theorem 4.6, it

]*5/(43”) — 00 should suffices to

is expected that any sequence k,, such that k, [loglogn
obtain (4.29) provided that H;, is a geometric grid like in Horowitz and Spokoiny (2001).
However, the deeper investigation of the conditions allowing to obtain (4.30) is left for

future work. m
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5 Simulation study

The purpose of the small simulation study presented below was to compare in finite
samples the new tests with the tests of Stute et al. (2000) based on their statistics D,
and W?2. The regression model considered was Y = 6y, + 0p2X + ¢ with X uniformly
distributed on the interval [—\/3, \/5] and ¢ a standard normal residual term. A linear
regression function appears, for instance, in the so-called accelerated failure time (AFT)
model that has found considerable interest in the survival data literature.
took the parameters (0p1,6p2) = (1,3) and considered a censoring variable C' with an

exponential distribution of mean p. The parameter i served to control the proportion of

censored observations that was fixed to 30%, 40% or 50%.

30% of censoring, n=100

40% of censoring, n=100

0.8

0.6

0.4

Rejection probability

0.2

&1 1

TE——t—
—6—sb
—8— wLs
Stute 1
Stute 2

—&—sb
—B— wLs
Stute 1
Stute 2

0.8

0.6

0.4

Rejection probability

0.2

Deviation from the null hypothesis

30% of censoring, n=200

3 0 1
Deviation from the null hypothesis

40% of censoring, n=200

0.8

0.6

0.4

Rejection probability

0.2

= =) 1 1

Stute 2 0.8 Stute 2

0.6

0.4

Rejection probability

0.2

Figure 1: Rejection probabilities for the test based on T°P, TWES D, (Stute 1) and W2 (Stute 2)

test statistics.
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The linear regression model was tested against alternatives with the form

with d € {0.5,1, ...,2.5,3}. The way the alternatives were defined rendered the amount of

Hll

Yz’ = 901 + QOQX + dCOS(27T<X1/\/§)) + &5,
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censoring practically stable on the null and under the alternatives. The levels considered
were o = 0.05 and o = 0.1, the sample sizes were taken n = 100 and n = 200 and for
each sample size we generated 5000 samples. We used the bandwidth A = 0.1 for the
kernel-based tests. The test statistic TP (resp. T)VES) was built using the estimator
65D (resp. gwLS ). The critical values for our tests were those given by the standard
normal law while for the test proposed by Stute et al. (2000) we followed their bootstrap
procedure (with 5000 bootstrap samples) to compute the critical values. The asymptotic
distribution of test statistics D,, and W? used by Stute et al. (2000) depend on the
asymptotic distribution of the estimator of 6,. To focus the attention on the performances
of the testing approaches, we computed the values of D, and W? using the true values
of the parameters 6y;, 6po. This resulted in improved rejection probabilities under the
null and under the alternatives for the corresponding tests. The results of the simulations
are presented in Figure 1. To save space, only the case a = 0.05 is reported, the results
obtained with a = 0.1 being very similar.

This preliminary empirical investigation shows that in the setup considered, the test
based on TS outperforms the test built with TP and the tests obtained with the
weighted marked empirical process approach of Stute et al. (2000). The level of the
WLS kernel-based test is satisfactory close to the nominal level for all probabilities of
censoring considered. On contrary, the level of the SD-based test drastically deteriorates
when the probability of censoring increases. With a few minor exceptions, the rejection
probabilities under the alternatives are higher for the kernel-based tests (even much higher

for the WLS test) than for the tests based on the marked empirical process approach.

Appendix

First, we prove some technical lemmas that will be used in the proofs of our main results.
In the following, H (t) = P(T <t) and 74 = inf{t: H(t) = 1} . Moreover, we refer to
Nolan and Pollard (1987) and Sherman (1994) for the definition of Euclidean classes of

functions. Finally, M, ¢, ¢1, ... are constants that may be different from line to line.
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A.1 Technical lemmas

The point (ii) of the following lemma is a key ingredient. It provides a bound for the
difference between the weights W;,, built with G and the ideal weights one would obtain if
G were known. In the following result, for each sample size n, the lifetimes Y are supposed
independent with a same law which may depend on n. This generality is needed under a

sequence of alternatives approaching the null hypothesis.

Lemma A.1 Let Yi,,..., Ya be an independent sample from a continuous distribution
function F™ n > 1. Independent of these, let Cy, ...,C, be an independent sample from
a continuous distribution function G (the same for each n). Let Ty, = Y, A C; and
oin = lyvi<cyy, © = 1,...,n, and for each n, let H™ denote the distribution function of
Tiny oy Tn. Denote v (Ty) = 64 [1 — G (T; )]_1 and let Tiy), = maxi<ij<p Tin. Then,

i

~

sup ——— = Op(1 and  sup ———— = Op(1); Al
19% 1 - G(Tin) r(1) 1§i£n 1 -G(T;,—) r(1) (A1)
i) for all0 < a <1/2 andn >0,
5
- | < i (n) (. \1a+n —a
nWin — v (Tin)| < =G T, >{C' (Tin)} ™ x Op (n ) ,

where the Op (n™%) factor does not depend on i.

Proof. Since we only consider the distribution functions G and G at the sample points,
we can transform data and suppose without loss of generality for this proof that the
variables Yi,, ..., Y, and C, ..., C, are nonnegative.

i) Since by assumption P(Y;, = C;) = 0, we can redefine 1 — 6, = 14¢,<y,,} and study
G as the Kaplan-Meier estimator of the lifetimes C; in presence of the censoring times
Yin. The first part of (A.1) follows from Theorem 3.2.4 in Fleming and Harrington (1991)
(or Lemma 2.6 of Gill, 1983). The fact the distribution of the i.i.d. variables Yi,, ..., Yun
depends on n is of no consequence for the continuous time martingale arguments applied
for each n in the proof of the Theorem 3.2.4 in Fleming and Harrington (1991). The
second part of can be obtained for instance as a consequence of Theorem 2.2 in Zhou
(1991). Once again, a careful inspection of Zhou’s proofs shows that his arguments apply

for each n and therefore his Theorem 2.2 apply to our case.
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i1) Fix n > 0 arbitrarily. First, we need to prove that

—1/2—
sup [ ()] 7|20 ()] = 0p(D), (A2)
Y<T(n)n
where for each n > 1 X
Gly) — G
Z(")(y) - vn (yz G(y(?/)

is the Kaplan-Meier process and

) e dG(t)
W= [ e

V1.

Notice that for any n > 0, [C(”) (~)]_1/2_77 is a continuous, nonnegative, non-increasing

and nonrandom function. For each n > 1, by Lemma 2.9 of Gill (1983),

sup [C™ (y)]_l/2_77 |Z(”) (y)| <2 sup /Oy [c™ (zf)}_l/Q_77 dZ™(t)] . (A.3)

yST(n)n yST(n)n

Now, for each n > 1, proceed as in the proof of Theorem 2.1 of Gill (1983). That is, for

each 7/ such that H™ (7'—) < 1, we have for any v > 0 by the inequality of Lenglart
(see, e.g., Theorem 3.4.1 in Fleming and Harrington, 1991)

/ T [o® @]z )| > e]

v ' AT (nyn - 1_an [1 - é(t—)] n dG(t)
s 2 tF A [c™ @) [1—G(t)]> Ra(t) 1-G(t)

P sup

yST//\T(n)n

> v

where R, (t) = > | 117,51 Next, use Theorem 3.2.4 in Fleming and Harrington (1991)
and Lemma 2.7 of Gill (1983) to obtain

P sup

yST//\T(n)n

Aﬁcwuﬂﬂ%mwwaﬂ>4 < v (/e - 170

>4

for any ¢ € (0,1). The fact H™, the distribution of the observations, depends on n is of

| 0

1 — H™(t) 1—-G(t)

no consequence for the continuous time martingale arguments applied for each n in the
proof of Lemma 2.7 of Gill (1983). Letting 7/ T 75 = inf{t : H™(¢) = 1} and choosing

a finite constant v independent of n such that
Th(n) 1o
vzsf/H [C™ @] Ao (1)
0
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(such a v exists because C™ () > 1 and C™ (74(m)) = 00) we obtain

[ lem @) azew)| - on.

sup
yST’/\T(n)n

Finally, use (A.3) to derive (A.2). Now, by definition, (A.2) and (A.1)

0 G(Tiy—) — G (Ti) 1—G(Ti)

nWm_'Y(Tz) 1_G(TZ) 1—G(Tl) 1_G(Tm_>
dmn*“ n a+n
= T(Tm){c( )(Tm)}
X [{C ()} 22 20T, =)
e —ca)] ™ 1-cm,)
1— G (Tin) 1— G (Tin—)
5in n a+n -«
— T(Tm){c( )(Tm)} x Op (n )’

with the Op(n™®) factor independent of i. m
The following lemma will help to state our equivalence results uniformly with respect

to h in an interval.

Lemma A.2 Letwy,...,v, be a sequence of real numbers and 0 < h,, < hyr < co. Suppose

that Assumption 6-(i) holds true. If

1 K(0) &
Uh) = — > vwiKn(Xi - X;) and D(h):nzhvaf,
1<i#j<n i=1

then for any h € [hy, ha]
U(ha) + D(har) = D(hip) < U(h) < U(hi) 4+ D(hiy) — D(har).

Proof. First, consider p = 1. Using the Inverse Fourier Transform,
2

U(h) = /f((hu) %sz exp(2imu' X;)| du — D(h) = U(h) — D(h).

Now, by the properties of K, K (hyu) < K(hu) < K(hy,u) and thus
U(h) = U(h) = D(h) < U(hm) = D(har) = U(hm) + D(hn) = D(har).

The other inequality follows similarly. For p > 1, K is a product of univariate kernels

and the argument with one regressor applies componentwise. m
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Let Ap be the n x n symmetric matrix with generic element
agi(h) = [WPn(n = 1] Kn(Xi = X)Lz (A.4)

Lemma A.3 Let vq,...,v, and ws,...,w, be sequences of real numbers. Suppose that
Assumptions 4 (i)-(ii) and 6 (i) hold true. If

1
U(h):thp > v Kn(X; - X;),
1<i#j<n

then

n

1/2
]

1=1

sup [U(h)] < Op(1)
hE€Hn

i=1
Proof. Since for any n—dimensional vectors zy, zq, |21 Anza| < ||Anll2]|z1]l]|22]|, it suffices

to suitably bound ||Ap||2 uniformly in k. By simple algebra,

" 2
for any z € R", || Apz||” < lllg.ag{ ( Z aij(h))] 2] .

1

J=1,j#1
Hence
A hP 1 _ K(0)h
Aplla < + sup E|hPKy(z—X)| + —F——
Il < =+ Gy R (17 Hn (= X)) n(n—1)
where
1 n
Ap= sup |- {K(z—X;) - E[Ky(x - Xj)]}| .
h>0, z€ERP

n <
J:
By a change of variables and the boundedness of the density g
E[hPKy(z—X)] = | K(2)g(z—ha')da' <c (A.5)
RP
for some constant ¢ > 0. Hence, for any h € H,
c A c A
Aplla < =<1+ =20 < =31+ -
i) <2 )
for some ¢ > 0 independent of h. By Lemma 22(ii) of Nolan and Pollard (1987) and the
rate of an empirical process indexed by an Euclidean family for a constant envelope (e.g.,
Pakes and Pollard 1989, van der Vaart and Wellner 1996), A,, = Op(n~/2). The result

follows as nh?"

min —— OC. W
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Lemma A.4 Suppose that Assumptions 4-(ii), 6 and 7 hold true. Then:

hSLg) E [qp(Xl)qp(Xg)h_pKh (X1 — Xg)] <M
EMn
where M 1is some finite constant and
sup E [qu(Xl)qp’T(Xg)h_pKh (X1 — Xg)] — 0 as 71 TH,

heHn

where g, (z) = E [{|Y]| + 1} 1y CY)V* P | X = 2], z € X.

Proof. Apply the Inverse Fourier Transform and use the fact that K is nonnegative and

bounded to write
[E [gp (X1)gpr (X )h P K (X, — X0)]| = / 79w K (hu)du
< / o) du = Efg? . (X)g(X)],

where for the last equality use Parseval’s identity with the function ¢, .(-)g(-) € L'(RP) N
L*(RP) (see Rudin 1987). Now, for each 2 € X, ¢, ,(z) | 0 as 7 T 7. Assumption 7 and
Lebesgue’s Dominated Convergence Theorem yield the second statement. For the first

quantity in the statement we can write

IE [4,(X0)ap(X2)h P (X1 — X5)]| = / 3w du

Since for each u, 0 < 1— K (hu) < 1-— K (hminu) | 0, by Parseval’s identity and dominated
convergence deduce that the expectation in the last display converges to E[g>(X)g(X)] <

oo uniformly in h € H,,. This implies the first part of the statement. m

Lemma A.5 Let X, X, ... be a sample as in Assumption 4-(i) and (ii) and let Assump-
tion 6 hold true. For each n > 1, let uyy,, ..., Uy, be a sequence of random wvariables that
are independent given X1, ..., X,,. For each n and i, the law of u;, given X1, ..., X,, depends
only on X;. Assume E (u;, | X;) =0 and E (u2, | X;) = 02 (X;) and suppose that for each
x and n we have 0 < 02 () <72 < co. Then

1
Z uinujnﬁKh (Xl — XJ) = EZOP (n_lh_p/z) . (AG)

1<i#j<n

I
n(n—1)
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Let N\, (), n > 1 be a sequence of measurable functions and let

1 1

If Ay, is the matriz defined in (A.4) and |\,||2 denotes n™' 30 | A2(X;), then
E[|Un| | X1ses Xp] < cﬁnnl/Q [ Anlla 1 An ]l (A7)
for some finite constant ¢ independent of n and of the sequence A\, (+), n > 1.

Proof. By elementary calculus, the variance of the degenerate U—statistic in (A.6) is
of order Op (n"?h™?) and thus we obtain stated rate from Chebyshev’s inequality. Next,
following the lines of Guerre and Lavergne (2005), let

n

Xn (Xz) = N Z )‘n (X]) %Kh(Xi - Xj)

and use Marcinkiewicz-Zygmund inequality (e.g., Chow and Teicher, 1997, page 386),

Jensen’s inequality and the properties of the ||-||, to write

n 1/2
E \Xl,...,Xn] < ¢E (Zuﬁnxi()@-)) | X1, Xon
=1

i=1
1/2

<c < o[ Anlly | Anllns

> E (4, | X;) b (Xi)] < con [Z X (X0)
i1 i=1

where ¢ is a constant independent of n and of the sequence A\, (), n > 1. m

A.2 Proofs

Lemma A.6 Let the assumptions of Theorem 4.1 hold and firx ¢ € (0,1/2) arbitrarily.
Under Hy, for 3 =0 or 1

sup €| Q1(0) = Q3 (60)] = Op(n ™).
heHn

Proof. By definition

07 (0) = 07 (80) = (nWia)” | (0, X:) = £ (06, X3)]
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where by convention (nWm)ﬁ =1 for § =0 and (nWm)ﬂ = nW;, for 8 = 1. A similar
convention applies for v° (T;) . Let a;;(h) = [RPn(n — 1)]7 K}, (X; — X;) and write

Q1(6) = Q3 (6o)

+2) U7 (00) (nW;a)” [£(0,X;) = £ (00, X;)]ais ()
i#]
+ Z (n2VVijn)B [f(é, X;) — f(bo, Xz)][f(éa Xj) — f(00, X )]au (h)
i#£j
= Q5 (00) +2Q%, (0, 00) + QL (6, 60).

By Assumption 5, there exists some constant ¢ independent of h such that
Q2(6,60)| < el — Boll* x 3 (aWin)” (1Wi)” as ().
i#]
Using the first part of equation (A.1) we obtain
Q%a(0.00)| < O (1) 16 = 601* >+ (1)1 (T3) s (h).
i#]

As E [y (T)] is finite (see Assumption 4-(iv)) and 6 — 6y = Op(n~'/2) apply Lemma A.3
to deduce that

sup Q§2 <é, 90>’ =0Op (n_l) .
heHn
To investigate Qﬁl, let
1(0,60) = UL (00)7" (T)) [£(0, X;) — f(B0, X;)]as(h).
i#]

By Taylor expansion in 6, Assumption 5-(i), Lemma A.3 and the condition E[Uf (60) +
V2 (T)?] < o0,

Qs (6.00) = %;{UMW@)
V0 (0o, XK (X: = X)) + 10— 00051

= 1770 —60)'S; () + 116 — 60]Op(1),

with the Op(1) factor independent of h. For the zero mean U—process S7, (h) apply the

Hoeffding decomposition and write it as a sum of degenerate U —processes of order 2 and
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1, say S%,(h) and S?,(h), indexed by families defined by h that are Euclidean for square
integrable envelopes (this property is ensured by the bounded variation of the kernel K,
Lemma 22-(ii) of Nolan and Pollard 1987, and Lemma 5 of Sherman 1994). By Corollary
4 of Sherman (1994), the rate of the uniform convergence of S°,,(h) is Op(n~1). Deduce

sup b7 S5, ()| = Op(n™172).

heHn

On the other hand, h™?57,(h) writes like n ! Yoy U (00)¢; with
¢i = EN (13) Vo f (00, X;)h P Kn(Xi — X;) | Xi].

Notice that |¢;| < M, for some constant M. Let hy, < hpin < hp1 < ... < hy < hg = hnas
a geometric grid of bandwidths such that by = hy_1h5,,,, | = 1,...,L with ¢ > 0 to be
chosen below. By definition H,, C (U, H;, where H;, = [h;, h;_]. Fix arbitrarily a € (0,1)
such that 1—(/p < a. For each | = 1, ..., L, by the definition of H; and Sherman’s (1994)

Main Corollary

E | sup |n1/2h<—P5512<h>|] < KE [sup |n1/25512<h>|]
heH, heH,
1 2n 71/2
¢—p 2 8 2 2N«
< M7 |Esup{h* 55 U7(60)"07}
el =1 i
o \*[1 & 1%
< A (—(1-a)p i _ /6 2
> 2hl hl m ;Uz (00)
= ity Op(L),

where Aj, Ay are constants that depend on a and 7 (and p) but not on n and [ and
a; = 1+{l[¢ — (1 — &) p] — pa} c¢. The Euclidean property for a square integrable envelope
required in Sherman’s Main Corollary is ensured by the bounded variation of the kernel
K, Lemma 22-(ii) of Nolan and Pollard (1987) and Lemma 5 of Sherman (1994). Take ¢
such that 14 (¢ — p) ¢ > 0. Looking at the sum of the geometric series with common ratio
RSP and starting term hmae P, deduce that E [supheHn In'/2hér S L (R)|| — 0.
This, combined with Chebyshev’s inequality, provide the order of h¢?5”,(h) uniformly

—-P
min

in h € H,. Collecting results and using ||§ — 6|k % — 0, in probability deduce

s [0 (0.) =050

31



Next, rewrite
Q1 (0.60) = Q% (6.60)
+ 3 (U7 (60) = U (00)]y* (T) [£ (0, X;) — f(Bo, X;)]a(h)

i#£]

+3 U00) [ (0W50)° =57 (T)] [0, X) = F (B, X))z (1)
7]

+ 310700~ UL 00)]| (050 =7 (T5)| 16, X;) = (B0, X))y (R)
i#]

= Q§1 (97 90) + Qﬁn + ng + Q§13-
To show the negligibility of @511 to Qﬁlg we can no longer use the quick argument of

Lemma A.3 because the random variables we have to manipulate are no longer square

integrable. Indeed, by definition
U7 (60) = U (89) = [nWa = 5 (T)] [T, = 5 (60, X))

and the problem comes from the bound of |nW;, — v (7;)| given by Lemma A.1 which
contains C'(T;)*™ (with n > 0), a quantity that is not square integrable if we need to take
o = 1/2. To show the negligibility of Q°, to Q7 5, apply Lemma A.1 with o = 1/2 and 7
equal to p from Assumption 7, and use Taylor expansion to bound | f(6, X ;) — f(60, X,)]
by a constant times ||6 — 6p]|. Hence, Q°,, to Q7,5 are bounded by

Z it |T ﬁf al i)‘Vﬁ (T3) aij(h) = OP(”_l) X By,

—(1/2+p)

A Z o <Tf>§33/2+p> ) ) = 057 P

and

N 8
~1 2 : (T3)ai;(h) G(1;-)- G (1)) -1
Op(n™)x , [&ﬂ)}(l/%@ ( 1-G(Ty) MTj)) ~Orln ) B

(]

respectively. To uniformly bound B,, by the boundedness of the regression

0 < Bnl < Ch P {Aln + AQn} Z 1/2+p (E) {’Tz| + 1}

=1

where C' is some constant and

Z{Kh r—X (T)—E[Kh(33—X)”Yﬁ(T)”|

Ay, = sup

heHn,z | T
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and Ay, = E[Kj (z — X)7? ()] = E[K}, (z — X)]. Like in (A.5), |[h7PAy,| < Cs for
some (5 independent of h. By the rate of uniform convergence of an empirical process
indexed by an Euclidean family for a square integrable envelope and using h*\/n — oo,

deduce that |h"PAy,| < C; with C; independent of h € H,,. Finally,
E [y(T){|T| + 13C(T)"**] = E [{|Y| + 1}C(Y)"***] = E[g,(X)] < o0.

Deduce that supjcy, Bn1 = Op(1). Similar arguments apply for B,,. For B3, the only
case that remains to study is # = 1. Use the first part of equation (A.1) to bring this
case to that of B,;. Collecting results, sup,cs. h|Q%(0,00) = Op(n™!). m

Lemma A.7 Let the assumptions of Theorem 4.1 hold true. If T < Ty and

1 N
Qi (1) = Ty 2 U7~ U | e UK (X = X5), B=0,1,
i#]

then for any ¢ € (0,1/2), suppes, h¢ )le (7')‘ = Op(n71).

Proof. If w’ = 6; [T, — Bf(60, X;)][1 — G (T})] > we can write Q°, (7) = Q% (1) +
an (7) with

1 R
Quuy (1) = nln — v ; [G (1i-) -G (E)] Lig,<nw! U Ky (X; — X;)

and

1 )
B Br1B

Q E _ Lipenw, UKy (X; — X5).
nl2 (T) ,n(n 1)hp 1 G (T‘Z ) {T; <YW g thh ( ])

i#]

A 2
By Theorem 2.1 of Gill (1983), sup,;<,, [G (T,—) — G (Tl)] 1¢1,<r} = Op(n~1). (The fact
that the left endpoint of the support of the variables T; may be —oo is of no consequence
since we only consider G and G at the sample points.) Meanwhile, sup,,.,, G (T;) <

G (1) < 1. These facts, Lemma A.3 and Assumption 4-(iv) imply

s (£1) (15101

=1
= Op(nil).

sup ‘qu (T) ‘
heH,

IN
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To handle Q7 (1), we use the i.i.d. representation
G -G =S v+ R
k=1
with sup,, | R, (t)] = Op(n~"') and for each t < 7,
E [ (Th )] = 0 (As)

and |¢ (T, t)] < M, for some constant M; independent of ¢ (but depending on 7). See
Stute (1995) or Sanchez-Sellero et al. (2005) for the definition of the function 1 (-,-).
The representation (A.8) can be derived along the lines of the proof Theorem 1.1 of Stute
(1995) in the case where his condition (2.3) holds. This representation is also a consequence
of Theorem 1 of Sanchez-Sellero et al. (2005) applied for the class of indicator functions

of the intervals (—oo,t) with ¢ < 7. Now, we can write

inl( ) = ( D Z Y (T, Ti) 1y <nyw; UﬁKh (X — X))
i#jF#k
1 1
+5m2¢ (T3, T3) Lz <ryw UV K (X — X5)
i#]
1 .
ﬁz Lr<nw; Sy (T, )Uth (X; — X;) + remainder
i#£]

= (n—-2) ”_1Qn111 (1) + n_lQmm (1) + n_nglm (1) +Op(n7").

By Lemma A.3, the fact that ¢ (-, -) is bounded and w;-g , U f are square integrable

sup {‘lem (T)‘ + ‘ans (7)‘} = Op(1).

h€Hn

For the remaining term lell (1) which is a U—process of order 3, apply the Hoeffding

decomposition and write it as the sum of two degenerate U —processes

ann ( ) inn ( ) - anm (T)
and anm (r)=n"*(n-1)" Z#k ¢ijjﬁ7 where
i =E | (T, T) Limy eyl h P K, (X, — X)) | Xj,Tk] .

Notice that |¢;,| < My for some constant M,. The fact that E [Uf | X]} =0 a.s. and the
property (A.8) make that the other terms in the Hoeffding decomposition of Q7,,, () are
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null. Corollary 4 of Sherman (1994) implies supjcs, h? ‘ann (7')‘ = Op(n=%/?). Thus

sup ‘ann ’ = OP( _1)-
heHn,

Next, fix ¢ € (0,1/2) and a € (0,1) such that 1 —(/p < «, and consider the intervals H,
like in the proof of our Lemma A.6. For each H, by Sherman’s (1994) Main Corollary

E | sup |”h<Q§1112 (7) ‘} < thipE {SUP ‘nhpngz (7) ‘}

hEHl hEHl
¢ h?2P ) 512 a7 1/2
< Ay P |Esup { — 2 [U}
n /2
hi s 1< 2
< AphGTmoP = [U.ﬁ]
< oo () [22 J
- h%ax0P<1)’

where Aq, Ay are constants and a; is like in the proof of Lemma A.6. Sum over all [ to

obtain that nh¢Q%,,,, () = op(1) uniformly in h € H,,. This ends the proof. m

Lemma A.8 Let the assumptions of Theorem 4.1 hold true and let

= Op(nil).

Then s, |

Proof. We apply Lemma A.1 with a = 1/2 to bound |U’ — U’| and we obtain

Z{'T'“} 1) 0, 4,y UL D)

‘Q (1/2+p) [C’(Tj)]—(l/Q-i-p) ’

n—l

By (2.3) and taking conditional expectations, the expectation of the term in the sum is
g | Ml+1} {[Ya[ +1}
[C(Y))]- (/20 [C(Ya)]~(/2+0)
= E [q,(X1)gp(X2)h P K} (X1 — X))

hPKy (X7 — Xo)

and thus it is bounded by Lemma A.4. Deduce that Q°, = Op(n=1). To derive this rate
uniformly in h € H,,, we can use Lemma A.2. To apply Lemma A.2 it remains to prove

that deduce



for h = hyin and h = Ry, For this purpose apply Lemma A.1 with @ = 1/4 to bound
|Uﬁ Uﬂ| and recall that \/nh? , — oo and E[C(Y)Y?**] < co. m

min

Lemma A.9 Let Q% and Q°, (7) be defined as in (4.19) and (4.20), respectively. Under
the assumptions of Theorem 4.1, for 3 =0 or 1

sup h?/? Q21 (1) — Q§1 = C> x Op(n™Y),
heHn
with the Op(n™Y) factor independent of T and C tending to zero when T T Ty.

Proof. Write

n_—lhp/2 [le (1) — le]

n
—1 B B 7B
1<i,j<n
K(0) =8 (18 71
T Zhel2 >0 <Uj - Uj) Liry>ry
J=1
- Sl — SQ

By the Fourier Transform and Cauchy-Schwarz inequality

9 1/2
~ 1 .
19y < / K ()| =Y (Uf — Uf) exp (2im/ X,) L, ory| du
9 1/2
R 1<
hP / K (hu) EZU]@ exp (—2imu' X;)| du| =[] [Sp)"?.
=1

By the monotonicity of K , to obtain the uniform rate for Sy it suffices to take h = hyp.

Now, by the inverse Fourier Transform S;; can be rewritten

1

Sll = —n2hp Z(Uf — Uiﬁ>1{Ti>T}Khmin (Xl — XJ> (Ujﬁ — Ujﬂ>]—{Tj>T}
mwn /l#j
K(0) (18 78)>
o, (U7 = 07) Lz = S + Suee
]:

To handle Si11, apply Lemma A.1 with « = 1/2. Then, |Si11| is bounded by

Op(n Z{|T|+1}1{T>Tw<> {1731+ W r,n7(T5)
nh, cm) -tz

man

K, (Xi—X;)

T)|-zwe) i

36



where the Op(n~!) rate does not depend on 7. By (2.3) and taking conditional expecta-
tions, the expectation of a term in the last sum is
{1+ 131 gyi5n {Ya] + 1} 14vesry

[C(Yy)]~(/2+p) [C(Y,)]~(1/2+0)
= Elg-(X1)qp-(X2) Kp,,, (X1 — X2)]

E Ky

(X1 —Xa)

min

with g, , defined in Lemma A.4. Apply Lemma A.4 and deduce that |Siq1| is bounded by
C, x Op (n™') for some constant C, independent of n but tending to zero as 7 1 7. To

bound Si12, apply Lemma A.1 with o = 1/6 to obtain

n

1 N2
[S112| < WZ <U§6—Ujﬁ> 17>y K (0) (A.9)
min 71
n 2
173, P 7 (7 {|T\+1}
< Pmin O ( n 2 [C(T;)]-(/3+20/3)
j:

By Holder inequality, the expectation of a term in the last sum is bounded by
EVS [S{IT| + 131 = G(T)]°] E*® [{|T| + 13C(T)"/**],

which is finite under Assumptions 4-(iv) and 7. Finally, recall that nh’*, — oo. Collecting
results, supjcy,. S11 = Cr x Op (n™1). To handle S5, by the inverse Fourier Transform

and Corollary 4 of Sherman (1994) we obtain

Sip == ZUﬂUﬂKh(X X;)

i#j Jj=

—_

and the rate Op (n™1) is uniform in h € H,,. For Sy, take absolute values, apply Lemma,

mwn

A.1 with o = 1/4 and use n'/4R?/2 — 0o to deduce SUPpen, |PP/29| = op(n!). m

Lemma A.10 Let the assumptions of Theorem 4.1 hold. Under Hy, for B =0 or 1

V.7 (6)
su L — 1| =o0p(1
he?—ll)n Vnﬁ e ()
Proof. Recall that
N 2 N 2 ~
Bl7 _ B (2 — s
VI =0 = T 2 TP P R (X - X)



The result is implied by the following statements:

sup  |VA(0)2 = VB (0| =o0p(1), (A.10)
0€O,heHyp,
sup [V7(60)” = V2 (00)?] <110 — ol x Op (1) (A.11)
with Op (1) independent ;f § € ©, and
VP2(6,)* — 2/K2(u)duE {E? [UP(65)* | X] 9(X)} (A.12)

in probability, uniformly in h € H,,. The limit is finite and strictly positive since Assump-
tion 4(iii) imply
for each x € X, 0<c <E[U%(6p)° | X = 2] < < o0,

for some constants ¢y, co. The convergence (A.12) is quite standard for any sequence of h
such that h — 0 and nh? — co. The expectation of V%(6,) tends to the limit in (A.12)
(see also the proof of Lemma A.4 above) while the variance of V,%(6) vanishes. To obtain

the convergence uniformly in h € H,,, use E[U’ (6y)"] < co to deduce

5 —
thP ZU =or(l)

for h = hyin and b = hpee and apply Lemma A.2. To check (A.11), use a Taylor

expansion in 6, Lemma A.3 and the fact that v*(T}) and U’ (6,) have finite moments of
order 4. Finally, for proving (A.10) notice that by Assumption 5-(i) and Lemma A.1, for
each0<a<1/2andn >0

TP (0)—UP )] < c|nWin —~(T)| (T} + 1) (for some constant c)
= Op (n*) W T){C™ (T "(|Ti| + 1)
and since |U’(0)| < ¢y (T;) (|T] + 1), we also have
U2(6)” = U2(9)°] = Op (n=) ¥*(TAC™ (L)} (T3] + 1)

Taking o and 7 sufficiently small, by elementary algebra, Lemma A.3, Cauchy-Schwarz

inequality and Assumptions 4-(iv) and 7 we obtain

sup
0cO,heHn,




Like for Lemma A.1, the following result is designed to be applied under Hy and under
the alternatives and therefore the law of (71,61), ..., (Ty, d,) may depend on n.

Lemma A.11 Suppose the conditions of Lemma A.1. Let Xy, Xs, ... be an independent
sample from the random vector X with support X C RP and bounded density g. Moreover,
g is bounded away from zero on X. There exist positive constants a and M (independent

of n) such that for each n

E{%} +22£E[§")7(—T<1TT>1X1—4 <M < 0. (A.13)

Consider a kernel L(xy, ..., x,) = L(x1)...L(x,) where L is a symmetric density of bounded

variation on the real line. Consider also a sequence of bandwidths b, — 0 such that

nb? — oo. Let Y} = 8, Tin[l — G(Ti)] 7Y, i = 1,...,n, and define

iy T YERL(X — a)/b) (S YaL(X - )b
w ) = S = ) /by ( S L((X, — ) /by) ) o€ &,

an estimate of Var(Yy, | Xy = x). Define 6%2(x) similarly but with Y = 6;,Ti[1

g

G(T;)] ™" instead of Y;:. Then, sup,.y |632(z) — 022(x)| — 0 in probability.

Proof. For simplicity we focus on the case of the null hypothesis, the arguments under
the alternatives being similar. By the rate of convergence of an empirical process indexed

by an Euclidean family for a constant envelope and the condition n'/262 — oo,

n

i DL, =) /b) — B [5,L((Xs = )/

sup
TEX

— 0,

in probability. Moreover, by a change of variable and the properties of the density g (-),
for all n, 0 < ¢ < E[b,PL((X; —x)/bn)] < ca < oo for some constants ¢, co. Thus, to

prove the result it remains to show that

n

nz Z [?’*k - Y;*k} L((X; —x)/b,)| —

i=1

for k=1,2, sup
zeX

in probability. We only consider the case & = 2 as the other case can be treated similarly.

By Lemma A.1, for any a € [0,1/2] and n > 0

< Op(n=) x |Ti|y (T;) C(T;)**™, 1<i<n,
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with the Op(n~%) factor independent of i. In view of this bound and using the identity
b> — = (b—c)? 4+ 2¢(b — ¢), it is easy to see that the most difficult part is to show

n

sup | = 7 T2 (1) CIRPHIL((X - @) fb)| = Op(BE). (A.14)

n
TeEX i—1

For 2a + 2n < a, taking conditional expectations we deduce that

supE T2 (T,) C(L,1% 1 L((X — ) /b,)] < est?

zeX

for some finite ¢3 independent of n. Now, center the sum in (A.14) to obtain an empirical
process indexed by an Euclidean family of functions for a square integrable envelope.
(The Euclidean property is given by the bounded variation property of L and the first
part of condition (A.13).) Hence, after centering inside the absolute value in (A.14) we
obtain the (uniform) rate Op(n~'/2). Finally, use the condition n'/26?2 — oo to derive the
result under Hy. The uniform rate Op(n~'/2) obtained after centering the sum in (A.14)
can also be derived when the law of the independent responses Y7, ..., Y, is the same but
depends on n. For this purpose use, for instance, the Main Corollary of Sherman (1994)

with & = 1 and for each n > 1. The details are omitted. =

Proof of Lemma 4.3. With the same convention for the superscripts (SD and W LS

replaced with 0 and 1, respectively) and omitting 6, let

o _ _ Ywmitm ' 0 Omdin '
Un = 1=Gqmy ~ 10X Un=1T o) £(6,X;),
A 0i [Tl — f(gsz)] U1 _ din [Tz — f(Q,XZ)]

m 1 _ G(ﬂ ) ’ m 1 N G(En—) )

i=1,...,n. Applying Lemma A.1 with & = 1/2 and using the boundedness of f(-,-), for
f=0orl

5in

T US| = R | < Op(n-1/2)—Oin___
04, = U3l = 1R < Opln™ ) s

{ITin] + 1HC™ (T3] 24,
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Now, simplify the notation Kj,(X; — X;) to K;; and write

n21hp Z{UiUfn ULU, b= 2h ZanUan + 2h S RLRK,
i#]

=2 / K (hu) (— > Upnexp (2imu' X)) >< Z n exD ( 2i7fU’Xj)> du

B 118
n2hp ZRJ"UJn

/Khu

The first integral can be bounded using Cauchy-Schwarz inequality and the bound of the

n

th Z

Jj=1

Z Rﬁ exp (2imu' X;)

second integral. To show that the second integral is of order Op(n~'), apply Lemma A.1
with o = 1/2 and check that the expectation

b (M) [Tl + 1} v (Ton){[Ton] + 1}

A.15
pp 12 [C™ (Tln)]*(l/zm) (cm (T2n)]7(1/2+n) ( )

is bounded, where v(T1,) = 01,[1 — G (T1,)]~}. From Assumption 8-(ii), deduce that this

expectation equals
Yin| +1 [Yo,| +1 X
[C(n) (YQR)]_(l/QJr") 2

1
E [ﬁKQE o (v, )] 1/247) | X
=E [ K12¢" (X1)q{™ (Xa)]

and the last expectation is bounded by Assumption 9 and Lemma A.4. The rest of the

proof continues with arguments that we already used in the previous proofs. m

Lemma A.12 Let Assumptions 4-(i) to (iii), 5, 6, 8, 9 hold true and let § denote either
05D o pWLS

i) If for all n > 1, E[M\(X)Vof (00, X)] = 0 and 0 < |\,(-)] < My < oo for some
constant My and if E|\,(X)| — 0, under the alternatives Hy, defined in (4.28), 6 — 6y =
Op(n=1?).

it) If Assumption 10 hold, under the alternative Hy, § — 0 = Op(n=1/2).
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Proof. i) Consider the SD approach and decompose

n

MEP () = %i[Y;Z—f( P25 [T va] £ 0.%0)

=1
1 e [~
- E : Y*Q . Ve 2i|
+n i:1 |: m wm
= MZP () + MJP (0) + RSP

where YJL = 0inTin [1 — é(ﬂn—)] and Y;* is defined similarly but G is replaced with

m

G. First, we prove the consistency of f5P Opening the brackets and using elementary
arguments and condition E |\, (X)| — 0, deduce that

1 n
MEP(0) = — 37 1y (T {7 (00, X0) + €1 = 1 (6, X0 = on(1)

i=1

sup
0cO

Next, by the Main Corollary of Sherman (1994) applied for each n

sup
0cO

—I —E [{e + f (60, X) = f (0, X)}"]| = op(1),

where I = E[{*(T;,) — 1}{f (6o, X) + €}?]. The required Euclidean property is ensured
by the boundedness of Vyf (+,-) (see Assumption 5-(i)) and Lemma 2.14 of Pakes and
Pollard (1989) and the finite second order moment of . On the other hand, by Lemma
A.1 applied with some o € (0,1/2], supgee | M52 (6)| = op(1). Deduce

sup |MEP (0) + MyP (0) — I —E [{e+ f (60, X) — £ (0, X)}?]| = op(1).

Since 6 is the unique maximizer of the expectation in the last display, deduce that
05D — 0y = op(1). To obtain the rate of convergence, let pi, = Y;% — f (6o, X;) and notice
that E [, | Xi] = A (X;) and E [, Ve f (6, Xi)] = 0. By the definition of 5P and the

42



second order Taylor expansion
MSD (6‘0) . MSD(éSD)

= —Zum - —Z o = {1 (7 ) - 1 (QO’XOHQ

=1

- A () - ) 2 () - )
—||éSD—90||2{ Zqﬂ XZ} + (657 — 6, { Zﬂmw (6o, X )}

n

HE% 0y {0p<1> 23 [ = M(X0)] V37 (60, X)

i=1

IA

Ly v X»} (0" = o)

=1

= —A, |07 — 6o|]> + (8°P — 6)) By + (6°° — 0,) C1n (85 — 6y).

Notice that A, — A = op(1), where A = E[®*(X)] > 0. On the other hand, by a
classical central limit theorem for triangular arrays we obtain || By, || = Op(n~1/2). Similar
arguments and condition E [, (X)| — 0 yield ||Cy,|l, = op(1). To handle M5P (), let

us write

N /2 - Yy
M5P (00) = MSP(057) = (0P =00~ > Vi = Yia] Vo (60, X:)
i=1
. 1 e [~ .
SD / * * 2 SD
+(6°7 — o) [H ; [Ym - Ym} Viyf (907)(1-)] (07 — o)
= (057 = 09)' Boy + (657 — 0,) Con (052 — 6y).

By Lemma A.1 applied with a = 1/2, Assumption 9 and the fact V2f (-,-) is bounded

(see Assumption 5-(i)), we obtain ||Ba,|| = Op(n~/?) and [|Ca,l, = op(1). Collecting

results and using the definition of 6sD

o
IA

Mg 00~ M5 (5°7)
_An”éSD —0)* + (éSD —69)" {B1n + Ban}
+(05P = 0,) {C1yp + Can} (052 — 6,).

IN
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Now, consider the event E, = {4, > 3A/4} N {||C1, + Canll, < A/4} and notice that
P(E,) — 1. On the event E, we have

AJ|6°P = 6]|* = 2| Bun + Baa| 1057 — 6] < 0,

that is [|05P — 6y|| < 24 || By, + Ban||. Deduce that 652 — 6y = Op(n=1/2).

For the WLS approach, we write

n

MY () = —Zw ) Vi = £ 0, X = 23 Wi = (Tia)] Yio 0 X0

1 Z ()] £20,X) + 3 Wi = (Tin)] Y2

=1
= MYZLS (0) + My, ™2 (0) + My, ™ (6) + R ™.
The term M}VL5 () can be handled like M{P (0), while for MJVL5 (0) and ML () we
use Lemma A.1 with a = 1/2 and the Taylor expansion like we did for M5P (). Adapting
the arguments used for the SD case, deduce VLS — 0y = Op(n=1/2).
ii) The case of a fixed alternative H; can be treated using the same ingredients: Lemma

A.1 applied with suitable a € (0, 1/2] and Taylor expansions. The details are omitted. m

Proof of Theorem 4.4. By Lemma A.3 and the assumptions, supgeq |Q2(0)| is
bounded in probability. Then Lemma 4.3 indicates that it remains to look at the limit of
Qﬁ(é) By Taylor expansion, arguments like those used in Lemma A.6 above and the fact

that § — 6 = Op(n~/2), we obtain sup;,c,, |Q%(4) — Qﬁ(é)‘ = o0p(1). Now, since

UP(0) = {[v(T;) = 1] [m(X;) + & — Bf (0, X:)] + e} + {m(X3) — [ (6,X;)}

and E [y (T;) | X;] = 1, we can decompose Q?(f) in three parts, a degenerate and a zero-
mean U—process of order 2 (indexed by h) and

n(n —1 1)hp Z [m(XZ> —f (§7 Xl)} [m(Xj) —f (éa Xj)} Ky (X, — Xj).
£
By the arguments used for (A.12), this last part tends to E [{m(X) _f (g’ X)}2g(X)}

and for 3 = 0 or 1 the variances [V/%]> converge to
2 / K*(u)duE {E® [U°(0)* | X] 9(X)}, (A.16)
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uniformly in A € 'H,,. It is easy to see that for 3 =0 or g =1,

E[U°(0)?|X] = E {Y—ﬁf(@,X)}Q%

+ [m(X) - £ (6,X)]7,

| X|+E[?] X]

and thus there is no general order relationship between the limits in equation (A.16). =
Proof of Theorems 4.5 and 4.6. Once again, Lemma 4.3 shows that we only need to

look at QP(0). Write U (0) = win 4 Vin + Win + An (X;) + {f (00, Xi) — f (0, X;)} where

uin = [y (Tin) — 1] A (Xi)
Vi, = By (L) — 1}H{f (0o, Xi) — £(0,Xi)}
Wi, = v (Tw)ei+ (1= B) [y (Tin) — 1] f(0o, X3)

and notice that E (u;, | X;) = E(vin | X;) = E(wi, | Xi;) = 0 as. and there exists a
sequence of real numbers 72 tending to zero such that for each n > 1, E (u2, | X;) < 73
Using this decomposition of U () we can split Q?(f) in several U—statistics of order 2.

By repeated applications of Taylor expansion and Lemma A.5, and using the fact that
0—0,=0p (n‘l/Q) deduce that

Q) = ﬁzwmwm& (X — X)) (A.17)
i#i
n(nri_ 1) ;A<X1)A(XJ) hl Ky (X — X))

provided that A, (-) = r,A(-). Moreover, since ’Uf(é) — Wip

< op (1) [y(T;) + 1] with

op (1) independent of 7,

Zwm w? K (X — X;) = op (1). (A.18)

_1 P
n h i#j

From this and Lemma 2.1-(i) of Guerre and Lavergne (2005), the first U —statistic on the
right-hand side of (A.17) multiplied by nh?/? and divided by V/?(f) converges in law to
a standard normal distribution. Since the second U —statistic in (A.17) (without the r2

factor) converges to E [A\2(X)g(X)] in probability, and V?(0) converges to a positive finite
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constant in probability, the proof of Theorem 4.5 is complete. Under the condition (4.29)
in Theorem 4.6, the arguments used for (A.17) indicate that Q%(f) can be decomposed

~5 A 1
B —
1751
- 1
+(0 — 6, D ———— ) A (X3) Vo f (60, X K (X = X;)
#J
n_le ) Win o K(X X;)
i#]
1
n—1ZA (X5) 55 K (Xi = X5)
i#£]
+{terms of smaller order}
= Q° +2(0—600)Q°, +2Q°. + Q°, + {terms of smaller order}.
By Lemma A.5, Q°, = Op(n~'h™") and |Q%.| < Op(n='?)||An|ln, while Lemma A.2

implies |Q7,| = Op(1)||Anlln. Next, to obtain the rate of Q7,, we follow the lines of the
proof of Theorem 4 of Horowitz and Spokoiny (2001). See also Guerre and Lavergne
(2005) and Lavergne and Patilea (2006). That is, approximating \,(-) by a piecewise

polynomial function, we deduce
Qny = {1+ 0p(D)} [|Anlln — B°T7,

for some positive constant ¢, provided that A, () € C(L, s) and the density g(-) is bounded
away from zero. For the standard deviation, use (A.18) to deduce that V7(0) = Op(1).
Collecting results and taking h of order n~2/(45*P) deduce that for any positive constant

¢, P(TP(0) > ¢) — 1 and this proves Theorem 4.6. m
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