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Nous montrons un théoreme de limite central pour des fonctionnelles générales de séries temporelles.

Notre énoncé valide pour de nombreuses classes de séries temporelles vaut en particulier pour des modeles
ARCH(o0), bilinéaires, linéaires non causaux ou and ARCH(o0)
Nous prouvons des énoncés uniformes comme une loi des grands nombres ou un théoreme de limite
central pour le périodogramme d’une série temporelle, intégré par une classe de Sobolev. Ces énoncés
probabilistes sont utilisés pour déduire les propriétés asymptotiques de I'estimateur de Whittle. Sous
des conditions générales de dépendance faibles nous prouvons ainsi la consistance et la normalité a
Ainsi la notion causale de #-dépendance faible prouve ces énoncés de maniere unifiée pour des modeles
LARCH(00) ou bilinéaires processes, pendant que la notion non causale de n-dépendance faible prouve
(pour la premiere fois) de tels énoncés des séries linéaires non causales, des modeles de Volterra, ou des
modeles LARCH(c0) non causaux.

Abstract

We prove uniform convergence results like a law of large numbers and a central limit theorem
for the integrated periodogram of a weak dependent time series. Those probabilistic results are
used for Whittle’s parametric estimation. Using a general weakly dependent frame, we derive
new results, i.e. uniform limit theorems and asymptotic normality of the Whittle estimate, for
a large variety of models. For instance, the causal #-weak dependence property allows a new
and unique proof of those results for LARCH(o0) and bilinear processes, whereas the non causal
n-weak dependence property provides for the first time those limit theorems for two sided linear,
Volterra, bilinear and LARCH(oc0) processes.
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1 Introduction

The parametric estimation from a sample of a stationary time series is an important statistic
domain both for the theoretical research and for its practical applications on (biometric, hydrologic,
econometric, financial,...) data. The Whittle’s approximation likelihood estimate is particularly
attractive for numerous models like ARMA, linear,..., processes for mainly two reasons: firstly,
the Whittle’s contrast is not depending on the marginal law of the time series but only on its
spectral density, secondly, its computation time is smaller than other parametric estimates like exact
likelihood ones. Numerous papers have been written on this estimate after the seminal paper of
Whittle and in particular Hannan (1973), Rosenblatt (1985) or Giraitis and Robinson (2001), who
have established respectively the asymptotic normality for Gaussian and causal linear, strong mixing
and LARCH(o0) processes. The main goal of the present paper is to provide a unified treatment of
this asymptotic normality for a very rich class of weakly dependent time processes, including those
previously quoted, but also some never studied non causal or non linear processes (the case of long
range dependent processes was studied by Fox and Taqqu, 1986, and Giraitis and Surgailis, 1990).

More precisely, let X = (Xk)gez be a zero mean fourth-order stationary time series with real
values. Denote (R(s))s the covariogram of X, and (k4(7,7,k))i  x the fourth cumulants of X, such
that:

R(s) = Cov(Xo,Xs) =E(XoX;s), forseZ,
/Q4(Z',j, k‘) = EXonXJXk - EXoXlEX]Xk - EXoX]EXle — EXoXkEXZXJ, for (’i,j, k‘) S Z3.

We will use the following assumption on X:

Assumption M: X is such that:

v = E:R(K)2 < oo and Ky = Z |k (3, J, k)| < oc. (1)
Le 1,5,k

For X satisfying assumption M, the periodogram of X is:

2
, for A€ [—m, 7|

n

1 . ZXke—ik)\

k=1

In(A) =

Now, let g : [-7,7[— R a 27-periodic function such that g € L2([—, 7[) and define:
Jn(g) = / g(AN)In(X)dA, the integrated periodogram of X

and J(g) = / gV SN dA,

-

with f the spectral density of X (that exists and is in L?([—n, 7[) from Assumption M) defined by:

1 ik
=5 Z R(k)e"™ for \ € [—m, .

kezZ
1 1 (n—k)An
Recall that I,()\) = o Z Rp(k)e ™ with R, (k)= — Z X;Xj+k, a biased estimate of
T n
[k|<n j=1v(1—k)

R(k). A special case of the integrated periodogram is the Whlttle s contrast, defined as a function
B — Jn(hg), where hg is included in a class of functions depending on the vector of parameters f3.



The Whittle’s estimate is a minimization of this contrast. As a consequence, uniform limit theorems
of integrated periodogram .J,(.) are the appropriate tools for obtaining uniform limit theorems of
the Whittle’s contrast, that imply, under supplementary conditions concerning the regularity of the
spectral density, limit theorems for Whittle’s estimators.

A uniform strong law of large numbers of integrated periodograms on a Sobolev-type space
(included in the space of 2m-periodic L2?-functions) is first established only under assumption
M. Other assumptions on the dependence properties of the time series have to be specified for
establishing central limit theorems. Our choice has been to consider time series satisfying weak
dependence properties introduced and developed in Doukhan and Louhichi (1999). Numerous
reasons may explain this choice. First, this frame of dependence includes a lot of models like causal
or non causal linear, bilinear, strong mixing processes or also dynamical systems. Secondly, these
properties of dependence are independent of the marginal distribution of the time series, that can
be as well a discrete one, Lebesgue measurable one or anything else. Finally, these definitions of
dependence can be easily used in various statistic contexts, in particular in the case of the integrated
periodogram that is a quadratic form of the time series.

Two frames of weak dependence are considered here. The first one exploits a causal prop-
erty of dependence, the §-weak dependence property (see Dedecker and Doukhan, 2003). Under
certain conditions, the uniform limit theorems for integrated periodogram and asymptotic normality
of the Whittle’s estimate are established. These general results are new and extend Hannan (1973)
and Rosenblatt (1985) classical results for causal linear or strong mixing processes. For example,
parametric and causal ARCH(oo) or bilinear (a very general class of models introduced by Giraitis
and Surgailis 2002, see definition (16)) processes are considered; under certain conditions, the
asymptotic normality of Whittle estimators of those two classes of models is established with the
same method (the case of causal ARCH(o00), and therefore of GARCH(p,q), was already treated by
Giraitis and Robinson, 2001, under less restrictive conditions. However, their proof is ad hoc and
cannot be used in a more general frame).

The second type of weak dependence concerns n-weakly dependent processes. The important
point is that the definition of the n-weak dependent property allows to obtain central limit theorems
for non causal processes. These results are new and can be applied for instance, to two-sided
linear, Volterra, bilinear or LARCH(oc0) processes (see their definition below in Section 3). Let us
remark that usual proofs of central limit theorems for integrated periodogram are established by
considering increments of martingales or asymptotic results for strong mixing processes, this is not
at all adapted for non causal processes, even in the simple case of two-sided linear models. The proof
of our results is a corollary of a general functional central limit theorem for n-weakly dependent
processes, established by using a Bernstein’s blocks method. Even if our results may be sub optimal
in terms of the conditions linking the moment assumption with the decay rate of weak dependence
of the time series, they however cover numerous models and open new perspectives of treatments
for non causal processes.

The paper is organized as follows. In Section 2, uniform limit theorems are presented with
some applications to time series. Section 3 is devoted to limit theorems satisfied by Whittle’s
estimators, that are applied to several examples of causal and non causal processes. Section 4
contains the main proofs, and an useful lemma is presented in an appendix (Section 5).



2 Uniform limit theorems

2.1 Notations and assumptions
Afterward, we shall use the zero mean random variables (Y] ;); rez such that:
Yik = X;X 4k — R(k), forall (j,k) € Z>
We intend to work in a Sobolev space H, of locally L.? and 27 —periodic functions, defined by:

Mo ={g € L*([-m,7) / lgllz, < oo} with [glf3, =D (1+[e)*-[gel?, ands>1,
LET

for g a 2r-periodic function such that g € L*([—m,x[) and g(A) = 3,z g0 €®*. This space H,
is included in the space C* of continuous and 2w —periodic functions and |[gl[cc = sUp[_x (]9 <

v, - gl with
=S (+]e) . (2)
LEZ

As usual H| denotes the dual of H defined from the identity |13, = supy,,, <1 |T(9)|- Hence if
T € H.:

T3, = sup |T(g))> =D (L+1e))~" - T (M),
llgllr,s <1 VI=Y/

We study the behavior of J,, — J in the function space Hs or equivalently in the Hilbert space H.,.

2.2 Uniform Law of Large Numbers for the integrated periodogram

We develop a uniform law of large numbers (ULLN) for the integrated periodogram (J,(g))s. An
important feature is that the results are only stated here in terms of cumulant sums; thus we need
no additional assumption on the dependence of the sequence X.

Theorem 1 (Uniform SLLN) If X satisfies Assumption M, then:

1T = Tll3, = 0.
n—oo

2.3 Uniform Central Limit Theorem for the integrated periodogram

Now, we would like to establish a uniform central limit theorem (UCLT) for the integrated
periodogram J,,(.) on the space of functions Hs. Now the Assumption M specifying the asymptotic
behavior of the sequences of covariogram and cumulant are not sufficient. The dependence between
the terms of the time series X has to be specified, and we will consider 2 cases. Before this, under
Assumption M, we define for any A, u, v € R, the bispectral density

1 o0 o o0 )
- i(hA+kp+Lv)
Fa\ p,v) = @y SN Y kalhik 0 z
h=—00 k=—00 f=—00
the matrix ¥ = (0, ¢,)1<ij<m, Where {; are distinct integer numbers, such that:
one =Y (RVR(+C— k) + R(h+ OR(h = k) + ra(h, i, o+ 0)), (3)
heZ

and for g; and gy in Hs, the limiting covariance I'(g1, g2):

Fong) =+ [ e PO+ 25 [ [ 00000100 1) dxd (1)

—T



2.3.1 UCLT for causal time series

This first case follows a classical methodology: the UCLT results from the finite dimensional
convergence and the tightness of the process Z = (Z,(9))gen, where Z,(g) = vVn (Jn(g9) — J(9))
for n € N* and g € Hs. Since g — Z,(g) is a linear functional, the finite dimensional convergence
follows from a multidimensional central limit theorem for empirical covariances.

In the sequel, for £ € Z, we will denote by M((f) a og-algebra such that

MY 50 (Vieg, k<0) =0 (XpXpse, k <0),

where o(W;, i € I) represents the o-algebra of 2 generated by (W;);c;. The most classical example
of such o-algebra ./\/l(()z) is

By, =0 (Xk, k<m), whenm >/

Lemma 1 Let (¢1,...,4y) € Z™ be arbitrary distinct integers (m € N*). Let X satisfy Assumption
M and be such that:

ZE\YO,&E(YM \Mgﬂi))‘ <oo forall ie{l,...,m}). (5)
k>0

Then, if ¥ = (00, ¢, )1<i,j<m defined in (3) is a nonsingular matriz, with L. the weak convergence,
n—oo

(VA (Rult) —ER(6))), 2 Na(0,3). (6)
Remarks. 1. The proof of an analogue CLT is provided in Hall and Heyde (1980), Theorem 5.4,

page 136. Unfortunately this condition does not seem to be adapted to work out the forthcoming
examples.

00 o\ 1/2
2. If for each i € {1,...,m}, Z (E(E (Yo, | Bo)) ) < 00, then (5) is satisfied. Thus, Lemma 1
k=0

is a generalization of a result of Rosenblatt (1985, Theorem 3, p. 58).

Theorem 2 Under assumptions of Lemma 1, the Uniform Central Limit Theorem (UCLT) is sat-
isfied:

Zn =/n(Jpn —J) P, Z in the space H., (7)

n—oo

with (Z(g))gen, the zero mean Gaussian process with covariance I'(g1, g2) defined in (4).

Examples of time series satisfying Theorem 2. This theorem is first applied to 3 classical
examples of time series, which extend the known multidimensional CLT for integrated periodogram.
Then, the UCLT is established for a very rich class of causal time series, the #-weakly dependent

processes.
1. Causal linear processes: let X be a linear and causal time series such that X, = > 72 jag &n—k
for n € 7Z, with real weights ay satisfying Z kzai < oo and (& )kez a sequence of zero mean

k
independent identically distributed random variables such that Eéé < 0o. Then X satisfies
oo

Assumption M and from Rosenblatt (1985, p. 59), we have for all £ € N, Z |IE (Yie|Be)ll2 < 0o
k=0
and thus (5) is also satisfied. Then Theorem 2 holds.



2. Gaussian processes: let the sequence (X,)ncz be a zero mean stationary Gaussian pro-
cess such that >, R(k)? < oo. Then X satisfies Assumption M and for all ¢ € Z and

keN, E (|YO,5E (Vis| Mg@)\) < ‘IE (XoXe X3 Xnse) — R(0)?]. But E (XX X3 Xpre) — R(0)? =
R(k)? + R(k + £)R(k — /) for a zero mean stationary Gaussian process. Thus,

1/2 1/2
S E (\YO,AE (Vi | MEP)D < S R(k)? + (Z R2(k +€)> : (Z R2(k — z)> :

k>0 keZ keZ keZ

from the Cauchy-Schwarz inequality for ¢2 sequences. Therefore Theorem 2 holds.
3. Strong mixing processes: here, we consider the probability space (2, 7,P).

Corollary 1 Let X = (Xn)nez be a  sequence  of  random  wvari-

ables on (Q,7T,P) satisfying Assumption M. Assume that X is a -

mixing process, i.e. al, = sup {a(J(Xn, Xnte), Bo)} — 0, where

a(.A, B> = sup |P(ANB) —IP’(A)P(B)‘ for A,B C T. Moreover, with Qx| the
A€A, BeB

1
quantile function of | X| and (o/(u))™! = ZIIUS%’ assume that /0 (o/(u))_leXO‘(u) du < oo.
k>0
Then Theorem 2 holds.

Remark. We note that o), < a,, = {a(a(Xk, k>mn), Bg> } Hence this condition is weaker
that the standard mixing coefficient in Rosenblatt (1985). However, no simple counter example

seems to be available. Consequently, if X is a a-mixing process in the usual sense, that is,

Qn — 0, then X is o/-mixing (for all n € N, o), < «y,). Therefore, if X is a strongly a-

1
mixing process satisfying Assumption M such that / ail(u)QfXO‘ (u) du < oo, Theorem 2 also
0

holds.

4. Causal f-weakly dependent processes: the class of 8-weakly dependent processes was introduced
by Doukhan and Louichi (1999) and developed in Dedecker and Doukhan (2003). It includes
numerous kinds of causal times series, for instance the strong mixing processes (see other
examples in Section 3). First, for h: R* — R an arbitrary function, with u € N*, denote:

. [ h(y1, -y yu) — M1, .., 1) | }
Liph =su for (y1,..-,Yu TlyeeesTyy) (-
p p{ Y e Pa——" (11 Yu) 7 (21 )

The time series X = (X},)nez is so-called 6—weakly dependent when there exists a sequence
(0,)ren converging to 0 such that for all » € N, all function f : R? — R satisfying || f|e < 1,
and all random variable Z € By such that || 7]/~ < 1,

(Cov (F(Xj0, Xpa), Z)| < 2-Lip f -0, for all ji,ja > 7. (8)

Corollary 2 Let X = (X,,)nez a 0—weakly dependent satisfying Assumption M. We also sup-
0 m—4

pose that Im > 4, such that || Xol|lm < co and ZHkmj < 00. Then Theorem 2 holds.
k=0

2.3.2 UCLT for non-causal weakly dependent time series

From the seminal paper of Doukhan and Louhichi (1999), a second class of weakly dependent
processes can be considered. This class includes also non causal time series. Hence, a process



X = (Xy)nez with values in R< is a so-called n—weakly dependent process when it exists a sequence
(7:)ren converging to 0, satisfying:

[Cov (91(Xiys o1 X3, ), 020X, X)) | < (- (Lipga) - galloe + - (Lip ga) - gilloe) - (9)

o (u,v) € N* x N*;
tor all 4 ® (i1,...,0y) €Z% and (j1,...,7p) € ZY with iy < -+ <y < iy +7r <j1 < < jp
e functions g; : R* — R and g3 : R¥ — R satisfying
191]loc < 00, |lg2/loc < 00, Lipg1 < oo and Lip g < o0;

As a particular of the functional limit theorem presented in Bardet et al. (2005) a UCLT for
integrated periodogram can also be established, and more precisely a convergence rate to the
Gaussian law:

Theorem 3 Let X = (X,)nez satisfy Assumption M and be n-weakly dependent process. Suppose
also that

2m — 1>
m—4/
Then the UCLT (7) holds. Moreover, for ¢ : R — R a C3(R) function having bounded derivatives up
to order 3, and for g € Hs:

Im > 4, such that || Xo|lm < oo and n, =0(n"%) with o> max (3;

a(m—4)—2m+1 )

B [6(Vatnlo) ~ 16))) — 6(0) - N)]| < € -n~ebs (Himtiees

-1
2

m— 2 S
whereC>(),t:<(2am_1—1)/\(

)), N ~N(0,1) and v*(g) =T(g, 9) defined in (4).

Corollary 3 Under the same assumptions as in Theorem 8, for { € 7 and ¢ : R — R a C3(R)
function having bounded derivatives up to order 3,
a(m—4—2m+1

& [o(VaBa(0) - R)) - 6(or- )] | < € -n Foienr

with C >0, N ~ N(0,1) and

oF = 1 /7r cos?(M)) f2(N)dX + 2x /7r /7r cos(A) cos(pl) fa( N, —p, p)dNdp.

Q —T

Remark. The convergence rates in both of the functional limit theorems in Theorem 3 and Corol-
lary 3 are obtained from the Bernstein’s blocks method, and could be not optimal. However, under
not too restrictive conditions (v — 0o and s — 00), the convergence rates of those theorems can be
n~ with A < 1/2 as close to 1/2 as one wants.

3 Applications to parametric estimation

Now we will apply the previous results to finite parameters estimates. Let X = (X,,)nez be a
time series satisfying Assumption M. We also assume that the spectral density f of X can be written
under the form:

fN) = faon(N) = o% - gg(\) forall € [—m, 7, (10)

that is, f depends on a finite number of unknown parameters, a variance term o2 and a RP-vector
B, where 8 = (81, ..., 3®). Denote also ¢* and 3* = (8%, .., 3P)*) the true value of o and 3.
As a consequence, for all A € [—m, 7|, we will now denote o*2ggz«(\) the spectral density of X. We
will also assume that 3 and gg satisfy some of the following conditions:

7



e Condition C1: the true values ¢* and §* are such that ¢* > 0 and * lies in a region K C R?
where KC is an open and relatively compact set.

e Condition C2: if 31, B2 are distinct elements of K, the set {\ € [—7, 7, g5, (N) # g3,(\)} has
positive Lebesgue measure.

e Condition C3: there is a normalization condition:

/ log(gg(A))dA =0 for all g€ K.

—T

1
e Condition C4: for all 8 € K, the function A\ — ggl()\) = —— € H,.

95(N)
e Condition C5: for all A € [—m, 7[, the function § +— gﬁ_l()\) is continuous on K.

e Condition C6: for all A\ € [—m, 7|, the function [ +— gﬁ_l()\) is twice continuously differentiable
on K.

82 -1
e Condition C7: for all # € K and (i,j) € {1,...,p}, the function A — & (\) € Hs.
9D 9p0) 5
e Condition C8: for all € K, the function A — gg(A) is continuously differentiable on [—m, 7].

Let (X1,...,X,) be a sample from X. Define the Whittle maximum likelihood estimators of #* and
o*2, that are:

- . — . T In A
B = Avgminger { Ju(g5") } = Argminge, { / )

1
dry and G2 = —J.(93).
ooy 5.)

2 an
In the following paragraphs, we will show the strong consistency of the estimators En and 2.

3.1 Asymptotic properties of the Whittle parametric estimators
Theorem 4 Let X satisfy the assumptions of Theorem 1. Under Conditions C1-5, then

Bn L% 8% and 6\% &5 5*2
n—oo n—oo
Proof. From Theorem 1 and Conditions C4 and C5 (the function § — ggl is also uniformly continuous
on K because K is a relatively compact set), with probability 1,
lim Ju(g5") = J(95 "),

n—oo

uniformly in 8 on K. From Condition C2, we know that

J(gz') > 0" = J(gz) forall §#5*

(see Lemma 2, in Hannan, 1973). Therefore (see the details of the proof of Theorem 1 in Hannan,
~ 1
1973), Bn = Argmingey {Jn(ggl)} converges a.s. to 3* and G2 = Q—Jn(gﬂil) converges to 0*? =
T n
1
—J(gz1).
o (95 ) |

Remarks on the conditions C1-5 The C1-3 conditions are usual and can be found for example
in Rosenblatt (1985) for mixing time series or in Fox and Taqqu (1986) for strong dependence times
series. The condition C5 is weaker than the condition of differentiability generally required. The
condition C4 is not usual and is linked with the uniform limit theorems 1 and 2.



Theorem 5 Let X satisfy satisfy either the assumptions of Theorem 2 or those of Theorem 3. Under

Conditions C1-7 and if the matriz W* = (wy;

wfj:/trg%*()\) (226 ) (A) - (ngjl))ﬁ@)dA

)1<ij<p, with

1s nonsingular, then

\/ﬁ(ﬁn o ﬁ*> 3) Np (07 (0'*)74 . (W*)fl . Q* X (W*)il),

n—oo

with the matriz Q* = (g;;)1<ij<p such that:

¢y = 27 <0*4w?j + / " noun —u)(agﬁg)ﬂg)(ag g ) () d/\du> .

—mJ -7 aﬁ( 8/8

(11)

Proof. Let U,(B) = Jn(gﬂ_l). From Conditions 2 and 6, § +— U, () exists and is twice differen-

0 0 2
tiable on K. Denote —U,, the vector | —=U, and
55 (86“) (5)>1<%@

032
82
J6] > . According to the mean value theorem,
<8ﬂ D0p0) Un(8) 1<ij<p
0 ~ 0 N 0? — = .
Un(ﬁn) = Un(ﬁ ) + Un(ﬁn)(ﬁn - ﬁ )7

ap B a2

U,(B) the (p x p) matrix

where ||3,, — 8[|, < 1Bn — B*||p (with ||.||, the euclidian norm in RP). Since 3, minimizes 8 — U, (),

it follows that

0? ~

8%@ﬂ=P%wwmym—wy

B

(12)

But, from Theorem 4, B\n 2% p* and then B, =% B*. Consequently, from Condition C7 and
n—oo n—oo

Theorem 1 (Uniform Law of Large Number),
0? —

6,) </ TN - 02 g (A d/\> = 0" W™,
a2 Unl n—00 ole) 1)35(7 250050 98 ' 96+ () 1<i,j<p

(see Lemma 3 of Fox and Taqqu, 1986). Moreover, from Theorem 2 and Condition C6,

0 K

and thus \/E%Un(ﬁ*) n_%o Np(0,Q%),

val Jeh)) 2 N(0,Q7),

because J(gﬁ*)_/_: (395_1(/\)>ﬁ*- g5 (\) d\ = o 886 </ log(gs (A))dk)ﬁ*zo from

95 B

Condition C2. Therefore, if the matrix W* is nonsingular, from (12),

V(B — B°) 2o — (02T N(0,Q7),

n—oo

and this completes the proof of Theorem 5. R



Theorem 6 Let X satisfy either the assumptions of Theorem 2 or those of Theorem 3. Under
Conditions C1-8, then

™

" fao g5 Vg5 () drdn). (13)

—T J =T

V(@2 —o*) N /\/(0, 20*4 + 27T/

n—oo

Moreover, \/n(c2 — o*) and Vn(Bn — B*) are jointly asymptotically normal with covariance:

nh—>Holo \/ﬁ(COU @ B’(ll))) 1<i<p

= (02 W) (zﬁ/

—T J =T

T ™

)
fa =) g5t (M) <65(i)953(ﬂ)> ) du)

1<i<p’

Proof. The Taylor’s formula implies that:

82

08 = UalB) + 5" =Bl (2

Un(8,)) - (8" = B,
with probability 1, and with [[8 — ||, < || B — B*||p. From previous Theorem 5, it follows
VI(Un(B8*) = 0™%) = Vn(Un(Ba) — 0™%) + Op(n~7?).

Under condition C8 (that implies Y |s|- R(s) < 00), E(Un(ﬁ*)> = 02+ O(logn/n) (see for instance

Rosenblatt, 1985) and thus \/ﬁ(Un(ﬁ*) - E(Un(ﬁ*))) PN (O,F(gg},ggf)) with g5} € H,.
Therefore, o
Vi(Un(Ba) = 0%?) 2 N(0.0(g5),95)).

which implies relation (13). The end of the proof follows the same arguments as in Rosenblatt (1985).
|

3.2 Examples of Whittle parametric estimates for different time series

Causal GARCH and ARCH(~) processes

The famous and from now on classical GARCH(¢/,q) model was introduced by Engle (1982)
and Bollerslev (1986) and is given by relations

!

q q
Xp=pe & with pf=ao+ > aj X ;+ > ciptj, (14)
i=1 i=1

where (¢/,q) € N?, ag >0, a; > 0 and ¢; > 0 for j € N and (& )gez are i.i.d. random variables with
zero mean (for an excellent survey about ARCH modelling, see Giraitis et al., 2005). Under some
additional conditions, the GARCH model can be written as a particular case of ARCH(co) model
(introduced in Robinson, 1991) that satisfied:

Xy =pr-& with pf =bo+ Y bXp j, (15)
j=1

with a sequence (b;); depending on the family (a;) and (¢;). Different sufficient conditions can be
provided for obtaining a m-order stationary solution to (14) or (15). Notice that for both models
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(14) or (15), the spectral density is a constant. As a consequence, the idea of Whittle estimation in
the GARCH case (see Bollerslev, 1986) is based on the ARMA representation satisfied by (X?)kez.
Indeed, if (Xj) is a solution of (14) or (15), then (X?) can be written as a solution of a particular
case of equation (16) satisfied by bilinear models (see Giraitis et al., 2005). More precisely,

XE=er(vbo+ Db XE )+ A b+ M D b XE for keZ,
j=1 j=1

with e, = (E2—\1) /v for k € Z, \1 = E¢Z and 4? = Var (£3). Moreover, the time series (Y)xez defined

by Vi = X2 — X\ -bg - (1 -\ Z bj)f1 for k € Z, satisfies the equation (16) with parameter ¢y = 0
j=1

(as in Proposition 2). As a consequence, a sufficient condition for the stationarity of (X?)gez with

X3 ||m < oo is

1 - b 1 ”5(2)_7)“”’” 1 - b 1
(gollm + 1)) bl <1 = 5 +1) ) b < 1.
im1 i=1

In a parametric frame, if (X} )rez is a stationary solution of (15) and with 8 = (81,..., 3®) e R?
such that b; = b;(B) for j € N, and 0% = E(XZ — p3) = b3(B) - h(A1,7, > 521 bi(B)), where h is a
positive real function, the spectral density of (X7)kez is:

)
igA
f5.0% (A 2« ’1_Zb e ‘ ’
Then a Whittle estimate of parameters 3 and 2 can be used for a ARCH(o0) process:

Proposition 1 Let X be a stationary ARCH(co) time series following equation (15), such that it
exists m > 8 satisfying E(||™) < oo, with the condition of stationarity,

((\\53 = Atllmy2

W +1) A H§0Hm> Z 1b;(B)] <1, and one of the two following conditions:
0 \1]|2

~ Geometric decay: ¥j € N, 0 < b;(3) and 3 €]0,1[ such that b;(3) = O(pn™7);
2 —
— Riemannian decay: Vj € N, b;(3) >0, Jv > o 89 such that bj(8) = O(j").
m—
Then, under Conditions C1-7, the central limit theorems (11) and (13) are satisfied.

Corollary 4 If there exists m > 8 such that X is a m-order stationary GARCH(q’, q) time series
satisfying equation (14), then with B = (a1,...,aq,¢1,...,¢q4), the central limit theorems (11) and
(13) are satisfied.

Proof. First, Doukhan et al (2005) have shown that a ARCH(oo) process satisfies the §-weak depen-
dence property: in the ”Geometric decay” case, 6, = O(e‘c\/;) with ¢ > 0 and in the ”Riemannian
decay” case, with v > 2, 0, = O(T7V+1). Now, after applying the following Lemma 6 (see section 5)

m—2
for h(z) = 22 and thus a = 2, we deduce that (X?)gez is a Om-1-weak dependent time series. As a

consequence, by denoting §' = (6} )rez the weak dependent sequence of X 2 in ”Geometric decay”
(v—1)(m-2)

case, 0. = O(e~°V") with ¢ > 0 and in the ”Riemannian decay” case, 0. = O(r~ —m-1 ). The

11



v

result of Corollary 2 implies that 1/ in the ”Geometric decay” case, for all p, (X?)rez satisfies
the Uniform CLT (7), 2/ in the "Riemannian decay” case, (X7?)rez satisfies the Uniform CLT (7)
£ (v—1)(m—-2) m/2—-4 2m—9

1 .

>1, e v>
Finally, the proof of the corollary is a particular case of the ” Geometric decay” case. W

m—1 m/2—1 ’ m-—8°

Remarks. The question of the Whittle estimation of the parameter of a stationary solution of
(14) was studied by Zaffaroni (2003) and improved by Giraitis and Robinson (2001). In this paper,
the obtained results in term of the asymptotic normality of the Whittle estimate are better than
Theorem (1), in the sense that: 1/ only the m = 8 is required; 2/ the required conditions on the
sequence (bj(3)) in the general case of ARCH(oco) model are only bg(3) > 0 and b;(3) > 0 for
j € N* and the stationarity condition ||&]|?, - > 721 1b;(B)] < 1. However, the method developed in
Giraitis and Robinson (2001) for establishing the central limit theorem satisfied by the periodogram
is essentially ad hoc and can not be used for non causal or non linear time series. The recent book
of Straumann (2005) also provides an up-to-date and complete overview to this question. Chapter
8 of this book is devoted to the results in Mikosch and Straumann (2002) that studied the case of
intermediate moment conditions of order > 4 and < 8 for the special case of GARCH(1,1) processes;
the convergence rates are proved to be slower than the present ones.

Causal Bilinear processes

Now, assume that X = (Xj)rez is a bilinear process (see the seminal paper of Giraitis and
Surgailis, 2002) satisfying the equation:

o0 o
X =& (ao + Zank_J) +co + ZCij_j for k € Z, (16)
j=1 j=1

where (£;)kez are 1.i.d. random variables with zero mean and such that |||, < +oo with p > 1,
and aj, cj, j € N are real coefficients. Assume ¢y = 0 and define the generating functions:

Alz) =375 a;2’ ' Clz) =272, cjz! '
Gz)=(1-C(2)t= > 520957 H(z) = A(2)G(2) = 2272, h#’.
If [[Sollp - =721 |hj] < oo, for instance when |||, - (Z;’il laj| + 3252, |cj|> < 1 (see Giraitis and

Surgailis, 2002), there exists a unique zero mean stationary and ergodic solution X in LP(Q2, A, P)
of equation (16) (see Doukhan et al., 2004). For p > 2, the covariogram of X is R(k) = a3 -

-1
I€oll2 - (1 DI h?) > 7209 9j+k and satisfied »°, |[R(k)| < oo. If we assume that there exists

B = (BW,...,P) such that for all k € Z, a; = ay(8) and ¢, = c,(3), the spectral density of X
exists and satisfies:

a%(ﬁ) o ik
f(ﬂ,oz)()\) = 271'(1 — v h2(,3 Z Zg] gi+x(B )

Jj=1""5 k=—00 j=0

with 02 = ||&]|3. Like in Doukhan et al. (2004), we consider three different cases of the convergence
rate to zero of the sequences (ay) and (ci). Then, using the previous results for #-weak dependent
time series, the Whittle estimate of parameters 3 and o? satisfies the following proposition:
Proposition 2 Let X be a stationary bilinear time series satisfying equation (16) with co = 0,
E(|&|™) < co with m > 4 and such that ||, - (Z;; laj| + 3272, |cj|) < 1. Moreover, assume
that X satisfies one of the 3 following conditions:

12



— Finite case : 3J € N such that Vj > J, a;(8) = ¢;(8) = 0;
~ Geometric decay : 3u €0, 1[ such that 3, le;(B)|pw™7 <1 andVj €N, 0<a;(B) <p;

2m_— > such that a;(B) = O(j~") and
(m—4)6
(m—1)0 — (m —4)log2

1-3 Je,(9) (m— 1)
§=log (1+ =27 ) > log2
¢ ( 2 Cj(ﬁ)]””2) # 7 m—1)
Then, under Conditions C1-7, the central limit theorems (11) and (13) are satisfied.

— Riemannian decay : Vj € N, ¢;j(8) > 0, and T, >

vy >
Jve > 0 such that cj ()71t < oo, with

Proof. The three different cases of the Proposition are studied in Doukhan et al. (2004) and the
f-weak dependence behavior of X is deduced in each case. In the ”Finite” and the ”Geometric
decay” cases, 0, = (’)(e*cﬁ) with ¢ > 0, which implies the conditions required in Corollary 2 and
therefore, under Conditions C1-7, the central limit theorems (11) and (13) are satisfied.

a )d> with dzmax(—(yl—l);

vy -0 )

In the "Riemannian decay” case, 6, = O(( =50 Toad
vy - 10g
—4

log r

-1
From Corollary 2, the Uniform CLT (7) is satisfied when d - m 1< —1. Thus, if 1 — v < _Ll
m— m—
vy -0 m—4 2m —5 (m —4)0 )
d — <= .e. v1 > ———— and vp > Corollary 2
an d+ o -log?2 m_1 "¢ T Ty e (m—1)5 — (m—4)log?2’ orotaty 218

satisfied, and under Conditions C1-7, the central limit theorems (11) and (13) hold. =

Non-causal (two-sided) linear processes

Let X be a zero mean stationary non causal (two-sided) linear time series satisfying:
o
Xp= Y a&—; for keZ (17)

j=—o0

with (ax)kez € R% and (&)kez a sequence of zero mean i.i.d. random variables such that E(¢2) =
0% < oo and E(|&]|™) < oo with m > 4. We assume that there exists § = (61, ..., %)) such that
for all k € Z, a, = ax(B). Moreover, we assume that (ax(03))kez is such that ax(8) = O(|k|~%) with
a > 1. Therefore the spectral density of X exists and satisfies:

00 2

Z a. (ﬁ)efik)\

k=—o00

0.2

T or

f(ﬁ,aQ) (A)

Then the results of the previous paragraph concerning non causal weak dependent processes can be
applied.

Proposition 3 Let X be a linear time series satisfying (17) with (ar(8))rez € RZ and (&x)rez a
sequence of i.i.d. random variables with zero mean such that E(¢}) = o2 and E(|&|™) < oo with

m > 4. We assume that (ar(5)) is such that:
—a ) 7 5m—=6
ar(B) = O(k|™)  with a> max{i, o= }

Then, under Conditions C1-7, the central limit theorems (11) and (13) are satisfied.

Proof. A n-weak dependence condition for non causal linear random fields could be found in Doukhan
and Lang (2002, p. 3); under the previous assumptions, X is a n-weak dependent time series with

1
the relation: 73, = O( Z ar(B)) = mn = O(W) Proposition 3 is then a consequence of
[k|>r
Theorem 3. 1
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Remarks. 1/ The Condition C8 of central limit theorem (13) is automatically satisfied by the
convergence rate of (ax) and therefore is not required in Proposition 3;

2/ To our knowledge, the known results about asymptotic behavior of Whittle parametric estimation
for non-gaussian linear processes are essentially devoted to one-sided (causal) linear processes (see
for instance, Hannan, 1973, Hall and Heyde, 1980, Rosenblatt, 1985, Brockwell and Davis, 1988).
In such a case, the conditions on (aj) are Conditions C1-7, with: >, ka2 < oo for the UCLT and
the existence of >_, k are~*** for Condition 8. It is such a case if m = 4 and a = O(|k|~%) with a > 2.

3/ There exist very few results in the case of two-sided linear processes. In Rosenblatt (2000, p. 52)
a condition for strong mixing property for two-sided linear processes was given, but some restrictive
conditions on the process were also required for obtaining a central limit theorem for Whittle
estimators: the distribution of random variables £ has to be absolutely continuous with respect to
the Lebesgue measure with a bounded variation density, m > 4 4+ 2§ with § > 0 and a central limit
theorem obtained with a tapered periodogram (under assumption also S°°°_ 1 ay o (m)% 249 < oo
where oy, o(m) > auy, denote a strong mixing coefficient define now with four points in the future
instead of 2 for o/, the same remark following Corollary 1 still holds). The case of strongly de-
pendent two-sided linear processes was also treated by Giraitis and Surgailis (1990) or Horvath and
Shao (1999), however with more restrictive conditions than Conditions C1-7 and with a;, = O(|k|~%)
for a fixed —1 < a < 0.

4/ In the case of causal linear processes, it is well known that:

V(B — 8%) 25 Nyp(0, 21 - (W)Y,

n—oo

=2
On

fourth cumulant of the (&x)rez, and Vn(B, — B*) and v/n(G2 — o*) are asymptotically normal and
independent.

is a consistent estimate of ¢* and therefore /n(G% — o*) 2, /\/’(0,0*4-74), with ~4 the
n—oo

Non-causal Volterra processes

Let X = (Xi)iez be the zero mean non causal (two-sided) and nonlinear time series, so
called a non-causal Volterra process, such that for t € Z:
oo
Xe=Y v, with P = Ny &G, (18)
p=1 J1<j2<-<jp
P jp €EZ
where (aj,,..;,) € R for p € N* and (j1,...,7,) € ZP, and (&)rez a sequence of zero mean i.i.d.

random variables such that E(£2) = 02 < oo and E(|&|™) < oo with m > 4. Such a Volterra process
is a natural extension of the previous case of non-causal linear process. From Doukhan (2003), the
existence of X and thus the stationarity in " relies on the assumption:

o0
S0 a6l < .

p=0 j1<ja<---<jp
Tlsewos jp €EZ

Assume that there exists 3 = (81, ..., 8®) such that for all p € N* and (jy,. .. JJp) €L, ajy .4, =
ajy,..jp(B). Then the spectral density of X exists and satisfies:

00 0_2 p > —1
foryN) =) (273 > > @y, (B) - @itk (B) - €
p=1 k=—00 j1 <Jj2z < <Jp

Jiy-e s Jp €Z



(this formula is provided by the computation of the covariances of X; remark that the representation
with strictly ordered indices j; < jo < --- < j, is fundamental). Certain conditions on the asymptotic
behavior of the coefficients aj;, ... ;,(3) provide the n-weak dependence property of X and then the

~

asymptotic normality of estimators (83,,52):
Proposition 4 Let X be a non-causal zero mean stationary Volterra process verifying relation (18)
where (ag-f?m’jp) € R for p € N* and (j1,...,5p) € ZP, and ({)rez a sequence of zero mean i.i.d.
random variables such that E(&3) = 02 < oo and E(|&|™) < oo with m > 4.

Moreover, assume that the process in in some finite order chaos (i.e. aj . ;,(8) =0 for p > po)

and aj, .. ;,(B) is such that:

11—m}

aj,...5,(B) = (9( max{|ji|_a}) with a > 4+max{0; 1

1<i<p

Then, under Conditions C1-7, the central limit theorems (11) and (13) are satisfied.

Remark. A more tight dependence assumption is 7, = 0(7"1*“) where a is submitted to the same
restriction as before; recall that:

o0
M < QZ Z ‘ayf?---Jk

k=1 g1 <j2 < -0 <Jjg
j1 < —r/2,0r j > 1/2

1€0]1F < oo (19)

Proof. From Doukhan (2003), under the previous assumptions, X is a weakly dependent process

with:
- (»)
P
<y > 0l
p=1

J1 <Jj2 <---<Jp
Jj1 < —r/2,0r jp > 1/2

1
6ol <00 = =0(ry). (20)

Proposition 4 is then a consequence of Theorem 3. N

Non-causal (two-sided) bilinear and ARCH(c) processes

The asymptotic normality of Whittle estimate can be obtained for non-causal bilinear and
ARCH(c0) processes. Indeed, Doukhan et al. (2005), Lemma 2.1, introduced and proved the
stationarity in IL* (for any k €]0, cc]) of the bilinear process X = (Xj)rez satisfying the equation:

X =& - <a() + Z ank—j>7 for k € Z, (21)
JEL*

where (§x)rez are i.i.d. random bounded variables and (ax)rez is a sequence of real numbers such
that A = [|$ollec - D0;20 laj| < 1. We assume that there exists § = (B, ..., 3®)) such that for all
k € Z, ar = ar(B). Then the spectral density of X exists and is a function f(3,2) depending only
on parameters (3,0?). Unfortunately, the explicit formula of J(8,02) 1s not known from now on.

By the same way as in the causal case, assume now that Y = (Yj)rez satisfied the relation:

V=& |ao+ Y aY2,, forkelZ, (22)
70

with the same assumptions on (£;)kez and (ax)gez. Then, the time series (Y;?)ez satisfies the relation

(21) and is a stationary process. Then, Y is a stationary process, so-called a two-sided ARCH(c0)

process. The asymptotic normality of the Whittle estimate of parameters (3, 02) is satisfied using the
n-weak dependence property of of X (or Y') depending on the behavior of the sequence (ai(5))rez:
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Proposition 5 If X is a stationary non causal bilinear (respectively non causal ARCH(o0)) process,
i.e. a solution of (21) (respectively (22)), such that ||$ollc - D° ;20 a;(B)] < 1. We assume that the
sequence (ar(8))kez is such that:

ap = O(|k|™*) with a > 4.

Then, under Conditions C1-7, the central limit theorems (11) and (13) hold.

Proof. The n-weak dependence property of a non causal bilinear process could be found in Doukhan
et al. (2005): under the previous assumptions, X is a n-weak dependent time series with:
1
Ny = (’)( Z k )\k_l( Z|aj])) = 1, = (’)(ra—_l) Proposition 5 is then a consequence of Theorem
2k<r li|>r/k
3. n

Remarks. The condition on the sequence (&)rez, i.e. ii.d. random bounded variables, is
restricting. However, if it is only a sufficient condition for the existence of a non causal ARCH(c0)

process, it seems to be very close to be also a necessary condition (see Doukhan et al., 2005).

Non-causal linear processes with dependent innovations

Let X = (X,)nen be a zero mean stationary non causal (two-sided) linear time series sat-
isfying equation (17) with a dependent innovation process. More precisely, let (£,)ncz be a
weakly dependent fourth order centered stationary process verifying Assumption M and such that
E(¢2) = 02 < co. Assume that there exists 3 = (BM, ..., BP) such that for all k € Z, aj, = ap(3)
with ax(8) = O(]k|~%) and @ > 1. Denoting g(g ,2) the spectral density of the process (§,)nez, the
spectral density of X exists and satisfies:

00 2

Z a. (ﬁ)efik)\

k=—0o0

faey(N) = 902N -

For instance, the process (&,)nez may be a causal or a non-causal ARCH(co0) or bilinear process.
Following the results of Doukhan and Wintenberger (2005), if (£,)nez is a n-weakly dependent
process, then X is an 7n-weakly dependent process (with a sequence (7,), that can be deduced).
As a consequence, the asymptotic normality of the Whittle estimate of parameters (3,02) could be
established:

Proposition 6 Let X be a linear time series satisfying (17) with (ar(8))rez € R% and (&x)rez a

n© -weakly dependent process with zero mean, a spectral density 9(8,02) depending only on parameters
(B,0%), and such that E(&2) = o2 and E(|&|™) < co. Moreover, we assume that:

ar(B) = O(|k|™), 17,(45) = O(r_b), with b - m > max{?);

Then, under Conditions C1-7, the central limit theorems (11) and (13) are satisfied.

2m—1}
m—4 )

Proof. In Doukhan and Wintenberger (2005), it was proved that under assumptions ax(3) = O(|k|™%)
_ '(a—2)(m—2)
and 777@) = O(r7?), then X is a n-weakly dependent process with 7, = (’)(r b <a*1)<m*1>>. Proposi-

tion 6 is then a consequence of Theorem 3. NI
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4 Appendix : proofs
4.1 Proof of Theorem 1

Lemma 2 If X satisfies Assumption M, then:

n - max (Var (]%ME))) < Kq + 2.

Proof of Lemma 2. To prove this result, we use the identity
Cov (Yo, Vo) = ka(l,5, + ) + R(G)* + R(j + OR(j = 1)
and deduce from the stationarity of (Yj);jcz when £ is a fixed integer:

(n—0)An  (n—0)An

~ 1
n-Var(Rn(E)) < - Z Z |Cov (Y e, Yjr o)
J=1v(1—£) j'=1v(1-0)

< ) |Cov (You, i)l
€z

< > (kall 4,5 + O] + 2R (5)?)
JET

< H4+277

with Cauchy-Schwarz inequality for £2-sequences. N
Lemma 3 If X satisfies Assumption M, then:
3
E|J, — J|3, <= (7 +cs - (kg + 27)), where cg is defined in (2).
s T n

Proof of Lemma 3. Let g(A) = Y ;e 90€"* € Hy. As in Doukhan and Ledén (1989), we use the
decomposition:

Ti(g) = S R(O)gr.
Iilzn
Tn(9) — T(g) = ~Ti(g) — Talg) + Ta(g) with { T2(0) =~ > || R(0) v (23)
[£|<n
Ty(g) = 3 (Bull) — ERA(0) g0
[£|<n

Remark that T3(g) = J,(9) — EJ,(g). Thus, we obtain the inequality:
El[Jn = Il < 3 T1l3g + I T2l + EllT3]17,).

Cauchy-Schwarz inequality yields:

ITuF, < >+~ R < - > R©?,
> o>n
1 . 1
ITolly, < — Do+ 1) R(0? < - > R0
[¢|<n [¢|<n
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Hence, ||T1]2, + |T2|3, < 7. Lemma 2 entails
S S n

IT313, < D (L+16)7° (Ba(f) = ERy(0))%,
[¢|<n
s = 1 e cs(kq +2
BITS, < 30 (14 0)7" Var (Ra(0) € - 37 (14 J) ™ (s +29) < EE2),
[¢|<n [e|<n
with ¢, defined in (2). We combine those results to deduce Lemma 3. |

Proof of Theorem 1. We prove this strong law of large numbers from a weak L2-LLN and Lemma 3.
The scheme of proof is analogue to the one in the standard strong LLN. Set ¢ > 0. First, we know
that for all random variables X and Y, we have P(X +Y > 2t) <P (X >t)+ P (Y > ¢). Thus:

P (glz% [0 = Tllre, > 2t> < > P =l > )

k=[VN]
P — ;>
+ Yy <k2<ﬁ?§+1)2\m il _t>
k=[VN]
< Ay + Bn. (24)

From Bienaymé-Tchebychev inequality, Lemma 3 implies that:

Ch 1
k>VN

with Cy € Ry. Now set R,(£) = R,(¢) — ER,(¢). The fluctuation term By is more involved and its
bound is based on the same type of decomposition as (23), because for k% < n:

In(9) = Ji2(9) = —Ti(9) + Tz(g) — T3(9),

with now Tj(g) = Z R(?) ge,
k2<|t|<n
1
Ty) = — > RO
k2<|t|<n
and Ti(g) = Y Re2()ge— > Ra(0)ge.
[€) <k? [¢|<n
. v
As previously: ||T1'||31; + ||T2'||%{/g < =k
= — ’ — / ,
Set Ly, = kQSTILIi%I}C{-FIF | Jn — Ji2 |3, and T} k2§7{riz(1]}€<+1)2 |75, Then,
, E(L?
By< Y by, with by=P(Ly>1) < (tzk).
k>VN
Now 3
* ,.Y *
E(LE) < 3(IT1l, + I Tali3, + BITi5,) < 25 + 3 EIT -
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Then, for k* <n < (k+1)% and ¢ € Z,

~ k2 -
Rn(g) = ngz (ﬁ) + Aé,n,k
1 nA(n—~0) 1 nA(n—~)
Do = - Z (XnXhte — R(0)) = - Z Y
(k2N (k2—0))<h (k2N (k2—L))<h

Remark that Ry2(¢) = 0 if k2 < |¢| < n and thus R,(f) = Agn in such a case. Also note that

(k2+2k)A((K2+2k)—20)

Ajy = max |Agxl < >
K En<(kt)? M eni <
. 1
and thus E(A&k)Q < W (2k)? '(hnel)%}% (E( 2))
4
< S E(XlY).

Write

Tig) = Zékzw)(l—) S A

|4|<k2 l¢|<n
Ty (9)] < - Z Rz (@ gel + > Ajglgel,
|€|</’€2 [ < (k+1)2
and we thus deduce

X 4 . c-A
E|Tf|3, < 2 <k2 max (Var (RkQ(g))) + max (E(A&ky)) < d

for a constant A > 0 depending on E|X|*, k4, and 7 only. Hence by, < 3(y+ A -c)/(k*t?) is a
summable series and, with Cy > 0,

BN* t2 Z k2 (26)
E>VN

Then, (24), (25) and (26) imply sup ||/, — J||»: L. 0 what is equivalent to ||J, — J|| 2500, n
n>N ® N—oo ¢ n—o0

4.2 Proofs of the section 2.3.1

First let us recall the following classical lemma (see a proof in Rosenblatt (1985) [27], p. 58):
Lemma 4 If X satisfies Assumption M and (¢, k) € Z? be arbitrary integers, then

n- Cov(Ry(k), Ru(£)) — ok

Proof of Lemma 1. Under condition (5), the projective criterion, introduced in Dedecker and

Rio (2000), i.c. E‘ZYO,&E(Y,CMJ(YM, jgo))
E>0

Therefore the central limit theorem is stated for cach R, (¢;). Now, by considering a a linear

combination of (Yjg,...,Yjy, ), denoted Z;, the projective criterion is also satisfied by (Z;);ez

yielding the multidimensional central limit theorem (6). W

< oo forallie{l,...,m}, is satisfied.

Proof of Theorem 2. We first prove the following lemma:
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Lemma 5 (Tightness) If X satisfies Assumption M then the sequence of processes (Zn)nen+ is
tight in H.,.

Proof of Lemma 5. Following de Acosta (1970), for showing the tightness we only need to prove that
the sequence is flatly concentrated, this means that

B(IpZulfe) =2, O

where pr, : H, — F] denotes the orthogonal projection on the closed linear subspace F} C H,
generated by (eg)|g>r, With ey(\) = e (also Fj, C H, denote the subspace generated by (e0)i>L)-
Then, for L > 0,

IpLZnllre, = sup | Zn(g)]: (27)
lglls. <1, g€

Thus, for g = ZIZ\ZL geee € Fr, and ||g||x, < 1, using again the decomposition (23), we obtain

|Zn(9)]* < 3n- (IT1(9)]” + [ T2(9)* + [T3(9) ).

First, from a Cauchy-Schwarz inequality, we have:

n- (T +1T29)?) < n-| Y A+E)TRO?- Y 1+ d)g

[4|>nVL [¢|>nVL

F ey g S0 WP+ RO Y (141

Lsjt<n L <n
< (VI DT RO ey Y A+ [E) 70 R(0)?
|e|>nV L L<|t|<n
=7 (L (L+ L) Typopy + Lo (14 L)7 ]I{L<n})
Thus, we obtain:
sup  n- (ITa(g))* + | T2(9))?) — 0. (28)
llgll#s<1, g€FL L—oo

Also note that

\/ﬁTg(g) = \/ﬁ Z (ﬁn(g) - E]/%n(e))gé

[4]<n
n|Tg))> < n > (L4 (Ra(f) —ER,(0))°
L<|t|<n
E( sup n]Tg(g)\Q) < Z (L4 ¢))~* - sup <nVar ) < Z (L4 1€))° (ka + 37).
llgll#s <1, g€FL L<|t|<n £ 1¢|>L

Since Y e (14 €)™ < +o00, we deduce IE( ol sulp Fn\T3(9)|2) P 0. With (28) and (27), the
9llms <1, g€FL e

proof is achieved. N

Now the proof of Theorem 2 can be achieved. Indeed, the tightness allows to establish the
functional central limit theorem. Moreover, Jn(g) — EJn(g) = > scz 90 (Ra(f) — E(R,(¢)), and
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therefore, from (3), the limiting covariance of the process (Z),>1 is given by (4). More details of
the finite dimensional convergence of the process (Z,(g1),--.,Zn(gx)) can be found in Rosenblatt
(1985, Corollary 2, p. 61). B

Proof of Corollary 1. From Rio’s inequality (1994) and the stationarity of X, for all £,k € N, we
have:

(0 (Yite,0),Be)
Y0, E (Yiree | Bolln < 2/0 Q.| (W) Qv g, (w) du
(o (X¢, Xi+¢),80)
< 2 / Q|2Y0 Z|(u) du, from Schwartz inequality.
0 :

Therefore, for all £,k € N,

o,
1Yol E (Visee | B)ln < 2 /0 Q% , (u) du.

Consequently, for all £ € N

1
> Yol E (Yiree | Bo)lla 2 /0 D Tucay | Qi () du,

k>0 k>0

1
2 [ (0/() 7 @R ) e

IN

IN

But Lemma 2.1 in Rio (2000) provides:

2

1 1
| @ @)@ e < [ @0 (@) Qg () + Qi ()

! / —1 2 2
< [ @) @y () + RO du
0

1
and therefore if/o (o/(u))_leXd(u) du < 0o, then Z 1Yo E(Yie | Be)ll1 < +oo forall e N. 1
k>0

Proof of Corollary 2. We truncate the variables X; = fa(X;) + gm(X;) where, for z € R,
we set fy(z) = (v A M)V (=M) (then fyy € [-M, M]) and gy (v) = v — fu(z) = z -Tiy> . Note
that Lip far = 1 but || farlec = M.
Then, Yie = (Far(Xe) far(Xise) = R(0)) + Ug s with:

o R(0) = Cov (far(Xe), far(Xero) )

o Uponr = 9n (Xi) St (X)) + Fr (Xi)gnr (Xieve) + 900 (X)) gar (Xpqe) + R'(£) — R(0).
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Therefore, E( Uy ¢ar) = 0 and, for m such that || Xol|,m < oo, we derive

Ukl < ME ‘Xk ']I\Xk\>M’ + ME )Xk+e ']I\Xk+e\>M‘

+E ((ch ']I\Xk|>M)2) + ‘E (Xon - fM(Xo)fM(Xé)) ‘
1-2/m

IN

20 Xl (B0 > 20) "+ 102, (B0 > 1)
+E [ far(Xo)gnm (Xe)| + E |gar (Xo) far (Xe)| + Elgar (Xo) g (Xe)|

E| O|m 1-1/m 9 E| O|m 1-2/m
< 4AM|| X m<7) 2(| X <7>
< )Xo (210 2oz, (B
<6 M* || Xo|m, (29)

from Holder and Markov inequalities. By the same procedure, we also obtain:
1Ukemlls < 6(Egﬁ4(Xk)ff4(Xk+é) +E f3(Xi)gir (Xnse) + EQJ?\4(Xk)912\4(Xk+£))
< 18- MY Xo|m- (30)

Let hys be the function such that hys(z,y) = far(z)far(y) — R'(¢) for all (z,y) € R2. Note that
|har]loo < 2M? and Lip hyy = M. Moreover, for all random variable W in L1(€, A, P),

IE (W | Bl = sup ’]E(WZ))
ZE]LOO(QvaP) ) ”ZHoogl
Therefore,
HhM(XO’X") B (hM(X’f’XkH) |B€> Hl = HE(hM(XOaXZ) P (X, Xipe) |34)H1

= sup ‘E (Z - hay (Xo, Xy) - hM(Xkan—i—K))’
ZE]LOO(Q7B€7P) ’ ”Z”OOSl

IA

sup
Z'eL>°(Q2,84,P) , || Z]|co<2M?2

Cov (hM(Xk,XkH) , Z’) ‘

Consequently, from the inequality (8) and the stationarity of X, for all k£ > 0,
HhM(Xo,Xe) E (hM(Xkan—i—K) |B£> H1 <2- M0y (31)

Thus,

IN

HYo,e -E (Yk,e | Be) H1 H(Uo,e,M ‘E (Uk,e,M !Be> H1 + HhM(XmXZ) E (Uk,E,M | Be) H1

| Uo.ear - B (har (X Xea) 1Be) ||+ || e (X0, Xo) - B (as (X, Xi) | B )|

IN

2
HUk,K,Muz + 4M2HUI<:,E,MH1 + HhM(XOaXK) -E (hM(Xkan—i—E) | Bz) H1
< 34 MU Xolm 42 MP 0y

from (29), (30) and (31). With the choice M = 9,;_1‘/6(‘7%_1) we prove that if

oo
36,7 <00, | Xollm < o0
k=0

for some m > 4, yielding the Uniform CLT (7). B

22



4.3 Proofs of Theorem 3 and Corollary 3

Proof of Theorem 3: Set g € Hs with g(\) = dezgge“‘z, let £ € N* and define ¢g®)(\) =
Z| t<k gee™. From the functional limit theorem established in Bardet et al. (2005) and applied to
g, one obtains for all C3(R) function ¢ with bounded derivatives up to order 3 :

E [o(Valulg) - 1)) = é(al9) - N)]| < D + DE) + DL,

with

D = [E [o(Va(a(e®) = 76™)) - 6((s™) - N) |

pfy = [E[6(ots™) N) —¢(a9)- )],

D) = [E [o(Va(a(e®) = 7)) = 6 (Valdule) - 1(9))]|
Term D) : For i = 1,...,n, set @; = (X;4¢)y<p a stationary random vector in R*~1. The
function:

h(azi) =Y g(XiXipe — R(0)) fori=1,....n,
[l <k

satisfies the assumption H (defined above) with a = 2 and A = A(2k — 1) = 2k — 1. Define also:
1 n
S = = 3 hai) = VilIale®) — J(6®)).
Vit

By applying Theorem 1 of Bardet et al. (2005) to this function h, one obtains with C; > 0 and
5= a(m—4) -2m+1
C 2m+1l+a-m

D <oy kP, (32)

Term Dékr)L : With the same method used for obtaining the bound of Ay, in the previous proof, we
have:
D) < 119" llss - |0%(9) — * (9|

2n —

But, from the expression (4), we deduce:

-/ @) = @®))) 20 dn

a*(g) —02(9(’“))‘ <|-

vam [ [ aOat0) - 59 00 O )i

With g € H;, we have:

ool < (X 10=) (S arimad)” < (S arien) ol

11>k [€|>k 11>k

1/2
Consequently, with also ||g + ¢ ||o < Q(Zeez(l + ]6\)*S> “|lgll#,, there exists Ca > 0 such that:

1—s

DY) < Cy- (k7)) (33)

n —
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Term Dékr)L : First, from a Taylor development,
k) o Ly (k) k)
DY) <5 116w - B(ulg = 9%) = J(g = g™

With the same decomposition as in the proof of Lemma 3, one obtains:

]E(Jn(g—g(k))—ef(g—g(k))>2 < 3<(ZR(5)9£)2+(% > !flR(ﬁ)gz)2+

€[> k<]t|<n

o = afmio-rmo)])

E<|t|<n

First,

S

(X RO0) <@+n) S RO+ l0re < lallk, - 3 R

el=n >n =n j>n

Using the weak dependence of (X;); and with the same method as in the proof of Lemma 2 in Bardet
et al. (2005) adapted to the function h(x) = z (therefore with a = 1),

‘ 3

»

m—

RO|<conj <e-lo-5,

=3

from the rate 1 = O(|¢|~“) with a > 3. As a consequence,

Z R(£)2 <c-pl72® mot and ( Z R(£)9€>2 <c-n2 Zi:f_

[|>n [€]>n
In the same way,
1 2 1 2 9 _ C 1 9qm=2
(= X 10ROg) < lglf, - Y. RO < SRR
E<|t|<n k<|l|<n
Finally,
~ ~ 2 ~ 1/2\ 2
| 3 w(Ra@-E@E@)|, = (X loel(Var (Rue) )
k<[t|<n E<|t|<n
< max (Var (Ra(0)) - lglfy, - Y2 (1+16)7
E<[t|<n

1
< L2 lgl Y (1) fom Lemma 2
E<|(|<n

Finally, there exists C5 > 0 such that:

B < Gy (K2 4 k), (34)

n

Dy

-2 —1
Now, with (32), (33) and (34), we deduce by considering ¢t = <2a m 1= 1) A2 5 and selecting
m pa—
k such that k3 = n*, that there exists C' > 0 such that:

E[o(vatnl9) = J(9)) = 6(ole) - N)]| < C-ns . m

Proof of Corollary 3. Set g(\) = €*** in Theorem 3. Since this function belongs to each space H,, it
follows that the terms Dg?l and Dék% both vanish and the result follows from the bound (32). n
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5 Appendix : a useful lemma

For a weakly dependent process, the following auxiliary lemma shows that a function of this

process is also a weakly dependent process and provides a relation between the two weak dependence
sequences. For an example of the use of such a result, see the paragraph devoted to causal ARCH(o0)
time series.
Lemma 6 Let (X;);ez be a LP-stationary time series with p > 0, h : R — R be a function such
that |h(z)| < ¢ |z|* and |h(z) — h(y)| < c- |z —y| - (|z|* ' + |y|*=1) for (x,y) € R? with 0 < ¢ and
0 <a<p. Let (Y;)icz be the stationary times series defined by Y; = h(X;) for i € Z. Then:

— If (X3)iez is O-weakly dependent time series, then (Y;)iez is a stationary 0¥ -weakly dependent

p—a
time series, such that ¥r € N, Y = C - 07~" with a constant C > 0;
~ If (X3)iez is n-weakly dependent time series, then (Y;)iez is a n¥ -weakly dependent time series,
p—a
b=

such that Vr € N, nY = C -n?~" with a constant C > 0.

Proof. Let f : R* — R and g : RY — R two real functions such that Lip f < oo, [|fllec < 1,
Lipg < 00, ||gllec < 1. Denote (M) = (z A M)V (=M) for z € R. For simplicity we first assume
that v = 2. Let i1,...,0u,1,---,J0 € Z*"? such that i1,...,4, > 7 and j1,...,5, < 0 and denote
z; = (Xiy, ..., X;,) and 25 = (X, ..., Xj,). We then define functions F : R* — R, F(M) : R* — R
and G : RV — R, GM) : RY — R through the relations: F(z;) = f(h(X;,),..., (X)), FM) (z;) =
M M M M

FXM). . h(XT) and Gag) = g(h(X), . h(X,), GO0 () = g(h(X ), (X)),
Then:

|Cov (F(1), G(3))| |Cov (F(x1), G(az) — G (x5))] + |Cov (F(x3), G ()|

<
< 2B|G(z5) — G ()] + 2E|F (i) — FM ()] + [Cov (FOD (a3), G (7))
The last relation comes from || f||s < 1. But we also have

v-Lipg - E[h(Xo) — h(X™)]

E|G(z) - GM(x3))| <
< 2c-v-Lipg- IE(\XO\“ ']I|X0|>M) (from the assumptions on h),
<

2c-v-Lipg- || Xol|l,- M*™P  (from Markov inequality).

The same thing holds for F. Moreover, the functions FM) and GM) satisty Lip FM) = Lip F(M) =
c- M, with ¢ > 0, and |[FM| < 1, |G|, < 1. Thus, from the definition of the weak
dependence of X:

(cov (FOD (z;), GO (7)) ‘

IN

C-v-Lip f- M%16,, with u = 2, under condition 6;

IN

C-(v-Lip f4+u-Lipg) - M* 'n,, under condition 7.
Finally, we obtain respectively:

|Cov (F(z1), G(x3))| v-Lip f- (ML 0, + M@7P)

< C-
< C-(v-Lipf+u-Lipg) (M n, +M"P).

_ g/0-D)

By the optimal choice of M , we obtain respectively:

p—

|Cov(f(}/;17'"7Y’iu)7g(yi17"'7}/iv))| S C/ULlpfef_lv

p—a

< C-(v-Lipf+u-Lipg)-n'~". *
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