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International Money and Stock Market Contingent Claims

Abstract

We develop a unified approach with closed-form solutions for pricing bonds, stocks,
currencies and their derivatives. The specification assumes a fundamental risk factor
represented by a stochastic positive definite matrix following a Wishart autoregressive
(WAR) process. By assuming a volatility-in-mean specification for the domestic stock
returns and the relative changes of the exchange rates, and a domestic stochastic discount
factor exponential affine with respect to the fundamental risk, it is possible to derive
closed form solutions for the term structures of interest rates and for the risk neutral
probabilities. In particular:

i) The domestic and foreign term structures are jointly affine and correspond to Wishart
quadratic term structures, which can ensure the positivity of interest rates;

ii) In this framework where the stock price follows a model with stochastic volatility
we obtain explicit or quasi-explicit formulas for futures and forward contracts, swaps and

options; this extends results by Heston (1993) and Ball, Roma (1994).

Keywords : Quadratic Term Structure, Exchange Rates, Stochastic Volatility Model,

Wishart (WAR) Process, Futures and Forward Contracts.
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1 Introduction

The major part of the financial literature considers separately the problems of bond and
stock pricing. For instance there exists a large literature on the term structure of interest
rates (see e.g. Martellini, Priaulet (2001), Dai, Singleton (2003) for surveys). The so-called
affine term structure models introduced by Duffie and Kan (1996) provide a specification
which is easily implementable and sufficiently flexible to fit the available bond data. In
parallel the models for stock pricing generally assume a constant riskfree rate and try to
reproduce the basic implication of the CAPM, that is the positive relationship between
expected return and volatility due to the existence of a risk premium (Merton (1973)).
From a modelling viewpoint, coherent models for bonds and stocks can also be used to
price commodity derivatives (futures and futures options) with a stochastic term structure,
or to analyze term structures and exchange rates in an international framework. They
are often presented in one of these ways in the literature. i) For instance, based on
preliminary works on the term structure of commodity derivative prices *, several authors
have considered either stochastic spot price for the commodity and stochastic convenience
yield (Jarrow (1987), Gibson, Schwartz (1990)), or stochastic spot price, convenience
yield and interest rate (Schwartz (1997), Hilliard, Reis (1998), Miltersen, Schwartz (1998),
Jarrow, Turnbull (1998), (2000)). ii) Symmetrically Grabbe (1983), Amin, Jarrow (1991),
Brace, Musiela (1997) considered derivative pricing in an international economy from
both domestic and foreign perspectives. In particular, coherent approaches with closed
form pricing formulas have been developed by Miltersen, Schwartz (1998) for commodity
markets and by Amin, Jarrow (1991), Brace, Musiela (1997) for international markets.
They are all based on the Gaussian Heath-Jarrow-Morton model (Heath, Jarrow, Morton

(1992)). Despite the interest of the derived closed-form formulas, these approaches are

4 See Ramaswamy, Sundaresan (1985), Cortazar, Schwartz (1994), Amin, Ng, Pirrong (1995).



valid under the restrictive assumption of constant or deterministic volatility 5. Moreover
they do not ensure the positivity of interest rates.

The present paper is in the spirit of the later literature. Its aim is to encompass the
affine term structure models and the standard models for stock pricing in a multicountry
framework, providing simple closed-form pricing formulas. Compared to Amin, Jarrow
(1991) and Miltersen, Schwartz (1998), the Wishart quadratic term structure model is
taken as a basis, instead of the Heath, Jarrow, Morton’ model. The approach still pro-
vides closed form pricing formulas and appears more flexible. For instance i) stochastic
volatilities and covolatilities are allowed; ii) stochastic risk premia of CAPM type can be
introduced in the return equations; iii) the positivity of interest rates is easy to character-
ize by means of appropriate parameter restrictions; iv) Last, but not least, the coherency

6, Whereas the risk-neutral

exists between the historical and risk-neutral distributions
analysis is important for derivative pricing, the historical analysis is needed for parameter
estimation based on time series observations and for the determination of Values at Risk
(VaR). In Section 2 we introduce a factor model, where the factors measure a funda-
mental multivariate risk which is represented by a stochastic symmetric positive definite
matrix. These factors influence i) the stochastic discount factor (sdf) of the domestic
country which drives the level of the domestic state prices, ii) the stock prices (domes-
tic and foreign market indexes) by means of a stochastic variance-in-mean model, and
iii) the relative changes of the exchange rates. By selecting a domestic sdf which is an
exponential affine function of the factor and a factor satisfying a Wishart autoregressive

(WAR) process (Gourieroux, Sufana (2003), (2004), Gourieroux, Jasiak, Sufana (2004)),

we derive in Section 3 affine domestic and foreign term structures. The relationship be-

5 See Section 4 in Miltersen, Schwartz (1998), Assumption 7 in Amin, Jarrow (1991), Section 2 in Brace,

Musiela (1997).
6 In previous papers [see e. g. Amin, Jarrow (1991), Miltersen, Schwartz (1998)], the analysis is only done in the

risk-neutral world.



tween the domestic term structure, the foreign term structure and the exchange rate is
illustrated by numerical examples with realistic parameter values. In particular we show
the flexibility of the specification in producing various patterns of both the domestic and
foreign term structures. As well-known, it is important to distinguish between forward
and futures contracts when the interest rates are stochastic. Clearly in an international
economy at least one of the domestic and foreign interest rates is stochastic, whenever
the exchange rate is not deterministic. Futures and forward contracts written on mar-
ket indexes or exchange rates are explicitly priced in Section 4. Similarly we consider in
Section 5 closed-form pricing formulas for swaps and quasi-explicit formulas for options
written on foreign indexes, futures or forward contracts, and zero-coupon bonds. Section

6 concludes. Proofs are gathered in appendices.
2 The international economy

2.1 The assumptions

Let us consider n countries, indexed by j = 1,...,n. Country 1 is the domestic country,
used as a reference for defining the different variables of interest. The primitive variables
are: 1) the exchange rates between the currencies of countries j and 1, that is the price of

one unit of currency j denominated in currency 1, with relative change denoted by rj1,

j =1,...,n. Note that ry1; = 0. ii) the domestic denominated market indexes with
geometric returns denoted by y;j14, j = 1,...,n. y1j1; corresponds to a standard market
return, whereas yjj14, j = 2,...,n corresponds to the return of a quanto written on a

foreign index .

" Quantos are contingent claims with a nominal "payoff" denominated in one currency, but paid in another

currency. A typical example is the Nikkei equity index option with the yen Nikkei return paid in dollars [Amin,
Bodurtha (1995)].



As now usual in modern finance (see e.g. the survey by Ferson (2003)), the model
assumes a stochastic discount factor for country 1, that is a domestic sdf, which can be
used to price all assets of interest, that are bonds, stocks and derivatives written on bonds,
stocks, or currencies, whenever their prices and payoffs are denominated in currency 1.
To get tractable specifications, we consider the following set of assumptions written in

discrete time.

Assumption A.1 : (Information set) The information of the investors includes a
measure of the fundamental risk, represented by a (L, L) stochastic symmetric positive
definite matrix YJ;, and some specific risks ;14,7 = 1,...,2n, associated with the n

currencies and the n market indexes of interest.

Assumption A.2 : (Dynamics of exchange rates and domestic market returns)

i) The relative changes of the exchange rates can be written as®:

Tj|1,t—|—1 = dj|1 -+ TT(D;J“Et) -+ TT(Dj|12t+1) -+ €j‘17t+1, j = 1, o,y

where D?,l, Dj, are (L, L) symmetric matrices, d;j; is an intercept, and dy; = 0, D(1)|1 =0,

Dyjp =0, 11,441 = 0, by the choice of the domestic country 1.

ii) The market returns can be written as:

Yjjrer = fijn + TT(F}QHEt) + Tr(FjpYSi) + €jgnier1, J=1,...,n,

where FJQ‘I, Fjj1 are (L, L) symmetric matrices and f;;; an intercept.

iii) The error terms €141, = 1,...,2n, are such that : €111 = (E1j1,¢41, - - E2nf1,641)

is multivariate Gaussian conditional on * Yi41,€)1,, With zero-mean and a variance-

8 Tr denotes the trace of a square matrix, that is the sum of its diagonal elements. Given two symmetric matrices

D and ¥, we get: Tr (DX) = Zle Zle dijoij. Thus T'r (DY) is simply a convenient notation for representing a
linear combination of elements of X.

Yt+1 denotes the set of values Y11, X4, X¢—1, ..., prior to date t + 1.
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covariance matrix A} ;.1 A, where A; is a matrix of dimension (L, 2n) with a first column

equal to zero.

The terms T'r(FjpX11), T’I“(F;Q‘lzjt), Tr(DguEt), Tr(D;pX41) included in the drifts can
be seen as risk premia. For the domestic market return yj1441, a positive risk premium
is expected. However it has to be noted that the effect of risk passes through both the
current and lagged values of . We can expect that the risk premium is an increasing
function of the expected volatility and a decreasing function of the surprise on volatility,
that is' T7(Fip X)) < 0, Tr[(Fys+Fy);)%] > 0. This is the so-called volatility feedback
(see Bekaert, Wu (2000)). It is easily checked that Tr(FX) for instance is positive if !!
F'is a symmetric positive semidefinite matrix. Thus we expect Fij; < 0, Fip + F 10|1 > 0.
We expect similar parameter sign conditions for all market returns expressed in their own

money. Since:

Yjlgt+1 = Yje+1 — Tjn,e+1

= fin —djp +Tr [(Fjy — D) %] +T7 [(Fjp — Djjn)Bera] + €jnlneen — Ejeets

these expected conditions are:

Fipn < Dy, Fyp + Fjou > D1 + D?H,Vj, (2.1)

where F' > D means that F' — D is symmetric positive semidefinite.
When these inequalities are satisfied, the long term risk premia on market returns ex-

pressed in their own currencies increase when the fundamental risk increases (in the sense

10 Assuming volatility persistence.

L
11 Let us consider a symmetric positive semidefinite matrix F. Since F' can be decomposed as ' = >" asaf, where

=1
ai,i=1,...,L is a L—dimensional vector, we get:

L L L
Tr(F%;) = T’I‘(Z a;a;%) = Z Tr(a;a;se) = Z a;¥ia;,
i=1 i=1 i=1

by commuting within the trace. Thus Tr(F%;) > 0, since X; is positive definite.



of symmetric matrices)'?.

Assumption A.3 : (Domestic stochastic discount factor) The stochastic discount

factor (sdf) for country 1 and period (¢,t 4 1) can be written as:
Ml,t,t+1 = eXp{cl + TT(C?Zt) + TT(012t+1) -+ ’7/15‘17“_1},

where CY, Cy are (L, L) symmetric matrices, c; is an intercept, v, is a (2n, 1) vector.
Thus the domestic sdf is an exponential affine function of both the fundamental risk
and idiosyncratic factors. This exponential affine functional form will facilitate further
computations (see e.g. Yao (2001), Dijkstra, Yao (2002), Gourieroux, Monfort (2005)).
The matrices CY and CY + C; are expected to be positive semidefinite and negative
semidefinite, respectively, to represent the volatility feedback on state prices. Indeed under
this condition the state prices diminish when the fundamental risk increases, whereas a
surprise effect is introduced. Since the sdf in currency j (that is the domestic sdf of

country j) is:
Mj,t,t+1 = Ml,t,t+1 EXP Tj|1,t+1
= exp{ci + djj + Tr[(C + Dj) %] + Tr [(Cy + Djp)Seia] + viepee + €51}
it is expected that:
Ci+Dju >0, CY+Ci+DY+Djn <0, j=1,...,n.

Assumption A.4 : (Factor dynamics) The fundamental risk measure (3;) follows a

Wishart autoregressive (WAR) process, with conditional Laplace transform:
exp Tr [M'T (Id - 20T) "' M%,]
[det (Id — 2Q0))*/?

where M is a (L, L) matrix of latent autoregressive coefficients, €2 is a (L, L) matrix of

ElexpTr(I'S;11)|2] =

Y

12 Let us consider two levels of risks ;1 >> Yo, say. Suppose that the risk premium is equal to Tr(FX

):
where F is positive definite. Since 31 — X3 > 0, we know that Tr[F(2; — 32)] > 0, or equivalently Tr(FX;) >

Tr(FXs); therefore the risk premium increases with 3.



latent volatility and K a positive degree of freedom. I"is a (L, L) matrix of real or complex
elements and the Laplace transform exists whenever ||2Q0|] < 1.

The Wishart process is the direct extension of the Cox-Ingersoll-Ross process to multi-
variate "volatility-covolatility" matrices and feature the mean-reverting property usually
observed in practice. The conditional Laplace transform characterizes its transition dis-
tribution which is a noncentral Wishart distribution (see Gourieroux (2004)). Since the
conditional Laplace transform is an exponential affine function of ¥J;, the Wishart process
is a special case of affine process.'?

The dynamic specifications introduced for market returns and relative changes of ex-
change rates imply restrictions on the joint marginal and conditional distributions of the

variables. For instance the marginal distribution of the relative change of exchange rate

Tjj1,.+1 18 easily characterized by its marginal Laplace transform:

Eexp(urjj441)
= FEexpludj; + Tr(uD?‘lEt) + Tr(uDjj X)) + Uejj 441
= FEexpludj; + Tr(uD?‘lEt) + Tr((uDjn + %uQAle’lj)EtH)]
(by integrating conditional on ¥, 3;.1)
= exp (udjp) det[Id —2QuD;y + %uQAlellj)]—K/Q
E{expTr{(uD + M'(uDy, + %uQAUA’U)(Id —20(uDy + %ﬁAle;j))—lM)zt]}
(by integrating conditional on ¥;)
= exp(udjj) det[Id —2Q(uD;p + %U2A1j TR
det[Id — 20(o0) (uDSy + M'(uDjy + %1} Ay AL (Id — 20(uDyy + %uz Ay, AL DR,

by integrating with respect to X; [see Gourieroux, Jasiak, Sufana (2004)], where Aj;

13 Also called Compound Autoregressive (CAR) processes when they are considered in discrete time [Darolles,

Gourieroux, and Jasiak (2005)].



denotes the jth column of A; and §2(co) is the solution of the equation:
Q(00) = MQ(co)M' + .

The first and second order moments are deduced by considering the second order
expansion of the log-Laplace transform.

Finally note that the basic set of assumptions A1-A4 differs from the basic sets intro-
duced in the previous literature for coherent modelling. i) They are written under the
historical distribution in order to be able to derive both the historical and risk-neutral
dynamics; ii) A Wishart factor process is introduced to get a quadratic term structure
model compatible with the observed positivity of interest rates; iii) They focus on the do-
mestic sdf and not on the domestic and foreign forward term structures as needed in the
Heath-Jarrow-Morton approach. The forward term structure dynamics will be derived as

a byproduct in Section 3.

2.2 An invariance property by change of currency

Up to now the dynamics of exchange rates, bonds and market returns have been defined
with reference to country 1. However we can adopt a foreign trader perspective and choose
the currency of another country [, say, as a new numeraire. The relative changes of the
exchange rates, the market returns and the sdf are modified in the following way (with

clear notations):

Tilt+1 = Tl — Tt J = 1,...,m,
Yilli+1 = Yje+1 — T+t J=1,...,m,
Ml,t,t+1 = Ml,t,t+1 EXPTriL+1 = Ml,t,t+1Ml\1,t,t+1> say.

Thus we deduce:

Tt = djj — dyp + T7“[(D?|1 — Dﬂl)zt] + Tr[(Djn — Diyp)Bea] + €1 — €yt

= dji+ TT(D?uEt) + Tr(DjiXe41) + €jjie+1,

10



where

dj|l = dj|1 - dz|1, D?II = D?|1 - D10|1, Dj\z = Dj\l - Dl|17 Ejlit+1 = Ejj1t+1 — EL,t41-
Note that €;j;¢41 =0, Vj =1,...,n and €411 = —&gjur Vi, L € {1,...,n}.

Similarly we get:

Yiitrr = fip —dip+ TT[(F]OH - D10|1)Et) + Tr[(Fjjp — Dip)Xeg1 + €jgnii41 — Eij1,¢41
= fin+ TT(Fy%zEt) + Tr(FjiXe41) + €j4nlit+1s

where

fj\l = fj|1 - dz|1, F]Qu = F]Q|1 - D10|1, Fj|l = Fj\l - Dl|17 Ejtn|lt+1 = Ej4n|lt+1 — EY1,t+1-

Finally the new sdf is given by:
Migier = exp{(cr +dyr) + Tr[(CY + Djjy) 5] + Tr[(Ch + Dy1)Sera] + Vigjess + eqre )

= exple +Tr(CP%)) + Tr(CiSy) + Vi€ t+1],

where
¢ =cr+dp, Cf =C7 + Dy, Cr=Ci+ Dy,
ViEp+ = [V1l1d — e€l] — eilep i,
where e = (1,...,1)" and e; denotes the vector of dimension 2n with zero components

except the first which is equal to one.
Since €1)1,441 = 0, the component 7,; can be arbitrary and an identification constraint

for v, is : vje = —1. Under this identifying restriction, the last equality becomes:

/ /
(71 = Y)eps+1 = 0.
Thus we can choose: v, = v,, since 7, is arbitrary because of ;4,1 = 0.

Finally note that the new innovation &), ;1 is still conditionally Gaussian, with zero-

mean. Its variance-covariance matrix is:

Vt(€|l,t+1) = Vi [5\1,t+1 - 6625\1,t+1}

11



= V, [(Id — e€))ep p41]

= A;EtﬂAb

where A = [Id — e¢;] A, and e; denotes the vector of dimension 2n with zero components
except the component of order [ which is equal to 1. We deduce the invariance property

by a change of currency.

Proposition 1 : The foreign denominated securities have a dynamics similar to the
corresponding domestic denominated securities. Their dynamic specifications are written

with modified parameters to account for the exchange rate risk.

2.3 The arbitrage-free restriction

This section analyzes the restrictions that need to be imposed upon the previous stochastic
processes to get an arbitrage free international economy. Since the sdf can be used to price
all assets of interest, it is in particular valid for the n market portfolios'* expressed in

currency 1. This implies the no-arbitrage restrictions:

Et[Ml,t,t-i-l exp yj|1,t—|—1] = 17 ] - 17 - N,

where F; denotes the expectation conditional on the information available at ¢, that is

Yy, 1. The arbitrage-free restrictions are equivalent to:

Et[exp{cl -+ TT(C?Zt) + TT(Clzt_H) + ’7,15|1,t—|—1 -+ fj\l + TT(FJQ‘IEt)

+Tr(FjpXi1) + et =1, j=1,...,n.

Applying the iterated expectation theorem, we can integrate out the innovation e 441

conditional on ;1. Let us denote ¢e;, the 2n-dimensional vector with zero components

4 We implicitly assume that the market portfolio is tradable.

12



except the (j + n)" component, equal to one. We get:

Ey [exp{er + fip + Trl(CF + Fjj) %] + Tr[(Cy + Fjp)Sipa]

J

+ (71 + €j+n)lA,12t+1A1(71 + €j+n)}

[c1 + fipn + Tr[(CT + FQ\l)EtH

= X j

T o= —

EyexpTr([Cy + Fyp + %Al(% + €jn) (V1 + €j4n) A1 i)
= exp [er + fin + T ((CF + Fjjp) %) |
{exp Tr[M'T ;1 (Id — 29T 1) "M} [det(Id — 20T ;)] /2,
where:
Ljp=Ci+ Fjp+ %Al(% +€jn) (V1 + €jn) AL (2.2)

The arbitrage-free restrictions are immediately deduced.

Proposition 2 : The joint choice of the domestic sdf and asset dynamics is restricted by

the arbitrage-free conditions:
K .
c1+ fin — 5 log det (Id —20T';;) = 0,Vj,
CY+ Fjy + M'Typ(Id —200;,) "' M = 0,V
where the matrix I';j; is given by equation (2.2).

The arbitrage-free restrictions are fixing some drift components for all quanto market

indexes. We get:
K
Yjjgr1r = —Cc1+ 5 log det[Id — 2QT ;1]
+ Tr {[—C? - M,F]‘l(fd — 2QFJ|1)_1M]Et}
+ TT(F}'\IEH—I) + Ej+n|l,t+1- (23)

It is not surprising to get a restriction between the predetermined components of the sdf
and expected market returns. For instance the limiting case M = 0,€) = 0, corresponds

to zero risk : ¥; = 0, we have no uncertainty and all returns coincide in the riskfree world.

13



Indeed yjj1441 = —c1 is independent of j and coincides with the common return of all

Arrow-Debreu securities.

Remark 1 : Since the fundamental risk factor ¥, is exogenous, the observability of the
domestic and foreign interest rates does not imply additional arbitrage-free restrictions.
For instance from: Mj; ;1 = M 41 €xpry141, and applying the conditional expectation

to both sides of the equation, we get:
EM 01 =exp—ri(t + 1) = Ey(My 41 €XP Tyt 41)-

The pricing operator applied to currencies simply defines the new variables (¢t + 1)
corresponding to the short term interest rate in country /; the complete term structures
will be derived in Section 3.

Remark 2 : The specification introduced in Section 2.1 and the arbitrage-free restric-
tions are easily extended to the pricing of stocks with payment of dividends, or to com-
modities with convenience yield including (minus) the cost of carry. Let us for instance
consider stocks with dividends. We have just to introduce a second discount factor
M7, 141, say, representing the discounting associated with dividends, to assume an ex-
ponential affine expression for My, ; too, and to change the arbitrage-free condition
into Fy[My 1M1 €Xpyjper1) = 1,5 = 1,...,n, where the y;j; 141 are the ex-dividend
returns. Note that all dividends are also expressed in domestic currency. Thus the divi-

dends associated with a foreign market portfolio are transformed into "quanto-dividends".

Remark 3 : The assumption of conditionally Gaussian error terms can be weakened.

The above results are still valid if:

Et[exp (7/5|1,t+1) |Et+1]

can be written as : expla(y) + Tr(B(y)A | X:11A1)], say. Thus the model is compatible

with an error term admitting a conditional tail larger than Gaussian.

14



2.4 Risk neutral probabilities

In currency [, the conditional density of the risk neutral probability with respect to the

historical probability is given by:

Qi1 = Migerrexpri(t,1) = My /B[ My, L=1,...,n.
This density is an exponential affine function of ¥; and 3,1, which can be expressed in
terms of the domestic risk neutral density g1 ::+1. We get:

Qi1 = Mg expryer/ B[ Miger1 €Xp ]

= (q1,tt+1€XP 7’1|1,t+1Et(M1,t,t+1)/Et [Ml,t,t+1 exp 7’1|1,t+1]
EXP Ty1,t4+1
1 )

Ef (expry 1)

where E;! denotes the expectation with respect to the domestic risk neutral probability.

q1tt+1

3 Domestic and foreign term structures

The coherent modelling defined by assumptions A1-A4 is appropriate for analyzing the
link between domestic and foreign term structures, and especially for examining how this
link depends on the dynamics of exchange rates. All these relations depend on the way
the common risk factor affects the exchange rates and the domestic sdf. We provide

numerical examples with realistic parameter values to illustrate these relations.

3.1 Closed-form expressions of the term structures

Let us first consider the domestic bond market and denote by Bj(t, h) the price at t of a

zero-coupon bond with residual maturity h. The recursive bond pricing formula:
Bl(t, h) — Et[Ml,t,t+lBl (t + 1, h - 1)],
and the expression of the domestic sdf (see Assumption A.3):

Ml,t,t-i-l = exp[cl + TT(C?Zt) + TT(012t+1) + ’)/15\1,15—&-1]7

15



allows us to derive the affine term structure along the lines of Gourieroux, Monfort,

Polimenis (2002) (see Appendix 1).

Proposition 3 : We have:
Bi(t, h) = exp{Tr[®1(h)%] + ¢y (h)}, forh >0,
where the matrix ®;(h) and the scalar ¢, (h) satisfy the recursive equations:
®i(h) = CY+M[Ci+ 1 (h—1)+ %A1717,1A/1]
Id—20[Cy + y(h —1) + %Awlv’lA’l]] Y

K 1 ,
oi(h) = a+¢(h—1)— 5 log det {Id —2Q[C + P1(h—1) + §A1717’1A1]} ,

for h > 0, with initial conditions ®;(0) = 0, ¢,(0) = 0 corresponding to B (t,0) = 1.

In particular the geometric yields : r1(¢,h) = —1log By(t, h), are affine functions of
the risk factors, represented by the fundamental volatilities and covolatilities, which are
the elements of ;. We get a domestic affine term structure, called Wishart quadratic
term structure in the literature (Gourieroux, Sufana (2003)).

The specification is convenient for discussing the nonnegativity of interest rates ry (¢, h)
at all maturities. First note that these rates are nonnegative whenever the short term
interest rate 71 (¢, 1) is nonnegative. Since:

ri(t, 1) = =Tr[@1(1)5] — ¢y (1),
the nonnegativity condition is satisfied for any admissible risk factor 3, if and only if
©1(1) <0 and —®4(1) is positive semidefinite. This implies joint restrictions on parame-
ters CY, C1, M, Q, Ay, v,, c1. When these restrictions are satisfied: Bj(t,1) = E; M 4441
is smaller than 1, but the domestic sdf itself is still stochastic, with values smaller or

larger than 1.

The results of Proposition 3 are easily transposed to the foreign term structures by

16



using the invariance by change of currency (see Section 2.2).

Corollary 1 : The term structures of the different countries are jointly affine.

However these term structures may have different features in terms of time series or
cross-sectional properties. In the two next sections we consider numerical examples, dis-
cuss the joint dynamics of the exchange rate and interest rates (Section 3.2) and the
associated term structure patterns (Section 3.3).

The (domestic) term structure of short term forward rates, which is the basis of Heath-

Jarrow-Morton approach, is easily derived from Proposition 3. Indeed we have:

Bi(t,t —T)
=1
frar = =los o = Ty

and therefore:

fror — fror = Tr([@(T —t—1) = &(T — )% + (T —t — 1) — oy (T — t)
—Tr{[[@y(T = 1) = @1(T)]%0] — 1 (T = 1) + oo (T).

This forward term structure is driven linearly by the Wishart factor ;.

3.2 Interactions between domestic and foreign short term interest
rates

We consider the case of two countries (n = 2), three factors represented by two volatilities
and one covolatility (L = 2), and a degree of freedom K = 2; we also assume that there
are no specific risks (4; = 0), no lagged effect (CY = Dgu = 0), take a diagonal matrix
M and an identity matrix €2; in other words, the risk factor can be decomposed as:
Y = xpal, + xoxhy,, where (zi), i = 1,2, are independent bivariate processes, whose
components (xgtl )>, (xg )) are themselves Gaussian, independent and autoregressive of

order 1:

1 1 1
xz('t) = mlxz(,t)—1+5z('t)7

17



xff) = mng?_l—i-sEf), 1=1,2,

where my, mo are the diagonal terms of M and the 62({), j = 1,2, are IIN(0,1) [see

Gourieroux, Jasiak, Sufana (2003)]. In particular, denoting the entries of 3; by o3%,, 03;,

012¢, We have:

)2 )2
U%t = (37§t)> +<$ét)) )
2)\ 2 2)\ 2
O-gt = (Igt)) +(I§t)) )

012t = xﬁ)xg)—i—xg)xg).

Finally we assume that the domestic sdf M ;441 only depends on o7, ,, that is:

Ci = M { (1) 8 ], and that the exchange rate rg; ;41 only depends on a%tﬂ, that is:
Doy = Ay [ 8 (1) ] . In particular the domestic sdf and the exchange rate follow indepen-
dent dynamics.

Then three dynamic models M1, M2, M3 are considered.

M1: In this model, we take: m; = my = 0.1, that is weakly autocorrelated basic factors
2\ and 2P, We also take: ¢; = —0.05, \; = —1072, dypy = 0, Ay = —1073. The historical
(i.e. unconditional) densities of the domestic and foreign short term interest rates are
displayed in Figure 1. They correspond to noncentral chi-square distributions, since the
Wishart based models are direct extensions of the Cox-Ingersoll-Ross model. Moreover

the two series of short term rates are weakly autocorrelated (see the autocorrelograms

displayed in Figure 2).
[Insert Figure 1: Unconditional density function of r; and 7]
[Insert Figure 2: Autocorrelogram of ryj1, r1 and 7]

M2: In this model, we take: m; = 0.1 and mg = 0.9. Thus the basic factors argtl)
are weakly autocorrelated, whereas the basic factors a:z(f ) will feature high persistence.

We also take: ¢; = —0.05, \; = —1072, dgj; = 0, A, = —10~*%. In this example, rq (f)
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is weakly autocorrelated since the domestic sdf only depends on Uit 415 T2, is highly
autocorrelated, since it depends on agﬂt .1, and 75 (t) is also highly autocorrelated because
of the impact of the exchange rate dynamics on the dynamics of the foreign sdf (see Figure
4). The historical densities of the short term interest rates are displayed in Figure 3. We
observe the large increase of the tail magnitude of the foreign interest rate, which is a

consequence of the high persistence of the exchange rate.'?
[Insert Figure 3: Unconditional density function of r; and 7]

[Insert Figure 4: Autocorrelogram of ry1, 71 and rs]

M3: In this model, we take: m; = 0.9 and my = 0.1. Thus the basic factors x;}) are

highly autocorrelated whereas the basic factors ng ) are weakly autocorrelated. We also
take: ¢; = —0.05, Ay = —107%, dy;; = 0.02, Ay = —1072. In this case, both 7 (¢) and
o (t) are strongly autocorrelated because the domestic sdf is strongly autocorrelated and,
although the relative change of the exchange rate is weakly autocorrelated, the foreign sdf

is also highly autocorrelated (see Figure 6). Both unconditional densities feature rather

fat tails (see Figure 5).
[Insert Figure 5: Unconditional density function of ry and s

[Insert Figure 6: Autocorrelogram of ro1, 71 and rs]

3.3 Term structure patterns

Let us now discuss the effect of the joint dynamics of ry, rp; on the pricing formula. More

precisely the aim of this section is to illustrate the flexibility of affine specifications and in

15 Detailed discussions on the link between the serial persistence and the tails of the unconditional density

have been done in Gourieroux, Jasiak (2001), Gourieroux, Robert (2005).
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particular to show that a very large set of patterns can be obtained for both the domestic
and foreign term structures of interest rates.

The domestic term structure of interest rates ri(t,h) = —% log By (t,h) is given by
Proposition 3. Assuming that L = 2, that is a 3-factor model, and K = 2, this term
structure depends on the scalar ¢;, on the (2 x 2) matrix M (with eigenvalues smaller
than 1 in modulus), on the (2 x 2) symmetric positive semi-definite matrix €2, on the
(2 x 2) symmetric negative semidefinite matrices C?, C} and on the (2 x 1) vector A;v;.

Let us consider one foreign country; the term structure of interest rates in this country
is given by ro(t, h) = —% log By(t, h), where Bs(t,h) is obtained from Proposition 2 in
which ¢; is replaced by ¢; + dg1, CY is replaced by CY + Dgu < 0, (] is replaced by

C1+ Dy < 0, and A, is replaced by Ay, (since v, = 7). Note that :
Aoy = Ai(Id — exe’)yy = A1y + Ases.

In summary, for L and K fixed to 2, the parameters are M, Q, ¢;, C7,C, A1y, day,
Dg|1, Doj1, Ayys, Xy. This large set of parameters allow for various shapes of the domestic
and foreign term structures.

The choice of a three factor model is the minimal one to ensure deterministically
independent evolutions of the level, slope and curvature of each term structure. But
both domestic and foreign term structures depend on the same factors, which are the
elements of the fundamental volatility matrix ¥;. For instance one given factor can
impact the slope of the domestic term structure and simultaneously the curvature of
the foreign term structure. We consider below four dynamic models. The values of the
parameters corresponding to these four cases and the current state of the environment
are given in Appendix 3. Experiment I (see Figure 7) provides an example where both
term structures are decreasing . In experiment II (see Figure 8) both term structures are
increasing. In experiment III (see Figure 9) one curve is decreasing and the other one is

increasing. Finally experiment IV (see Figure 10) provides an example where one curve
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1s not monotonic.

[Insert Figure 7 : Term Structure of Interest Rates, Experiment I]
[Insert Figure 8 : Term Structure of Interest Rates, Experiment II]
[Insert Figure 9 : Term Structure of Interest Rates, Experiment III]

[Insert Figure 10 : Term Structure of Interest Rates, Experiment IV]

4 Pricing futures and forward contracts

In this section we derive closed form pricing formulas for standard forward and futures
contracts. These formulas are based on a lemma providing the multihorizon conditional

Laplace transform of the fundamental risk.

4.1 Multihorizon prediction

Lemma 1 : Suppose that (3;) is a WAR process defined in Assumption A.4 and let us

consider the conditional multihorizon Laplace transform:
E{expTr(At415i41 + NeroXega + .o + Arr) |}
This conditional Laplace transform is given by:
exp[Tr(®(t, T)%) + (¢, T)],
where the operators ®\(¢, T') and ¢!"(¢,T) are defined by the backward recursion:
SN, T) = M/ [Ny + O+ 1,T)][Id — 2Q(Arg1 + OVt +1,T))] 7 M,

and

K
oN(t,T) = — logdet[Id = 20(Avi1 + Nt +1,T)] + oMt +1,7),

for h > 0, with terminal conditions:

oN(T, Ty =0, N(T,T)=0, VT
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Proof : See Appendix 2.
4.2 Pricing futures contracts

4.2.1 Futures on foreign market indexes

Let us denote by Sjj1+ the domestic denominated index of market j at time ¢. We have:
Sj|1,t = Sj|1,t—1 €XP Yj[1,t-

The domestic futures price of the market j index for maturity 7" is given by:
SE(t,T) = EZ' Sjur,

where () is the domestic risk neutral probability defined in Section 2.4.

Therefore we have:

M. Mir_ar
EMi gy . Er aMip_yr

Sﬁl (t, T) = Sj|1,tEt exp(yj|17t+1 4+ ...+ yj\LT)

Proposition 4 : The futures price SjF‘l (¢,T) is given by:

K 1
S logdet[Id — 20(Cy + 5717, AjAr)] + oM (t,T)

SE(LT) = Spexp{(T—0)fy + :

+T7[(Ao + (8, T)) 2]},

where ®(¢, T), ©N(t, T) are obtained recursively using the formulae of Lemma 1 for the

sequence of matrices (A1, ..., A1, Aa), where:
~ 1
A= Cid Fip+ G+ Fji+ A+ €an) (11 + €50n) A1,

1
Ny = Ci+ Fju+ 5141(71 + €jpn) (71 + €jtn) Al
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with:
r K nll 0 / -1
fj\l = —Cc + E log d@t(ld — QQFJ'H), 'FJH = _Cl - M Pj‘l(Id - 2QFJ‘1) ]\4'7
1
GY = —M'Ts5(Id—200s)"'M, T3=0C+ 3717 AL
Proof : See Appendix 4.
4.2.2 Futures on exchange rates

Let us denote by R;j; ¢ the exchange rate of currency j at time ¢, denominated in domestic
currency. We have:

Rj|1,t = Rj|1,t—1 €XP Tj|1,¢-
Therefore we can easily find the price of a futures written on the exchange rate with

maturity T' just replacing y;1, by ;1 in the above subsection.
4.3 Pricing forward contracts

4.3.1 Forwards on foreign market indexes

Two cases have to be distinguished. In case a) the delivery price K is specified in domestic
currency. In case b) the delivery price K is specified in foreign currency and the payoff at
the settlement date 7" is the difference between the prevailing price of the index (in for-
eign currency) and this delivery price converted in domestic currency at a predetermined
exchange rate R. This latter type of contract is called a quanto-forward contract. So the

domestic payoffs at 1" are, respectively:
case a): Sinr — K;
case b): R(Sjjr — K).

In both cases the delivery price K is fixed to get a zero value of the contract at the
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agreement, date ¢. This implies:

Sje
case a): K, = Jfll(t’ T = m’

where Bj(t,T) = By(t,T —t), and:

RS RS.
b): K, =S89 (t.T) = = it _ L8041 '
case b) RK, 53\1(7 ) B;.‘(t,T) ijBj(t,T)

In particular, if R = Rj1,, we get:

(t7) =

St = 2t
Bi(t.T)

Jjl
In case a) the domestic term structure is involved, whereas in case b) the foreign term

structure is involved. In both cases the prices are explicit since the domestic and foreign

term structures are explicit as seen in Section 3.
4.3.2 Forwards on exchange rates

In a forward contract on exchange rate with settlement date 7" and price K (denominated
in domestic currency), the payoff at T is Rj;r — K. The delivery price K is fixed to
get a zero value of the forward contract at the agreement date t. The value at date ¢ of
Rjj 7, in currency j, is the value at date ¢ of one unit of currency j delivered at date T,
namely B} (t,T'), and the domestic price is Rjj1+ B} (¢, T'). Therefore the forward price for

a forward exchange rate is:
MBI T)
Again an explicit formula is derived from the formulae of both term structures.

5 Pricing swaps and options

In our international framework it is also possible to derive closed form formulae for pricing
swaps and quasi-explicit formulae for pricing many options, that is which require only the

computation of a univariate integral.

24



5.1 A preliminary lemma
Let us consider a vector Z; whose entries are made from any subset of the y;1. (j =

Loonym=t+1,...7), 11, (J=2,...,n57 =t+1,...,T), and vech &, (1 = t+1,...,T)".

Lemma 2 : For any vector w with real components, the price at date ¢ of exp(w'Z; 1)
(in domestic currency) is exponential affine in 3, and is recursively computable.
Proof : The price is:
Et[Ml,t,thMLT—l,T eXp(w,Zt,T)]-

Replacing the stochastic discount factors and the components of Z; r in terms of the 3.

and e, (T =t +1,...,T) using their expressions given in Section 2.1, we get:
E, exp [vo + ZT Tr(V;X,) + ZT vLEp T] ,
T=t T=t+1 ’
where vy, V-, v., are functions of w. Integrating with respect to ¢, » we get:
exp [vo + ViX4] Ey exp [Zf_t Tr(V, + AlvTv’TAl)ET]

and the result follows from Lemma 1.

5.2 Pricing cross-currency swaps

Let us first recall that the linear (or arithmetic, or simply compounded, or LIBOR) interest
rate at time ¢ for maturity 7" and currency j is:

1—B;(tT) ‘
("= )B;(t,T)

L;(t,T)=

A general floating-for-floating cross-currency swap has a sequence of payoffs at dates T,

s=1,...,8, (with Tsy; > T) of the form:

[Lk(Ts—la Ts) - Ll(TS—h Ts)] Rm\l,TS‘

16 yech ¥ denotes the vector whose components are the different elements of matrix X.
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Thus three currencies k, [, m, are involved and this is a swap between currencies k and [

per unit of currency m. Such a payoff can be written:

1 1 1
Ts - Ts—l BZ(Ts—la Ts) Bl*(Ts—la Ts

Rm 1,7Ts-
) |

Since the zero-coupon prices are exponential affine functions of ¥, _;, such a payoff is the
difference of expressions of the form considered in Lemma 2. Therefore such a swap can

be explicitly priced at any date t < Tj.

5.3 Option pricing

For option pricing we will use the inversion formula of complex Laplace transform given
in Duffie, Pan, Singleton (2000). From this result we know that the complex Laplace
transform Ey[M 4 41... My -1 7 exp(w'Z; 1)], where w has complex components computed
as indicated in Lemma 2, can be used to deduce truncated real Laplace transforms of the
form

Et[Ml,t,t—Hli,T—l,T exp(ngtyT)] 1( (51)

w/l ZLT <)\) ?

where wy and w; are real vectors and A is a scalar. It is worth noting that any derivative

whose payoff at T is of the form:
exp (wso + whZy.1) — exp (w0 + wyZer)]", (5.2)
can be priced quasi-explicitly since this payoff can be written as:
exp(wso) exp(ws Zyr)[1 — exp(wso + wiZer)|*,
with wsg = wyg — w3, w5 = w — w3, or:
exp(wso) exp(ws Zy 1) 1(ngt,T<—w50) — exp(waqo) exp(wy Z; 1) 1(ngt,T<—w50)’

which is a difference of expressions of type (5.1).
Many payoffs can be written under the form (5.2). Examples are options on foreign

indexes (struck in domestic or foreign currencies), quanto-options, equity-linked foreign
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exchange rate options (ELFX), options on futures contracts, options on forward contracts,
options on zero-coupon bonds. Moreover, it is well-known that whenever options on
zero-coupon bonds are explicitly priced, the same is true for caps and floors. As usual
derivatives which are more difficult to price are the options on coupon bonds and the

swaptions!”.

6 Concluding remarks

The affine approach in which the underlying fundamental risk is represented by a stochas-
tic symmetric positive definite matrix following Wishart process provides a convenient
framework for the joint analysis of bonds, stocks, and currencies. It leads to closed-form
solutions for the term structures of interest rates, for the forward and futures prices and
for a large set of derivatives. The approach features an invariance property with respect
to the change of basic currency, which allows us to derive similar results for any country
of reference. Moreover the illustration shows that the specification is very flexible and

able to reproduce various patterns of the domestic and foreign term structures.

17 Except if the payoff formula is linearized at some stage, as proposed by Brace, Musiela (1997).

27



Appendix 1. Derivation of the affine term structure

Let us assume that:
By (t,h) = exp{Tr[®1(h)%; + ¢1(h)]}.
The recursive bond pricing formula implies that:
By (t, h)
= EMg1Bi(t+1,h—1)]
= Eyexpler + Tr(CYS) 4+ Tr(CiE1) + Yieper + Tr[®1(h — 1)S] + ¢y (h — 1)]
= Eyexpler + o1 (h = 1) + Tr(CY%,) + Tr([Cr + @1(h — 1)]Se41) + %7/1A/12t+114171]>
(by iterated expectation theorem)
= Beexpler +o1(h— 1)+ Tr(CY5) + Tr(Ch + @a(h — 1)+ 3 Ay A Seen),
(by commuting within the trace operator).
By applying Assumption A.4 we get:
Bi(t,h) = exp{ci +¢(h—1)— glog det[Id — 2QT's(h — 1)]
+Tr[{CY + M'Ty(h — 1)[Id — 20T (h — 1)] "M }%,]},
where:
Lo(h—1) =C1 +d1(h—1) + %Aww’lA’l.

The result follows by identifying the coefficients.
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Appendix 2. The multihorizon prediction of the risk

We have:
E{expTr(At+15es1 + ... + ArXy)| S}
= F{E[expTr(As15es1 + - . + ArS7)[Sesa][ S}
= E{exp[Tr(Ap1 + DN+ 1,T)S0p + oMt +1,T) 2]}
= exp[Tr[M' (Appr + OV (t 4+ 1, 7)) [Id — 2Q(Ayr + OV (¢ + 1, 7)) ME
——%k@%ﬂM—QQMHy+@Wf+LﬂH+¢W@+LTﬁ.
The formulae of the lemma follow by identification. Moreover we have:
Nt t +1) = M Apyy (Id — 2QN 1) T M, @W@¢+1y=—§mgdaud—29mHL
and, therefore:

DNt +1,t4+1)=0, NEt+1,t+1)=0 Vi
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Appendix 3. Experiments

In all experiments we have :

1 05 1 —09
cy = 1072 . Oy =-102 ,
0.5 1 09 1
2
Ay = 1072 , dop = —0.02,
1
D(2)|1 = 09C), Dy =-0,5C;, Ayy,=10"7 _1 ,
K = 2
-1 -1
M = (eigenvalues: -0.2 + 0.67, modulus 0.63)
1 0.6

Moreover, in experiment I we have :

1 —0.9 3 -1
Q= 5 Cc1 = 01, Et = 5
09 1 1 0,5
in experiment II we have :
1 0 2.5 —1.25
Q = y C1 = 015, Et - ;
0 1 —-1.25 25

in experiment IIT we have :
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1 =09 1 =05
Q= , C1 = 008, Et = 5
-09 1 =05 1

in experiment IV we have :

|

0
1

1 0.4 0.1
0

:| 5 C1 = 02, Et = |: 0.1 3
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Appendix 4. Derivation of the futures price

We show that the futures price involves the multihorizon conditional Laplace transform
of the future path 3,,4,..., Y. Then we use the general formula given in Lemma 1.

For any date s, we have:

My s 541 _ exp[T'r(C1341) + Vi€,541]
E M 601 B exp[Tr(C1341) + Vi€)1,541)
= exp[Tr(0125+1) + TT(G?ES) + 7,15‘1734_1] [det([d — QQrg)]K/2 s

with:
1
GV = —M'Ty(Id — 2Q03) M, Ty3=0Ch+ SN ALAL
Moreover from (3.2) we have:

Yiner = fin + Tr(F ) + Tr(FipSe) + €pnp e

Thus, we get:
(T -t)K

J

St T) = Sjpiexp {(T —t) fip + log det(Id — 2QT'3) + Tr[(GY + Fﬁl)zt]}

X Fy exp {TT[[C1 + Fjp+ Gy + Fﬁl + %Al(% + €j5n) (V1 + €j1n) AL Bi4]
4.
+ Tr([C1 + Fji + GY + Fgou + %Al(% + €jin) (71 + €j1n) AT ]
+ Tr[[Cy + Fjp + %fh(% + €j4n) (71 + €j+n),A,1]ZT]} :
Or, with clear notations:

~ T—-t)K
Sﬁl(t7 T) = Sj\lﬂf exp{(T — t)f]\l -+ % lOg d@t([d — 2QF3) + TT[/\(]Et]}

EiexpTrA1(Zi1 + ...+ 3r-1) + A2X7).

We conclude by using Lemma 1.
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