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NONASYMPTOTIC BOUNDS FOR BAYESIAN ORDER
IDENTIFICATION WITH APPLICATION TO MIXTURES

By ANTOINE CHAMBAZ AND JUDITH ROUSSEAU

Université René Descartes and Université Dauphine

Abstract

The efficiency of two Bayesian order estimators is studied under
weak assumptions. By using nonparametric techniques, we prove new
nonasymptotic underestimation and overestimation bounds. The bounds
compare favorably with optimal bounds yielded by the Stein lemma
and also with other known asymptotic bounds. The results apply
to mixture models. In this case, the underestimation probabilities
are bounded by a constant times e *"
n > 1). The overestimation probabilities are bounded by 1/y/n (all

n larger than a known integer), up to a logn factor.

(some a > 0, all sample size

Résumé

Dans cet article nous étudions deux estimateurs bayésien de I’ordre
d’un modele, le mode a posteriori et un estimateur basé sur un fac-
teur de Bayes séquentiel. Nous étudions 'efficacité de ces estimateurs,
en particulier nous obtenons, dans un cadre général des bornes non
asymptotiques sur les probabilités de surestimation et de sousestima-
tion de cet ordre. Nous appliquons ces résultats au cas des mélange
ol nous montrons que la probabilité de surestimer I'ordre décroit en

v/n et celle de sousestimer décroit exponentiellement vite.
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1. Introduction. Model choice is an important and difficult topic and
the literature on the subject is vast. In this paper, we consider a special case
of model choice, namely the identification of the order of a model. Order
identification deals with the estimation and test of a structural parameter
which indexes the complexity of a model. In words, a most economical rep-
resentation of a random phenomenon is sought. This problem is encountered
in many situations and for instance: in mixture models (Titterington et al.,
1985; McLachlan & Peel, 2000) with unknown number of components; in
autoregressive models (Azencott & Dacunha-Castelle, 1986), when the pro-
cess memory is not known; in cluster analysis (Hastie et al., 2001), when
the number of clusters is unknown. One of the main difficulties lies in the
fact that, although it is stated as a discrete problem, order identification is
in essence continuous.

This paper is devoted to the study of two Bayesian estimators of the order
of a model. Frequentist properties of efficiency are particularly investigated.
We obtain new nonasymptotic efficiency bounds under mild assumptions.
Those bounds provide a theoretical answer to the questions raised for in-
stance in (Fraley & Raftery, 2002) (see their Section 4). Application of the
main results to the notoriously difficult problem of order identification for

mixture models illustrates their generality.

1.1. Description of the problem. We observe n i.i.d. random variables
Zi,...,Zy with values in a measured sample space (Z,F,u). These ob-
servations are defined on a common measurable space upon which all the
random variables will be defined.

Let {(Ok,dr)}r>1 be an increasing family of nested parametric sets (d,
will abbreviate to d for simplicity). The dimension of Oy, is denoted by D(k).
Let us introduce O, = Up>10y. For every 0 € O, let fy be a probability
density with respect to the measure py. We denote by Py the probability
measure whose density is fy. The expectation with respect to Py (resp.
PJ™ = P}) writes as Ep (resp. EJ).

The order of any distribution Py, is the unique integer k such that Py, €
{Py : 0 € O\ Or_1} (with convention Oy = @). It is assumed that the
distribution P* of Z; belongs to one model {Py : § € ©} for some k > 1.
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The density of P* is denoted by f* = fp= (6* € Ok« \ Ok»_1). The order of
P* is denoted by k* and is the quantity we want to estimate.

We are interested in frequentist properties of two Bayesian estimates of
k* In that perspective, the problem can be restated as an issue of composite
hypotheses testing: we want to decide between the null hypothesis “k* < kqy”

and its alternative “k*> ko” (for some integer ko), that is to test
“P*e{Py:0 €0}’ against “P*¢{Py:0¢€ O} .

This question is obviously crucial when the order is the quantity of inter-
est. Furthermore, order identification may also be a prerequisite to consis-
tent parameter estimation, when overestimation of the order causes loss of
identifiability.

Efficiency issues. Let «y, and (3, be the type I and type II errors of a
procedure that tests the hypotheses above. The efficiency of this procedure
is measured in terms of rates of convergence of «,, and (3, to zero. Obviously,
if k,, estimates k* then the natural rule is to reject the null hypothesis if
En > kg. Then

an < P {k, >k} and B, < P*{k, < k*}.

These upper bounds do not depend on ky. Moreover, even from a Bayesian
decision theoretical point of view, these quantities are of interest when con-
sidering 0-1 types of losses.

In most previous work, the behavior of the underestimation probability
P*{k, < k*} and overestimation probability P*{k, > k*} are investigated as
the sample size n grows to infinity. In this paper, we obtain new nonasymp-

totic upper bounds of these probabilities for two Bayesian order estimators.
Two Bayesian procedures. Let 11 be a prior on O that writes as
dl1(0) = n(k) m(0) d

for all € Oy (every k > 1). We denote by II(k|Z™) the posterior probability
of each k > 1.
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In a Bayesian decision theoretic perspective, the Bayes estimator associ-
ated with the 0-1 loss function is the mode of the posterior distribution of
the order k:

kS = arg max{II(k|Z")}.
k>1

This estimator is often used in practice. It is a global estimator in the sense
that it takes into account the whole of the posterior distribution on k. Follow-
ing the Ockam’s razor principle and considering a more local and sequential

approach, we propose another estimator:
B =inf{k > 1:1I(k|2") > I(k + 1|12")} < kS.

If the posterior distribution on & is unimodal, then obviously both estimators
are equal. The advantage of E; over %S’ is that E,I; does not require the
computation of the whole posterior distribution on k. It can also be slightly
modified into a second sequential estimator, based on the marginal likelihood
(k| Z™) /7 (k):

(1) inf{k 5. Ok1Z27) 1k + 1\Z")}

m(k) — wk+1)

In other words, this estimator equals the smallest integer k such that the
Bayes factor comparing O 1 to O is less than one. When considering a
model comparison point of view, Bayes factors are often used to compare two
models (Kass & Raftery, 1995). They are also to some extent Bayesian solu-
tions to the 0-1 loss, in a two models testing problem. One of the advantages
of Bayes factors over posterior probabilities is that the prior probability of
each (sub) model does not need to be specified.

In the following, we shall focus on E,? and H; . The estimator defined by

(1) differs very little from k= and shares the same properties.

1.2. Results in perspective. 'The resort to nonparametric techniques in
the spirit of (Barron et al., 1999; Ghosal et al., 2000) combined with a
variant of the locally conic parameterization (first introduced in (Dacunha-~
Castelle & Gassiat, 1997b)) allows to prove that the underestimation prob-
abilities are both a O(e™*") (some a > 0), see Theorems 1 and 2. We also

show that the overestimation probabilities are both a O((logn)?/n¢) (some
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b >0, c>0), see Theorems 3 and 4. The bounds we get actually hold for
any sample size. All constants can be expressed explicitly. This particularly
makes it possible to compare precisely our results with previous ones. Be-
sides, it is interesting to analyze the contribution of each assumption to the
final bounds. Finally, we show that our results apply to mixture models, for
which order identification is notoriously difficult. Such models are notably
characterized by their lack of identifiability when overestimating the order
and the subsequent singularity of the Fisher information matrix, which pre-
vents from using classical methods based on Taylor expansions. It is also
known (Dacunha-Castelle & Gassiat, 1999) that the maximum likelihood
statistic is not asymptotically Gaussian. However, we obtain for Ek that the
underestimation probability is a O(e~%") and that the overestimation prob-
ability is a O(1/y/n), see Theorem 5. The case of location-scale mixture of
Gaussian densities is particularly addressed in Corollary 1.

In most previous work, the choice of the framework is contingent on the
need for tractable explicit calculus. Order identification for exponential mod-
els is studied in (Haughton, 1989), with a generalization to regular models
(Keribin & Haughton, 2003). A method is developed ad hoc for mixture or-
der identification in (Dacunha-Castelle & Gassiat, 1997a). In (Guyon & Yao,
1999), a common basic procedure is adapted then applied to various models
characterized by the existence of an exhaustive finite dimensional statistic.
(Boucheron & Gassiat, 2004) is devoted to order identification for autore-
gressive processes. All these papers deal with efficiency issues. In (Chambaz,
2003), general efficiency results are obtained thanks to the resort to powerful
properties of empirical processes.

None of the papers cited above use Bayesian techniques. There is an
extensive literature on Bayesian estimation of mixture models and in par-
ticular on the order selection in mixture models. However this literature is
essentially devoted to determining coherent noninformative priors, see for
instance (Moreno & Liseo, 2003) and to implementing procedures, see for
instance (Mengersen & Robert, 1996). To the best of our knowledge, there is
hardly any work on frequentist properties of Bayesian estimators such as %S’
and E,I; outside the regular case. In the case of mixture models, Ishwaran et

al. (2001) suggest a Bayesian estimator of the mixing distribution when the
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number of components is unknown and bounded. They deduce from this an
estimator of the order based on a sort of penalized likelihood; they obtain
rates of convergence on the mixing distribution but not on the order. Note
that in (Finesso et al., 1996; Gassiat & Boucheron, 2003), asymptotic effi-
ciency results are obtained for estimates that have a Bayesian flavor. They
are indeed based on the so-called Krichevsky-Trofimov mixture, which is a
product of Dirichlet priors in the information theory literature (Csiszér &
Korner, 1981).

Not only our Bayesian approach to order identification yields nonasymp-
totic bounds in place of the usual asymptotic results. In addition, it provides
an answer (at least theoretical) to the delicate question of the choice of the
penalty which is central in all the papers cited above.

Indeed, posterior probabilities or Bayes factors naturally take into account
the uncertainty on the parameter by integrating it out (Jefferys & Berger,
1992).

On the contrary, any bare information criterion chooses the largest model,
since the latter necessarily fits the best the data at hand. A well balanced
penalization term can compensate this drawback. In (Chambaz, 2003), two
minimal penalization requirements yield two asymptotic overestimation be-
haviors (see Theorems 10 and 11). However, both requirements exclude pe-
nalization terms in logn and particularly the Bayesian Information Crite-
rion (BIC) (Schwarz, 1978), that is the maximum likelihood penalized by a
term —3D(k)logn (for O).

The BIC criterion is well behaved in regular models. Nonetheless, it is
known that it can be inconsistent outside regular models, for instance in
models where the number of parameters increases with n (Stone, 1979). The
role of BIC criterion is preponderant due to its equivalence with marginal
likelihood in regular models (Kass & Raftery, 1995). This equivalence does
not always hold. For instance, Berger et al. (2003) have proved that in
ANOVA models, marginal likelihood behaves like a penalized maximum
likelihood, where the penalization term differs from the BIC one. Also, the
equivalence between marginal likelihood and BIC criterion has not been es-
tablished in mixture models, where the maximum likelihood statistic has

a nonstandard asymptotic distribution. Although we have not sought to
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determine an equivalent of the marginal likelihood, it appears (see Section
2.3), that generally speaking it behaves like a penalized likelihood estimator,
where the penalization is equal to the logarithm of the prior probability of
1/n-Kullback-Leibler neighborhoods of the true density. Perhaps more re-
strictively, it seems that the penalization can be expressed as —%E(k‘) log n,

where D(k) represents an effective dimension of Oy, relative to O

1.3. Organization of the paper. In Section 2, we state our main results.
Underestimation is addressed in Section 2.2 and overestimation in Sec-
tion 2.3. We deal with Bayesian order identification for mixture models in
Section 2.4. The main proofs are gathered in Section 3 (underestimation),
Section 4 (overestimation) and Section 5 (mixtures). In Section A of the
appendix, a useful family of tests is introduced. Section B is devoted to the
subtle verification of an assumption, by using a variant of the locally conic
parameterization. This section may be of general interest. Finally, entropy

estimates are considered in Section C.
2. Nonasymptotic efficiency bounds.

2.1. Notations and global assumptions. Let us introduce some notations.

For every a,b € R, max(a, b) and min(a, b) are denoted by a Vb and a A b,
respectively. The integral [ fd\ of a function f with respect to a measure A
is written as Af.

Let L% (1) be the subset of all nonnegative functions in L' (u). For every
f € L (1)\{0}, the measure Py is defined by its derivative dPy/du = f with
respect to p. For every f, f € L1 (u) such that Py < Py and puf = pf' =1,
H(f,f') stands for the relative entropy (or Kullback-Leibler divergence)
between Py and Py (Dupuis & Ellis, 1997):

H(f,[') = Pf(log f —log f) =0,
with equality if and only if f = f’ Ps-a.s. This definition is extended to
functions f, ' € LY (u) \ {0} for which Pf(log f — log f’) is defined.
Let finally H(f*, f) = H(f) for every f € L (n)\ {0}.
For every f, f' € L% (n), let also

V(f,f") = Ps (log f —log f")?
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(with convention V(f, f') = oo if the set {z : log f(2)/f(z) = oo} has
positive Py measure). It is worth noting that, for every f, f’ € L (u)\ {0},

(2) H(f )] < V) ]

Besides, the quantity

V() =V VYY) (every f e Li(p))

will play a central role in this study.

For every probability density f € L' (i), the probability measure Pron is
denoted P} for abbreviation. The expectation with respect to Py (resp. PJI‘)
is denoted by Ey (resp. E}).

For simplicity of notations, for every f € L1 (1) \ {0} and 6,6’ € ©>, the
following shortcuts will be used throughout the paper: H(f, fo) = H(f,0),
H(fo,f) = H(,f), H(fo, for) = H(6,0") and H(fy) = H(H). Similarly, for
every f € Li(n) and 0,0 € ©>: V(f, fo) = V(£,0), V(fo, f) = V(8. f),
V(fo for) = V(0,6) and V(fp) = V(6).

For all 8 € B, we introduce the following quantities: £y = log fy, £* =
log f*, 0n,(0) = >i1 Lo(Zs), €, = >"1 1 £*(Z;) and, for every k > 1,

B, (k) = (k) /@ =L (6).

Obviously, if k < k' are two integers, then kL = k yields B, (k) > By, (k + 1)
and kG = k implies that By, (k) > B, (k).

Basic assumptions. The dimension of Oy, is denoted by D(k). The two

following assumptions will be needed throughout this paper.

A1 Compactness. For every k > 1, the parameter set (O, d) is a com-
pact metric set.
A2 Parameterization. The parameterization 6 — fy(z) from Oy to R is

continuous for every z € Z and k > 1.

The continuous parameterization assumption A2 is standard in Statistics
(see for instance (van der Vaart, 1998)). Another standard assumption is

the boundedness of the parameter sets. Assumption A1 is slightly stronger.
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2.2. Underestimation efficiency. Let us define, for every £ > 1, o, > 0
and § € O,
H; = inf{H(0):0 € O},
Sk(6) = {0€0Ox:H(O) < H;+§/2},
q0,a) = P(* — )% LV (0%,6) € [0, 0.
The definition of the order k* yields that H} = 0 for all £ > k*

Three main assumptions are required when dealing with underestimation

efficiency.

U-prior. 7m;{S;(6)} >0 forall§ >0and k=1,... k*
U-moment. There exist dyp > 0 and «, M > 0 such that, for all § € (0, dg],

sup sup q(f,a) < M.
1<k<k* € 5y (5)

U-local brackets. For k = 1,...,k*— 1, for all 8 € O, let us define for
every n > O:

lo, = inf{fy:0" €0O;,d0,0)<n} and
upy = sup{fy :0' €O, d(0,60') <n}.

For every k=1,...,k*— 1 and 6 € O, there exists 9 > 0 such that
V(UQWG,@*) + V(G*, 19:779) + V(H*, UQWQ) + V(UQ,,?G, 9) < Q.

THEOREM 1. Let us assume that assumptions U-prior, U-moment
and U-local brackets are satisfied.

If in addition H > Hy_ | for k=1,...,k*—1, then there exist c1,ca > 0
such that, for everyn > 1,

(3) p {E}; < k‘*} < cre "2
Similarly,

THEOREM 2. If assumptions U-prior, U-moment and U-local bra-

ckets are valid, then there exist ¢, ch > 0 such that, for every n > 1,

(4) p {%S < k*} < e,
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Ezploring the assumptions. Assumption U-prior is classical in the Ba-
yesian literature. It requires that prior probabilities 7, do put some mass
around the Kullback-Leibler projections of 6* upon Oy for all k =1,..., k"

Assumption U-moment is a condition of existence of some (rather than
any) exponential moment for log ratios of densities (£*—¢y) for f ranging over
some neighborhoods of the same projections of 8*. Although some kind of
uniformity is required of these exponential moments, we want to emphasize
that assumption U-moment is mild. As explained in (Chambaz, 2003), the
underestimation phenomenon is tightly bound to large deviations of the log-
likelihood process (see Section 4.2 therein). Such large deviations results are
quite easy to obtain under the classical Cramér condition of existence of any
exponential moments. They are much more delicate when existence of some
exponential moments is guaranteed, as it is here or in (Chambaz, 2003).

As for assumption U-local brackets, it is less restrictive than the ex-
istence of I,u € R? such that (u —1) € L?(u) and | < lp < u (u-almost

everywhere for all § € ©+), which is also a standard assumption.

Comment. According to inequalities (3) and (4), both underestimation
probabilities decay exponentially with respect to the sample size n. This is
the best achievable rate. Indeed, a variant of the Stein lemma (see Theo-
rem 2.1 in (Bahadur et al., 1980)) guarantees that, if &, is an order estimator
which ultimately overestimates it with a probability bounded away from one,
then the underestimation rate is at most exponential (an optimal exponent
is provided), see Lemma 3 in (Chambaz, 2003)).

Exact values of constants c1, ¢}, c2, ¢ can be found in the proofs of The-
orems 1 and 2. We think that they shed some light on the underestimation
phenomenon. Their expressions involve quantities among which: a common
finite exponential moment for log ratios of densities (¢* — ¢y) (constant « of
assumption U-moment); prior masses of neighborhoods of the projections
of 0* upon Oy for k < k* (constant ¢ in the proof of Theorem 1); covering
numbers (constant N in the same proof); differences Hj — H}, ; > 0 for kL
(or Hf — Hj. = H}; > 0 for kS); infima of ratios infgco, [H(0) — Hi1]/V(0)
for H; (or infgee, H(A)/V(8) for kS).

It is natural to compare ¢, and ¢, (known as underestimation error expo-
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nents in the information theory literature) to the constant infgcg,, , H(6,6*)
which appears in Stein’s lemma. The constants do not match.
We want to emphasize that this does not mean that %k and E,? are not

optimal. See (Chambaz, 2003) for a discussion about optimality.

2.3. Qwerestimation efficiency. Given § > 0 and two functions | < u, the
bracket [I,u] is the set of all functions f with [ < f < w. The bracket [l, u]
is a 0-bracket if /,u € L1 (1) and

pwu—1) <6, P*(logu —logl)? < 62,
Py_i(logu —log f*)? < log?s and P(logu — logl)? < §log?é.

For C a class of functions (or C a set which parameterizes a class of
functions), the d-entropy with bracketing of C is the logarithm £(C, §) of the
minimum number of §-brackets needed to cover C (or the class of functions
that C parameterizes). A set of cardinality exp(£(C,0)) of d-brackets which
cover C is called a d-bracketing net and written as H(C, 9).

Let us state the five main assumptions which are required for controlling

the overestimation efficiency. Let K > k*+ 1 be an integer.

O-comparison. There exist h; € (0,1] and C; > 1/32 such that, for all
kE=k*+1,...,K, for every 6 € Oy, H(0) < hy yields

V(0) < C1H(0)log? H(H).

O-prior. There exist Cy > 0 and dimensional indices D(k) > D(k* for all
k=k*+1,..., K such that, for every sequence {4, } that decreases to

zero, for all n > 1,
{0 € O H(O) <0, <Oy 5, D)2,

O-approximation. There exists C'3 > 0 such that, for each & = k*+
1,..., K, there exists a sequence of approximating sets ]-"ff C Oy such
that, for all n > 1,

Tk {(f,l.f)c} S 03 TL_D(k)/Q.
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O-local brackets. For all £k = k*+ 1,..., K, for all § € Oy, there exists
1y > 0 such that

V(UQJM,H*) =+ V(G*, l97770) + V(Q*, ’LLQ,ne) + V(UQ,W, 9) < Q.
O-Laplace. There exist 31,02 > 0 and L > 0 such that, for all n > 1,

log n)3l~)(k*—0—1)/2+ﬂg

nID(k*+1)~D(k9]/2

p*n {Bn(k*) < (51(logn)ﬂ2nD(k*)/2)l} < L(

THEOREM 3. Let us suppose that assumptions O-comparison, O-pri-
or, O-approximation and O-local brackets are satisfied for K = k*+ 1.
Let us also assume that O-Laplace is valid.

Let ng be the smallest integer n such that

_ * hl VAN 6_2
= 41721325 {m og [ﬁl(log m)ﬁQmD(k )/2}} < —
Let 6, = 61n~ tlog® n for each n > 2, with
(5) 61 >512(Cy + 2)[D(k*+ 1) — D(K"] v 128C, D(k*+ 1) V log > ny.

If in addition, for all integers n > ng such that 6, < dg and for every
3 < [00/6n],

6) & (f;f*“ O [Stes1 (20 4+ 1)80) \ S (2300 )| ]in> =
njon
256(C4 + 2) log?(j6,)’

then there exists c3 > 0 (which depends on Cy, Cs, w(k*+ 1), D(k*+ 1) and
01) such that, for all n > ny,

- 3D(k*+1)/2+ 6>
(7) PRl > 1) < ey (log n) .
I DU+1)—D(k")] /2

Here, the largest integer which is strictly smaller than v € R is denoted

by |u]. Similarly,
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THEOREM 4. Let kyax be a prior bound on k*. Let us suppose that
assumptions O-comparison, O-prior, O-approximation and O-local
brackets are satisfied for K = kmax. Let us also assume that O-Laplace
1s valid.

Let ng be the smallest integer n such that

* hi A e 2
— -1 B2, D(k9/2| | ~ 1
0o 41;22;{ {m log [ﬁl(logm) m ” < 5
Let us set for every k = K*+4 1,... kmax and for all n > 2, 0y, =

5;.3,111*1 log® n, with
k1 > 512(C1 4 2)[D(k) — D(K"] v 128C1 D(k) V log ™ ng.

If in addition, for every k = k*+1,..., knax, for all integers n > ng such
that 0y, < do and for every j < |80/0kn],

(8 € <f!§ 184(20 + Doen) \ F¥ 0 Sk (2600, jéjn> _

nj(sk,n
256(01 + 2) 10g2(j5k,n) ’

then there exists ¢4 > 0 such that, for all n > ny,

(log n)3 maxg l~)(k)/2+52

pming [D(k)—D(k¥)]/2

(9) P LRl > 1 < d

In the formula above, index k in the mazimum and minimum ranges between
k*+ 1 and kmax-

Ezxploring the assumptions. Proofs of Theorems 3 and 4 rely on tests
of P* versus complements {P : § € O, H(#) > ¢} of Kullback-Leibler
balls around P* for & > k* By doing this, we follow the paradigm re-
cently presented by Ghosal et al. (2000) in the spirit of earlier works by
Schwartz (1965) and Le Cam (1973). Assumption O-comparison and the
entropy conditions stated in inequalities (6) and (8) are at the core of the
construction of those tests. Such a comparison of V() and H(#) is proved
in (Wong & Shen, 1995) under mild conditions. The entropy is known to

quantify the complexity of a model. Thus, the related conditions warrant
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that (a critical region of) O, (k = k*+1 for k% and each k = k*+1, ..., kmax
for k%) is not too large.

Besides, the reader should not pay too much attention to the various
multiples of 2 that appear in inequalities (5), (6) and (8). They are by-
products of the repeated use of inequality (a4 b)? < 2(a®+b?) (all a,b € R)
in the proofs, and could be replaced by smaller numbers at extra calculations
cost.

Assumption O-prior is concerned with the decay to zero of the prior
mass of shrinking Kullback-Leibler neighborhoods of 8*. Verifying that this
assumption holds in the mixture setting is a demanding task (more on this
in Section 2.4). Note that dimensional indices D(k) (k > k* are introduced,
which might be different from the usual dimensions D(k). They should be
understood as effective dimensions of O relative to O« In models of mix-
tures of g, densities (y € I' € R%) for instance, D(k*+ 1) = D(k*) + 1 while
D(k*+1)=D(k*) + (d+ 1).

Assumption O-approximation is standard in Bayesian Statistics. It can
be useful to get rid of difficulties which are not relevant to the main problem,
see Section 5.2 for the mixture example.

Assumption O-local brackets is similar to assumption U-local brack-
ets.

Finally, assumption O-Laplace is milder than the existence of a Laplace
expansion of the marginal likelihood(which holds in regular models). As
explained in (Chambaz, 2003), the overestimation phenomenon is tightly
bound to moderate deviations of the log-likelihood process (see Section 4.3
therein). The bound stated in assumption O-Laplace plays here the role
that moderate deviations play in (Chambaz, 2003).

Comment. The upper bounds we get in the proofs are actually tighter
than the one stated in the theorems. Each time, we actually chose the largest
of several terms to make the formulas more readable. Besides, the possibility
in Theorem 3 to tune the value of §; makes it easier to apply the theorem
to the mixture model example. Naturally, the best value is given by the
right-hand side of inequality (5) and the larger d;, the larger c¢3 and the less

accurate the overestimation bound.
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Furthermore, assuming the existence of a bound k. on k* when studying
E,Cf is convenient but not mandatory. It is possible to adapt the scheme of
proof with a prior bound on k* that increases as a function of the sample
size. We omit the details of the adaptation.

According to inequalities (7) and (9), both overestimation probabilities
decay as a negative power of the sample size n (up to a power of a logn
factor). This is in stark contrast with the exponential rate exhibited for
underestimation probabilities in Theorems 1 and 2. It is however another
consequence of the Stein lemma that, if kn is an order estimator which ul-
timately underestimates it with a probability bounded away from one, then
the overestimation rate is necessarily slower than exponential, see Lemma 3
in (Chambaz, 2003). We want to emphasize that the overestimation rates
obtained in Theorems 3 and 4 depend on intrinsic quantities (such as di-
mensions D(k) and D(k), power 8, from assumption O-Laplace). On the
contrary, the rates obtained in Theorems 10 and 11 of (Chambaz, 2003)
depend directly on the choice of a penalty term.

2.4. Application to mixture models. This section is devoted to the partic-
ular case of mixture models. Because order identification in mixture models
is notoriously difficult, we think that this section illustrates the generality

of our results. We prove that Theorems 1 and 3 apply here with
D(k*+1) = D(k*) +1,

yielding an overestimation rate of order O((logn)¢/y/n) for some positive c.
Let T be a compact subset of R%. Let us denote by |- |; and |- | the ¢!
and ¢2 norms on R,
For all v € T, let g, be a density. In this section, mixtures of g,’s are
studied. Formally, ©; = I" and for every k£ > 1,

k—1
Gk: 9=(p,’)’):p:(pl,...,pk_l)Gle__l, ijglj,-yerk
j=1
We point out that, obviously, D(k) = k(d + 1) — 1 for each k > 1. Besides,
assumptions A1l (compactness of the parameter sets) and A2 (continuous

parameterization) are satisfied.
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Now, let us state six assumptions. The first, second and third order dif-
ferentiation operators are denoted by V, D? and D3, and | - | stands for any
norm on the space of second and third order derivatives (upon which all

norms are equivalent).

M-prior Prior probabilities 7 (all k > 1) write as

dr(0) = 7} (p) m)) () dpdry

for all # = (p,vy) € Ok. For every k > 1, m is continuously dif-
ferentiable over ©p. Here, ﬂ,f is probability density on the simplex.

Moreover, if

1<J

then 7 is bounded away from zero on the complementary of an open
neighborhood of A. Furthermore, when I' is one-dimensional (d = 1),

for all 7 in that open neighborhood of A,
mp(v) o< IT 1 —yrle-
J<j’

M-local brackets For all v € T, let us define for all > 0:

9,,=mf{gy Iy =9t <n} and g, =sup{gy : [y —7'h <n}

There exist 11, M > 0 such that, for every ~1,72 € I, there exists
12 > 0 such that

2
g’yl,nl_g,ylml (1 + log g’72) < MT/lv
_ ) ,
Py, (logg,, ,, —logg  )* < Mni,

og?g, < Miplog®n and

Iv1m Ty

2_ 2
ngwn log Gy + P log® g, +

9v1.m

2 — 2
PgW2 log 9’717771 + Pg’YQ log g'yl,nl S M
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M-moment For every 1,72 € I, there exists o > 0 such that

«
sup P, Fe ) <o
vyel’ 9~

M-regularity The parameterization v — g-(z) is twice continuously differ-
entiable for p-almost every z € Z. Moreover, the set {|Vg,|1, |D?g,| :
v € I'} is bounded.
The parameterization v +— log g(2) is three times continuously dif-
ferentiable for p-almost every z € Z. Besides, for all v1,v € T', there
exists n > 0 for which

P, |D*log g4, | < o0,

P, sup |D*logg,|* < co.
[v—72[1<n

M-Fisher For every v € I', the Fisher information matrix I(7) is positive
definite.

M-linear independence Let Z = {(r,s) : 1 <r < s < d}. There exist a
nonempty subset A of Z and two constants 7g,a > 0 such that, for
every k > 2, for every k-tuple (71, ...,7) of pairwise distinct elements
of I,

(a) the functions
Gv;» (Vg i (forj=1,....;kandl=1,...,d)

are linearly independent;

(b) for every j =1,...,k, the functions
9y, (Vgy, )i, (D?gy,)rs (forl=1,...,dand all (r,s) € A)

are linearly independent;

(c) for every j = 1,...,k and each (r,s) € 7 \ A, there exist real

numbers \% A% such that

rsy

(D?gy, )rs = Algy, ZA“ (Vay, )is



BOUNDS FOR BAYESIAN ORDER IDENTIFICATION 17

(d) for all n < ng and all u,v € R?, for every j =1,...,k, if

Z (]urus] + |U»,«Us‘) + Z /\gg(u'rus + U’r“s) <,
(r;s)€A (r,s)ZA

then |ul3 + [v|3 < an.

These assumptions suffice to guarantee that the conclusions of the theo-

rem below are valid.

THEOREM 5. Let us assume that assumptions M-prior, M-local bra-
ckets, M-moment, M-regularity, M-Fisher and M-linear indepen-
dence hold. Then for all n > ny,

(10) pP* {/k\:,% < k‘*} < e "
(logn) [3(d+1)k*/2]

Jn

The positive constants c1,co are defined in Theorem 1. Constant cs corre-

(11) Pk >k} < o

sponds to a convenient choice of 61 (both are defined in Theorem 3).

As an illustration, the previous theorem applies to the case of location-

scale mixtures of Gaussian distributions.

COROLLARY 1. Set A,B>0andI' = {(,u, 0?) € [-A, A] x [%,B]}. For
every v = (u,02) € T, let us denote by g, the Gaussian density with mean
w and variance o?.

Inequalities (10) and (11) with d = 2 hold for all n > ng (as defined in

Theorem 3).

Comments. We emphasize that all assumptions involve the mixed den-
sities g, (v € I') rather than the resulting mixture densities fy (f € O). In
assumption M-prior, the required form of prior distributions 7y, is specified
for all £k > 1. Assumption M-local brackets states conditions for U-local
brackets and O-local brackets to hold. Assumption M-moment is also a
condition that guarantees the validity of assumption U-moment. Assump-

tions M-regularity and M-Fisher are common.
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On the contrary, assumption M-linear independence is more original.
It draws its inspiration from a similar assumption that appears in (Dacunha-
Castelle & Gassiat, 1997b; Dacunha-Castelle & Gassiat, 1999), where the
locally conic parameterization is introduced. Indeed, proving that assump-
tion O-prior holds in the mixture setting relies on a variant of this method
(see Proposition 1 in Section 5.2 and its proof in Section B). It is quite
involved and we think our method may be of general interest.

Assumption M-linear independence is less stringent than its parent
in (Dacunha-Castelle & Gassiat, 1997b; Dacunha-Castelle & Gassiat, 1999).
This is due to the introduction of the subset of indices A, which implicitly
equals Z in (Dacunha-Castelle & Gassiat, 1997b; Dacunha-Castelle & Gas-
siat, 1999). Property (d) guarantees that enough indices (r,s) € Z (namely,
those from A) are involved in property (b), when property (c) deals with
the remaining indices.

When A is set to Z, then assumption M-linear independence is not
verified in the setting of Corollary 1. Luckily, it is for A = 7\ {(1,1)}.
Indeed, Properties (a) and (b) are obviously satisfied. Besides, for any vy € T,
(D?g.)11 is a linear combination of g, and (Vg )a, with coefficients bounded
away from zero independently of . Therefore, Properties (c) and (d) also
hold.

3. Underestimation proofs. Theorem 1 relies on the following lower
bound for B, (k).

LEMMA 1. Let us assume that assumptions U-prior and U-moment
of Theorem 1 are satisfied. Let us set k < k* and some positive § < aM A dy.
With probability at least 1 — 2exp {—nd?/8M},

m(k)me{Sk(0)} _niay
Bn(k) > ——— "¢ [+,

The proof of this lemma is based on a comparison of ¢,(6) — ¢}, for § €
Sk(0) to its expectation E*"[¢,,(0) — £}] = —nH(0) > —nH}; —nd /2.

PROOF. Let usset 1 <k <k* 0<d <aM Ay and define

B={(0,2") € Oy x 2" : (,(0) — €% > —n[H} + 0]}
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Then
B,(k) > =(k) / e O~L g (6)
Sk ()
> (k) e+ g (6)
SK(8)NB
> w(k)e " (m{84(0)} — mi{Sk(0) N BYY).
The goal is therefore to provide a convenient lower bound for the factor

between parentheses above.

The Markov inequality and Fubini theorem yield

an ey < T{Sk(9)} 2P {B%}
(12) P {Wk{Sk(é) NB} > 2} < /Sk(é) mdﬂkw)-

Set s € [0,a] and 6 € Si(6) and let @g(t) = P*e!¢"~%) (every t € R). By
virtue of U-moment, function ¢y is C* over [0,a] and ¢} is bounded by

q(0,a) < M on that interval. Moreover, a Taylor expansion implies that
1 1
wo(s) =14+ sH(O) + 32/ (1 —t)ppy(st)dt <1+ sH(0) + 3 s2M.
0

Applying the Chernoff bounding method and inequality logt <t¢—1 (¢t > 0)
implies that

E*1{0 € Sk(6) N B} Py — 0,(0) > n[Hj + 6]}
exp {—ns[Hj + 6] + nlogpy(s)}

< exp {—ns[H,: +0—H()]+ nsQM/Q} .

IN

Let us finally choose s = [H} + — H(6)]/M, then emphasize that:

e since 6 € S(9), s >0/2 > 0;

e since H < H(A) and § < aM, s < a;

e since 6 € Si(6), this value of s yields a bound which is less than
exp {—né?/8M}.

Thus, the last statement above and (12) imply the lemma. O

The proof of Theorem 1 is now at hand. It will particularly rely on nets
of upper bounds for the fy (0 € Ok, k = 1,...,k*— 1) whose construction
is detailed below. Similar nets have been first introduced in a context of

nonparametric Bayesian estimation in (Barron et al., 1999).
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PROOF OF THEOREM 1. Since P*{kl < k*} = Sk P*{kL = k}, it
is sufficient to study P*"{k% = k} for k arbitrarily chosen between 1 and
k*—1.

Let § < aM A & be a small positive number and ¢ = 27 (k)m,{S(6)} €
(0, 1]. Let us define for convenience e = 2§/[Hy — H}, ;] > 0. Lemma 1 yields

Pl =k} < P {Ba(k) > Bo(k + 1)}

2 *
(13) < 27N 4 P {Bn(k) > ce_”[Hk+l+5]} .

Let us construct a net of upper bounds for the fy (0 € ©f) in order to
control the rightmost term of (13). Let 6,6 € ©y.

Because V (0%, ug,) + V(0*,1pp,) is finite, the dominated convergence
theorem ensures that, first H(6") tends to H(6) when 6’ goes to 6, second
H(ug,) tends to H(#) when 7 goes to zero. Therefore, for some 7 < ng, for
all np < np, d(0,0") < n yields

(14) H(ug,) < H(8') < H(ugy) + 6.

Similarly, because V(6*,ug,) + V(6*,1lp.n,) is finite, first V(6*,0") tends
to V(6*,0) > 0 when 6 goes to 6 and second V(6*,ug,,) tends to V(6*,6)
when 7 goes to zero. Therefore, for some n; < ny, for all n < np, d(6,6") <n
yields

(15) V(0" ugy) < (14 )V (08,0,

Finally, by using the same arguments as before, there exists n§ < nj, such
that for all n < ng, d(6,0) < n yields

(16) V(g 07) < (1+)V(0.0%).

In summary, for every 6 € Oy, there exists 79 > 0 such that (14), (15), (16)
hold for n = ng as soon as d(6,60') < ng. Let us define B(0,75) = {0’ € O :
d(6,0") < ng} for all @ € ©. The collection of open sets {B(6,79) }geco, covers
Oy, which is a compact set (by virtue of A1). So, there exist 1,...,0n. € O
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such that ©) = UéV;IB(Hj,ngJ_). For j=1,..., N, let u; = ug

i:mg;
Tkj = {9 €Oy : Ly <loguj, H(H) < H(uj)+ 9,
V(0% u;) < (1+€)V(0",0),
Vi, 0%) < (14 )V (0,07},

then Ty = Tkl and Ty = fkj N (Uj/<jfkj/)c (j = 2,...,N:). The family
{Tk1,...,Tkn.} is a partition of Oy.

Accordingly, with £, ., = > logu;j(Z;) (j = 1,..., Nc), the rightmost
term of (13) satisfies:

P {Bn(k‘) > ce_n[Hl:Jrl—Hﬂ}
N.
_ pwn Z/ O~ gy (0) > e~ "HE 1 +0)
j=1"Tki

Ot g () > ce—”[H%+1+5lm+l{Tkj}}
<> Plyu, = 6, > —nlHjyy + 0]+ log e}

Ne
< Z P by — 0y +nH(uj) > np;j + log c}

j=1
for p; = [H (u;)—H};, —6]. Let us point out that p; > (1—¢)[H(0;)—H} ] >
0 for j = 1,..., Nz by construction. Applying (30) of Proposition 3 (whose

assumptions are satisfied) finally implies that
T

Ns (1 _6)2
c TS

. . ) . HO)—-Hp o 2(1+¢)
[‘Hk - Hk+1] min <91€n®fk V(G) ) 1—¢ .

This bound and (13) conclude the proof, since N, does not depend on n. [J

REMARK 1. The proof of Theorem 2 is a straightforward adaptation of

the preceding one. It relies on the bound

P kS < i} = i P kS =k} < i P (B, (k) > B, (k).
k=1 k=1
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Let us emphasize that the quantity Hj , which arise when dealing with
P {B, (k) > B (k*)} is replaced by Hf, =0 for allk=1,...,k*—1.

It is worth pointing out that, as far as underestimation is concerned, the
posterior mode %S does not require that the models be nested, whereas Hj

needs that property.
4. Overestimation proofs.
PRrROOF OF THEOREM 3. Set
5o = 4%%)5{7171 log {ﬁl(log n),@QnD(k*Jrl)/Q}},

where ng is chosen so that 25y be smaller than the constant h; of assump-
tion O-comparison and e~ (note that function u — ulog? u increases on

interval (0,e~2)). Obviously, for every n > ny,

—log (ﬂl (log n)52nD(k*)/2) > —n%o.

By definition of k&,
(17) P kL > B < PBL(R) < Ba(k + 1)} <
P {Bn(k*) < (ﬁl(log n)ﬁ2nD(k*)/2)_1} +
P {Bn(k*—i- 1) > (ﬁl (log n)ﬁQnD(k*)/Q)l} :

Thus, the left-hand side term is bounded as described in O-Laplace. Let
us focus on the right-hand side term.

To this end, the parameter set Og«y1 is decomposed into the union of
the following three disjoint sets: let us set d; satisfying inequality (5) of
Theorem 3 and §,, = 6;n " log3 n,

Sk*+1(250)c = {9 S @k*Jrl : H(H) > 50},

Sy = Ser1(260) N Syt (260)° = {0 € Operr : 6 < H(B) < S0},
Sk*+1(25n) = {9 € @k*+1 : H(Q) < 6n}
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Note that S, can be empty. According to this decomposition, the quantity
of interest is bounded by the sum of three terms (of which the second is zero
when S,, is empty): if we define w,, = 37(k*+ 1)51 (logn)*2nP*)/2 then

o 1) 3 ) )

(
{ / Oy 1 (0) > l/wn} -
Spry1(260)¢

/S en ”dﬂ-k;*-i-l( ) Z ]_/wn} +

(18) {/S 25,) O~ dmp1(0) > 1/wn}-
E*41

The Markov inequality, Fubini theorem and O-prior yield the follow-
ing bound for the third term of (18) denoted by py 3 (a similar argument

appeared in the proof of Lemma 1):

Dn3 < Wy Thrpl {Skr+1(20,)}
Cow,, 5n5(k*+1)/2

IN

(log n)35(k*+1)/2+52

nID(k*+1)~D(k"]/2

(19) < 36,Com(k*+ 1)8, DE+D/2

The first term of (18), denoted by py, 1, is alike the quantity P*"{B, (k) >
ce_"[leﬂJ”ﬂ} that has already been bounded in the proof of Theorem 1.
Indeed, the infima for 6 € Si«1(20)¢ of H(#), V(6*,0) and V (0,0*) are
positive (obviously, if inf V(6*,6) or inf V (6, 6*) were not, then #* would
belong to Sk+11(2d0)¢). It is readily seen that the scheme of proof of Theo-
rem 1 also applies here. Thus, there exist a finite number Nj, of functions
uy,...,uns and cy, ... ey, € (0,1] such that inf; H(u;) > 6/2 and (with

notations £, ,; = > ;" logu;(Z;))

Ns,
pn1 < Z P*”{En,uj — 0y +nH(u;) > nH(u;) —

log (/31 (log n)ﬁznfD(k*)/Q) 1 log Cj}
N50 s
Z prn {Emuj — Z; + nH(uj) > TLZO + log Cj} .

IN
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By virtue of (30) in Proposition 3 (whose assumptions are satisfied) and
some simple calculations, there finally exist ¢4, cs > 0 which do not depend

on n and guarantee that
(20) Pna < cqe” M.

Bounding the second term of (18), which is denoted by pj 2, is the most
demanding step of this proof. Of course, this study is required only when
On < 9.

Let A,, = [60/0n] be the largest integer strictly smaller than dy/d,. For
all j = 1,...,A,, let us introduce S, ; = {# € F, NS, : jé, < H(#) <
(j + 1)0n}. Let us choose [l;,u;] € H(Sy,j,70n/4), define @; = w;/pu; and

introduce the local tests
x _ Jon
gbi,j =1 En,ﬂi — fn + nH(uz) > 717 .
In the perspective of Proposition 3, ¢; j = ¢p t,pc for f =;, p = j6,/2 and
c=1.
e Set § € S, ; such that fy € [l;,w], g = fp and p' = log pu;. Then
ug=1,V(g) =V(0) >0 and
H (@)~ (p+p) = P*(¢* —logw;) —log pru; — p = P*(£* —logu;) —p =
5
H(0)+ P*(£g—logu;)—p > H() — P*(logu; —log ;) —p > JT > 0.

Thus, according to (31) of Proposition 3,

n[H () - (p+ )] (H(un —(p+0) 1)} .

Ej(1 — ¢;) < exp {—
Besides, since
H(0) < (j+1)0n < 8o+ 0p < 200 < hy Ve 2,

then log? 6, > log®(j6,) > log((j + 1)d,) and assumption O-compa-

rison ensures that

vV (0)

IN

C1H(6)log? H(H)
< C1(j + 1)8, log?((j + 1)6,)
< Ci(j+1)b, log2(j(5n).

A
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Consequently, using 8Cjlog?(jd,) > 1 (this justifies the condition
Cy > 1/32 in O-comparison) and j/(j + 1) > 1/2 implies that the
following bound holds:

njon
21 Ej(1—¢;) < —_— .
(21) A <z>,]>_exp{ 640110g2(j5n)}

According to (30) of Proposition 3, (the assumptions of the proposition

. njop 105,
561 < exp - (4é<ui> M)}

The point is now to bound V(w;) = V(0*,u;) vV V(u;, 0*). Let again
0 € S, ; be such that fp € [l;,u;]. First, using repeatedly (a + b)? <
2(a%? + b?) (a,b € R), the definition of a J-bracket and assumption

O-comparison yields

are satisfied),

V(%) = P*(log f* —logu; + log pu;)?
< 2P*(log f* — logu;)* + 2log? puu;
< 4P*(log f* —log fp)* + 4P*(log fy — log u;)* +
2(u(us — 1;))°
4V (0) + 4P*(log u; — log 1;)? + 2(u(u; — 1;))?
(22) < 2(201 + 3)6,10g((j + 1)6,).

IN

Second, similar arguments imply that
V(@;,0*) = Py (logu; —log f* — log pu;)?
< 2V (uy, 0%) + 2log? pu;
< 2P, (logu; —log f*)* + 2P,,—,(log u; — log )2+
2(p(u; — 1))?

and the first term in the line above is bounded by
4P, (log u; —log f)* + 4P, (log fo — log f*)* <

4P, (log u; — logl;)* + 4Pp(log fo — log f*)* <
4V (0) + 4P, (log u; — logl;)*.



26

A. CHAMBAZ AND J. ROUSSEAU

Thus, combining the two previous bounds finally yields

V(w,0") < 4(C1+2)(j + 1)8,log?((j + 1)d,)
(23) < 4(C1+2)(j +1)d,1og?(55,).

A bound for V(w;) is derived from (22) and (23), which yields in turn

njoy
24 B, - < _ .
(24) Gig < eXp{ 128(C1 + 2) logz(jén)}

Now, let us define the global test

O, = maX{¢i,j 11 < eXp{g(Sn,jaj(Sn/4)}a J < An}

e Of course, for every j < A, and 0 € S, ;, Ef(1 — ¢) < Ef(1 — ¢15),

hence Inequality (21) implies that

neq_ nd M0
(25) Eg(1 ¢n>3ep{ 640110g2(j5n)}.

e Furthermore, bounding ¢,, by the sum of all ¢; ;, invoking (24) and

assumption (6) in Theorem 3 yield

A .
- , 150n
E*n(bn < €xXp {S(Sn, ’7]571/4) - ; }
JZI ! 128(Cy + 2)log?(j6,)
Sn njé
< Y oexpy— —
JZI { 256(C1 + 2) log?(56,,) }
Sn njo
26 < exp§ — - .
(26) jzl { 256(C} + 2) log 5n}
Let us set p, = nd,/256(Cy + 2)log? §,. Inequality (26) writes as
E" ¢, < %exp{—jp } < M.

Now, the choice of 8; > 512(Cy + 2)[D(k*+ 1) — D(k*)] V log™3(ng)
yields log? §,, < 4log?n, hence p, > %[5(1@*4— 1) — D(k*)]logn. The
final bound for E*"¢,, is thus

1
nID(k+1)~D(k"]/2 _ 1

(27) E"¢, <
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Bounding term p,, 2 is now at hand. By virtue of a simple decomposition,
Prp = BT (6t (1— )1 { /S O~y 1 (0) > 1 /wn}
< E™¢, + P™ { / Oy, (0) > 1 /2wn} -
SpNFe

E*(1 — )1l { / O g1 (0) > 1 /2wn} :
SnNFn

The first term of the right-hand side expression above is bounded according
o (27). Moreover, applying the Markov inequality and Fubini theorem to

the second term ensures that

p { / Ol dmp1(0) > 1 /2wn}
S,NFe

IN

2wn7Tk*+1 {fﬁ}

(log n)"2

(28) - :
D (k1) —D(k4)]/2

IN

651C3

As for the third term, by invoking again the Markov inequality and Fubini
theorem, then inequality (25), it satisfies

E* (1 — ¢,)11 { / O 1(0) > 1 /2wn}
SnNFn

< 2w, / E2(1 — p)drpes1 (6)
SnNFn

An
< 2w,y / ER(1 — ¢ )dmpes1(0)
j=175ni

A .
X njon
<2wp ) exp{ —————5—— ¢ The11{Sn;}

]Z_:l { 640110g2(j5n)} e

noy,
<2wpexp— 5 —
64C1 log” 9,

< 2wy, exp {—
(logn)"2

nID(k*+1)~D(k%)]/2"

Combining inequalities (27), (28) and (29) yields

1
n[DU+1)—D(kA]/2 _ 1

(29) <6pim(k*+1)

(logn)~2
nID(k*+1)~D(k%)] /2

Pn2 < + 6051 (7‘(‘(]{3*4- 1) + 03)
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Inequalities (19), (20) and the one above conclude the proof. O

REMARK 2. The proof of Theorem 4 is very similar to the proof of The-

orem 3. Indeed, by virtue of the union bound,

kmax
PryRS >k < Y PTB(R) > Ba (k)
k=k*+1

< P IB (k) < (Bi(logn)2nPF2) ] 4

kmax

> P {Balk) 2 (Billogn)nPt2) ]

k=k*+1

so the parallel with the previous proof is obvious.
5. Mixtures proofs.

5.1. Miztures proofs: underestimation. This section is dedicated to the
proof of Inequality (10) in Theorem 5, which asserts that the underestima-
tion error exponent is positive. It is a consequence of Theorem 1. Let us
verify that its assumptions are satisfied.

In the sequel, we shall use the notation f* = fy, 0* = (p*,v*), p* =
(PT, .- Djsq) and pf. =1 — Z?;_ll p;. In greater generality, if 6 = (p, v¥) €
Oy, then 1 — E?;ll pj will be denoted by py,.

In the first place, let us point out a convenient property satisfied by general

mixtures (see Lemma 3 in (Leroux, 1992)):

LEMMA 2. Let F' be a mizing distribution on I'. Let Py have density
po = [ g,dF (7). For any k > 1, Po & {Py : 0 € O} yields Hj; > Hp ;.

Lemma 2 particularly implies that the additional condition in Theorem
1 is satisfied in the mixture models. Some useful results due to assumption

M-local brackets now follow.

LEMMA 3. In the setting of the mixture model, assumption U-local
brackets is valid. Besides, function 6 — H(0) is continuous on the in-
terior int(Og) of O for all k > 1. Finally, 0 — V(0*,0) is continuous on
O for all k> 1.
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PROOF. The first part of Lemma 3 is a straightforward consequence of
assumption M-local brackets.

Let us set £ > 1 and 6° € int(Og). Let us fix some positive n; <
min;<y pj/2. Let 6 = (p,7) satisfy [p; — pj| < m and |y, — 971 < m
for all j < k. Since P*¢* is finite, |H(0) — H(6°)| = |P*({po — {p)|. Now,

simple calculation yield

T—1 93970 b (9 + )Ty
[lgo — Lp] < log 2j=1 P59, \/Z],1(pj 771)97”71

%
Z] 1(P] - 771)9%0771 > i1 p?Q”/;’
P2G~o (PG +11)Ge
< maxlog | — 770 v 2 ~ om
<k (PF —m)g. . P39y
J n

< log2—|—maxlog(gy o/qg_,

Gyo ) T 102X108(Go0 3,/ 912)-

So, the second part of Lemma 3 is a consequence of the dominated conver-
gence theorem.

Finally, let 6% = (p°,v°) € O and 72 > 0. Let 6 = (p, y) satisty [p; —p§| <
n2 and |y; — 7|1 < me for every j < k. A crude bound for 0% writes as

1
2 2
l; < log (k maxgV ,]2) + log? (k: mi ilg’y] 7?72)

Zlog (k:g,y m)—kZlog < j<k]m>

By invoking assumption M-local brackets, 72 can be chosen small enough

IN

so that each term in the right-hand side of the previous display (which do
not depend on #) belongs to L'(P*). Because ¢** € L'(P*), the dominated
convergence theorem implies that V (6*,0) = P*(¢* — £y)? tends to V (6%, 6°)
when 0 tends to #°. This completes the proof. O

The two lemmas below complete the verification.

LEMMA 4. Assumption U-prior is valid in the setting of the mixture

model.

PROOF. Let us set k < k*and 6,1 > 0.
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By virtue of Lemma 2 and the continuity of § — H(#) on int(Oy) (see
Lemma 3), there exists 6° € int(©y) such that H(0°) = Hj.

Let 6 = (p,7) satisfy |p; — pj| < n and |y; —~7l1 < 7 for all j < k.
Since 6 — H(6) is continuous, n can be chosen so that H(0) — H(0°) < §/2.
This concludes the proof, because the set of all such #’s has a positive -
probability. O

LEMMA 5. In the setting of the mixture model, there exists a, M > 0
such that, for all @ € O, P ~to) < M. Consequently, assumption U-

moment s valid.

PROOF. By virtue of Lemma 3, the continuous function 6 — V(6*,0) is
bounded on the compact set O« So, assumption U-moment holds if we
prove for instance the existence of a > 0 such that function 6 — P*e®(¢" ~)
is bounded on O«

Let us set a« > 0 and 0 = (p,~) € O+ By convexity, the following bound

holds

k* k*
0 =Ly < 0* = pjloggy, = > pi(£* —loggy,),
i=1 j=1

hence it is sufficient to show that o can be chosen so that function v —

P*e(t"—loggy) is hounded on I'. Now, let us observe that

k* g\
P*ea(f*—logg—y) < ZP (Z gvj’)
— gy

=1 7 \y= I

< (W) > P, <%>a.

B i <k T\ Gy
Therefore, invoking assumption M-moment yields the existence of « for
which the right-hand side of the inequality above is finite. Thus, the proof
is complete. ]

Inequality (10) of Theorem 5 is true by virtue of Theorem 1 and Lem-
mas 2, 3, 4 and 5.
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5.2. Mixtures proofs: overestimation. This section is dedicated to the
proof of Inequality (11) in Theorem 5, according to which the overestimation
probability declines as 1/y/n, up to a logn factor. It is a consequence of

Theorem 1. Let us verify that its assumptions are satisfied.

LEMMA 6. Assumptions O-local brackets and O-comparison are ve-

rified in the setting of mizture models.

The second assumption follows from Lemma 5 and Theorem 5 in (Wong
& Shen, 1995). We show that assumption O-Laplace is valid by invoking a

Laplace expansion.

LEMMA 7. Assumption O-Laplace is valid for some 81 > 0 and B3 =0

in the setting of mizture models.

PROOF. Let us write 0 for a maximizer of l, over O« and (1 for a
positive number. For every u € RP*) and g = (gijk)i,j,ng(k*)a uBg =
2, k<D (k) Uil UkYigh-

Obviously, for any ¢ > 0,

B (kY > / 0= g, (9)
ek*
> / OB g (),
|0—6]1 <6

Using the usual techniques of Laplace expansions (Guihenneuc & Rousseau,
2004) and invoking assumptions M-prior, M-regularity and M-Fisher
yield

* “ uT u 3
Bn(k*) > nfD(k )/zwk*(H) / e 2J 1-— C‘uh—'_hlh> du
lul1<5/n Vvn

> O p-Dk)/2
for some C' > 0. Therefore, choosing 1 = 1/C implies the result. O

Two results are still needed. They are stated in the two propositions
below. On the one hand, in relation with assumption O-prior, the following
holds:
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PROPOSITION 1.  There exists Cy > 0 such that, in the setting of mixture

models, for every sequence {0y} that decreases to zero, for alln > 1,
7'['k*+1{9 € Opq1: H(O) < 5n} < Oy 6, [PEI+1/2,

On the other hand, in relation with assumption O-approximation and

the related condition on d-entropy, we shall show that

PROPOSITION 2. If FF*! = {(p,7) € Og«t1 : minj<ger1pj > e "} ap-
proximates the set O«rq, then assumption O-approximation is fulfilled
for K = k*+ 1. Furthermore, the entropy condition given by inequality (6)

in Theorem 3 holds as soon as d1 is chosen large enough.

Proofs of Propositions 1 and 2 are rather technical. Thus, we postpone
them to Section B and Section C, respectively.
Finally, inequality (11) of Theorem 5 is a consequence of Theorem 1,

Lemmas 6, 6, 7 and Propositions 1 and 2.
Appendix

APPENDIX A: CONSTRUCTION OF TESTS

PROPOSITION 3.  Let (p,c) belong to R%. x (0,1] and f € L1 (u)\{0}. Let
us assume that V (f) is positive and finite. Thus, H(f) exists and is finite
too.

Let 0y, y = > i1 1og f(Z;) and

O, tpe =Wl 5 — O +nH(f) > np+logc}.

The following bound holds true:

(30) E*"¢n f.pc < %eXP {—n; (21/’1]“) A 1)} .

Let p' € Ry and g € L (n) be such that pg =1, g < e f and Vg) is
finite. If in addition (p+ p') < H(f), then the following bound holds true:

nH() = (o+ 0] (H(f) = (0 +7)
2 ( V(g) “>}'

(31) EX(1=6n s pe) < exp {—
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PRrOOF. H(f) is finite because of (2). Let us denote log f by £ and log g
by £4. For every s € [0, 1],

cE" b pe = P {lny— 0 >np—nH(f)+logc}
< e ns(p—H(f) (P*es(ef—z*))" '

Now, invoking the Taylor formula with integral remainder applied to the C*°

function s — P*esr—t") implies that, for every s € [0, 1],
Presti=t) =1 - sH(f)+
52 /01(1 —t)P* W* )2y > )+ 1Ly < g*})est(gf_g*)} gt
<1=sH(f) + V().

Consequently, because logt <t —1 (every ¢t > 0), the following bound holds

true:
cE"¢p 5 pc < €xp [—nsp + nsQV(f)} .
The choice s =1 A ﬁif) yields (30).
Similarly, for all s € [0, 1],
Eg(1 = nfpe) < P =Ly >nlH(f) = pl}

= Pl —lng >nlH(f) = (p+ )]}
e N =] (yen(t—ta))"

IN

Again, the Taylor expansion of the function s +— Pges(g*_eg) and the Holder
inequality imply that, for every s € [0, 1],

1
Pges(é*,fg) < 1-sH(g,0") + 82/0 (1—1t) /(E* _ gg)Q(f*)stglfstdludt

< 144 /01(1 —0) [P — 2] [Py — )] 070

82
< 1+ EV(Q)

Therefore, because logt <t —1 (every ¢t > 0),

$2
E;L(l - ¢n,f,p,c) < exp {—TLS [H(f) - (P + P/)] + n2V(g)} )

and the choice s =1 A %(gp)ﬂ’/) yields (31). O
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APPENDIX B: PROOF OF PROPOSITION 1

The key-tool in this section is a variant of the locally conic parameteri-
zation first introduced in (Dacunha-Castelle & Gassiat, 1997b). The main
difference is the substitution of the L' norm to the L? norm.

In the sequel, ¢, C' will be positive constants whose values can change from
one line to another.

Let {4, } be a decreasing sequence of positive numbers which tend to zero.

Let us denote by | - || the L'(x) norm. Our first move is to point out that,

for all 6 € Opxyq,
*_

So, assumption M-prior ensures that Proposition 1 holds if

D(k*)+1
(32) 7Tk:*+1{9 € Opryr t [[f* = foll < \/&} < Cy 5,0

for some Cy > 0 which does not depend on {4, }.
The hard work is now to translate the condition ||f* — fy|| < v/d,, (each
0 = (p,7y) € int(Op«y1)) in terms of parameters p and .

Introducing the L' locally conic parameterization. For each 6 = (p,~) €
int(Og~11), let us define iteratively the permutation oy upon {1,..., k*+ 1}

as follows:
e let (j1,09(j1)) be such that

* _ . . * o .
Mooy = Vil =min_min |37 =51,

subject to j; and op(j1) are minimal;
e let us assume that (j1,09(j1)),--., (Ji—1,00(ji—1)) with | < k* have
been defined; then (j;,09(j;)) is chosen such that

Moo — ’Y}lh = Injinn}i/n |fyj* — i1,

subject to j; and oy(j;) are minimal, where index j < k* does not

belong to {j1,...,71—1} and index j' < k*+ 1 does not belong to
{o9(i1)s - 00(ii-1) };
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e once (j1,09(j1)),- -, (= 09(ji+)) are defined, ogy(j) is known for each
Jj < k* The value of op(k*+ 1) € {j : j < k*+ 1} \{op(j) : j < Kk} is
imposed.

At this stage, let us present a simple yet useful decomposition of the

quantity of interest:

LEMMA 8. For every 0 = (p,v) € Ops11 and each permutation s onto
{1,...,k*+1}, let us denote by 65 = (p*,v°) € Op=1 the parameter with co-
ordinates p; = pe(j), V; = Ve(j) (ll j < k*+1) and set my., 1 (0) = Tpy1(6°).

Since for all 6 and s, |f* — foll = |f* = fasll

(33) 7Tk*+1{9 € @k*—l-l : Hf* — f9H < m} =
Zﬂlgcurl{e € Opryr 1 ap =id, [|7 = fol < \/@},
S

where index ¢ in the sum above ranges through the set of all permutations
onto {1,...,k*+1}.

We show below that the term in the sum above associated with ¢ =id is
bounded by a constant times \/ED(k*)H. Besides, the proof involves only
properties that all 7., ; share. Studying the latter term is therefore sufficient
to conclude that Proposition 1 holds.

PROOF. We abbreviate 1{||f* — fs|| < v/d,} to h(). Note that, for all ¢,
h(6°) = h(#). The left-hand side term in Equation (33) equals (index ¢ in

the sums below ranges over the permutations onto {1,...,k*+ 1})

/®k*+1 h(0)dmyr1(0) = z{:/@k*ﬂ h(0)W{og = ¢}dmpey1(0)
= X[ HOor = id)dri., ),

hence the result. O

Let us set ©* = {0 € O~y : 09 = id}. For all 0 € ©*, let vg = Yper1,
po = pr++1 and Rg = (p1,. .., pg*—1,71,- - -, Tk*), Where
pj — P i

pj = —— and rj:%_fyj
Do Po

(all j < &)
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(we emphasize that >°, . pj = —1). Now, let us define

k* K
N(ve, Ro) = ||gvy + ij*-rong;, + ijg%*' ’
j=1 Jj=1

then g = pgN (79, Ro).

PROPOSITION 4.  For all § € ©*, let ¥(0) = (tg, 9, Rp). Function ¥ is a
bijection between ©* and U (O*). Furthermore, T = supgcg+ tg s finite, so
that the projection of W(O©*) along its first coordinate is included in [0,T].
Finally, for all € > 0, there exists n > 0 such that, for every 6 € ©*,
[/ = foll < m yields tg < e.

PROOF. It is readily seen that ¥ is a bijection. We point out that N (v, R)
is necessarily positive for all (¢,v, R) € U(©*), by virtue of assumption M-
linear independence. As for the finiteness of T, let us note that, for any
0 € O,

k* k*
(34)  to = |poge + D05 =) Vs + D (05— P9
i=1 j=1

IN

k*
2+ 05l =) Vel
j=1

The right-hand side term above is finite because I' is bounded and || (Vgﬂ,;) 1l
(7 < k* 1 < d) are finite thanks to assumption M-regularity. Besides, the
term does not depend on 6, so T is finite indeed.

In order to show that the last point is valid, let us consider a sequence
{0™} with values 6" = (p",v") € ©* such that || f* — fgn|| goes to zero as n
tends to infinity. Let {6#(™} be a convergent subsequence to some #°. Then
foe(n) converges almost-surely to fgo (see assumption A2) so that fgo = fs.

Now, since tgn belongs to the compact set [0, 7], it suffices to prove that
any convergent subsequence {tyo(n)} tends to zero. Because I' is compact,
there exists a subsequence of {7Ypu(n) } (still denoted by {vge(n) } for simplicity

of notations) which converges to ~°
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(a) Let us assume that v° ¢ {7 : j < k*}. Then necessarily, pyom), pf(n)

and ’yf(n) respectively tend to zero, p} and ’yj* for all j < k* In this
case, ty,(n) tends to zero.

(b) Let us assume on the contrary that 7 = ~;,, say. Then necessarily,
(pgeer + P, 4™, pP™ and 47

and 77 for all j < k™ In this case too, {ye) tends to zero.

respectively tend to pi., Vis P}

This completes the proof. O
Using the L' locally conic parameterization.

PROPOSITION 5.  For every T > 0 there exists C' > 0 such that, for all
n>1,

, . k*(d+1
Mo {0€ 0 smin o — 97l > 7 I - Al < V5, < 0 VETY,

We shall need the following lemma of equivalence of norms while proving

Proposition 5:

LEMMA 9. Let A be a compact subset of R% and, for all X € A, gy €
LY (). Let us suppose that ||gx — gx|| tends to zero when X' tends to \. Let
g1, -9k € LY(1n) be k functions such that, for every X € A, gx, g1, .-, gk
are linearly independent.

There exists C > 0 such that, for all a = (ag, ..., a;) € R and X € A,

k k
aogr + Y ajgj| = C Y laj|.
j=1 j=0
PROOF. Set A € A and let |a|y = |laogx + Z§:1 a;jg;|| for all a € RF+L,
This defines a norm | - [y on RF¥*!. Because R¥*! is finite dimensional, the
|- |1 and | - |y norms are equivalent: particularly, if Sy is the | - |;-sphere of
R**! with radius one, then for all a € Sy,

la|x > Cj |al1,

where C\ = inf{|a|y : @ € S1} > 0. Furthermore, function (\,a) — |al|y is
continuous and positive over the compact set A x Sy, so that inf{C) : A € A}

is positive, hence the result. O
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PROOF OF PROPOSITION 5. Let 7 > 0, let (t,7,R) € ¥(©*) and 0 =
() = W1 (t,7, R) satisfy |yp — 1|1 > 7 for all j < k*and |f* — fy <
V/0n. A Taylor-Lagrange expansion (in t) of (f* — fy) yields the existence of
t° € (0,t) such that

k* k*
t
"= ol = 5 v+ 20577 Vay; + D pign; | —
j=1 =1
t2 k* T 1 v T N2
el Rﬁjv9ﬁ4'§§:p?}£’ﬁﬁﬁl
j=1 j=1

where 7§ = 5 +t°r; /N and p} = p +t°p;/N (all j < k*). Therefore, by

virtue of assumption M-regularity, there exists a constant C' > 0 such that

) |

Furthermore, assumption M-linear independence and Lemma 9 imply

k*

>~ (losllrsly + 1r513)

=1

(35) wnqwztﬁ—cgz

that, for some constant C' > 0 (that depends on 7),

.
(36) N>C (1 +> (!Pj| +P§|Tj\1)> ;

=1

so the following lower bounds for || f*— fg|| are deduced from inequality (35):

1" =foll = t|1-C <

t 5 (lpjllrih + 1ril3)
B Ni1yyh, (\pj|+p§!7”j|1)

>t1_02ﬁﬂm—mm—ﬁhﬂw—ﬁ@)

- po+ S5 (Ips = vl + w515 = ;)

. Ztl_czﬁdm—mm—@hﬂw—m@)
zﬁ&m—m+mm—ﬁm

Now, it is readily seen by mimicking the last part of the proof of Proposition
4 that for all ¢ > 0, there exists n > 0 such that, for every 6 € ©*, || f*— fy|| <
n yields |pj —pj| < e, |v; — ;1 < e and |y; — 7}[2 < &. Consequently, for n
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large enough, the quantity between parentheses in inequality (37) is lower

bounded by 1/2, hence the validity for n large enough of

(38) t<2||f* = fall <2 V6n.

Finally, combining equality ¢ = pp N with inequalities (36) and (38) yields

the existence of a constant C' > 0 such that, for n large enough,
k*
po+ Y. (\pj — 5|+ pily — 7}!1) < C /.
j=1
Therefore, for large values of n,
Thry1 {9 SECI %g!w —vih>7 = foll < vdn} <

k*

Tkl {9 €0 > (I —pil +pjly —vih) <€ \/5n} :
j=1

Finally, by virtue of assumption M-prior, the latter is bounded by a con-

stant (independent of n) times / 5nk @+ The conclusion of Proposition 5

follows. O

PROPOSITION 6. There exist 7,C > 0 such that, for alln > 1,
* . * * k*(d+1)
Tt {9 €0 ijfgllgl’w =il <7 7 = ol £ v5n} < C Von :

PROOF. Let 7 > 0, let 0 = (p,v) € O* satisfy ||f* — fol < v/dn. Let us
also assume that |yg —v;5[1 < 7 for some j < k% say j = 1. By construction
of ©, |v1 — il < |7 — 771 < 7. The first inequality also implies that 7
can be chosen small enough so that vy must be different from 'y]*» for every
j=2,..., k"~ We consider without loss of generality that vy ¢ {7} : j < k*}.

Moreover, using the result stated in the proof of Proposition 4, it holds
that [y; — 751 and [p; — p}| go to zero as n goes to infinity for every j =
2,...,k* This implies that |p; 4+ pg — p}| goes to zero as n goes to infinity.

Therefore, by virtue of assumption M-linear independence and Lemma 9,



40 A. CHAMBAZ AND J. ROUSSEAU

there exist constants ¢, C > 0 such that, for n large enough,

k* k*
(39) lf = fol =C (Z Ip; — P51+ D> Pl — 5l (o1 + pe — pY)+
=2 =
S X% [poCro = ¥5)e(0 = 70)s + pr(v1 = V(01 = 0] |+
(r,s)ZA
S [polCre = ¥0)e (e — 70l + prl(m = ADe(m — 2Dl |+
(r,s)eA

p1(v1 =)+ po(ve — )i+

d
2.
=1

> [pe(w —)r(ve —7)s +p1(m — )11 — ’Yf)s}
(r,s)gA

|

k*
—c (pe\’m — R +pln =B+ - ’V}‘%) :
=2

Let us denote by A; and As the first and second expressions between
parentheses above. Since |y; — fyj*»\l goes to zero for j = 2,...,k* when n is
large enough, Z?;Q Iy — ’y]*\g can be neglected in Ay. If CA; < 2cA,, then
Zf;z Ip; — pj| < 2cAs, so that |p1 + pg — pi| < 2¢Az, which yields in turn

> Aulpo(re = )r(v0 = ¥)s +pr(m = 9D)e(n =] | +

(r,s)¢gA

> [pelie = v0)r (e = 3)s] + pilin = ) (31 = 7)sl| < Beda.
(r,s)eA

Consequently, assumption M-linear independence guarantees the exis-

tence of a constant C’ > 0 such that
poln =13 +piln =713 < € (polva — A1 +paln = 117)

By choosing 7 > 0 small enough, we can ensure that the latter is impossible.

Therefore, C Ay > 2cAy and using inequality (39) and assumption M-linear



BOUNDS FOR BAYESIAN ORDER IDENTIFICATION 41

independence gives, for another constant C' > 0,

k* k*
If* = foll > C (Z i — i1+ D vihvi — il + Ipy 4 e — P+
= =

d
Polve —Vils + piln — 55+ D pitv — )i+ po(ve — )it

=1

> N [poCro = ¥0)r(0 = 70 + pr(v1 = ¥)r(31 = 1]
(r,s)¢gA

)

hence finally (up to a change of C),

k*
(40) |p1+po —pil + Y Ipj — P}l + pilm — A1 l5 + palve — Y113+
=2
k*
Ip1(v1 = 1) +po(ve — D) + D pil — il < C Vo
j=2

Therefore, for the chosen 7 and large values of n,

Tl {9 €0 :minby — il <7 I = foll < \/ﬁ} <
TFk*+1{(9 € O : inequality (40) holds}.

The conclusion is now at hand. The conditions on p; and v; (j = 2,..., k%)
and a symmetry argument imply that the right-hand side term above is
bounded by a constant times +/ 5n[(d+l)(k —L] times w,,, where

wy, = /ﬂ{po > p I |p1 + po — Pi| + 1l — V113 + polve — F15+

p1(11 = %) + po(ve — )1 < C Von} drjly () drf, (p).

Let us also point out that under the conditions of the formula above, |vy —
1|3 < 4CV5,/p1 and py > pi/4 as soon as n is large enough to en-
sure Cv/0, < pt/2. Now, according to assumption M-prior, let € > 0 be
such that min;j |v; — v;[3 < & implies m. () o [Li<j I — 7vjrl2 when
d = 1. We split the integral by considering the cases 4C+/5,/p1 > € and
4C+\/6,/p1 < e. Let h = 1 when d = 1 and h = 0 otherwise. There exist
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constants ¢, ¢ > 0 such that w, is bounded (up to a constant factor) by the

sum of w1 and wy, 2, where

Wn, 1 < /]l {|'79 - 7“1 < 0@7 ’p@ - pﬂ < C\/&} dﬂ'furl (p) dWZ*+1(7)
< Ve,

and

IN

h/2 Do + p1 D1
Wn,2 V(Sn ]1{”79 - Do '71(“‘ pTg'Yl <cvy 5n}
1

{1 =23 < ev/ou/pi} p " dnb., (p) dv

[d+(d+h)/2] [1/2 dp1
< dv6é, S
s ¢ OV e P2
(d+h—2)/2
< /fsn[d‘f'(d“‘h)/Q] ( € ) '
4C/6,,

This completes the proof of Proposition 6, because in summary,

* 3 * * (d+1)k*
Mo {0.€ O smin o 5 < 7 15~ fll <V p =0 (VE)
O

APPENDIX C: PROOF OF PROPOSITION 2

It is readily seen that assumption O-approximation holds for the chosen

approximating set. Let us focus now on the entropy condition.

Constructing d-brackets. Let §; satisfy inequality (5) of Theorem 3. A
convenient value will be chosen later on. Let us set j' < |dp/d,] and e =
j'6n/4. Let 7 > 1 be a constant.

Let 8 = (p,7y) € ©Op~y1 be arbitrarily chosen. Let n € (0,71) be small
enough so that, for every j = 1,...,k*+ 1, u; = Gy, and vj = Goim (as
defined in assumption M-local brackets) satisfy, for all v € T,
(41) Py, —,(1+10g?g,) < ¢/,

(42) Py (loguj — log v;)? < (e/7)%
(43) Py v, log? u; < (g/7)log?(e/7).
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Let us introduce

k41 E*+1
vg=(1—¢/T) Z Pjvj and ug=(1+¢/7) Z PjUj.
j=1 j=1

LEMMA 10. There exists 7 > 1 (which depends only on k* and con-
stant M introduced in assumption M-local brackets) such that the bracket
[vg, ug] be an e-bracket as defined in Section 2.5.

PROOF. Let us verify that the first condition that defines an e-bracket is
satisfied. Invoking (41) yields

k41 k*+1
(44) p(ug —vg) = (1 +¢/7) Y pip(uj —vy) + (2e/7) Y pjpw; < 4e/7.
= =1

As for the second condition, let us point out that (index j ranges below
between 1 and k*+ 1)

log ug — log vg = log +€/T+log%§10 +5/T+maxlogﬁ,
1—¢/7 >, Divj 1—¢/7 j vj
hence
(45) (log ug — logvg)? < 2 | log? M + Z log? 4
- 1—¢/T ; vj |

Using (1+¢/7)/(1—¢/7) < 1+4e/7,log(1+t) <t (all t > 0) and inequality
(42) then ensures that

(46) P*(logug — logvg)* < 2(k*+ 17)(/7)2.

Let us consider now the third condition. Straightforwardly,

k™1
(47)  Puy—vylog?(uo/f*) < (1 +€/7) D pjPu;—v; log® (ug/ f*)+
j=1
k41
2e/T Z PPy, log?(u/ f*).
j=1

It is readily seen that log?(ug/f*) < 2¥"+1 Z?;l log? gy: + 4log*(1+¢/7) +
ok™+3 Z?;‘El log? u;. Besides, assumption M-local brackets ensures that,
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forallyeT and j=1,...,k*+1, ngj log? 9v: and ngj log? u;j are bounded
by M. Now, because log?(1 +¢/7) < ¢/ and inequalities (41), (43) hold,
inequality (47) yields
(48)  Puyuy log>(ug/f*) < (252K (M +1) + 4(1 + log? 2)+
(4 1)(M +1)) (/7) log?(e/7)
The last step of this proof is dedicated to the verification of the fourth

condition. Since the following holds:
k*41

2 2
P,,(logug — logvg)” < Zl ijng (log ug — logvg)=,
J:
inequalities (42) and (45) imply
(49) P,,(logug — logvg)* < 2(k*+17)(¢/7)2.

In conclusion, inequalities (44), (46), (48) and (49) show that 7 can be
chosen large enough (independently of ) so that [vg, ug] be an e-bracket. [

n

Controlling the §-entropy. The rule z1(1 —e/7) = e™™ and zj41(1 —
e/7) = z;(14¢/7) is used for defining a net for the interval (e™",1). Such a
net has at most 1+n/log(1+¢/7)/(1—¢/7) < 142n7 /e support points. Us-
ing repeatedly this construction on each dimension of the (k*+1)-dimensional
simplex yields a net for {p € Rff tminj<gpep; > e 1 = Y gup; > e}
with at most a O((n/e)*+1)) support points. Besides, we can choose a
net for I¥*1 with at most a O(sfd(k*ﬂ)) support points such that each
~ € TF*! is within | - |;-distance € of some element of the net. Conse-
quently, the minimum number of e-brackets needed to cover FF*l is a
O(nF+1 /e(d+D(E+1)) 5o that there exist positive constants a, b, ¢ for which
the d-entropy with bracketing of ¥+ (as defined in Section 2.3) is bounded

as follows:
w1 JOn
(50) & (J-’ff + J4> < alogn —blog(j'6,) + c.

Now, let us note that the following simple inequalities hold
log®(j'6n) — (logén)log(j'0n) ~ log®

and consider each term of equation (50) in turn:




BOUNDS FOR BAYESIAN ORDER IDENTIFICATION 45

e it is readily proven that alogn < nd,/ log? 8, is equivalent to

1

> .
(51) 51 = (10g3 n)n((sl/a)l/Z_l

When 6; > a, the largest value of the right-hand side of inequality (51)
is achieved at ng. Hence, 01 can be chosen large enough (independently
of j/ and n) so that inequality (51) holds for all n > ng and j' <

[00/0n]-

e now,

oy,

(log 6,,) log(j'6n)

—blog(j'6,) < if —blogd, < d;log?n.

Since log? 6, < 4log?n, both inequalities above are valid as soon as

(52) o1 >

The largest value of the right-hand side of inequality (52) is achieved
at ng. Therefore, 4; can be chosen large enough (independently of 5’
and n) so that inequality (52) holds for all n > ny and j" < [do/0n].
e finally, using again log?4d, < 4log?n yields that ¢ < nd,/log?4, is
implied by
4c

> .
(53) 0= logn

Obviously, d; can be chosen large enough (independently of j' and n)
so that inequality (53) holds for all n > ng and j' < [d9/d, ]

In summary, §; can be chosen according to inequality (5) in order to guar-
antee that £(FF1 j'5,/4) be bounded by the right-hand side of inequality
(6) (with j' substituted to j). This completes the proof of Proposition 2,
because &(FF*1,5'5,/4) is larger than the left-hand side of inequality (6)

(with the same substitution).
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