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Abstract 
 

In this paper, we present a new methodology for modeling intraday volume which allows for 
a significant reduction in the Volume Weighted Average Price (VWAP) on orders risk. The 
results are obtained for the all stocks included in the CAC40 index at the beginning of 
September 2004. The idea of considered models is based on the decomposition of traded 
volume into two parts: one reflects volume changes due to market evolutions, the second one 
describes the stock specific volume pattern. The dynamics of the specific part of volume is 
depicted by ARMA, and SETAR models. 
 
Keywords : Intraday volume, VWAP strategies, Principal Component Analysis, Arbitrage 
 
 
 
 
 

Résumé 
 
Dans cet article, nous proposons une nouvelle méthode de modélisation du volume intra-
journalier qui permet de réduire de façon significative du risque des ordres VWAP (Volume 
Weighted Average Price). L’application de cette méthode est effectuée sur tous les titres qui 
composent l’indice CAC40 au début de septembre 2004. L’idée des modèles considérés est 
basée sur la décomposition du volume en deux parties : la première traduit les variations de 
volume dues aux évolutions de marché, la seconde donne la forme intra-journalière du 
volume spécifique. La dynamique de la composante spécifique du volume est décrite par des 
modèles ARMA et SETAR. 
 
Mots-Clés : Volume Intra-journalier, Stratégies VWAP, Analyse en Composantes Principales, 
Arbitrage 



1 Introduction

While volume is often ignored in perfect markets financial literature, it is an important

market characteristic for practitioners who aim to lower the market impact of their trades.

This impact can be measured comparing the execution price of an order to a benchmark.

The larger this price difference the higher the market impact. One of such benchmarks is

known as Volume Weighted Average Price, or VWAP, trading. Informally, the VWAP of

a stock, over a period of time, is just the average price paid per share, during that period.

The VWAP benchmark is then the sum of every transaction price paid, weighted by its

volume. The goal of any trader, tracking VWAP benchmark, is to find and define ex ante

strategies, which ex post lead to an average trading price as close as possible to the VWAP

price. Hence, VWAP strategies are defined as buying and selling a fix number of shares at

an average price that tracks the VWAP.

VWAP execution orders represent around 50% of all the institutional investors’ trading.

The simplicity of such strategies explains its growing success. First, investors who ask for

VWAP execution accept to postpone or to sequence their trades in order to reduce their

trading cost when selling or buying large amounts of shares. Doing so, they reduce their

market impact, and thus increase the profitability of their transactions by accepting a risk in

time. Likewise, VWAP orders allows foreign investors to avoid the high risk related to the

fact that their orders have to be placed before the market opening. Second, it is a common

practice to evaluate the performance of trades based on their ability to execute the orders at

a price better or equal to VWAP. In this case, VWAP can be seen as an optimal benchmark1.

Finally, VWAP is a better benchmark than any price at a fixed time in the future as it cannot

be manipulated. Consequently, it improves both market transparency and efficiency [see

Cuching and Madhavan (2001)].

To implement VWAP strategies, we need to model the intraday evolution of the relative

volume. It is now common knowledge that intraday volume move around a U-shape sea-

sonal pattern [see for example Biais, al. (1995), Gouriéroux et al. (1999) for the French

1Berkowitz, Logue and Noser (1988) show that VWAP is a good proxy for the optimal price attainable by
passive traders.
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stock market.]. These high seasonalities have hampered volume modeling. One way to

circumvent this problem is to work on a transaction or market time scale instead of calen-

dar time scale [see Engle (2000), Gouriéroux and Le Fol (1998) for example]. However,

this transformation are useless when working on strategies which are definitly defined on

a calendar time scale [Le Fol and Mercier (1998) suppose that the time transformation is

fixed and use this hypothesis to pass from one time scale to the other]. Other approaches

correct volume by a stock by stock time varying average volume [Engle (1998), Easley,

O’Hara (1987)], while others take the time varying, across stock, average volume [See Mc

Culloch (2004)]. In all this work, seasonality is just a problem that they adequately and

empirically dispose. However, we do not want to eliminate seasonality as we use it to get

the common component and thus, to construct our volume benchmark for VWAP strategies.

Here, we want to discriminate between the seasonal and static part of volume from the dy-

namic one. The identification of such components of volume comes from the observation

that seasonality is common across stocks whereas dynamics is a stock by stock feature.

If volume has been analyzed in the financial market literature, it has often been used for

a better understanding of other financial variables, like price [Easley, O’Hara (1987), Fos-

ter, Wisvanathan (1990) for example] or volatility [Tauchen, Pitts (1983), Karpoff (1987),

Anderson (1996) and Manganelli (2002) for example]. Moreover most of these studies use

daily or even lower data frequency [one exception is Darrat, Rahman, and Zhong (2003)

who examine intraday data of stocks from Dow Jones index, and reported significant lead-

lag relations between volume and volatility]. The rare papers that concentrate on volume

are Kaastra and Boyd (1995), Darolles and Le Fol (2003).

If this paper is in the line of the methodology proposed by Darolles and Le Fol (2003)

for the volume decomposition, the main contributions are first to work on intraday data,

second to propose some predictions of volume and finally to use VWAP strategies to test

the accuracy of the approach. Basically, volume is decomposed into two components :

the first one describes the size of volume on ordinary days and is extracted from the forty

stocks included in the CAC40 index. The second component measures the abnormal or

unexpected changes of volume. 
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The CAPM is one of the most famous model for returns that is based on such technics.

Lo and Wang (2000) are the first to transpose this model to volumes, also used by Darolles

and Le Fol (2003). This study is a natural extension of this work on high frequency data to

the problem of optimal executions of VWAP orders. Furthermore, it is worth highlighting

that, by separating the market part from observed volume two additional goals were ob-

tained. First, the specific component, as measure of liquidity for particular company, is a

much more reliable indicator of arbitrage activity than the observed volume. Finally, this

decomposition allows to accurately remove seasonality, without imposing any particular

form.

The paper is organized as follows. Section 2 provides a description of the models for

market component, and specific component of volume. Section 3 contains data description

and summary statistics of the data. As well as in and out sample estimations results. Ap-

plications to VWAP strategies are presented in section 4. Finally, section 5 concludes the

paper.

2 The price-volume trading model

In this section, we introduce the price-volume statistical model which include the decom-

position of volume method and the intraday volume dynamics. As mentioned before, the

major problem of intraday volume is its high intraday seasonality. Two approaches have

been considered to deal with this problem. The first one takes an historical average of vol-

ume for any stock as its seasonal pattern or normal volume [Easley, O’Hara (1987)]. The

second one takes the average volume across stocks to get this normal volume [McCulloch

(2004)]. Here, we propose another method to extract the seasonal, or normal, volume based

on principal component analysis. Such a method allows us to get a normal non stationary

volume component, which is common across stocks, and a specific stationary component.

Next, we propose to model the dynamics of the aforementioned components taken sepa-

rately.
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2.1 Intraday volume decomposition section

The chosen methodology comes from asset management practices, where any portfolio can

be decomposed into a market and an arbitrage portfolios. Similar idea can be applied to in-

traday volume: the trading volume has a market and a specific components [Darolles and Le

Fol (2003) propose a theoretical model to explain such a decomposition of volume as well

as a link with market practices]. Any stock volume or stock turnover, at any date, depends

on an average term and a deviation term. The average part corresponds to trading volume

coming from market portfolio adjustments. Our interpretation is that the deviation part is

due to the opening and closure of arbitrage positions. In order to get the two components

of volume, we conduct a principal component analysis.

Let xit = Vit
Ni
, i = 1, . . . , I , t = 1, . . . , T denote the turnover series for stock i at date

t, i.e. the number of traded shares Vit divided by the number of float shares Nit. As shown

in Darolles, Le Fol (2003), the market turnover xI
t can be written as :

xI
t =

∑
i PitVit∑
k PktNk

=

∑
i PitNi

Vin
Ni∑

k PktNk
=

∑
i

witxit, (1)

where Pit is the transaction price for stock i at date t, andwit is the stock relative capitaliza-

tion. In fact, all the series should also be indexed by day. It would become xj
it, denoting the

turnover for stock i and date t, and day j. However, we will ignore this last index, unless

explicitly needed, for ease of the exhibition. Since the aim of principal component analysis

is to explain the variance-covariance structure of the data through a few linear combinations

of the original data, the first step is to calculate the I × I dimension variance-covariance

matrix of the data. The spectral decomposition of this matrix leads to I orthogonal vec-

tors, Ck
t = x′

ituk, with dimension T , where uk is the kth eigenvector. Each eigenvector is

associated with a positive eigenvalue λk such that:

Cov(Ck
t , C l

t) = λkδkl, (2)

where δkl stands for Kroneker symbol. The standardized turnover times series can be de-   
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composed as:
xit − xi

σi
=

∑
k

ui
kC

k
t .

Since the correlation is corr(xit, C
k
t ) =

√
λku

i
k, the previous equation can be rewritten as:

xit − xi = σi

∑
k

corr(xit, C
k
t )√

λk
Ck

t ,

= σi

∑
k

corr(xit, C
k
t )√

var
(
Ck

t

) Ck
t ,

=
∑

k

Cov(xit, C
k
t )

var
(
Ck

t

) Ck
t .

Finally, we get the centered turnovers :

xit − xi =
∑

k

Cov(xit, C
k
t )

var
(
Ck

t

) Ck
t , (3)

=
∑

k

1
λk

Cov(xit, C
k
t )Ck

t . (4)

Isolating the first factor, we get:

xit − xi =
1
λ1

Cov(xit, C
1
t )C1

t +
∑
k>1

1
λk

Cov(xit, C
k
t )Ck

t . (5)

The first component is larger variance one and captures the seasonality. The others are

stationary. In the following, we use this decomposition to predict future volume.

From equation (5), we get :

xit = ci,t + yi,t,

where

ci,t = xi +
1
λ1

Cov(xit, C
1
t )C1

t ,

yi,t =
∑
k>1

1
λk

Cov(xit, C
k
t )Ck

t .

The volume turnover xi,t at time t, is the sum of a common - or market - turnover ci,t
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and a specific turnover yi,t. On the one hand, the market component of intraday volume is

expected to capture all volume seasonalities and represents long term volume of the stock.

On the other one, the specific component should feature no seasonal pattern and represents

short term volume of the stock. It depends on the inflow of information about important

events for the company’s shareholders.

2.2 Intraday volume dynamics

In order to incorporate the features mentioned above into the model for intraday volume

xi,t where t = 1, · · · , T , we proposed the following framework:

x̂i,t = c̄i,t + yi,t, (6)

c̄i,t represents the common component historical average of intraday volume over the last

L-trading days. As said above, ci,t depends on the trading day and should be written as cj
i,t

for day j. Hence, c̄i,t is equal to:

c̄i,t =
1
L

L∑
l=1

cj−l
i,t . (7)

This modeling choice seems accurate as the common component for short period (no longer

than 3 months) is assumed to be static. Note that, in our empirical study, the size of the

interval is equal to 20 minutes. The second term yi,t represents intraday specific volume for

each equity and is modeled considering two specifications. The first on is an ARMA(1, 1)

with white noise, defined as:

yt,i = ψ1yt−1,i + ψ2 + εt,i. (8)

The alternative considered specification is a SETAR (self-extracting threshold autoregres-

sive model) which allows for changes in regime in the dynamics. We get :

yt,i =
(
φ11yt−1,i + φ12

)
I(yt−1,i) +

(
φ21yt−1,i + φ22

)[
1 − I(yt−1,i)

]
+ εt,i. (9)
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where

I(x) =

⎧⎪⎨
⎪⎩

1 x ≤ τ,

0 x > τ.

Therefore, we assume that when the specific part of intraday volume exceeds a threshold

value of τ its dynamics is described by a different set of parameters.

In contrast to the above framework, the classical approach take the simple volume av-

erage over past l-trading days. Hence, intraday volume xi,t is approximated by:

x̂i,t =
1
L

L∑
l=1

xj−l
i,t . (10)

The parameter n corresponds to the number of 20 minutes intervals in a one trading day.

Undoubtedly, the advantage of classical approach is its simplicity. However, it ignores

dynamics of intraday volume, what has a negative impact on quality of volume forecast.

3 Empirical analysis

3.1 The data

The empirical results are based on the analysis of the 40 securities included in CAC40 index

at the beginning of September 2004. We use the turnover as a measure of (relative) volume.

The turnover is defined as the traded volume divided by the outstanding number of shares.

A similar measure was used by Lo and Wang (2000). Tick-by-tick volume and prices were

obtained from the Euronext historical data base. We consider a one year sample, ranging

from the beginning of September 2003 to the end of August 2004. The data are adjusted

for stock’s splits and dividends. The 24 and 31 of December 2003 were excluded from the

sample. For any 20 minutes interval, volume is the sum of the traded volumes whereas the

price is the average price, both over that period.

This study focuses on modeling volume during the day with continuous trading, there-

fore we consider transaction between 9 : 20 and 17 : 20, and exclude pre-opening trades.

As the result, there are 25 20-minutes intervals per day. In addition to high-frequency data
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from EURONEXT, volume weighted average prices with daily horizon for each company

were used.

We give in table 1, intraday volume summary statistics for securities from the CAC40

index. The comparison of the mean with the 5% and 95% quintiles, gives clear indications

of the large dispersion of volume stock by stock. For companies like Sodexho Alliance,

Sanofi-Aventis, and Credit Agricole, the mean is around three times lower than the 95%-

quantile. On average this ratio is equal to 2.7. In turn, 5%-quantiles are five to nine times

smaller than the mean. This strong dispersion comes from the strong intraday seasonality. It

is worth noting that the table also shows large dispersion across equities, where the average

volume is ranging from 0.006 for Dexia up to 0.438 for Cap Gemini. The explanation

comes from equities particular events such as earning announcements, dividend payments,

changes in management board etc., which have direct influence on the price and volume of

their stock. These observations encourage to apply a model as the one we propose, which

is based on volume decomposition into market and specific components.

3.2 Estimation results

The first step of our methodology is to run a principal component analysis (PCA) on the

intraday volumes for all companies included in CAC40. Table 2 shows that the longer

the period the lower the dispersion explained by the first three components. For a one

month period these components explain 48.5% of the dispersion. It falls to 35.6% when

we extend the decomposition to a one year period. Since principal component analysis is a

static method, it has to be applied to small periods of time. Over long periods PCA fails to

capture the dynamical links which prevail. Therefore, we choose to work on a one month

period to decompose volume. Next, we calculate the autocorrelation (ACF) and partial

autocorrelation functions (PACF) for common and specific part which are plotted in Figure

1 for TOTAL equity. The upper graphs in the Figure show typical characteristics of the

intraday volume, namely seasonality. From the middle figures, one recognizes the ability

of common component to capture seasonality. The last graphs illustrate ACF and PACF

for the specific part of volume. The fast decay of the autocorrelation suggests that the
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ARMA type model is suitable to depict this time series. The results of stationarity tests are

presented in Table 3. The null hypothesis of unit root is rejected by the Augmented Dickey-

Fuller and Philips-Perron tests, for the specific volume. Finally, the inspection of residuals

confirmed that ARMA and SETAR models are accurate to describe the dynamics of the

specific volume. Figure 2 shows classical white noise properties. The conclusions drawn

from these autocorrelation functions plots are confirmed by the results of Portmanteau tests.

Figure 3 shows the result of our decomposition for two succeeding days, for TOTAL

company. The upper graphs give the intraday evolution of volume where we can see a

stochastic evolution around a seasonal U-shape pattern. The middle graphs give the intraday

evolution of the common component. This part of the volume is the same for any day of

the sample. Finally, the lower graph represent the evolution of the specific component.

This component is responsible for the stochastic behavior around the seasonal pattern and

changes from day to day.

The final stage to evaluate the accuracy of the models is to use two error measures, such

as the mean absolute percentage error (MAPE) and mean squared percentage error (MSPE)

for daily horizon. Tables from 4 to 9 show the outcome of this analysis for all equities, for

the classical approach, ARMA and SETAR model respectively. The results reported in the

tables are obtained calculating the MAPE and MSPE for each day. Note that, the statistics

has been computed over all trading days for the period from September, 2 to December

16, 2003. The summary for all examined companies is given in Table 10. The outcomes

indicates that both models based on principal component decomposition outperform the

classical approach to predict the daily U-shape of volume. Moreover, the SETAR model fits

better the daily volume dynamics then the ARMA model. In fact, there are three over thirty

nine companies for which ARMA slightly surpasses SETAR model. Further arguments

in favor of the decomposition concept comes from the fact that the standard deviation for

both models is significantly smaller than the one observed in the classical approach. The

same applies to the maximum, and the 95%-quantile, what confirms the dominance of our

approach.

To summarize, we have demonstrated that models based on decomposition are better in
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modeling intraday volume than those assuming calculation simple averages from historical

data. The importance of this outcome will be discussed in the next section which focus on

the problem of reducing cost of VWAP orders.

4 Application to VWAP strategies

VWAP analysis works best under particular conditions. As we explain in the following

section, VWAP analysis may be misleading and self-fulfilling under every day institutional

trading conditions such, as rapidly changing market conditions, trades motivated by current

news and recommendations, trade dominating daily volume, principal trades, and trades

whose execution stretches out over several days. We detail below and argue, the set of

assumptions ensuring the accuracy of VWAP benchmarking.

4.1 VWAP strategies : an overview

Trends in algorithmic trading An actual trend observed in financial markets is the

increasing use of computer trading, or, shortly speaking, electronic trading versus a specific

benchmark. Measurability is one of the more obvious benefits of benchmarking. Indeed,

when trading performance is measured compare to a benchmark, by definition you easily

get an execution quality measure. Two main factors explain this phenomena. On the one

hand, computer trading offer is now easily accessible. If sell-side firms execution systems

have been used internally by traders for years, these systems become recently available

directly to clients via electronic platforms. A steady drop in transaction rates is forcing

sell-side firms to become more efficient in processing trades and to lean on automation and

computer power more than ever before to cut costs. At the same time, firms are looking

to outsource their trading desks to increase their capacity to execute more volume. Major

brokerage houses are then franchising their computer trading strategies to smaller firms

which in term are pressured to offer the service. Small and midsize broker-dealers that lack

resources and time to invest in developing VWAP engines and other quantitative strategies

can then offer the proprietary benchmark trading to their buy-side customers. In return, the
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source firms are paid a percentile per share based on the volume that’s pumped through

their models. Even if the franchisee broker puts it own name on the algorithm strategy,

the execution occurs on major brokerage houses, virtually invisible to the institutional firm.

The originating broker-dealer get credit for the volume since it represents the order at the

exchange and still preserves the execution clearing relationship with the buy-side client.

On the other hand, buy-side customers are asking for the algorithms. They are numer-

ous reasons for buy-side firms to ask for this type of trading. The buy side is being more

closely monitored and scrutinized for its execution quality. Algorithmic trading offers a less

expensive option to full service brokers, while providing a way to complete a complex or-

der type. In general, pre trade analytic tools are readily and easily available. The execution

environment allows clients to obtain analysis relevant to the context in which they make

trades. Moreover, market fragmentation drives traders to use electronic tools to access the

market in different ways. Quant fund traders began to be a bigger piece of liquidity and need

flexible and easy access to the market. For small brokers, access to big brothers’ algorithms

is far from cheap. But if a customer feels that he’s getting a better execution, it’s incumbent

on them to provide it.

VWAP benchmark Several benchmarks are proposed in the field of algorithmic trading

(These prices are based on market on close, percentage of volume, opportunistic model for

small-cap stocks, ....), but the most common and popular one is VWAP. The main reason

is obvious: the computation of daily VWAP is straightforward for anyone with access to

daily stock transactions records. Moreover the use of VWAP is simple in itself: if the

price of a buy trade is lower than VWAP, it is a good trade; if the price is higher, it is

a bad trade (and conversely for sell trades). In general, brokers propose several ways to

reach VWAP benchmark. Agency and guaranteed VWAP execution services are the two

main possibilities. In the guaranteed case, the execution is guaranteed at VWAP for a fixed

commission per share, and the broker dealer ensures the entire risk of failing to meet the

benchmark. In the agency trading case, the order is sent to a broker-dealer, to trade on an

agency basis, with the aim of obtaining the VWAP or better. Obviously, the transaction

costs are not the same depending on the chosen method and the larger the client residual
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risk, the smaller the cost.

Timing dimension VWAP strategies introduce a time dimension in the order execution

process. If the trader loses control of whether the trade will be executed during the day,

VWAP strategies allows to dilute the impact of orders through the day. To understand

the immediacy and good price trade-off, lets take the two examples of action and investor

traders. Action traders go to where the action is, meaning that they don’t care what about the

firm stock they are trading. Investor traders lack that flexibility. Since their job represents

the final task in a sequential decision process, they are expected to trade specific stocks,

even if the action is over. Of course, trade information cannot remain proprietary for long

and trade delays resulting in trade process that can defer greatly from the manager’s original

decision price. VWAP strategies ensure to investors tragers good participation during the

day, and then trade completion at the closing time.

Size effect Under particular conditions VWAP evaluation may be misleading and even

harmful to portfolio performance. Most institutional trading occurs in filling orders that

exceed the daily volume. When large numbers of shares must be traded, liquidity concerns

is against price goals. Then trade evaluation becomes more complicated. Action traders

watch the market for this reason and try to benefit from those trades. A naive investor could

indiscreetly reveal her interest for the market or a particular stock. Action traders can then

cut themselves in by capturing available liquidity and reselling it to unskilled trader. On the

contrary, skilled trader will deal amounts below or beyond the action trader’s radar screen to

avoid such behavior.. Using automatic participation strategies as VWAP may be dangerous

in these cases. Since it pays no attention to the full size of the trade, trading cost are biased

by VWAP benchmark since the benchmark itself depends on the trades.

For this reason, some firms offer multi-days VWAP strategies to respond to customers

requests. To further reduce the market impact of large orders, customers can specify their

own volume participation by limiting the volume of their orders on low expected volume

days. Each order is first sliced into several days orders in a first step, and then sent to VWAP

engine for the corresponding days.
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To avoid this first limitation, we make the following first assumption concerning the

order size send to VWAP engine. We assume that any considered VWAP execution order

is low compared to the daily volume.

Trade motivation Most trading observed on the market, such as balancing or inflow

trading, is not price sensitive and evaluation by a VWAP analysis will not be missleading.

However, some trades and hence trading prices reflect objectives that cannot be captured by

a VWAP analysis. To see this, we must look deeper into trading motivations to discriminate

whether a particular price represents a good or bad execution. Let us consider two types of

traders: value and growth managers. Value managers are looking for underpriced situations.

They buy the stock and wait to sell it until a good news raises its price. Besides, growth

managers react to good news, that hopefully portends more good news. Thus, while growth

managers buy on good news value managers sell. Consequently growth managers have a

clear trading disadvantage because they buy when the buying interest dominates the market.

They are frequently lower ranked than value traders. If the skilled traders can understand

the motivations beyond the decisions, they will try to adjust their strategy accordingly.

Automatic participation algorithm cannot take into account such dimension in trading.

The second assumption we make in our empirical study is to only consider low motiva-

tion trading. In such case, VWAP benchmark can be used without bias.

Benchmarking arbitrage In the case of VWAP trading, any price is a good price if

the size of the trade dominates the daily volume implying that the trading price dominates

the VWAP. Trading dominating VWAP is evaluated as good trade no matter how expensive

the price might be compared to manager decision targets. Hence, VWAP makes the trader

insensitive to price since any price become as good as any other price. This denigrates

traders skills and can destroy the value of research. Moreover, VWAP is very beneficial

for screening people who don’t know that it is used to evaluate them. Anyone who knew

there were going to be evaluated by this measure would be some combination of dumb,

impotent, or corrupt, depending on how they behaved. Even though you know you can

game this method you don’t game it.
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As third assumption, we assume that traders have no strategic behavior.

4.2 Empirical results

In this section the question about usefulness of the above discussed models to the prediction

of volume weight average price (VWAP) is addressed.

The answer has important meaning for brokers, who are supposed to execute VWAP

orders, and whose trades are evaluated according to benchmarks based on VWAP.

This empirical study focuses on VWAP order with one day horizon. The examination is

organized as follows: the proxy of volume weight price is computed based on twenty five

time points during a trading day. The first point corresponds to the time 9 : 20 and the last

to the time 17 : 20. The time interval between two succeeding time point is equal to 20

minutes. The price of equity for each of twenty five points were computed as arithmetic av-

erage over the transaction price which took place in the last twenty minutes. The prediction

of volume is done by models based on principal component decomposition and by using

the classical approach to describe daily pattern of intraday volume.

The Tables from 11 to 16 are comparisons of in-sample performances for all mod-

els based on mean absolute percentage error (MAPE) and mean square percentage error

(MSPE). The examination is carried out for the period ranging from September, 2 to De-

cember, 16 2003. In 26 cases the decomposition model with specific part described by an

ARMA reduces the error measure MAPE by more than 25%. For ten equities the reduction

exceeds 40% in comparison to the classical approach. The major decrease of the error mea-

sure is observed for SCHNEIDER ELECTRIC’s VWAP, where it exceeds by 50%. The

modelling of the specific part by a SETAR allows for further decline of the mean abso-

lute prediction error in comparison to classical approach. A reduction of around 25% is

observed for 34 equities. For sixteen equities the reduction exceeds 40%. The most sub-

stantial decrease of prediction error is obtained for VIVENDI UNIVERSAL equity. The

application of decomposition model allows to improve the quality of VWAP forecast by

around 60%.

According to the results we get with ARMA or SETAR all together, the decomposition
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models outperform the classical approach. The only exception is TF1 equity where the

classical approach beats both models. However, application of the ARMA model to the

specific part of TF1’s volume bring the error measures closer to those obtained by the

classical approach. Nevertheless, the application of SETAR instead of ARMA in 60− 70%

cases permit additional reduction of risk. The number of stocks for which SETAR model

overwhelms the ARMA model depends on the error measure.

From broker’s perspective the 95%-quantile contains important information about the

risk of application of particular model. The 95% quantile has much smaller value for de-

compositions models than for classical approach. Furthermore, SETAR model seems to

be better than ARMA to describe the specific part of the intraday volume. This is due the

SETAR ability to discriminate between turbulent and flat periods of the market. The 95%

quantiles for the classical approach and the model with an ARMA specific part are ranging

from 0.19% to 0.78%, and from 0.1% to 0.49% respectively. In the SETAR case, the 95%

quantiles for all companies range from 0.08% to 0.38%.

As result of in-sample performance comparisons, we show that decomposition models

can be successfully used to predict the volume weight of average price (VWAP). Further-

more, a broker who exploit our approach to forecast VWAP, compared to the classical one,

is lowering her risk.

Moreover, the in sample results are confirmed by out-of-sample ones. This analysis

is carried out by application of a twenty days moving window. Thus, the decomposition

is applied for the period of twenty trading days before the day during which execution

of VWAP order take place. The average common part of intraday volume is computed

and known in the evening of the day preceding VWAP trade. In turn, the specific part is

forecasted with twenty minutes delay, on the considered day.

The out-of-sample performance of models under consideration for the period from

September 2, to December 16, 2003 is summarized in tables form 17 to 22. The models

based on decomposition outperform the classical approach. For all companies the approach

based on direct computing averages result in higher risk of execution of VWAP orders. In

the case of 20 equities, the application of the decomposition model with an ARMA spe-
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cific part allows for a reduction of MAPE greater than 15%. The major decrease of the

error measure is observed for THOMSON’s VWAP, with almost 40%. The application of

decomposition model with a SETAR specific part enables further decline of the mean abso-

lute prediction error in comparison to the classical approach. The MAPE reduction above

15% is observed for 27 equities. For twenty one equities the reduction exceeds 20%. The

most substantial decrease of the prediction error is obtained for THOMSON equity. The ap-

plication of decomposition model allows to improve the quality of VWAP forecast around

46%.

Furthermore, on average, the application of either decomposition models is less risky

than the use of the classical approach. The risk is associated with the 95% quantile. The

large this quantity, the less reliable the VWAP prediction and thus the riskier the strategy.

The obtained results advocate to the approach based on principal component decompo-

sition. In order to recapitulate the results, we estimate the cost of VWAP order execution

when the subject of transaction are all stocks included in index CAC40. Therefore, we

compute the VWAP for whole index as weighed average of VWAP over equities. We use

the same weight to them used for constriction of index at the beginning of September 2004.

Tables 23 and 24 present the summary of the model’s performance comparison in case of

VWAP order for whole index. The application of decomposition model with specific part

describe by SETAR allows to reduce the risk around of 40% in case of in-sample com-

parison. Even, in out-sample case application of this model dimmish the risk of execution

VWAP order by 24%. The 95%-quantile in case of classical approach is almost a double of

that for decomposition models. Lastly, to present superiority of models based on principal

component decomposition, the figures presenting the absolute and square percentage error

for randomly selected equities is plotted. The Figure 4 and 5 correspond to in and out of

sample case respectively.

The above outcomes show that using the decomposition of volume into market and spe-

cific parts reduce the cost of execution of VWAP orders. From the perspective of brokerage

houses which are directly engaged in the process of VWAP orders execution, an additional

issue of ”beating the VWAP” seems crucial. It is clear, that the primary aim of a broker is
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to the keep execution price of orders, as closely as possible to the VWAP price, and in this

manner generates profit from the commissions paid by investors who asked for execution

of VWAP orders. Nevertheless there is another potential source of profit. An additional

gain can be made when brokers manage to execute a sale VWAP-order at a higher price

higher than the observed end of the day volume weighed average price. The same apply to

a buy VWAP-order at a lower price than the observed volume weighed average price. To

verify the possibility of beating the VWAP applying our methodology, we present in table

25, separate statistics for situations, where the predicted VWAP is lower and higher than

observed at end of the day. The results indicate that the difference between the predicted

VWAP and the observed one can be either sign with the same probability. Roughly, the

mean absolute percentage error average over the period ranging from September 2, to De-

cember 16, 2003, for the SETAR, the ARMA and the classical approach are equal to 0.07%,

0.08%, and 0.11% respectively.

5 Conclusion

This paper leans on a decomposition of intraday volume, measured by stock turnovers. This

methodology allows us first to propose an accurate statistical method of volume predictions.

These predictions are then used in a benchmark tracking price framework.

The following results are obtained through our analysis. Not only we get round the

seasonality problem but we use it to propose a new price benchmark. We also show that

some simple times series models give good volume predictions. Beside, applications of our

methodology to VWAP strategies reduces the VWAP tracking error, and thus the execution

risk due to the use of such order type and so the associated cost.

However, in order to beat the VWAP, our price adjusted-volume model is not sufficient

and it is essential to derive a bivariate model for volume and price.
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Table 1: Summary statistics for the intraday aggregated volume
over 20 minutes intervals.

Companies Mean Std Q5 Q95

ACCOR 0.0191 0.0273 0.0028 0.0523
AGF-ASS.GEN.FRANCE 0.0076 0.0087 0.0010 0.0212

AIR LIQUIDE 0.0120 0.0182 0.0022 0.0314
ALCATEL 0.0381 0.0383 0.0062 0.1064
ARCELOR 0.0234 0.0241 0.0034 0.0648

AXA 0.0166 0.0220 0.0034 0.0404
BNP PARIBAS 0.0147 0.0350 0.0034 0.0338
BOUYGUES 0.0129 0.0264 0.0019 0.0344
CAP GEMINI 0.0438 0.0514 0.0058 0.1241
CARREFOUR 0.0132 0.0232 0.0025 0.0317

CASINO GUICHARD 0.0106 0.0118 0.0013 0.0312
CREDIT AGRICOLE 0.0083 0.0120 0.0012 0.0233

DANONE 0.0149 0.0310 0.0024 0.0381
DEXIA 0.0055 0.0069 0.0006 0.0164
EADS 0.0092 0.0092 0.0015 0.0265

FRANCE TELECOM 0.0123 0.0115 0.0025 0.0312
L’OREAL 0.0069 0.0120 0.0014 0.0177
LAFARGE 0.0188 0.0307 0.0035 0.0477

LAGARDERE S.C.A. 0.0163 0.0385 0.0020 0.0423
LVMH 0.0105 0.0185 0.0018 0.0276

MICHELIN 0.0167 0.0238 0.0024 0.0450
PERNOD-RICARD 0.0157 0.0303 0.0022 0.0427

PEUGEOT 0.0205 0.0454 0.0035 0.0515
PIN.-PRINT.REDOUTE 0.0149 0.0210 0.0020 0.0426

RENAULT 0.0165 0.0414 0.0024 0.0412
SAINT GOBAIN 0.0154 0.0332 0.0030 0.0382
SANOFI-AVENTIS 0.0151 0.0228 0.0020 0.0444

SCHNEIDER ELECTRIC 0.0145 0.0264 0.0021 0.0378
SOCIETE GENERALE 0.0155 0.0205 0.0031 0.0390
SODEXHO ALLIANCE 0.0172 0.0318 0.0016 0.0518
STMICROELECTRONICS 0.0223 0.0230 0.0030 0.0604

SUEZ 0.0162 0.0182 0.0032 0.0418
TF1 0.0198 0.0449 0.0026 0.0531

THALES 0.0120 0.0134 0.0016 0.0336
THOMSON (EX:TMM) 0.0270 0.0465 0.0035 0.0776

TOTAL 0.0150 0.0277 0.0031 0.0373
VEOLIA ENVIRON. 0.0120 0.0158 0.0017 0.0333
VINCI (EX.SGE) 0.0261 0.0687 0.0034 0.0689

VIVENDI UNIVERSAL 0.0215 0.0203 0.0044 0.0543

Overall 0.0166 0.0265 0.0026 0.0445
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Table 2: Correlation matrix decomposition of intraday volume for CAC40 index stocks.

Est.period Rank Eigenvalue Difference Proportion Cumulative

from 1 September to 30 September 2003 1 12.93 10.96 0.392 0.392
2 1.967 0.281 0.050 0.442
3 1.686 0.256 0.043 0.485

from 1 September to 31 October 2003 1 12.95 11.21 0.371 0.371
2 1.740 0.197 0.044 0.411
3 1.543 0.243 0.039 0.450

from 1 September to 30 November 2003 1 12.41 10.93 0.358 0.358
2 1.484 0.151 0.038 0.396
3 1.333 0.052 0.034 0.430

from 1 September to 28 February 2003 1 11.16 9.893 0.286 0.286
2 1.267 0.126 0.032 0.318
3 1.141 0.027 0.029 0.347

from 1 September 2003 to 31 August 2004 1 8.614 5.737 0.221 0.221
2 2.877 0.502 0.074 0.295
3 2.375 0.868 0.061 0.356

Table contains the highest eigenvalues of the correlation matrix, differences between successive eigenvalues, the
portion of variance explained by each eigenvalue, and the cumulative proportion of the variance explained .

Table 3: Results of test on unit root for series defined as differ-
ence between intraday volume and its common component ob-
tained from principal component analysis.

ADF PP

Mean Min Max Mean Min Max

Zero mean -7.98 -11.14 -5.18 -10.83 -16.37 -6.53

Single mean -15.92 -19.66 -11.37 -22.28 -28.59 -14.93

Trend -16.14 -19.71 -11.45 -22.57 -28.66 -15.80

Outcomes of Augmented Dickey-Fuller (ADF), Philips-Perron (PP). For all
examined time series the null hypothesis was rejected at 1% significant level
was rejected.
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Figure 1: Autocorrelation and partial autocorrelation functions of the two components, TOTAL
stock.
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Figure 2: Autocorrelation functions of ARMA (left graph) and SETAR (right graph) residuals
for specific component of EADS, SANOFI-AVENTIS and TOTAL stock.
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Figure 3: TOTAL stock daily volume patterns on September 9 and 10, 2003, left and right
respectively. The first two graphs represent the intraday turnover evolution. The two next, give
the common component evolution and last two ones, the specific component evolution.
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Table 23: Comparison of VWAP predictions, based on mean absolute percentage
error (MAPE).

Models Mean STD Min Max Q95

Result of in-sample estimation

SETAR 0.0706 0.0825 0.0017 0.4526 0.2030

ARMA 0.0772 0.0877 0.0019 0.4813 0.2173

Classical approach 0.1140 0.1358 0.0017 0.7054 0.3702

Result of out-sample estimation

SETAR 0.0770 0.0942 0.0020 0.5070 0.2432

ARMA 0.0833 0.0956 0.0017 0.5009 0.2498

Classical approach 0.1006 0.1171 0.0025 0.5787 0.3427

Note:The cost is expressed in as percentage of the end of day volume weighted price. The
classical approach based on calculation averages from historical volume data.

Table 24: Comparison of VWAP predictions, based on mean square percentage
error (MSPE).

Models Mean STD Min Max Q95

Result of in-sample estimation

SETAR 0.0052 0.0156 2.28E-06 0.0988 0.0187

ARMA 0.0060 0.0173 2.37E-06 0.1119 0.0211

Classical approach 0.0138 0.0366 2.52E-06 0.2124 0.0644

Result of out-sample estimation

SETAR 0.0077 0.0240 4.48E-6 0.1484 0.0335

ARMA 0.0083 0.0231 3.84E-06 0.1449 0.0318

Classical approach 0.0120 0.0318 4.50E-06 0.1810 0.0645

Note:The cost is expressed in as percentage of the end of day volume weighted price. The
classical approach based on calculation averages from historical volume data.
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Figure 4: The graphs present the in sample absolute percentage errors of VWAP’s prediction
against time. The forecast for classical approach is denoted by solid line. The forecast for
models based on PCA volume decomposition is denoted by dash line. The left panel presents
outcome for application ARMA model for specific part, and right panel for SETAR model
respectively.

43



Figure 5: The graphs present the out sample absolute percentage errors of VWAP’s prediction
against time. The forecast for classical approach is denoted by solid line. The forecast for
models based on PCA volume decomposition is denoted by dash line. The left panel presents
outcome for application ARMA model for specific part, and right panel for SETAR model
respectively.
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Table 25: Summary of estimated costs of execution VWAP order for different
intraday volume models. The panels present summary in cases when estimated
volume weighed prices are smaller or higher from observed ones, upper and
lower panel respectively.

Models Mean Frequency STD Min Max Q95

SETAR 0.0751 49.2 0.0924 0.0016 0.5681 0.2032

ARMA 0.0824 49.9 0.0915 0.0016 0.5291 0.2300

Classical approach 0.1122 52.0 0.1358 0.00158 0.7661 0.3527

SETAR 0.0795 50.8 0.0881 0.0013 0.5023 0.2340

ARMA 0.0856 50.1 0.0910 0.0020 0.5040 0.2471

Classical approach 0.1147 48.0 0.1310 0.0019 0.7231 0.3390

Note:The cost is expressed in as percentage of the end of day volume weighted price. The
classical approach based on calculation averages from historical volume data.
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