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Abstract

The problem of estimating the distribution of a lifetime when data may be left
or right censored is considered. Two models are introduced and the corresponding
product-limit estimators are derived. Strong uniform convergence and asymptotic
normality are proved for the product-limit estimators on the whole range of the
observations. A bootstrap procedure that can be applied to confidence intervals
construction is proposed.
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Résumé

Nous considérons le probleme de I’estimation d’une fonction de survie lorsque les
données sont censurées a gauche ou a droite. Deux modeles sont proposés et pour
chacun de ces modeles nous introduisons un estimateur de type Kaplan-Meier. La
convergence uniforme presque stire sur la droite réelle et la normalité asymptotique
de nos estimateurs sont démontrées sous des conditions faibles. Une procédure de
bootstrap pour construire des intervalles et des bandes de confiance est proposée.

Mots clefs: bootstrap, méthode delta, censure a gauche et a droite, martin-
gales, estimateur de Kaplan-Meier, convergence presque sure, normalité asympto-

tique.



1 Introduction

The goal of this paper is to propose and analyze models for lifetime data that may be left
or right censored. Typically, a lifetime T is left or right censored if, instead of observing
T we observe a finite nonnegative random variable Y, and a discrete random variable
with values 0, 1 or 2. By definition, when A =0, Y =T, when A =1, Y < T and, when
A=2,Y >T. Models for left or right censored data were proposed by Turnbull (1974),
Samuelsen (1989) and Huang (1999). See also Gu and Zhang (1993), van der Laan and
Gill (1999), Kim (2003).

Assume that the sample consists of n independent copies of (Y, A) and let Fr be the
distribution of the lifetime of interest 7". Using the plug-in (or substitution) principle, the
nonparametric estimation of Frr is straight as soon as Fip can be expressed as an explicit
function of the distribution of (Y A). The existence of such a function requires a precise
description of the censoring mechanism that is generally achieved by introducing ‘latent’
variables and by making assumptions on their distributions. In this paper, two latent
models allowing for explicit inversion formula, that is closed-form function relating Fr to
the distribution of (Y, A), are proposed.

In some sense, our first latent model lies between the classical right-censorship model
and the current-status data model. It may be applied to the following framework. Con-
sider a study where T the age at onset for a disease is analyzed. The individuals are
examined only one time and they belong to one of the following categories: (i) evidence
of the disease is present and the age at onset is known (from medical records, interviews
with the patient or family members, ...); (ii) the disease is diagnosed but the age at onset
is unknown or the accuracy of the information about this is questionable; and (iii) the
disease is not diagnosed at the examination time. Let C' denote the age of the individual
at the examination time. In the first case the exact failure time T (age at onset) is
observed, that is Y = 7. In case (ii) the failure time 7" is left-censored by C' and thus
Y = C, A= 2. Finally, the onset time T is right-censored by C' for the individuals who
have not yet developed the disease; in this case Y = C, A = 1. If no observation as in
(ii) occurs, we are in the classical right-censorship framework, while if no uncensored ob-
servation is recorded we have current-status data. Our first latent model can be applied,

for instance, with the data sets analyzed by Turnbull and Weiss (1978) and Cupples et



alli (1991, Table 1).

The second latent model proposed is closely related to the first one. It lies between
the left-censorship model and the current-status data model. Consider the example of a
reliability experiment where the failure time of a type of device is analyzed. A sample of
devices is considered and a single inspection for each device in the sample is undertaken.
Some of them already failed without knowing when (left censored observations). To
increase the precision of the estimates, a proportion of the devices still working is selected
randomly and followed until failure (uncensored observations). For the remaining working
devices the failure time is right censored by the inspection time.

Let us point out that, without any model assumption, given a distribution for the
observed variables (Y, A) with Y > 0 and A € {0, 1,2}, we can always apply our two
inversion formulae. In this way we build two pseudo-true distribution functions of the
lifetime of interest which are functionals of the observed distribution. If the experiment
under observation is compatible with the hypothesis of one of our latent models, the
true Fr can be exactly recovered from the observed distribution. Otherwise, we can only
approximate the true lifetime distribution.

The paper is organized as follows. Section 2 introduces our two latent models through
the equations relating the distribution of the observations to those of the latent variables.
Solving these equations for Fpr we deduce the inversion formulae. The product-limit
estimators are obtained by applying the inversion formulae to the empirical distribution.
Section 2 is ended with some remarks and comments on related models. In particular, it is
shown that our first (resp. second) latent model can be extended to the case where 7' is a
failure time in the presence of competing (resp. complementary) failure causes. Section 3
contains the asymptotic results for the first latent model (similar arguments apply for the
second model). We prove strong uniform convergence for the product-limit estimator on
the whole range of the observations. Our proof extends and simplifies the results of Stute
and Wang (1993) and Gill (1994) provided in the case of the Kaplan-Meier estimator.
Next, the asymptotic normality of our product-limit estimator is obtained. The variance
of the limit Gaussian process being complicated, a bootstrap procedure for which the
asymptotic validity is a direct consequence of the delta-method is proposed. In section

4 our first model is applied to the age of the first use of marijuana using California high



school students data considered by Turnbull and Weiss (1978). The appendix contains

some technical proofs.

2 The latent models

2.1 Model 1

The survival time of interest is T' (e.g., the age at onset). Let C' be a censoring time (e.g.,
the age of the individual at the examination time) and A be a Bernoulli random variable.
Assume that the latent variables T, C' and A are independent. The observations are

independent copies of the variables (Y, A), with Y > 0 and A € {0, 1,2}. These variables

are defined as follows:

Y=T, A=0 if 0<T<C and A=1;
Y=C A=1 if 0<C<T,
Y=C A=2 if 0<T<C and A=0.

We can also write
Y =min(7,C) + (1 — A)max(C — T,0) = C + Amin(T — C,0)

and A = 2(1 — A)1{r<cy + lic<ry, where 1,4 denotes the indicator function of the set A.
With this censoring mechanism the lifetime 7" is observed, right censored or left censored.
In view of the definitions of Y and A, note that if A is constant and equal to one (resp.
zero), we obtain right censored (resp. current status ) data. See, e.g., Huang and Wellner
(1997) for a review on estimation with current status data.

Let Fr and Fr denote the distributions of 7" and C', respectively. Let p = P (A =1).

Define the observed subdistributions of Y as
Hy(B)=P(YeB,A=k), k=0,1,2, (2.1)

for any B Borel subset of [0,00]. As usually in survival analysis, the censoring mecha-
nism defines a map ® between the distributions of the latent variables and the observed

distributions. For the censoring mechanism we consider, the relationship (Hy, Hi, Hy) =



® (Fr, Fe,p) between the subdistributions of ¥ and the distributions of the latent vari-
ables T', C' and A is the following:

Hy(dt) = p Fe ([t, o0]) Frr(dt)
H,(dt) = Fr ((t,00]) Fe(dt) : (2.2)
Hy(dt) = (1 —p) Fr ([0,1]) Fe(dt)

Remark that when p =1 (resp. p = 0) the equations (2.2) boil down to the equations of
the classical independent right-censoring (resp. current status) model.

By plug-in applied with the empirical distribution, the nonparametric estimation of
the distribution of T is straight as soon as the map @ is invertible and F; can be written as
an explicit function of the observed subdistributions Hy, k = 0, 1, 2. The model considered
allows us an explicit inversion formula for F7r. In order to derive this inversion formula,

integrate the first and the second equation in (2.2) on [t, 00| and deduce
Hy([t, 00]) + pHi([t, 00]) = pFr ([t, o) Fo ([t, o) - (2.3)

For t = 0, it follows that

D= HO([()?OO]) _ HO([anO]) )
1= Hy([0,00])  Ho([0, o0]) + Ha([0, o0])

(2.4)

Recall that the hazard measure associated to a distribution F'is A(dt) = F(dt)/F([t, o0]).
In our case, use (2.2)-(2.3) to deduce that the hazard function corresponding to Fr can

be written as

- Ho(dt)
Arlt) = 5 o) + pHL (. 09)) (25)

Finally, the distribution Fr can be expressed as

Fr((t,oc)) = J{(1 = Ar(ds), (2.6)

[0,¢]
where J[ is the product-integral (e.g., Gill and Johansen, 1990). Note that there is no
explicit formula for Fr if p = 0 in equations (2.2), that is with current status data.

The inversion formula above applies only for t € I = {t : Hy([t, 00])+pH:([t, o0]) > 0}.
Obviously, we can have no information from data about Fr ((t,o00]) for ¢ outside the
interval I, unless Frr (I) = 1 in which case there is nothing else to know. If Frp (1) < 1,
we make Fr a distribution on [0, 00| by considering that Fr has a supplementary mass

1 — Fr (1) at infinity.



Given the explicit relationship between the distribution of 7" and the observed subdis-
tributions, to obtain the product-limit estimator of Fr, we simply replace Hy, k =0,1,2
by their empirical counterparts. Consider a sample {(Y;, 4;) : 1 < i < n} and let
71 < ... < Z; be the distinct values in increasing order of Y;. For any 7 = 1,...,J and
k=0,1,2, define

Dij= Y iz, a-xy and  Ny= > lysz a-rp= > Du.
1<i<n 1<i<n J<I<J
In view of (2.4), the estimator of p is

NOI

2/9\: = =
No1 + Nay

while the estimator of the hazard measure is

DOj

Az ([0,4]) = R S
¥ J

j:ZjSt

Finally, the product-limit estimator of Fr is a discrete (possibly sub)distribution Fr with

the mass concentrated at the points Z; < ... < Z; and such that

Fr((Z;, 1<j<J 2.7
300) H{ Noz—l—pNu} == 20

1<I<y

When Ny =0, ﬁT is the Kaplan-Meier estimator for right-censored observations.

2.2 Model 2

As in Model 1, assume that 7', C' and A are independent. The observations are indepen-

dent copies of the variables (Y, A), with Y > 0 and A € {0, 1,2} where
Y=T A=0 if 0<C<T and A=1;
Y=C A=1 if 0<C<T and A=0;
Y=0, A=2 if 0<T<C.
We can also write Y = max(7,C) + (1 — A)min(C — T,0) = C' + Amax(T — C,0). The
equations of this model are
Hy(dt) = p F ([0, t]) Fr(dt)
Hy(dt) = (1 = p) Pr([t, oc]) Fo(dt) - (2.8)
Ha(dt) = Fy ((0,1)) Fe(dr)

5



Remark that when p = 1 (resp. p = 0) the equations (2.8) boil down to the equations
of the classical independent left-censoring (resp. current status) model. This model also
allows for an explicit inversion formula for Fr. By integration in the first and the third
equation in (2.8), Hy([0,t]) + pH2([0,t]) = pFr([0,t]) Fc([0,t]). Deduce

_ HO([anO])
P T T H, ([0, 00])

Recall that given a distribution F, the associated reverse hazard measure is M (dt) =
F(dt)/F(]0,t]). By equations (2.8) deduce that the reverse hazard function M7 associated

to Fr can be written as

B Hy(dt)
Mrp(dt) = Hy([0,t]) + pH5([0,1])

Finally, the distribution Fr can be expressed as

Fr(0.0) = {0~ Mr(ds))

(t,00]

The inversion formula applies on the interval {¢ : Hy([0,¢t]) + pH>([0,¢]) > 0}. Apply-
ing the inversion formula with the empirical subdistributions, we get the product-limit
estimator of Fr. The details are omitted.

Note that if 7' = h(T) and C = h(C), with h > 0 a decreasing transformation, then T,
C and A are the variables of Model 1 applied to the left or right censored lifetime h(Y).

In other words, Model 2 is equivalent to Model 1, up to a time reversal transformation.

2.3 Extensions and related models

Model 1 can be easily extended in the following way: consider that 7" = min (7,,7}),
with T, (resp. Tp) the failure time due to cause a (resp. b). Assume that T, and T}, are
independent and independent of C' and A. For simplicity, we only consider two failure
causes, the extension to k > 2 competing failure causes being straight. Assume that if
T > C', one only observes C' and one knows that T is greater. When T' < C' there are two
cases: either C' is observed and one only knows that the failure time 7' is less or equal to

C, or T is observed and in this case one knows if the failure cause is a or b. The equations



of the extended model are

;

Hoa(dt) = p Fo ([t, 00]) Fr, ([t, o0]) Fr, (di)
Hoy(dt) = p Fo ([t, o) Fr, ((t, 0]) Fr (dt)
H,(dt) = Fr ((t,00]) Fe(dt)

Hy(dt) = (1 = p) Fr([0,1]) Fo(dl)

(
where Hy, (resp. Hg,) is the subdistribution of the uncensored observations for which
the failure cause is a (resp. b). If Hy denotes the subdistribution of the uncensored
observations, we have Hy(dt) = p Fe ([t, o0]) Fr(dt). Deduce that p can be expressed as
in (2.4). Moreover, (2.3) holds. Consequently, if Az, (dt) = Fr,(dt)/Fr, ([t,00]) is the

hazard measure for T,, we obtain

 pFe([t.od)) F, ([t 00)) Fr(df) Ho(dt)
A () = Rt ool Fr (o))~ Holltiod) +plioa) 2

from which we deduce the expression of Fr,. Model 2 can be extended in a similar way by
considering T' = max (T, Tp) , with T, and T}, the independent failure times corresponding
to the complementary causes a and b, respectively.

Let us end this section with some comments on related models. Huang (1999) in-
troduced a model for the so-called partly interval-censored data, Case 1; see also Kim
(2003). In such data, for some subjects, the exact failure time of interest 7" is observed.
For the remaining subjects, only the information on their current status at the examina-
tion time is available. Huang (1999) considered the nonparametric maximum likelihood
estimator (NPMLE) of Fp. Unfortunately, NPMLE does not have an explicit form and
therefore Huang needs strong assumptions for deriving its asymptotic properties and a
numerical algorithm for the applications. Let us point out that, on contrary to our Model
1 (resp. Model 2), in Huang’s model one may observe exact failure times even if failure
occurs after (resp. before) the examination time. Moreover, in Huang’s model one may
still obtain a y/n—consistent estimator of the distribution Fr if one simply considers the
empirical distribution of the uncensored lifetimes. This is no longer true in our models.

Perhaps, the most popular model for left or right-censored data is the one introduced
by Turnbull (1974); see also Gu and Zhang (1993). In Turnbull’s model there are three
latent lifetimes L (left-censoring), 7" (lifetime of interest) and R (right-censoring) with

L < R. The observed variables are Y = max(L, min(7, R)) = min(max(L,T"), R) and A



defines as follows: A =0if L<T < R; A=1ifR<T;and A=2ifT < L. The

equations of this model are
Ho(dt) = {Fr([t, o0]) — FL([t,00]) } Fr(dt)

FT((t, OO]) FR(dt) )
Fp([0,2]) Fi(dt)

S
ISV
~ ~
S~— S~—
I

where Hy, k = 0,1,2 are defined as in (2.1) and Fr, F, and Fg are the distributions
of T, L and R, respectively. The NPMLE of the distribution of the failure time 7T is
not explicit but it can be computed, for instance, by iterations based on the so-called
self-consistency equation. Note that imposing Fo(dt) = (1 — p)~'Fy(dt) = Fg(dt), one
recovers the equations of Model 1. However, for the applications we have in mind, there is
no natural interpretation for such a constraint in Turnbull’s model. Moreover, we derive
a product-limit estimator for our Model 1. Finally, the asymptotic results below (strong
consistency, asymptotic normality and bootstrap consistency) are much simpler and they

are obtained under weaker conditions than in Turnbull’s model (see Gu and Zhang, 1993

and Wellner and Zhan, 1996).

3 Asymptotic results

In this section the strong uniform convergence and the asymptotic normality for the
estimator of the distribution Fr in Model 1 are derived. Moreover, we propose a bootstrap
procedure that can be used to build confidence intervals for Fr. As in the previous
sections, the distributions Fr and F need not be continuous. For simpler notation,

hereafter, the subscript 7" is suppressed when there is no possible confusion. We write 2

(resp. F, A and A) instead of ﬁT (resp. Fr, KT and Ar).

3.1 Strong uniform convergence

Let H,; be the empirical counterparts of the subdistributions Hy, k = 0, 1, 2, that is

Hye([0,8]) = n" Z Livi<t, A=k} k=0,1,2.
=1



It is known from empirical process theory that sup,q [Hn([0,t]) — H([0,t])| — 0, almost

surely. We want to prove the strong uniform convergence of the distribution ﬁ, that is

sup | F([0,#]) — F([0,£])| — 0, asn — oo, almost surely,
tel

where I = {t : Hy([t,o0]) + pHi([t,00]) > 0}. First, the almost sure convergence of the

hazard function is obtained.

Theorem 3.1 Assume that p € (0,1] and let t, =supl. For any o € I,

sup |A ([0,¢]) — A (0,8])| — 0, as n — oo, almost surely.

0<t<o

Moreover, if t, ¢ I and A (]0,t,)) < oo, then A ([0,£,)) — A ([0,t.)), almost surely.

To prove this theorem, first we obtain the result when p replaces p in the definition
of A. In this case the functionals of the hazard function are reverse supermartingales in

n, as it is shown in the next lemma which extends a statement of Gill(1994).

Lemma 3.2 Let p € (0,1] and f > 0 be a Borel-measurable function. Let

- f(t)Hyo(dt)
Anp(f) _/IHHO([t, oc]) + pHp ([t, 00])

Define the o—fields

fn - O(Hn07 Hnla Hn27> and Bn - \/ fm

n<m<oco

Then, for all n,
E[An,p(f) | Bn-H] < An+1,p(f)7

that is A, p(f), n > 1 is a positive reverse supermartingale.

Proof of Lemma 3.2. For simplicity, in this proof, let us write A,, instead of A,, ,,.
Define N,,(t) = nHo([t, 00]) + pnH,1([t, 00]). Then we can write
Ma(f) = D FY) L Na(Y)
1<i<n
Next, notice that
Busi=FoV \/  o(Yn An)

n+2<m<oo

9



and therefore, by the i.i.d. property of the sample and elementary properties of the

conditional independence (see, e.g., Florens, Mouchart and Rolin, 1990), we have
EN(f) | Boga] = nE[f (Y1) 1ia,—0p Na (Y1) ™" | Hui1.0, Hos11, Hyg 2]

The o—field generated by H, 110, H,+11 and H, 2 is the sub—o—field of permutable
events in the o—field generated by {(V;, A4;) : 1 <i <n+ 1}. Hence

n - _
E[A(f) | Buia] = 1) > FVr@)La, =0y Nig (Ye) ™
’ TEP, 11

where P, is the set of permutations of n + 1 elements and

N'r7;+1<YT(1)) = Npj1 (YT(I)) - 1{Y7(n+1)2YT(1)7A7<n+1):0} - pl{YT(nH)ZYT(l)aAr(n+1):1}'
(By definition, 0/0 = 0.) There are (n — 1)! permutations such that 7(1) = ¢ and
7(n + 1) = j and therefore,

Bl | Bual = —= 3 001y (3.1

1<i<n+1

-1
x> [Nen(Y) = Lpyevi a=0p — Py, =]
1<j#i<n+1

Now,

Yo Nan(Y) = Loy gm0 — Pliysviaimn ]

1<j#i<n+1
. [1{1@-<Yi} + Lyvievia=2 | Lyevia-—g | Lyevia-1
1<j#i<n+1 Nn—&-l(Y;) Nn—&-l(Y;) -1 Nn—l—l(Y;) - D
n+1
- R,
Nn+1(Y;)
where
1
R, = ——
Nn+1()/i)
.S [1{1@>Yi,Aj=0} T lyiovia=ny  lppevia=00 Lygevia=1
1<jientl Np1(Y5) Ny (Y;) =1 Nyt (Y) —p
Use the inequality
a+b+1 S a b

+
a+1+pb " a+pb a+1+pb—0p

10



with a =32, L,y a,=0y and b =3, 11y;>y; a,=13 and deduce R; > 0. (Notice that
Ny+1(Y:) = a+ 1+ bp because the observations Y; involved in equation (3.1) are such

that A; = 0.) Therefore,

EA(f) | Busal € ) F¥D)La=0yNaa (Vi) ™" = A (),

1<i<n+1

that is A, (f), n > 1 is a reverse supermartingale. =

Proof of Theorem 3.1. The strong uniform convergence of A([0,t]) when t €
[0,7] C I can be obtained by delta-method (cf. Gill (1989, 1994); see also the proof
of Theorem 3.6 below) from the almost sure uniform convergence of H,x([0,t]), k =
0,1,2. For the last part of the theorem, denote with H, (t—) and H; (t—) the quantities
Hy([t,00]) and Hi([t,o0]), respectively. Let H,o(t—) and H,; (t—) be the empirical

counterparts of Hy (t—) and H; (t—), respectively. Fix some 7 < t, and write

~ n0 d ) HnO(d )
A((7,t0)) — A((T, t*))‘ < '/Tt* . —|—pH:1)( —) B /(T,t*) (H o +Pﬁil)(t_)‘

‘/ nwfgi)n( >_/<m> (ﬁof;%?)(t—)'

= A1 + A2-
By little algebra,
~_ H,o(dt p—
A< PR Hld) PRl )
p (T,t4) Hno(t—) +pHnl<t_) p

Since p — p, almost surely, we obtain A; — 0, almost surely, given that A, ,((7,t.))
converges almost surely to a finite constant. Use Lemma 3.2 with f = 1(;,,) to deduce
that A, ,((7,t.)) is a reverse martingale. Now, by Doob’s supermartingale convergence
theorem, as soon as sup, E[A,,((7,t.))] is finite, the functional A, ,((7,t.)) converges
almost surely to some integrable limit. It is not difficult to see that the limit is in the
o—field of asymptotic permutable events and is therefore a constant by the Hewitt-Savage
0-1 law. The constant is equal to sup,, E[A,,((7,t.))] and thus A, ,((7,t.)) converges
almost surely and in expectation to this quantity. Consequently, to obtain A; — 0, almost
surely, it remains to bound the sequence E[A,,,((7,t.))], n > 1. Note that A,, ,((7,%,)) <
p A, 1((7,t,)). It can be shown (see Lemma A.1 in the appendix) that

E (Mpi((7.t.))) :/( t )P{ﬁno (u=) + Hpi (u=) > 0} Ay (du) < Ay((7, 1)),

11



where Ay (du) = {Ho (u—) + H; (u—)}_1 Hy (du) . Since Ay (du) < A (du), deduce that,
for any 7, sup, F[A.,((7,t.))] < p'A([0,t,)) < oo. Hence, A; — 0, almost surely,
uniformly in 7. Concerning Ay, note that Ay < A, ,((7,%.)) + A((7,t.)) and A, ,((7, 1))
converges to a constant smaller than p~'A;((7,t.)), almost surely. Since A;((7,%)) | 0

as 7 1 t,, deduce that A ([0,t.)) — A([0,t.)), almost surely. m

The strong uniform convergence of the distribution F follows without any additional

assumption.
Theorem 3.3 Assume that p € (0,1]. Then

sup
tel

ﬁ([O,t]) — F([O,t])‘ — 0, as n — oo, almost surely.
Proof. From the first part of Theorem 3.1 and using delta-method, for any 7 € I,

sup
te(0,7]

F([0,4]) — F([0, t])‘ — 0, asn — oo, almost surely. (3.2)

Recall that ¢, = sup I. To complete the proof, follow Gill (1994) and distinguish three
cases: a) I =[0,t,] (hence, t, < 00); b) I =[0,t,) and F ([t.,00]) = 0; and ¢) I = [0, 1)

and F' ([t.,00]) > 0. In case a) there nothing more to prove. In case b),

sup | F(0,4]) = F(0,4))| < F((r,00]) + sup

tel t€[0,7]

F(.1)) = F(l0,1])|.

Since F ((1,00]) | 0 as 7 1 t,, we deduce the strong uniform convergence F in case b).

Finally, in case c)

sup
tel

(0, 4) - F([O,t])‘ < F((r,t.)) + F((1,t.)) + sup

te[0,7]

F((0,4]) = F(0.1)].

Since F((7,t,)) — 0 as 7 1 t,, it remains to bound F ((r,t,)) when F ([t,,c0]) > 0.
By definition, A (dt) = F (dt) /F ([t,o0]) and A (dt) = F (dt) /F ([t,oc]). Deduce that
A([0,t,)) < oo and A ((7,t,)) | 0 as 7 T t.. On the other hand, deduce that the measure
A (dt) is greater than the measure F (dt) . We have

sup| F([0,2]) = F((0,)| < A((7,4.)) + F ((7,1.)) + sup |F((0,2]) = F([0,1])|.

tel tG[O,T}
Use Lemma 3.2 and deduce that, for any 7 € I, the left-hand side in the last display
converges to A((7,t.)) + F ((7,t.)), almost surely. Since A((7,t.)) + F ((1,t.)) | 0 as

7 T t4, the proof is complete. m

12



Remark 1. The proofs of Lemma 3.2 and Theorem 3.1 apply also to the extension
of Model 1 considered in subsection 2.3. Deduce the strong uniform convergence on I of

the nonparametric estimator of the distribution Fr,.

Remark 2. With p = 1 one recovers the strong uniform convergence result for the
Kaplan-Meier estimator obtained by Stute and Wang (1993); see also Gill (1994). Our

alternative proof is simpler, especially the arguments used for Lemma 3.2.

3.2 Asymptotic normality

Let us study the weak convergence of the process \/ﬁ(}:—’\ —F) where F is the product-limit
estimator of Model 1. In this case, A does no longer have a martingale structure (in t)
as in the case of the Nelson-Aalen estimator, that is when p = 1. However, a continuous
time submartingale property for A, , defined in Lemma 3.2 can be obtained. (Recall that
A, is defined as A but with p replaced by p.) This suffices us to extend the techniques of
Gill (1983) and to use them in combination with the functional delta-method in order to
establish the weak convergence of \/ﬁ(ﬁ — F) to a Gaussian process. Weak convergence is
denoted by ~~ and it is in the sense considered by Pollard (1984), that is D[a, b] the space
of cadlag functions on [a, b] is endowed with the supremum norm and the ball o—field.

Let us introduce the right-continuous filtration

n 2

6=\ Vo(uoryep0<s<t), 0<t<oo, (3.3)
=1 k=0

on the probability space (£2, F, P) where the random variables are defined. Consider

N(t) = Z 1iyvi<t, A,=0}, t>0,
i=1
a counting process adapted to the filtration (G;). The compensator of N is defined by
A(dt) = E[N(dt) | G_],

see, e.g., Fleming and Harrington (1991), chapter 1. Simple computations give

P(A=0,Y €dt)
P(Y>t)

A(dt) =Y (t-)
where Y(t—) =1 1¢y,>1. This together with standard arguments give us:

13



Lemma 3.4 Let H(t—) = P(Y >t), t > 0. The stochastic process M defined by

M(t) = N(t) — /[0 t] g((z:iHo(ds)

is a squared integrable, zero-mean Gi-martingale on [0,00]. The associated predictable

quadratic variation process is

<MX0=A%<1—éﬁd@)§@)HM%L

H(s—) /) H(s—)

where AHy(s) = Ho({s}).

Recall that H(t—) = Hy([t,oc]), k = 0,1,2. Define the hazard function

o g 1 (s (s )
s = Ho(s—) + p (o)

Note that As(dt) = 0 when t > Y,,4,, Where Y, = max; Y;. The proof of the following

Ho(dS), t Z 0.

lemma is given in the appendix.

Lemma 3.5 Consider the filtration (G;) defined in (3.3). Let X(t), t > 0 be a nonnega-

tive, bounded, Gi-predictable process. Then, the process
W(t) = /[ ]X(s) (Anyp(ds) — A;(ds)) , t>0,
0,t
is a Gi-submartingale and E [W(t)] > 0.
Define the stochastic process

Z,(t) = vVn—2 t>0, (3.4)

where F}, , (resp. F) is the distribution corresponding to A, , (resp. Ay). It is well-known
that the process Z, is a (squared integrable) martingale on [0, 7], for any 7 < ¢, = sup I,
provided that p =1 (see Gill, 1983). When p € (0, 1), the process Z, is a submartingale
on [0, 7], V7 < t,. This is implied by the identity

Fyp([0,8]) — F5([0, 2]) :/ Fap([s,00])
F5 (2, 00]) o £ ((s,00])

(which is a direct consequence of Duhamel’s equation; see Gill, 1994) and Lemma 3.5.

(An,p(ds) — A;(ds))

14



To prove the asymptotic normality of 2 , notice that, by empirical central limit theo-

rem (e.g., van de Vaart and Wellner, 1996),

Vi {(Hop, Hin,p) — (Ho, H1,p) } ~ (Go,G1, N) (3.5)

in (D[0,00])* x R, where Hy, is the cadlag process Hpy (t) = Hyp, ((t,0¢]), k = 0,1,2.
The process (@0,@1) is a tight, zero mean Gaussian process and, for any t,s > 0, the

vector (Go (t), Gy (t), N) has a zero-mean multivariate normal distribution. Moreover,

E{Go(t)Go(s)} = Ho(tV s)— Ho(t) Ho(s), (3.6)

E {@0 (t) @1 (S)} == —ﬁo (t) ﬁl (8) s E {@1 (t) @1 (S)} = ﬁl (t V S) - ﬁl (t) H1 (S)

and

p(1—p)
Hog ([0, 00])’

Ho (t) (1 - p)

E{G N} =5 o))

E{G,(t)N} =0, E{N*}=

where Hyy = Hy + Hs and t V s = max(t, s).

~

Theorem 3.6 Assume that p € (0, 1] and define U(t) = /n(F([0,t]) — F([0,t])), t > 0.
a) Let T be a point in I. Then, U ~ G in DI[0, 7], where G is the Gaussian process

_ o dGy (s) Ga(s—) .
Gt) = —F({t, o] {/[o,t] Ho (s) +pH; (s) - /[o,t] Hy (s—) +pH, (S—)dA( )} 7

and Gy = Go+pGy+ N H, with Gy and Gy the limit processes in (8.5). The first integral
1s defined by integration by parts.
b) Ift. & I, but

/mt*) {Ho(t—) + pH,(t—)}? = (3.7)

then G can be extended to a Gaussian process on [0,t.] and U ~ G in DI0,t,].

The proof of the weak convergence is postponed to the appendix. Note that when
t. ¢ I, condition (3.7) is equivalent to

Fr([t.,00]) >0 and /[Ot | % < 00. (3.8)

See Chen and Lo (1997, section 1) for a discussion on similar conditions in the case of
the Kaplan-Meier estimator. Whether the weak convergence still holds when p < 1 and

only the second part of (3.8) is satisfied remains an open question.
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3.3 Bootstrapping the product-limit estimator

Theorem 3.6 may be used to obtain confidence intervals and confidence bands for F.
However, the law of the process G(t)/F ((t,o0]) being complicated, one may prefer a
bootstrap method in order to avoid handling this process in practical applications. Here,
a bootstrap sample is obtained by simple random sample with replacement from the
set of observations. Let H}, k = 0,1,2 denote the bootstrap versions of the observed
subdistributions. Apply equations (2.4) to (2.6) to obtain the bootstrap estimator F*.
The following theorem state that the bootstrap works almost surely for our product-limit
estimator on any interval [0, 7] such that Hy([r, o0]) + pH:i([T,o0]) > 0. This result, for
which the proof is skipped, is a simple corollary of Theorem 3.9.13 of van der Vaart
and Wellner (1996) (see also Theorem 4 of Gill, 1989) and it is based on the uniform

Hadamard differentiability of the maps involved in the inversion formula of Model 1.

Theorem 3.7 Let 7 € I and let G(t) be the limit of \/ﬁ{l/’\([O,t]) — F([0,t)}/F ((t, 00])

in D[0, 7], as obtained from Theorem 3.6. Then, the process

Vi{F([0.4]) = F([0,4])}/F ((t, o))
converges to G in D[0,7], almost surely.

Using this result and the uniform convergence of FtoF , one can derive pointwise
confidence intervals and confidence bands for F'. For instance, a bootstrap (1 — a) —level

confidence interval for F'(]0,t]) can be defined as
F([Oa t]) o qifa/Z (t> n71/2F <<t7 OOD ) F([Oa t]) - QZ/Z <t> n71/2F ((t7 OO])] )

where ¢ (¢) is the bootstrap approximation of the a—quantile of the distribution of

VA{F([0,]) — F([0,£)}/F ((t,o]) .

4 Applications

Let us apply our first model to the California high school students data presented in
Table 1. The data is part of a study conducted at Stanford-Palo Alto Peer Counselling

Program; see Hamburg et al. (1975). In this study, 191 California high schools boys were
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asked ”When did you first use marijuana?” The answers were the exact ages, "I have
used it but I can not recall just when the first time was” and "I never used”. The latent

variable T is the age at the first use of marijuana.

Table 1. First use of marijuana: Z; are the distinct observed values of the lifetimes Y; and
Dyj =3 1yi=z,, A=k} , k=0,1,2.

Z; 1011|1213 |14 | 15|16 | 17 | 18 | > 18

Dy; (uncensored) 4 (121192420133 |10 4

Dy (right-censored) | 0 | O | 2 |15 |24 |18 | 14| 6 | O 0

Dy, (left-censored) o000 |1]2]3]2]3]1 0

Turnbull and Weiss (1978) (see also and Klein and Moeschberger, 1997, chapter 5)
analyzed this sample using the doubly censorship model of Turnbull (1974). However,
there is no natural interpretation for two censoring times, that is the left and right-
censoring lifetimes L and R, with this data set. On contrary, Model 1 can be easily
interpreted as follows: A = 1 if the student recalls the value of T and A = 0 otherwise;
the variable C' is the age of the student at the study time. Condition Fr([t.,oo]) > 0,

see equation (3.7), means that some high schools boys will never use marijuana.

Table 2. Survival function estimates for the first use of marijuana.

Z; | Pr((2;,0)) | FIW((Z;,00)) | FEM((Z;,])
10 0.977 0.977 0.978
11 0.906 0.906 0.911
12 0.795 0.794 0.804
13 0.652 0.651 0.669
14 0.517 0.516 0.539
15 0.394 0.392 0.420
16 0.349 0.345 0.375
17 0.315 0.308 0.341
18 0.315 0.308 0.341
> 18 0.000 0.000 0.000

In Table 2 we report the estimates Z/T\T obtained from our Model 1. The value of
p is 0.893. Moreover, we provide the estimator FI" obtained by iteration in the self-
consistency equation of Turnbull’s model, as reported in Klein and Moeschberger (1997),
page 129. The Kaplan-Meier estimator X based only on uncensored and right-censored

observations is also presented. Note that FXM is quite close to ﬁT and FTW and this
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is due to the small number of left-censored observations. The fact that the equations
of Model 1 represent a special case of Turnbull’s model equations explains the closeness
between Fir and FIW.

Pointwise confidence intervals and confidence bands for the survival probability are
difficult to obtain in Turnbull’s model (see Wellner and Zhan, 1997, section 6). Such
confidence regions are easily obtained by bootstrapping in our Model 1. In Figure 1

we provide the pointwise confidence intervals for the survival function estimated by the

product-limit estimator ]/T\T. A number of 5000 bootstrap samples were used.

Figure 1: Pointwise confidence intervals for the survival function for the age at the first use of marijuana
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A Appendix

In this section, K denotes a positive constant, not necessarily the same at each appearance
and possibly depending on p.

Lemma A.1 Let f > 0 be a Borel-measurable function. Let Hy, (t—) = Hy([t,00]) +
H,([t,00]) and H o, (t) = H, ([t o0]) + Hp([t, o00]). Define

_ [ f®)
Hn()l nO dt) (I’ﬂd Al(f) = /ImHO (dt),

where I = {t : Hy, (t) > 0}. Then

)):/If (t) P {Ho1 (t—) > 0} Ay (dt) :/If () [1 = {Ho (=)} T As (dt).
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Proof. Define the measures N,, = n(H,o+ H,1) and Ny, = nH,o. The empirical
hazard measure A, ; may be written under the integral form
A ((tt+9]) = / N, ([u, oo])f1 Non (du)
(t,t+s]

that can be approximated as follows. Let t,,, =t + (k/2™) s, with 0 < k£ < 2™, and

1
{Nn((tmyk_l,oo])>0}
= E 1
Sm <U> N, ((tm,k—la ]) (tm, k=1, tm, k] (u)

and note that

LN, (u,00)) >0}
lim S,, —r ] s .
i S (1) = N, ([u, <)) (e ()

Since Sy, (u) < 1, by dominated convergence theorem,

Apqi ((t,t+s]) = lim S (1) Nop, (du)

m=00 J(t,t+s]

NOn (( m,k—1> tm k])
= 1 .
m*nioz N (e, 00]) {5 ((omacs0)>0}

On the other hand, define A, ((¢t,t+ s]) = f(t rrs) N (w0l >03 A1 (du) and

1
Nn((tm,k717oo}>>0
Tm (u) = Z { }1(t7n,k:717tm,k] (u) :

Hoy ((tmg—1,0])

Clearly, lim,,, oo 1)y (u) = ﬁozl (u—=) 14N, (juoo))>03 L (¢, 145 () . Therefore, if t + 5 € I, by

dominated convergence theorem,

A, ((t,t+s]) = lim T (u) Ho (du)

M=% J(t,t+s]

Hy (( mk 1 tmk])
= Jlim > L (t101) >0}

1<k<2m b1, OO])

Now, by a well-known property of the multinomial law, the law of Ny, ((tm—1, tmk])
given N,, ((tm x—1,00]) is a binomial with number of trials Ny, ((t, k-1, 00]) and parameter
Ho ((tmg—1, tmx]) /Hor ((tmp—1,00]) . Use again the dominated convergence theorem and
deduce that

EAn1 ((tt+ )] = E A ((t,t+ 5])].

When t, = sup/ does not belong to I, consider ¢ + s increasing to t, and use the
monotone convergence theorem to deduce F [A, 1 ((t,t.))] = E[A, ((t,t.))]. Finally, by

the monotone class theorem we obtain the stated result. m
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Lemma A.2 Consider (Ny, No, N3) a random vector with a multinomial distribution
M(m;q1,q2,q3), where m is a positive integer and q; + g2 + g3 = 1. Let ¢ > 0. Then

B |:1{N1+N2>0}:| > (1 - qgn)2 .
Ny +cNy m(q + cq2)

Proof. The inequality is a direct consequence of Jensen’s inequality. m

Proof of Lemma 3.5. Let J(s—) = 1if Huo(s—) + Hp(s—) > 0 and J(s—) = 0

otherwise. Let us write

- Xis)Jle-) LYo,
W(t) - /[;)ﬂ ﬁn0<3_> +pﬁn1<8—) HnO(d ) H(S—) Ho(d ):|
X(s)J(s—) Y(s—)/n s) — $YA* (ds
RUNS rem e avems e R NECEECR)

= Wl(t) + WQ(t)

The process W is a squared integrable, zero-mean G;-martingale, since it is obtained as
the integral of the bounded predictable process

1 X(t)J(s—)
n Hpo(t—) +p Hp(t—)

with respect to the martingale M defined in Lemma 3.4. To complete the proof it
suffices to show that W is a submartingale. It is easy to see that, for any ¢, E(|Ws(t)]) <
K Hy([0,t]) with K a constant depending only on n, p and the process X. To prove the
submartingale condition, let us first consider X (¢) = 1. Fix ¢’ < ¢. By Fubini’s theorem,
successive conditioning, the properties of the multinomial process and Lemma A.2,

J(s—) Y(s—)/n
EU( 3 Hon(s) 1 p (s Hs) ) |6 (A1)

)
B /w,t] g(@; [nﬁno(s—;]f;zﬁm )’7( )]‘Qt'} Ho(ds)

o
_ CHo(s—)/H(s—)Y N2 Ho(ds)
> [ [yt~ BT 6]

Deduce that E[Ws(t) | Gy] > Wh(t'), for any ¢ < t. The same conclusion can be

obtained when X (t) = Lo1(44 (), with L, is G,-measurable nonnegative random variable,
and when X (t) = Lolgy(t), where Ly > 0 is Gy-measurable. Use the Monotone Class
Theorem to complete the proof of the general case (see, e.g., Fleming and Harrington

(1991), section 1.5, for the details). m
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Lemma A.3 Consider the case where t, ¢ I. Assume that condition (3.7) of Theorem
3.6 holds and let Yy = max; Y. Then, /nFr (Yiae, t<)) — 0, in probability.

Proof. (See Ying, 1989) Let u = inf {t : /nFr ((t,t.)) <e}, € > 0. Then

P (ViFr (Ynass ) > €) < P (Yinaw < u5)

H ([0, uz))"

n

< [t = {Ho (u;~) + pHy (u5—)}]
< 1= pFy (45, ) Fo ([u, 0o])]"
& Fo ([u, 0] ]"
= P‘pEFT([uz,t*)) -0
FT ([u;,t )) FT(dt _
S (g, 00]) = /[> Fo(loo]) "
||

Lemma A.4 For a function f on [a,b], let || f||% denote sup,<,<, |f(t—)|. Let Toy =
maXiY].{A.#Q} and Q(t) ={Ho(t)+pH(t)}/{Ho(t)+pH,1(t)}, t < To1. Then, for any

B e (0,1), P{IQI" >1/8} < 2e(1/B)e P and P[|Y /{nH}|g™ >1/8] < e/B,
where Y( —) =3 1yisn and H(t—) = P(Y > t).

Proof. Let T =max; Y;l{a,—4}, k = 0,1. The event {||Q[|§® > 1/8} is included in
the union {|[Ho/Holls” > 1/8} U{|H1/Hu |5 > 1/B} . For each of the last two events
apply Lemma 2.7 of Gill (1983) with the random variable Y1(4—, k = 0,1. For the
second probability bound, follow the arguments in Remark 1(i) of Wellner (1978). =

Proof of Theorem 3.6. a) The inversion formula of Model 1 can be thought as

the composition of three mappings
(ﬁo,ﬁh ) (HO;HO —|—le) A (A.2)

where ¢y is the map (z,y) — — f[m (1/y_)dz and ¢3 is the product-integral mapping z +—
o, (1—dz). The notation y_ means that we consider the left-limits of y. The Hadamard
derivative of the map ¢ at (Fo,ﬁl,p) is given by (a, 3, ¢) +— (a,a +pB+ cﬁl) . By
delta-method (Gill, 1989, van de Vaart and Wellner, 1996, section 3.9) applied with ¢4,

Vn{(Hon, Hop +DH1n) — (Ho, Ho + pH1) } ~ (Go, Gs),
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in (D0, oo])2 , where G, = Gy + pG, + N H;. The process (@0,@2) is a tight zero mean

Gaussian process with covariance structure given by (3.6) and

E{Go ()G ()} = o (¢ v ) — Ty (1) Fo (5) + Tho () T (5) [m - p}
E {@2 (t) @2 (8)} = ﬁo (t vV S) - ﬁo (t) ﬁo (S)
+{F“”H“$+j%“ﬂi“”[Eﬁﬁﬁéﬁ_4
+p? {Hy (tV s) — Hy (t) Hy (s)}

p(l—p)
Hyy ([0, 00])

+H, (t)H, (s)
Let 7 be a point in the interval I = {¢: Ho (t—) 4+ pH; (t—) > 0} . Let [ |dA| denote the
total variation of the cadlag function ¢t — A (t). The map 5 is Hadamard-differentiable
on a domain of the type {(A, B): [|dA| < M, B > ¢} for given M and ¢ > 0, at every
point (A, B) such that 1/B is of bounded variation. If ¢ is restricted to [0,7], then
(ﬁon, Hy, + ﬁﬁln) is contained in this domain with probability tending to one for M > 1

and sufficiently small €. The derivative of ys at (HO,FO + pﬁl) is given by

(o) = = [ {1/ (o +11) Yy = [ {uf (Fo+pT11)? } i

(The integrals with respect to functions which are not of bounded variation have to be
understood via partial integration.) Use again the delta-method, this time with ¢, and

deduce that /(A — A) ~ Gy in D[0,7], where

dGy [
Gy = —/ — — —/ — ——dH,. A3
’ (Ho+pHy)_ ) (T +pH)° (43)

The process Gz is a tight zero mean Gaussian process with the variance provided in
Lemma A.5 below. Finally, apply delta-method with 3 and deduce that \/ﬁ(ﬁ —F)~G
in D [0, 7], where

G(t) = F((t o) /[ ) %mg
_ Pt Tl i Gals)
= P ])/[O,t] Ho(s) +pH (s) F, ])/[O,t] Ho(s—) +pH, (s—)

(See also Lemma 3.9.30 in van der Vaart and Wellner (1996) for the derivative of the

A(s).

product integration.) The process G is a tight zero mean Gaussian process. Its covariance

can be obtained by direct but tedious calculations and therefore we do not provide it here.
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b) Concerning the weak convergence on D0, t,] when ¢, & I, note that the variance
of Gz converges to a finite limit when ¢ T t,, provided that assumption 3.7 holds. We
want to extend the definition of G3 to [0,t,] by taking the limits along the paths when
t grows to t.. To prove that G3 indeed has a limit almost surely as t T t,, first, deduce
the variance of G3(s) — Gs(t) using calculations as in the proof of Lemma A.5 below.
Next, use an exponential inequality for the increments of a Gaussian process [see, e.g.,
van der Vaart and Wellner (1996), appendix A.2.2] to suitably bound the probability
P{sup,cpss.) |Gs(s) — Gs(t)| > e}. Finally, proceed as Gill (1983), page 52-3, that is use
Borel-Cantelli lemma to deduce that Gz converges almost surely. Since G = ¢4(A)(G3)
and @4(A) @ D[0,t.] — D[0,t,] is a continuous linear map, G is a Gaussian process in
DJ0,t.]. Now, to prove the weak convergence of U in D|0,t.], it suffices to show that

limlimsup P( sup |U (t) = U (7)|>¢) =0, Ve > 0, (A.4)

Tt n—oo T<t<t«

that is a “tightness at ¢.” condition for U. See Pollard (1984), page 70; see also Gill (1983).
(Alternatively, one may prove this tightness property and obtain weak convergence in
D0, t,] for /n(A — A). Next, the delta-method ensures the weak convergence for U.
Nevertheless, analyzing U provides more insight on the difficulty to relax assumption

(3.8) in the case p < 1.) The process U can be decomposed
U= Vn(F — F,,) +vn(F, — F) + a(F; — F) = Uy + Uz + Us.

Since the case p = 1 was studied by Gill (1983) and Ying (1989), for the rest of the proof,

consider p € (0,1). For any 7 < t,

= vn | F(s 0 [K(ds)—An,p(ds)}

(7:t]

= A1 1) + Bi((, 1))

Easy calculations yield

) < VA2 F (ool Ride) = Vi (1),
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On the other hand, use Duhamel’s equation to write

F ([s, 00)) — Fup ([, 0])| < 'ppp' Fop ([, 00)) /[ )va»

Deduce that

By((r.1))] < vl ;p'An,p (r.1]).

Use the first condition in (3.8), Lemma 3.2 and Theorem 3.3 to deduce that

limlimsup P( sup |Uy(t) —Ui(7)|>¢)=0, Ve > 0.

Tt n—oo T<t<Ymaz

Next, we have

Us (t)=Us (1) =V/n (TéFJ ([s, 00]) =F" ([s, 00]) }AS (ds) ++/n (Tf;([& oo]) [A;(ds)—A(ds)]
= As((71]) + Bs((7, 1]).

First, note that when ¢, ¢ I and (3.8) holds, there exists some constant K < 1 such that

Hy(t—) < KH(t—), Vt>0. (A.5)

Indeed, by equations (2.2), Fo([t., o0]) = Ha([t«, o0]) = 0 and for ¢t < t,,

Hs (dt) = (1 — p) Pr ([0,8)) Fo (dt) < K (1 — p) Fo (dt) = (1 — p) K H, (dt) + K H, (dt)

with K = F([0,t,)) < 1. Thus, (A.5) holds with K~ =1+ (1 — K)/{K(1 —p)}. Now,

Bs((, < Vn92 1o yoor[Ha(s—)/H(s—)]¥ ds) + 1y F(ds
Ba(( t]>|<f{/(ﬂﬂ{()}[ (s—)/H(s)]"" <>/W]{()}<>}

Y (s—
< /(T,t} 1{y(s)>o}ﬁf?(d8) + VNF (Ypaz, t2))

" 1{’”<—)>0}/2F(d3)+\/_F(( Vinaz: t.)
(i) [V (s—)/n]"

where g(m) = 2/m K™, m = 1,2..., and K is some constant such that g(m) < K, Vm.

IN

By Lemma A.3, /nF ((Yaz, ts)) — 0, in probability. Next, use Lemma 2.7 of Gill (1983)
to replace Y (s—)/n by H(s—) in the denominator of the last integral above. Since

L7 (s-)>01 s R Fr(ds)
/Tt] [ (s )}1/2F rds) < (1 =p)” /(T,t] Fe([s, oc])
and Bs((7,t.]) = Bs((7,t.)), deduce that

lim limsup P( sup |Bs ((7,t])| >¢) =0, Ve > 0. (A.6)

TTtx  n—oo T<t<t«

24



For As, use Duhamel’s equation and calculations as for Bz to deduce that for some K > 0

|As((1,1])] < K / 7 >°}1/2F<du) A (ds),
(7,t] J/[0,s) —

By Lemma 2.7 of Gill (1983) and assumption (3.7), condition (A.6) is satisfied by As.

Concerning U, we can write

teS[UI;)IUz () = U (7)] < F (7, 1.)] 2y (7 )|+t:[ult3)F ((t,00]) |Zp(t) = Zp(T)], (A7)

with Z,(t) defined in (3.4). First, we prove the “tightness at ¢,” condition for Z,. Recall

that J(s—) = Lz, (s )4 (s—)>0)p- By Duhamel’s equation, for any 7 <t <t,,

g e [ BEuwllso) o) S
Zp(t) = Zp(7) vn oo Fo((5,59)) Tm(s )+pﬁn1(s—)M(d)
[ Bullsool) o Holds)
VI g o)) P )
= Ag((7,1]) = Ba((, 1)),
where M is the martingale defined in Lemma 3.4 and
B(s—) = Liv(s-)>0) [1 —{M(s— -3 } I (s)/n
Ho(s )+pH1( -) Hyo(s—) +p Hu(s—)

For A, proceed as in Gill (1983), that is apply Lenglart’s inequality (see also Fleming
and Harrington (1991), Corollary 3.4.1). For this purpose, note that, by definition and
assumption (3.7), the process t — F,,([t,00])/F;((t,0]) is a bounded, G;—predictable
process. Deduce that, for each ' < t, and for any ,7 > 0,

P[sw MMmM>4sﬂ (A8)

2
T<t<t' AYmax €

o 7 ((s. ) {quﬂmmkm m&>

Since assumption (3.7) implies F([t.,00]) > 0, it suffices to bound the last probability
above when the ratio between F, ,([s,00]) and F;((s,oc]) is replaced by a constant.
In this case, use Lemma A.4 and deduce that condition (A.6) is also satisfied by As.
Finally, it remains to analyze Bs ((7,t]) . Note that By ((7,t]) is a submartingale in t > 7.
.2) and use the conditional

For checking this property follow the steps in the display (A
independence between Hyo(s—) + p Hpi(s—) and F,,([s, 00])/F;((s, 00]) given Y (s—).
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Now, we can apply Birnbaum-Marshall inequality for ¢ — By ((7,t]) (cf. Birnbaum and
Marshall, 1961). For this we need to bound ¢ — FE [B3 ((1,t])] . For any ¢ < t,,

BB (4] < K1) | e

(Tt)

E[B?*(s—
BB 0
with p ((7,t.)) = f(Tvt*)ﬁ(s—)*lHo(ds) and K a constant. Note that

H(s—)
H0(3_) +PF1(3_>

J(s—)_

[B(s=) Ho(s—) + pH1(s—)

[H(s—) —n"'Y(s—)]

+ J(s=)Y (s—)n"! [{ﬁo(s—) +pHy(s—)} !t — {H,o(s—) +pﬁn1(3—)}_1] .
By Lemma A.2, inequality (A.5) and the properties of the binomial law,

2(g_ K
" [B ( )} : Ho(s—) +pHi(s—)

for some K > 0. Deduce that t — E [B3 ((1,t])] is bounded by a constant. By Birnbaum-

Marshall’s inequality and assumption (3.7), condition (A.6) is satisfied also by Bsy. Next,
deduce from above that limsup,,, E [Z? (7)] < co. Since F;((,t.)) — 0 as 7 ] t,, deduce
from (A.7) the tightness condition for Us. Conclude that condition (A.4) is satisfied. m

Lemma A.5 Let Gy be defined as in equation (A.3). Then
/ {1 —AA(u)} dA(u)
[0,tAs]

Horp (u—)
+/ {e@)gi(u—v=) —p (1 = p2) ga(u—,v=)} ZHO(U)dHo(v)
04 /[0 {Hovp (u=)} {Hovp (v=)}
with gi(u,v) = Ho(u) Hy (v)+ Ho (v) Hy (v)+ pHy (u) Hy (v), ga(u,v) = Hy (u Vo) ,
(1 —p)/Hp([0,00]) and t A s = min(t, s).

E{Gs () Gs (s)}

?

c(p)

Proof. Let FOLP = Hy+ pH,. We have

E{Gs(t)Gs(s)} = E { /[0 | ﬁcf)?:((;j)_) /M ﬁf; ((:)—)]
+E | /[0 p {Fii(?u__))}QdHO(u) /[O,s] %_
+E _ /[0 , {Fi;(?u__))}QdHO(u) /[0,51 %d%(v)
= I+ IT+IIT+1V.
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Next,

d{Ho (uVv) = Ho(u) Ho(v)} _ ) S
/Ot /Os] HOlp Holp( ) o 0,6A5] ﬁOl,p (u—) A([0,2]) A ([0, s])

/ / d FE {G[) (’U—)} dHQ(?})
o4 J0.s]  Hoyp (u {Hm,p(v—)}z

([v,t])dA(v) Hy (v—)dA(v)
—f DR A - [ T,

dyE {Gs (u—) Gy (v) } dHo(u)
III =
/[O,t] 4),3} Horp (v=) {Houp (“_>}2
Hy (u—) dA(u)

N _/m M"‘A([O»t])/\([oas])—C(p)A([O,s])/ 1

s Hoyp (u—) o4  Hop (u—)
and
Vo= — 2
0,t] J/[0,s] {HOI,p } {HOI,p )}

_ / ﬁm_,p((u\/v) —Q)d_Ho(U)dHo(g)
{H01p } {H01p )}
/{Ho —)+ Ho (v—) Hy (u=)+ pH, (u—) Hy (v—) } dHo(u)dHy(v)
{Hovp (u=)} {Horp (v-)}

o Hy ((uVv)—)dHy(u)dHy(v) B .
wi-») [ oo ey ~ MO DADD.

Since

/ Horp ((uV ) =) dHy(w)dHp(v) :/ A(_[v,t])d/\(v) +/ A(Lu,s])d/\(u)
{Ho, (u—)}2 {Hou, (v—)}2 otns)  Horp (V) otns  Horp(u—)

deduce the formula for E{G3 (t) G5 (s)}. m
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