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Abstract

In this paper we analyze a large class of semiparametric M —estimators for single-
index models, including semiparametric quasi-likelihood and semiparametric maximum
likelihood estimators. Some possible applications to robustness are also mentioned. The
definition of these estimators involves a kernel regression estimator for which a bandwidth
rule is necessary. Given the semiparametric M —estimation problem, we propose a natural
bandwidth choice by joint maximization of the M —estimation criterion with respect to the
parameter of interest and the bandwidth. In this way we extend a methodology first in-
troduced by Héardle, Hall and Ichimura (1993) for semiparametric least-squares. We prove
asymptotic normality for our semiparametric estimator. We derive the asymptotic equiv-
alence between our bandwidth and the optimal bandwidth obtained through weighted
cross-validation. Empirical evidence obtained from simulations suggests that our band-
width improves the higher order asymptotics of the semiparametric M —estimator when
it replaces the usual bandwidth chosen by cross-validation.

Key words: semiparametric M —estimator, single-index model, bandwidth selection,
cross-validation, U —processes, semiparametric quasi-likelihood, robustness.

MSC 2000: 62G05, 62G08, 62G20, 62J12.

Résumé

Dans ce papier nous étudions une classe de M —estimateurs semi-paramétriques dans
les modeles a direction révélatrice unique. Cette classe contient en particulier les estima-
teurs semi-paramétriques de quasi-vraisemblance et du maximum de vraisemblance. La
technique utilisée fait appel a un estimateur préliminaire a noyau, pour lequel un choix
de fenétre est nécessaire. Nous proposons un choix "naturel” résultant de la maximisa-
tion du critere de M —estimation conjointement par rapport au parametre d’intérét et
a cette fenétre. Nous étendons ainsi une méthodologie considérée par Hardle, Hall et
Ichimura (1993) dans le cadre des moindrés carrés semi-paramétriques. Nous montrons
la normalité asymptotique de notre estimateur semi-paramétrique. Nous montrons que
la largeur de la fenétre proposée est asymptotiquement équivalente a celle obtenue par
validation croisée pondérée. Des résultats empiriques obtenus par simulations suggerent
que notre fenétre améliore le comportement asymptotique d’ordre supérieur de notre es-
timateur semi-paramétrique quand elle remplace la fenétre usuelle choisie par validation
croisée.

Mots clefs: M —estimateur semi-paramétrique, modele a direction révélatrice unique,
choix de la fenétre, U—processus, quasi-vraisemblance semi-paramétrique, robustesse.



1 Introduction

Consider the problem of estimating a regression function m(z) = E (Y|X = z) from
independent copies (Y7, Xf)T e (Yn,XnT)T of a random vector (Y, XT)T € R In
GLM (generalized linear models; e.g., McCullagh and Nelder (1989)) it is assumed that
m (z) = ro (x0y) with ro known. Here, 2 is a notation for 276 when z, § € R% The
function ry is the inverse of the so-called link function. Moreover, the conditional density
Jy|x=« of Y given X = x belongs to the linear exponential family, that is

fyix=z (y) = exp [B (ro (26h)) + C (ro (v6h)) y + D (y)],

where B, C' and D are known functions.

A natural extension of GLM is provided by the semiparametric single-index models
(SIM), where one only assumes the existence of some 6, € R? (unique up to a scale
normalization factor) such that

E(Y|X)=E(Y | X0), (1.1)

that is m (x) = ro (z6y) , with unknown r¢. Since the regression ro (t) = E (Y | X0y = t)
depends on 6y, hereafter, we shall write r4, instead of ry. In SIM framework, both 6, and 74,
are to be estimated. Numerous semiparametric approaches for root-n consistent estima-
tion of 6y have been proposed : M —estimation [e.g., Ichimura (1993), Sherman (1994b),
Delecroix and Hristache (1999), Xia and Li (1999), Xia, Tong and Li (1999)], direct
(average derivative based) estimation [e.g., Powel, Stock and Stoker (1989), Hérdle and
Stoker (1989), Hristache, Juditsky and Spokoiny (2001), Hristache, Juditsky, Polzehl and
Spokoiny (2001)], iterative methods [e.g., Weisberg and Welsh (1994), Chiou and Miiller
(1998), Bonneu and Gba (1998), Xia and Héardle (2002)].
Typically, the semiparametric M-estimators mentioned above can be written as

~ 1 <& ‘
f = argmax — Y, 7, (X,0)) 1.(X5), 1.2
g 320 (1 7 (40) 7 (X) (12)

where ?é,h (t) is, for instance, the leave-one-out Nadaraya-Watson estimator (with band-
width h) of ry(t) = E(Y | X0 =t), — is a contrast function and 7,(-) is a so-called
trimming function introduced to guard against small values for the denominators appear-
ing in 75, (). Finally, the regression function m () is estimated by 75, <x§> . Other
smoothers, such as local polynomials and splines, can replace the Nadaraya-Watson esti-
mator.

In order to estimate 6y and ry, (- 6y) , two smoothing parameters seem to be necessary.

First, after choosing a primary bandwidth h, the estimator 6 is computed as in (1.2).
Afterwards, rg, (26o) is estimated by 75,. (m§> , a kernel estimator, with bandwidth h*,

of the expectation of Y given 20. The rates of decay for the two bandwidths should verify
some conditions. When ¢ (y,7) = — (y — r)*, Hérdle, Hall and Ichimura (1993) defined
more directly

-~ 1 <& ‘
(9,h) = argmas ﬁ;@u (Vi i (X:0)) La (X)) . (1.3)



Here, the trimming function is 14 (-), the indicator function of the set A, and A is fixed,
bounded and strictly included in the support of X. The regression ry, (- 6y) can be then
estimated by ?gﬁ ( 79\)

In this paper we consider a class of semiparametric M —estimators defined by a general
function ¢. Moreover, we provide an automatic and natural choice of the smoothing
parameter h used to define the estimator #. This bandwidth has also some optimal
properties for the nonparametric regression. In particular, it is of order n=/°. To achieve
these goals we extend Héardle, Hall and Ichimura’s idea, that is, given a function 1,
we maximize the semiparametric M —estimation criterion (1.2) simultaneously in 6 and
h. For simplicity we use a leave-one-out Nadaraya-Watson estimation of the regression
function, although this approach could be applied for other smoothers like, for instance,
local polynomials. Our proofs allow for discrete covariates and do not require a preliminary
(or pilot) estimator of #y having a suitable rate of convergence in probability Op(n=?),
6> 0.

The methodology we propose allows to build efficient estimators of 6y under suitable
additional model assumptions. Moreover, it can be extended and applied to a multi-index
framework, that is when there exists 6}, ..., 05 € RY, p < d, such that

EY |X)=E(Y|Xb,.., X6

[see Ichimura and Lee (1991) and Picone and Butler (2000)]. Finally, if the probabilistic
results on U—processes we use in the proofs could be extended to non-i.i.d. data, our
theoretical results could be adapted easily to such a case.

The paper is organized as follows. Existing results on semiparametric M —estimation
are reviewed in section 2. Moreover, the gaps our paper aims to fulfill are clearly described.
The methodology we use for the theoretical results is depicted in section 3. As in Hardle,
Hall and Ichimura (1993), the basic idea is to show that joint maximization in 6 and h
is asymptotically equivalent to separate maximization of a purely parametric term with
respect to 6 and of a purely nonparametric term with respect to h. In this way we derive
the asymptotic normality of 9 while for h we obtain an asymptotic equivalence with a
theoretical “optimal” bandwidth maximizing the quantity

1<
=2 U (Va7 (Xi0)) I gy oy} (X3
i=1

where fp, is the density of X6, and c is some positive constant. We call this quantity a
Y —CV (cross-validation) function. When ¢ (y,r) = — (y — r)*, the usual cross-validation
function from nonparametric smoothing is recovered up to a change of sign (Clark (1975)).
In general, we show that maximizing the 1) — C'V function is asymptotically equivalent
to minimizing a weighted (mean-squared) cross-validation function. Chiou and Miiller
(1998, 1999) provide empirical evidence supporting the idea of choosing the bandwidth
using other criteria than the usual cross-validation function. Their nonparametric quasi-
likelihood criterion is closely related to a v — C'V. Our theoretical results are stated
in section 4. Section 5 contains some empirical evidence. It is shown that other func-
tions ¢ than the usual ¥ (y,r) = — (y — r)* may provide M—estimators § with better
performances. The choice of 1 acts on the performances of 0 in two ways, through the
asymptotic variance and through the optimal choice of h based on the v — C'V func-
tion. The two effects are discussed. Some comments and conclusions end the paper. The
assumptions and the technical proofs are provided in the appendices.



Let us end this introduction noticing that it is not clear, a priori, whether an optimal
bandwidth for the regression function is also optimal for the estimation of the parameter
0. As pointed out by a referee, to find the optimal bandwidth for 6 is of theoretical
interest but quite difficult since it involves higher order asymptotic expansions of the
semiparametric estimator. This refinement lies beyond the scope of our paper.

2 Motivations

2.1 Possible choices of

Flexibility in the choice of the function v (y,r) could be helpful, for instance, when the
interest is focused on efficiency, goodness-of-fit or robustness. Sherman (1994b) and Dele-
croix and Hristache (1999) seem to be the only papers on semiparametric M —estimation
allowing 1 to belong to a large class of functions.

Apart some technical aspects, our theoretical findings are based on two conditions
ensuring that joint maximization in # and h as in (1.3) is asymptotically equivalent to
splitting the criterion into two parts, one purely parametric and another one purely non-
parametric, and maximizing separately with respect to 6 and h, respectively. These
conditions are

E [0y (Y, 19, (X00)) | X] =0 (2.1)

and
E [89821/} (YV, "0 (X@o)) | XQ()] == O, (22)

where 0y denotes the derivative with respect to the second argument of ¢ and 9 is the
derivative with respect to all occurrences of #, that is, given y and z,

Ot (y, 72, (200)) = 5 0 4, o (a6)) o,
(see also Sherman (1994b) for similar conditions). In the SIM framework, the two or-
thogonality assumptions can be satisfied by at least two important types of hypothesis:
i) assumptions on 1 without any reference to the conditional distribution of Y given X;
and ii) assumptions on ¥ combined with some conditions on the conditional law. This
brings us to at least three cases where our approach applies, provided that the single-index
assumption holds.

Ezxample 1 (quasi-likelihood). Consider a SIM without additional distributional as-
sumptions on the conditional law of Y given X. In this case, the first condition is equiv-
alent to 1 given by linear exponential families (cf. Delecroix and Hristache (1999); see
also Gouriéroux, Monfort and Trognon (1984)). We have

Oy = arg;nax E[B (rg (X0))+C (ro(X0))Y + D (Y)] (2.3)
= argénax E[B (rg (X0)) + C (r9 (X0)) Y],

where B, C satisfy the identity B’(r) + C’(r)r = 0 and C’ > 0. In other words, 6, maxi-
mizes the function 0 — E[Q (Y, ry (X0))], where @ is the quasi-(log-)likelihood function

@(y,m:/rc“(s) (v s) ds.
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Thus 09 (Y, r) = 0:,Q (y,7) = C'(r) (y — r) from which (2.1) follows. The second condi-
tion (2.2) is a consequence of the equation

E 05, (Y, 19, (X00)) | X] = E [95,0 (Y, 14, (X00)) | X60]
and of the identity
E [897”90 (Xeo) | Xeo] =F [Téo (Xeo) (X —F [X ’ X00]> ’ X90:| s

where 75 (+) is the derivative of rg,(-). This last identity is always true under the SIM
assumption (see Newey (1994), p. 1358). The semiparametric least-squares corresponds
to B(r) = —r? and C(r) = 2r. Taking B(r) = —r and C(r) = Inr yields the Poisson
pseudo-maximum likelihood method.

More generally, one can allow the functions B, C' and D to depend on a nuisance pa-
rameter 7 that is supposed fixed when writing (2.3) (e.g., negative binomial and gamma
pseudo-log-likelihood functions). This additional parameter could be used to specify sec-
ond order moments of Y given X (see Gouriéroux, Monfort and Trognon (1984), section 5).

Ezample 2 (mazimum likelihood). Assume that 6y is unique such that the true condi-
tional density of Y given X depends on X only through ry, (X6), that is fy|x—.(y) =
fo(y;re, (x6p)) with fo known. Moreover, the marginal law of X does not depend on
0. If ¢ = log fo, conditions (2.1) and (2.2) are then direct consequences of the model
assumptions. This choice of v yields the semiparametric maximum likelihood estimator.
Examples are : GLM with unknown link function [e.g., Huh and Park (2002), Carroll,
Fan, Gijbels and Wand (1997), Chen (1995), Klein and Spady (1993)], quadratic expo-
nential families like the normal N(r,r?) [e.g., Xia, Tong and Li (2002) with Gaussian
residuals]. The corresponding estimator is efficient in the semiparametric sense.

Ezample 3 (robustness). In robust statistics one usually considers ¥ (y,r) = —p(y —r)
where a) p is symmetric; b) the conditional law of Y —ry, (X6) given X is symmetric; and
c) the conditional law of Y given X depends only on X6, (this is the case, for instance,
if the errors Y — rg, (X6) are independent of the regressors X ). An example of function
p is the Tukey biweight function

S S A
pc(t) - mln(E - 2_62 + @a E)a
a smooth Huber-type function (see Fraiman, Yohai and Zamar (2001) for a larger class
of such smooth functions). For other important examples of M —estimators in robust
statistics we refer to Hampel, Ronchetti, Rousseeuw and Stahel (1986). Another example
is provided by the so-called a—estimator defined by p (t) = 1 — e~ (cf. Vajda (1989)).

2.2 Bandwidth range and pilot estimation

A major critique for most of existing asymptotic results on semiparametric M —estimation
in index-models is related to the domain from which the bandwidths of the regression esti-
mator has to be chosen. Moreover, quite often there is no explicit rule on how to choose the
bandwidth in practice. Another important critique is the need of a preliminary estimator
approaching 0, at a suitable rate Op (n*‘s) , 0 > 0. Table 1 contains a (non-exhaustive)

4



list of papers on semiparametric M —estimation together with their assumptions on pilot
estimation and bandwidth range. For instance, Hérdle, Hall and Ichimura (1993) con-
strained 6 in a Op(n~'/?) neighborhood of 6, and h of order n~'/>. However, it is not
obvious that there exists a \/n—consistent semiparametric estimator when h is of order
n~Y%. Another example which may raise questions is the iterative strategy of Xia, Tong
and Li (1999), page 837. Their idea is to replace the joint maximization in 6 and h by a
scheme where 6 and h are updated iteratively by separate maximization with respect to
one of them when the other is fixed. The parameter 0 is taken in a cone ©,, that shrinks
to A sufficiently fast and h is restricted to a domain of bandwidths of order n=*/®. Such
a scheme makes sense only if one proves that for a bandwidth of order n='/5 there exists
a semiparametric M —estimator with a rate compatible with ©,,.

Table 1. Overview of some assumptions in semiparametric M — estimation for Single-Index Models. Let
0,5 denote a Op(n~?) neighborhood of 6, and let H, . stand for a range of bandwidths of order

O(n~?). The regression ry,(t) is assumed k times differentiable.

O, H, . k continuous X
Ichimura (1993) 0(1) ac(s,1) 3 no
Hérdle, Hall and Ichimura (1993) Op (n=1/%) a=1 2 yes
Klein and Spady (1993) Op (n=1/3) o€ (%, %) 1 no
Sherman (1994b) op (1) a€(3,5) T no
Carroll, Fan, Gijbels and Wand (1997) Op (n_l/Q) a € (%, %) 2 yes
Bonneu and Gba (1998) Op (n‘l/Q) o€ %, %) 2 no
Delecroix and Hristache (1999) 0(1) @€ (g,2) 3 no
Xia and Li (1999) de(5.3) o= % 2 yes
Xia, Tong and Li (1999) se(3.3) a=z: 2 yes
Xia, Tong and Li (2002) 0(1) a€ % %) 4 yes
Xia and Héardle (2002) 0(1) o€ ¢ %) 3 yes
Weisberg and Welsh (1994) 0(1) o€ (s 7) 4 yes

In section 3 we provide new and useful insights on preliminary estimates and band-
width range. Our bandwidth should decrease slower than n~/* and faster than n='/%.
If the explanatory variables are bounded, we only need a consistent in probability pilot
estimator. For unbounded X but satisfying a suitable moment condition, we only require
a consistent preliminary estimator with a rate of convergence in probability faster than
1/Inn. Moreover, we indicate how to build an estimator with this rate.

When a function 1 (y, 7) other then —(y—7)? is preferred for defining the M —estimator
79\, it seems natural to choose h in a way compatible with . For instance, one may prefer
a Poisson pseudo-maximum likelihood method (¢(y,r) = —r + ylnr) for count data
regression. In this case, a 1 — C'V type criterion should be used for choosing h. Such
a choice is equivalent to using a quasi-deviance criterion (McCullagh and Nelder (1989);
see also the nonparametric quasi-likelihood deviance used by Chiou and Miiller (1998)).
The use of a general ¢ — C'V for choosing h is also supported by the empirical findings
reported in Chiou and Miiller (1998). Some additional empirical evidence is provided in
section 5.

Finally, when selecting the smoothing parameter h in a semiparametric M —estimation
procedure, one may look for a bandwidth with the optimal rate of decay n~'/**+1 where



k is the number of derivatives required for the regression (Stone (1982)). From this point
of view, the popular rate n=/? is justified only if & = 2. Our bandwidth is shown to be of
order n~'/°. For this, only second order derivatives for the regression function are needed.

3 Methodology

To ensure the estimability of the parameter 6, let us fix its first component to 1 and

identify 6 with its last d — 1 components. More precisely, from now on 6 will be a vector

of R™! and 26, with z € R? denotes the matrix product (1,67)z. Accordingly, the

parameter set © is a subset of R?"!. Finally, without loss of generality, assume that
Given 1/8 < 1 < B2 < 1/4 and the constants ¢y, co > 0, define

H, = {h con 2 <h< cgn’ﬁl} (3.1)

and take h, € H,, n > 1. Let 6,, n > 1 be a preliminary consistent estimator of 6.
Define the semiparametric M —estimator

~ 1 < y
(0F) = prmmms 530 00 060 Ly e K0 82

where ¢ > 0 and )
— 2. Y Ky (t = X;0)

o (1) = —1% = a0
| it 2 B (= X50) in (1)
VE

denotes the leave-one-out version of the Nadaraya-Watson estimator of the regression
function

70 (1)
re(t) = E(Y|X0=1t)=: IADK
with fy the density of X6. The function K (-) is a (second order) kernel function and
K, (+) stands for K (-/h) /h.

Trimming is designed to keep féh away from zero and thus to stabilize computations.
On the other hand, trimming is usually required for analyzing the asymptotic properties
of the nonparametric regression estimator and of the optimal bandwidth. The practical
purpose of trimming recommends a data-driven device like [ {a:F5, (M)ZC}(-). However, to

ensure consistency with such trimming, one should require that 6, is the maximizer of the
map
00— F [w (Y, To (X@)) I{z;fg(xg)zc}(X)] , 0 € ©O.
Meanwhile, a trimming function like / (o fo (I60)>C}(-) is easier to manipulate in theory.
: foo (60)>

Our trimming procedure aims to reduce this gap. It is simple and easy to implement in

applications since it only consists of a checking of the observations before starting the

optimization. In practice, quite often one may take ]{z-f; (@0n) e (-) = 1. On the other
- n’hn n)—

hand, in a certain sense, our trimming is asymptotically equivalent to the fixed trimming
I (o sy (190)>C}(~) which renders the proofs quite transparent. We prove this equivalence
: foo (260)>

under two types of assumptions: either i) X is bounded and 6, — 0y = op (1), or ii)

6



Elexp (M| X]|)] < oo, for some A > 0, and 6,, — 6y = op (1/Inn). Preliminary consistent
estimates can be obtained by M —estimation with a fixed trimming /p(-) where B is a
subset of R? such that fy (z6) > ¢ > 0, x € B, § € ©. In particular, it can be shown
that this preliminary estimator is op (1/Inn) for a range of bandwidths [n=(1/279) n=<] |
0 < e < 1/2. For a complete proof, see Appendix E.

Let us point out that a minor modification of the arguments used in Appendix E yields
the consistency in probability for the estimator 6 defined in (3.2) when X is bounded.
Therefore, for the asymptotic results, in the maximization problem (3.2) we can replace
the parameter set © by a sequence of neighborhoods ©,,, n > 1 shrinking to #,. For
technical reasons, when X is unbounded, we have to define the estimator (3.2) with ©
replaced by shrinking neighborhoods ©,,, n > 1. In practice, there is no difference between
the cases X bounded and X unbounded and therefore (6, h) can be always computed by
maximization over ©.

Define A = {z: fy, (z60) > ¢} C R? and A° = {x: |fg, (26p) —c| <6}, § > 0. By
little algebra, for all § € ©,,, h € H,, and 1,

]{3351?5,;&19)26} (X’L) - ]A(Xz> S IA5 (Xl) + ](6,m)(Zn)7

where

Zo=max  sup |fi, (Xi0) — fa (Xit0)|.

1<i<n ge@,,, heHn

Let
5 (0, A) = -7 0 (Vi i (X)) T5(X)
i=1

with A = A or A%. Since ¢ (-,-) < 0, we have

1 ¢ .
n Z ¥ (Y;, To,h (Xig)) ]{;p:ﬁmhn(xen)ZC} (Xi) — S (0,h; A)

=1

n

< =5 (0,m5.2%) - 100D S (3 ().

n -
=1

We show that S (0, h; A‘S) = 0p(§(9, h; A)), uniformly over ©,, x H,,, provided that § — 0
and P (fg, (X60y) = ¢) = 0. On the other hand, we prove that P (Z, > d) — 0, provided
that § — 0 slowly enough (see Lemma B.2 in the appendix). All this proves that, modulo

arbitrarily small corrections, (5’\, E) can be defined as the maximizer of S (0, h; A) over
0,, X 'H,,. Hereafter, we simply write S (0, h) instead of S (0, h; A) and we consider

(é\, E) = argmax §(0, h),
0€O,, heH

with ©,,, n > 1 shrinking to 6y and H,, defined in (3.1).
Next, the basic idea is that the semiparametric criterion S (6,h) can be split into
a purely parametric part S (6), a purely nonparametric one 7T'(h) and a reminder term



R(0, h), where

S) = —Zw Yi,re (Xi6)) L (X; ——Zw (i, 7, (Xio)) 14 (X3),
T(h) = —Zw Y, g0 (Xifo)) 1a(X,),
R(O,h) = —Z Y;,Tgh Xi0)) — ¢ (Yi, o (Xi0))] Ia(X;)

——Z (Y, 7,0 (Xi00)) — 0 (Vi 7, (Xib))] Ta (X,)

(see also Hérdle, Hall and Ichimura (1993) for a slightly different splitting). In view of
this general purpose decomposition, the simultaneous optimization of S (0, h) is equivalent
to separately optimizing S (0) with respect to 6 and T (h) with respect to h, provided
that R (0, h) is sufficiently small. To prove that R (6,h) is indeed negligible we show in
Proposition D.1 in Appendix D that

R(9,h) = {Op (h*) +Op ( 22) +Op (ﬁ) + op (%) (3.3)
+0p (18— )| 0.(1) +0p 5= )| | x Or 10 - a0,

as n — oo, uniformly in b € [n~1/279) n=¢]  with 0 < & < 1/2, and uniformly in § € ©,;

herein, |-| denotes the Euclidean metric. The key ingredients for proving this identity

are the cornerstone conditions (2.1) and (2.2), the definition of the trimming set A and

results on the rates of convergence for degenerate U—processes (Sherman (1994a)).
Taylor expansion yields

Il |9 — 90| 2
S()=0 Op (|0 — 06
(0) P ( Jn +0Op (\ ol )
and therefore, to ensure that R (6,h) is negligible with respect to S (6), it suffices to
constrain h in the range H,, defined in (3.1). Even if other decompositions of S (6, h) may
be used, a careful inspection of our proofs suggests that a bandwidth range like H, is the
largest for which we may deduce y/n—consistency for # in our framework.

3.1 Asymptotic distribution for 0
In view of (3.3) deduce that

R(0,h) = op <|0;§°|) +op (10— 6ol*) ,

uniformly in A € ‘H,, and 6 € ©,,. Use this and Taylor expansion to write

S(0,h) — % (0 — 60)7 V, % (0 — 60" W, (60— 60) (3.4)

0—0
+op <| \/_0|) +op (|0 — 00|2) + {terms not depending on 0},
n

8



uniformly over ©,,, where

Vo= = D200 Vo, (KO Ta (X, W= — - 0Bt (Vi ey (Xi60) La (X)
=1

\/ﬁ ; i=1

(here, Dp1p is a vector in R while 92y is a (d — 1) x (d — 1) matrix). From the
assumptions we shall impose below, the vector V,, converges in distribution to N (0, M)
and W,, — W, almost surely, where

My =F [8919 (Yi, 7y (Xi60)) 0ot (Yi, 7, (Xi60))" La (Xz)} )

and
Wo = —E [0550 (Y, 19, (Xi00)) 1a (X3)] -

Intuitively, 0 has the same asymptotic distribution as the maximizer of the quadratic form
(3.4). More precisely, apply Theorems 1 and 2 of Sherman (1994a) to deduce first, the
n—consistency of # and next, the asymptotic normality

Vi (0= 00) =2 N (0, W5 MW )

3.2 Order of T (h) and behavior of h

By Taylor expansion we can write
T (h) =Ty + T1(h) + To(h) + {negligible terms},

where T} is independent of h,
1<
Ti(h) = D 0 (i, e, (Xi0)) [P (Xibl0) — 70, (Xibo)] L (X5)
i=1

and

Ty(h) = 3 5 Bt (Vi v, (Xi60) [y (X580) = o, (Xi0)]? 14 (X0).
i=1

Using condition (2.1) and rates of convergence for degenerate U—processes, we deduce
from Lemma C.1, Appendix C, that, uniformly over 'H,,,

Ty(h) = —C1h* — Cy/nh + op(h* 4 1/nh),

with 4, C5 some constants defined in section 4 below; our Lemma C.1 is a refinement of
a well-known result from nonparametric regression (e.g., Hardle and Marron (1985)). We
also show that T7(h) = op(T2(h)), uniformly over H,, (see Lemma C.2).

Note that R(6,h) = op(To(h)), uniformly in 6 in Op(n~'/2) neighborhoods of 6
and h € H,. Since f was shown to be \/n—consistent, deduce that s asymptotically
equivalent to the maximizer of Ty(h). More precisely, E/ hPt — 1, in probability, where
hoPt = (Cy/4C1)Y5n=1/5. As a by-product of these results, we obtain the asymptotic
equivalence between the ¢» — C'V function T'(h) and T5(h).



Remark that in the quasi-likelihood framework (see Example 1 in section 2) where
Y(y,r) = B(r) + C(r)y + D(y) and 93¢ (y,r) = C”(r)(y —r) — C'(r), the function
—T5(h) is asymptotically equivalent to the weighted cross-validation function

11 i
X? = n Z ) C" (76, (X:00)) [T 1 (Xiflo) — 76, (Xieoﬂ2 14(X5).
=1

(Recall that [C”(r)]™" is the variance of the conditional law given by exp® (y,7)). In
other words, choosing h by optimizing a 1) — C'V' criterion is asymptotically equivalent to
choosing it as the minimizer of a kind of Pearson chi-squared statistics X2. In particular,
this explains why in practice Pearson and deviance-based bandwidth choices are about
the same (cf. Chiou and Miiller (1998), page 1382).

__ To conclude this section, note that the arguments above reduce maximization of
S (0, h) over ©,, x H, to maximization with respect to @ in a Op(n~/2) neighborhood of
0y and h of order Op(n~'/%). Indeed, up to asymptotically negligible adjustments, we can
write

5, 500 = pxims[S @)+ ROM] 70}

= max { max [S 0) + R (0, h)] +T (h)}

heHn, ‘9_90|:0P(n71/2)
= max max §(9, h) = max max S (6, h)
heH, \9—90|=Op(n*1/2) |9—90|:Op(n*1/2) heHn

= max {max [T (h) + R(0,h)] + S (9)}

|0—60|=0p (n=1/2) (1EHn
= max { max [T (h)+ R(0,h)] + S (0)}
0—00|=0p (n=1/2) | h=0p(n=1/%)

= max max S (6,h).
|0—00|=0p (n=1/2) h=0p(n=1/3)

Hence, one of our contributions is to prove, and no longer to assume, as in Hardle, Hall
and Ichimura (1993), that the rates of # and h are indeed n~'/2 and n='/°, respectively.

4 The main results

Assume that the parameter set © € R%! is compact with nonvoid interior. Define

K f1
e = 5B {5 0 0 (X80 (X0) (1)
, 2 (X600) [, (X60)]
X TQO(XQ())—F ng(Xeo) :| IA(X)}7
Co = Ko B {5 3B rm, (X80) 1oy (X00)) s v, (X60) 1 ()

and
WPt = argmax (C1h* + Con th™t) = (Cy/4C)) P n 2/,
h

10



Theorem 4.1 Suppose that the assumptions of Appendiz A hold and X is bounded. If
(0,h) is defined as in (3.2), then h/h"" — 1, in probability, and

Jn (5— 90) 2 N0, Wy MY

If X is unbounded, consider a sequence of real numbers {d,} such that d,Inn — 0 and
let ©, = {0:10 —6y| <d,}, n > 1. The conclusions remain true if © is replaced by O,
in the definition of (6, h).

Proof. First, consider that (9 h) is defined as in (3.2) with © replaced by ©,,. We can
decompose S (6, h; A%) in the same way as S (8, h) and obtain the same order, uniformly
over 0,, X H,, and uniformly in 0 € [0, dy], for some small &, (apply also Lemma B.4b)).
The constants appearing in the dominating terms of the decomposition vanishes as 6 —
0, provided that P (fy, (X60y) =c) = 0. Consequently, 8(9, h;A‘;) = op(S(0,h; A)),
uniformly over ©,, x H,,, if § — 0. Next, the conclusions follow from Lemma B.2, Corollary
3.1, Proposition D.1 and the arguments in section 3.

For the case where X is bounded, the same arguments as in Appendix E yield the
consistency in probability for the estimator # when (0, h) is defined as in (3.2), that is
maximizing over © x H,,. This means that © x H,, can be replaced by O, x H, where
the diameter d,, of ©,, tends to zero. Finally, use the Remark following Lemma B.3 to
complete the proof. m

For the nonparametric part we have the following usual result (see Hérdle and Stoker
(1989)). The proof is omitted.

Theorem 4.2 Assume that the conditions of Theorem 4.1 are fulfilled. Then, for any t
such that fo, (t) > 0,

~

nh (75 (1) = 7oy (1) = B35 (1)) 2 NV (0, Ky (1) oy (1))
where §(t) = (K1/2) [r4, (8) + 20, (8) f5, (1) fao (7]

Note that, for any x such that fy, (x6p) > 0

~

nh (?gﬁ (:c§> — 19, (26p) — 1B (x90)> 2N (0, Kovg,(zbo) fo, (a:&o)_l) : (4.2)
Indeed, we can write
Fan (ﬁ) — 14, (00) = T (ﬂ’i) — Ty (@00) + Ty 7 (x60) — 74, (6o)

— O (00) (0= 00) +op (|0 00]) + 757 (260) = 70, (260)
= Op (n777%) 47y 5 (200) = 7, (200)

because dy7y, 7 (260) — Dro, (26o) , in probability, uniformly over op (1) neighborhoods
of 6y (see Lemma B. 3). Thus, the convergence in (4.2) is a consequence of the asymptotic
distribution of the Nadaraya-Watson estimator (e.g., Bosq and Lecoutre (1987)).

11



5 Empirical evidence

In order to illustrate the finite sample properties of our estimator, we conducted a sim-
ulation study using a SAS 8.1 program. For optimization we used the NLPNRA rou-
tine of SAS/IML software. This routine is based on a Newton-Raphson method. All
the estimates reported in this section were obtained with a quartic kernel K (u) =
(15/16) (u? = 1)* I 1) (u)

In the first experiment, the data were generated in the following way :

1. X, = (Xf“,Xf),Xi(?’),X}‘“)T c R4

XY o N(0,1/4), X?P ~B(1,1/2), XD ~N(0,1/4), XY = <Xi(3) + Q) /2,

3 (2

with @ ~ N (0,1), where Xz-(l), Xi(2), X® and () are independent random variables;

2. 00 = (057,08, 68,08) = (11,1, )7

3. the conditional law of Y; given X; = x is a negative binomial law of mean 7y (z6y)
and variance 1o () [1 + 7o (200)], where ro (t) = exp [(t — 3) /2].

Three types of 1 were used to estimate 6:

a) Ynp(y,r) =y logr—(y+ 1) log (1 + r), corresponding to the true density of Y given
X.

b) ¥p (y,r) =y logr — r, corresponding to a Poisson pseudo-likelihood;

c) ¥y (y,r) = —r?+2ry, yielding the semiparametric least squares estimator considered
in Hérdle, Hall and Ichimura (1993).

Let 51\/37 §P and éN be the M —estimators corresponding to ¥ xpg, ¥p and ¥y, respec-
~ i~ 0 N\T ~ <A —~
tively. Write 6 = (1, 6 0B 0(4)> where 0 stands for any of Oy, 0p and 0. For each
sample size n € {250,500, 1000} we generated 500 samples (Yi,XiT)T eER’ 1<i<n.
For each sample we computed Oypg, 0p and Oy.

Table 2 contains the mean and the standard deviation of the estimates of the last
three components of 6,. Moreover, we calculate the estimated mean squared error of 6

1 500 N @ 9
MSE = — ) _ ‘
5E = 500 2 ( b7 =% ’

s=1

~ 2 —~ o |2
0D — oY+ |80 - 60| +

with 6 equal to gNB, A@p and @\N, respectively.

We remark that 6p outperforms 6y in terms of bias and variance. Even if the true
model we considered is characterized by a significant overdispersion, the semiparametric
Poisson pseudo-maximum likelihood estimator behaves almost like the semiparametric
maximum likelihood estimator 0y p.

12



Table 2. The true conditional law of ¥ given X is negative binomial of mean rq (x6y) and variance
ro (z80) [1 + ro (z6)] with 7o (£) = exp [(t — 3) /2]. The true vector 6y is (1,1,1,1)". Let Oy p, 8p and
gN denote the M — estimators obtained from the true, Poisson and normal log-likelihoods, respectively.

The upperscripts indicate the components of the vectors.

2 3
n §(N39 é\(N)B NB Op Op Op On 0N N

250 mean 1.144 1.200 1.185 1.156 1.218 1.179 1.297 1.236 1.250
st. dev. 1.189 1.177 1.203 1.231 1.254 1.277 1.462 1.287 1.338
MSE 4.331 4.881 5.780

500 mean 1.052 1.088 1.117 1.096 1.090 1.140 1.115 1.076 1.142
st. dev. 0.791 0.810 0.796 0.892 0.823 0.840 0.927 0.895 0.907
MSE 1.937 2.212 2.518

1000 mean 1.078 1.045 1.077 1.084 1.041 1.072 1.102 1.072 1.124
st. dev. 0.521 0.524 0.466 0.507 0.527 0.439 0.645 0.651 0.625
MSE 0.775 0.740 1.260

The choice of a criterion 1 influences the estimates of 6y in two ways. On one hand, the
function v appears in the asymptotic variance of the M —estimator. On the other hand, the
semiparametric criterion defined by 1 is also used for choosing the bandwidth. The choice
of the bandwidth does not influence the asymptotic variance of the M —estimator but it
influences its higher order asymptotic properties. In order to distinguish the performance
gain due to our new way of choosing the bandwidth, we conducted a second simulation
experiment. This time we compute the M —estimator and the bandwidth using a sequence
of iterations. For a given v, two types of iterative procedures are considered. In the first
one, which we call it iterative procedure I, we choose h through a ¢» — C'V function as
follows:

[.1 For given 5, find % the maximizer of the 1 — C'V function
I AN
h— - E;w (vio5, (x9))
[.2 For given /fz, an updated estimate 0 is obtained by maximizing
1
0 - Z;¢ (Vi 74 (X:6))

For the second type of iterations considered we choose the bandwidth through a clas-
sical cross-validation procedure. The following steps defining the iterative procedure II
are run until convergence:

I1.1 For given 5, find A the minimizer of C'V function
1 & N\ 2
h — - Z (Yi —Ton (Xﬂ)) ;
i=1

13



I1.2 For given /fz, an updated estimate 0 is obtained by maximizing
1<
0— =~ v (Vi (Xi0)).
i=1

Note that repeating Steps I.1 and 1.2 until convergence one expects some values (5, ﬁ)

very close to those obtained by joint optimization in § and h. However, our experience
proves that iterating Steps 1.1 and 1.2 is not only more computational demanding but also
leads to more instable results. For the sake of more accurate comparisons, we maintain
the iterative procedure I even when we choose the bandwidth through a ¥—CV criterion.

For this second simulation experiment we used the same conditional distribution of Y
given X and the same one-dimensional regression function rg (). For shorter computa-
tions, we take only two independent explanatory variables X, X ~ A (0,1) and we fix
6o = (1,1)" . In this case, we only have to calculate the second components 5(]333, /9\(132 ) and

é}?) of the six M —estimators we consider (that is, we consider ¥npg, ¥p and ¥y in each
of the two iterative procedures above). For each n € {100, 200,400} we draw 500 samples

(YZ-,XZ-T)T € R3, 1 < i < n. The results are given in Table 3. Looking at the MSE we
notice that the contribution of the bandwidth choice method to the performances of the
M —estimator is significant. There is a clear improvement of the MSE, mainly because of
a smaller variance, when the ‘optimal’ bandwidth is obtained through a ¢ — C'V function.

Finally, we analyze the impact of the bandwidth choice on the performances of the
nonparametric estimator of the regression function rg (+) using the results of our second
experiment (see also Chiou and Miiller (1998), section 5, for a similar analysis). For
brevity, only the case n = 400 and v equal to ¥p is considered. A grid of points t
between —2.3 and 2.3 is fixed. Given the design of our experiment, the probability that
|X0o| < 2.3 is close to 0.9. The Nadaraya-Watson estimators 755 () with ¢ in the grid

and (5, ﬁ) yielded by each of the iterative procedures I and II were computed.

Table 3. The law of Y given X and the regression r¢ () are as in Table 2. Moreover, 6y = (1, 1)T. The
iterative procedures I and II are considered. Each M — estimator is obtained by iterative separate
optimization with respect to the second component of 6 and with respect to the bandwidth. Two

criteria for finding the ‘optimal’ bandwidth are used, that is ¥»—CV and usual CV.

n o) Q) 5% s oY
NB NB P P N
with CV  with v—CV  with CV  with vy—CV  with CV
100 mean 0.993 0.949 1.015 0.958 0.986
st. dev. 0.722 0.650 0.752 0.663 0.820
MSE 0.520 0.424 0.564 0.441 0.672
200 mean 1.058 1.001 1.011 0.995 0.991
st. dev. 0.580 0.497 0.584 0.542 0.635
MSE 0.339 0.247 0.340 0.293 0.403
400 mean 1.055 1.021 1.051 1.022 1.038
st. dev. 0.441 0.406 0.459 0.423 0.492
MSE 0.197 0.165 0.213 0.179 0.243
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For any ¢ in the grid, the mean squared error E[fg; (1) — ro (t)]* is estimated by
the average of [757 (t) — 7o (t)]* over 500 samples. Let MSEy (t) and MSE;; (t) be the
averages corresponding to the iterative procedure I and II, respectively. The curve ¢t —
100 * (MSE;; (t) /MSE; (t) — 1) is depicted in Figure 1. It appears that a bandwidth
obtained through a 1 — C'V function is at least as good as the usual cross-validation
bandwidth when used to build the nonparametric estimator of the regression r (-).

Figure 1: The difference expressed in percentage between the mean squared errors of the Nadaraya-

Watson estimators computed with cross-validation and ©—CV based bandwidths h.

percentage
45

301

=15 1

o

6 Conclusions

We introduce a large class of semiparametric M —estimators for single-index models and
we show their asymptotic normality. The estimates are obtained as maximizers of a
criterion

S0.0) = = 37 0 (¥ Tn (X:0)) 7 (X0,
i=1

where a nonparametric kernel estimator 7y, is used to estimate the conditional expec-
tation ry () = E(Y | X0 ="). It is well-known that the (first order) asymptotics of

0 = arg mingee S (6, h) do not depend on the choice of h, provided that h satisfies some
conditions. The decomposition

o~ ~

S(@,h)=5(0)+T(h)+ R(6,h)

and the order of R (0, h) given in (3.3) allows us to derive a large range of values for the
smoothing parameter which lead to the same asymptotic law for 6. This range is between
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n~'/* and n~1/®, if the true regression 7y, (-) is twice differentiable. In particular, the

optimal rate n~'/% for the bandwidth choice in nonparametric regression is in this range.

In practice, one still has to choose a reliable h. Since the choice of h affects only the
higher order asymptotics of an estimator #, a natural way to deal with the bandwidth
choice problem is to find an optimal h for the regression estimation, for example by cross-
validation. In the single-index framework this idea was first developed by Hardle, Hall
and Ichimura (1993), which, for the particular case of ¢ (y,r) = — (y — r)z, proposed to
maximize S (0, h) jointly in 6 and h. This leads to a bandwidth which is asymptotically
equivalent to h chosen by cross-validation if 6, were known.

In the case of a more general ¥ (e.g., quasi-likelihood, maximum likelihood or robust
methods), it also seems natural to maximize S (0, h) with respect to # and h. In some
sense, this is like considering h an auxiliary parameter for which the M —estimation crite-
rion may provide an estimate. We show in this paper that such a choice h for h is optimal
for estimating the regression function in the sense that it is equivalent to a bandwidth
optimizing a weighted cross-validation criterion. The weights are given by the second
derivative of 1 with respect to r (e.g., for the semiparametric quasi-likelihood case, the
weights correspond to the inverse of the variance). We prove that h is of order n=/5. The
simulation experiments we conducted indicate that 1 is also preferable for estimating 6.
Whether our A is optimal for the estimation of # remains unknown.

The proofs are based on a technical toolbox linking powerful results on U— processes
to index regressions. Our technique allows for asymptotic results under weak conditions.
In particular, discrete covariates are allowed and no preliminary estimator of 6y having a
suitable rate of convergence in probability Op(n=), § > 0, is required.

A Appendix: definitions and assumptions

Assume that © is a compact subset of R%~! with nonvoid interior. Recall that X6 is a
short for (1,67)X.

Assumption 1.1 The observations (Yl, Xi‘r) . (Yn, X,ip) are independent copies of a
random vector (Y, XT)T € R4+,

Assumption 1.2 There exists a unique 0y interior point of © such that E(Y | X) =
E(Y | X6y).

Assumption 1.3 For every 0 € O, the random variable X6 admits a density fo(-) with
respect to the Lebesgue measure on R.

Assumption 1.4 There exists cg > 0 and a positive integer ko such that, for any 0 <
c<c¢oand @ € O, the set {t: fy(t) = c} has at most ko elements.

The last two assumptions ensure, in particular, that P (fp,(X0) =c) = 0, for any
0<e<c.

Assumption 1.5 E [exp (A |X])] < oo, for some A > 0. Moreover, E(Y*) < cc.
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CONDITION L A function g : © x R — R is said to satisfy Condition L if, for any
A a compact set on the real line, there exists B > 0 and b € (0, 1] such that

g (0,t) — g (0, t)] < B|(6,t)— (6, )", forany 6,0 €O, ¢t €A.
Assumption 1.6 a) The function (6,t) — fo(t) >0, 0 € ©, t € R, satisfies a Lipschitz
condition, that is there ezists a € (0,1] and C > 0 such that

1fo(t) — for ()] < C (0,8) — (0, ¢)]" for any 6,0 € © and t,t' € R.

b) The function (0,t) — 19 (t), 0 € ©, t € R, satisfies Condition L.

c) For any 0 € ©, the functions t — 7y (t) and t — fo (t) are twice differentiable. Let
vy (t) and fj (t) denote the second order derivatives. The functions (0,t) — v, (t) and
(0,t) — fi(t), 0 € O, t R, satisfy Condition L with b = 1.

d) For any 6 € © and any component XU of X, the functions t — E (X(j) | X0 = t)
and t — E (Y X0 | X0 = t) are twice differentiable and their second order derivatives
satisfy Condition L with b = 1.

e) For any t € R, the function 0 +— 1y (1) is twice continuously differentiable and, for
any 0 € ©, the functions t — Ogry (t) and t — a1y (t) are continuous. Moreover, the
function (0,t) — Ogrg (t) satisfy Condition L with b = 1.

Let vg (t) = var (Y| X6 = t) be the conditional variance of Y given X6 = t.
Assumption 1.7 The function (0,t) — vg (t) satisfies Condition L.

Consider 1 : ¥ x R — R, with ), R C R. If ¢,0 > 0, define A = [Jyeoft : fo(t) > c}
and
D(c,0) ={r:3(0,t) € © x A such that |r — ry(t)| < d}.

Assumption 1.8 If ¢ > 0, there exists 6 > 0 such that D(c,0) is strictly included in R.
Assumption 1.9 There exists F (-) such that ¢ (y,r) < F (y), Vr € R.

This assumption allows us to consider 9 (y,r) < 0, possibly after replacing it with
¥ (y,r) — F (y) . This condition is fulfilled in all examples we provided above.

Assumption 1.10 The function (-,-) is twice differentiable in the second argument.
For any ¢ and 6 > 0 for which D(c,0) is strictly included in R, there ezists a function
U(-) such that

sup (95,0 (y,7)| + 1020 (y, 7)|) < ¥(y),

reD(c,0)

sup ‘822277/)(:% T) - 82221/}<y7 7",)’ < ‘If(y>|7” - T/|
r,r’€D(c,d)

and E[¥(Y)*¢], for some & > 0.

Assumption 1.11 The kernel function K () is differentiable, symmetric, positive and
compactly supported. Moreover, K (-) and the derivative K'(-) are of bounded variation.

Assumption 1.12 The following conditions hold:
1. E [0 (Y, g, (Xb0)) | X] = 0;
2. K [89(92¢ (Y, 6, (Xeo)) | Xgo] = 0.

Assumption 1.13 The (d — 1) x (d — 1) matriz Wy = —E [02,0 (Yi, 79, (Xi00)) La (X;)]
is positive definite.
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B Appendix: Technical lemmas

First, let us recall that F, a class of real-valued functions defined on a set X, is Euclidean
for the envelope F' if there exist positive constants C' and V' with the following property: if
0 <& <1 and if pis a measure for which [ Fdp < oo, then there are functions fi, ..., fi, €
F such that kK < Ce™" and, for each f € F, there is an f; with [ |f — fi|du < e [ Fdu.
Moreover, the constants C' and V' must not depend on . Let us call the functions fi, ..., fx
approximating functions. Recall also that a class of indicator functions of sets in a class
D is Euclidean (for the envelope F' = 1) if and only if D is a Vapnik-Cervonenkis (VC)
class (cf. Pakes and Pollard (1989)).

Recall that H,, was defined in (3.1) as the range {h cen T <h< CQTL_ﬁl} ,n > 1,
for some fixed 1/8 < 31 < (2 < 1/4 and ¢y, ¢y > 0. However, most of the results in the
appendices are valid for a larger range of bandwidths. For this reason, consider also the
range H,, = [n~/279) n~¢] | with some small 0 < & < 1/2. Let ©,, = {6 : [0 — 6p| < d,.},
with {d,} some sequence decreasing to zero. We use C' to denote a positive constant,
not necessarily the same at each occurrence. For simplicity, if ; € R? and 2z, € R, we
omit the transpose when writing the vector (a:lT, mg)T. For ease of exposition, we write
‘SUP,eap F(a,b) = Op(G(a)) instead of ‘sup, F'(a,b) = Op(G(a)), uniformly in a € A’
A similar notation with op(-) is used.

Lemma B.1 Assume that the kernel K is a symmetric, positive, compactly supported
function of bounded variation. Suppose that the map (0,t) — fo(t) > 0,0 € ©,t € R,
satisfies a Lipschitz condition, that is there exists a € (0,1] and C > 0 such that

[fo (t) — for ()] < C [(0,8) — (0, )" for 6,00€© and t,t'eR. (B.1)
Then N
max  sup | fp, (20) — fo (x@)‘ =0Op (n_l/gh_l) + O (h%).

I<i<n g 2 heH,

Proof. Define fp; (t) = E[K}, (t — X0)] and note that

/ K () [fy (¢ +uh) — £ ()] du

sup | fon (t) = fo (t)] = sup
9,t,heHy 9,t,heHy

< [ K@ sw 16040 - fa0)])
o —0(m),

where the last equality is due to (B.1). On the other hand, we have

1 < t—X,0 t— X0

— K I~ ) - F|K
() e e (5]

() s ()

Given the properties of K, the class of functions {K ((t — x6) /h) : 0 € ©,h € H,} is Eu-
clidean for a constant envelope (cf. Lemma 22(ii) of Nolan and Pollard (1987) applied

n

— 1 1
— |Fin = fon 0] < £
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for « = h™'0 and 8 = h™'t). Use, for instance, Corollary 4(ii) of Sherman (1994a), with
k =1, and deduce that

max — sup f;h (8) — fon (339)‘ =0Op (n’l/zhfl) :

1<i<n g o heH,

Now, it becomes more clear why H,, is defined as [n,(1/2,5)7 n*ﬂ ,with 0 <e<1/2:

it is the range for which fg;vh (0) converges to fp (x6) in probability, uniformly in 6, x and
h. Note that in the next lemma the definition of Z,, is slightly more general than in section
3 because h belongs to the larger range H,.

Lemma B.2 a) If § > 0, then

sup I{x: févh(ﬁf@)zc}(Xi) — IA(XZ> < IAS(XZ) + 1(5700)(Zn), 1< < n,

0€On, heHy

where A° = {x : | fa, (x6y) — c| < 6} and

Zo=max swp |Ji, (Xi8) = fa (Xif)|.

1<i<n gc@,,, heHy

b) Assume that K () and fy () satisfy the assumptions of Lemma B.1 for some a,C >
0. Moreover, E exp (A X]|)] < oo for some A > 0. Assume d,, = o(1/Inn), with d,
from the definition of ©,. If 6, — 0 such that 6,/n" and 6, [d,Inn]"* — oo, then
Ii5,.00)(Zy) = 0p (n™), Ya > 0.

Proof. a) We have

‘I{x:ﬁ,h(aze)ZC} (Xi) — La(X3)
For any 6, h and 9, we can write
{Fon(x0) 2 e} \ A { Ji (Xi0) 2 ¢, fo, (Xibo) < e =} Uf{e =8 < fo (Xih) < c}
and

AN T (X30) = e} < { T30 (X0) < ¢ fon (Xif0) 2 e+ 6} U{ e < fa (Xi) < e+ 8}

<A g @ozepa(K) LG5 a)ze) (X0)-

which proves the inequality.
b) It suffices to prove that P (Z, > é,) — 0. Note that, for any = and 6,

a/2
fo (@0) = for (20)] < C (26— 20P + 19— 0/F) " < C(1+1al)" 0 - 0"
Combine this inequality with the arguments of Lemma B.1 and write

Z, < max sup )fg’h (X:0) — fo (XZH)‘ + max sup |fy (X;0) — fo, (Xibo)]

1<i<n gc@, heHy, 1<i<n gco,,

Fon @0) = fo (20)] + €10 = 60]" max (14 |X,))"

=0(n"*)+0p(n°)+0(d}) Iax (1+X3))".

< max sup
I<i<n 0O, heHy, x
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On the other hand, we can write

P (dn masx (14 X" > 5n> < ;p(u H1X) > 6, /d7)

=nP [exp (M1 +]X;])) > exp (Aéi/a/dn)}
ne’\E lexp (A | X;])]

exp (Aérll/a/dn> .

Since 5,11/a/dn Inn and 6, /n"* — oo, deduce that P (Z, > ¢,) — 0. =

Lemma B.3 Assume that E [Y?] < co. The kernel function K(-) satisfies the conditions
of Lemma B.1. Moreover, K(-) is differentiable with K'(-) of bounded variation. Let
¢ > 0. Suppose that there exists a € (0,1] and C > 0 such that condition (B.1) holds.
Assume that, for any 6 € ©, the functions t — vy (t), t — fo(t), t — E(X | X0 =1t) and
t — E(Y X|X0=t) are twice differentiable. Moreover, the second derivatives of these
functions satisfy a Lipschitz condition on compacts: if g stands for one of these functions,
then for any compact set D C R there exists b € (0,1], C' > 0, independent of 0, such
that, for any 6 € O,

lgg (t1) — gg (t2)] < C'[t1 — t2|b7 ti,ta € D.

Consider d,, = o(1/1Inn) , where d,, is the radius of ©,,, and H, = [n_(l/Q_E), n_a} , with
some small 0 < & < 1/2. Moreover, E [exp (A|X])] < oo for some X > 0. If £ stands for
f,v orr, then

max sup ‘Egvh (Xi0) — & (XZH)‘ [{I:feo(wo)ZC} (X;))=0 (hz) + Op (n_1/2h_1)

1<i<n gco,,, heH,

and

max  sup (aeggﬁ (X,0) — Dpto (XZH)‘ It oo} (X0) = O () + Op (™ 072)

1<i<n gco,, heH,

Proof. Like in Lemma B.2, deduce
|fo (260) = for (x0)] < C (1 + |2[)* |0 — 0"
Next, remark that
{z: fo, (xb) > c} C{z: fo(x0) >c/2}U{x: C(1+ |z))*d: > ¢/2}, 0e0,.
Since F [exp (A |X])] < oo, for some A > 0, and d,, = 0(1/Inn), we have
nP (C(1+|X])"d% > ¢/2) — 0,

from which we deduce I{z:feo(:cé)o)zc} (Xi) < L fo@t)>er2) (Xi) + Lizo(ijapde>c/2y (Xi)
0 € ©,, with

max L(a:C(14fal) g >e/2) (Xi) = 0p () ;Yo > 0.
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Thus, we can replace I{m: oo (20) >} (X3) by Lta: fo(w0)>¢/2 (Xi)

Next, note that A(0©) := Uyeo {t: fo (t) > ¢/2}, n > 1is a bounded set. Indeed,
if A(©) is unbounded, let {t¢,,} and {6,,} such that |¢,,| — oo and fy,, (t,n) > ¢/2. Let
0’ € © be a limit point for {6,,}. Use condition (B.1) to deduce that fy (t.,) > ¢/4, if m
is sufficiently large, which is impossible because of the uniform continuity of the density

t— fg/ (t)
If fon (t) = E[K}, (t — X0)], use a Taylor expansion and the symmetry of K and write

for ()= fo ) = [ KCw) a0+ uh) = o (0] du
= hfy) (t)/uZK( )du + h* [f} () — ]/uQK(u)du,

with ¢ between t and ¢ + uh. It follows that
sup |fon () — fo (t)| < h2/U2K(U)dU [ sup |5 ()] + C'[uh|’
0€O,tc A(©),heHy, 0cO,tcA(O)

Complete with the arguments in the proof of Lemma B.1 and deduce

max  sup fé,h (Xi0) — fo (Xie)’ I o w0)>e/2p (X)) = O (R®) + Op (1/hy/n) .

1<i<n gc@,,, heH,

Proceed as for fy; and deduce

sup Yo (8) = 70 (8)] = O (1?)
0€0,teA(®), he Hy,
with yp (t) = E[Y K}, (t — X0)]. On the other hand, consider go: p(x,y) = yK ((t—26)/h)
and note that the class of functions {gg.s : 6 € ©,t € A(O),h € H,} is Euclidean for an
envelope F(z,y) = C'|y| with C such that K () < C. Then,

max sup fyi t) — e, < 9o, , —E 9o.1. XY
1<isng te A(©), heH, | 9’h< ) h ‘ n — 1 Z th j ] [ th( )]
C
HCENY) max (Y] + 1)

= Op (1/hy/n).

Deduce that

max sup "Vé,h (XZG) - (Xle)‘ I{$:f6(z9)26/2}(Xi) =0 (h2> + OP (1/h\/ﬁ) .

I<i<n gec@,, heH,

Next, deduce the same result for 7, =7, / ﬁh after writing

, Yo.n v 1 To [
Ton =70 = == — I o — 6] — =— [fe,h - fe} :
Jon 0 fe h fon

21



The arguments for dp7,, and 0p7,, are similar and hence omitted. Note only that
(see, e.g., Andrews (1995), section 6)

fo (20) = 4 {B 12 = X)1X0 = 1] fo(0} s
0o (20) = S {BIY (2= X)1X0 = 1] fo(®)} |-

Therefore, at this stage the functions t — FE (X |X0=1t) and t — E(Y X |X0=1)
should satisfy the same conditions as fp (-) and v (-). =

REMARK. [t is clear from the proofs of Lemmas B.2 b) and B.3 that there is a
trade-off between the rate d,, and conditions on the moments of the explanatory variables
X. Note that no assumption is required on d,, the radius of ©,, when X is bounded.
Indeed, if X lies in a compact, condition (B.1) implies that for any z,

[fo (20) = fy (z0)| < Cl6 01", 6,6 €O,

with C' > 0 some constant independent of x. In this case the arguments in the proof
of Lemma B.2 b) can be applied for any 9, — 0 such that J,,/n"* and §,/d’ — oc.
Moreover, Lemma B.3 remains true for any d,, — 0.

Lemma B.4 Assume that Assumption 1.4 holds. Moreover, the functions t +— fy(t),
0 € ©, are continuous. Let A° = {x : |fo, (x6p) —c| <6}, ¢, 6 > 0. Then:
a) the class of indicator functions

{(m,w) — I{t:fg(t)zc}(l’e +wh): 0 € O,h €0, 1]} ,

with (z,w) € R x [—1,1], is Euclidean for the envelope F' = 1, provided that ¢ > 0 is fived
and sufficiently small. The same remains true for the class {x = L p)>ep(20) 1 0 € @},
that is in the case where h is fixed equal to zero.

b) the class of indicator functions {x — I4s(x): 0 < § < do} is Euclidean for the en-
velope F' = 1, provided that c,dy > 0 are fized sufficiently small.

Proof. a) The continuity of the functions t — fy(t), 0 € ©, and Assumption 1.4 ensure
that any set {t : fp (t) > ¢}, 6 € O, is a union of at most ko intervals, provided that ¢ > 0
is sufficiently small. Use Lemma 2.4 (for the space of real-valued linear functions on R%+1)
and Lemma 2.5 (ii)-(iii) of Pakes and Pollard (1989) to deduce that the class of all sets
of the form {(x,w) : 20 + wh € T}, with § € R*"!, h € [0,1] and T a union of at most ko
intervals on the real line, is a VC class. Thus, the class of sets {(x,w) : fy (z6 + wh) > ¢},
0 €0,hel0,1],isa VC class. Similar arguments apply for the second class of functions.

b) Note that any set {t: |fy, (t) —¢| <0}, 0 < § < &, is a union of at most 2k
intervals, provided that ¢,dp > 0 are sufficiently small. By the results of Pakes and
Pollard (1989) the class of sets A%, 0 < § < dp, is a VC class. =

Lemma B.5 Assume that Assumption 1.4 holds. Moreover, the function (0,t) — fy(t)
satisfies condition (B.1). Let g : © x R — R be a function satisfying Condition L. Then
the class of functions

{(z,w) — g (8,26 + wh) Iy f,(5)>cy (20 + wh) : 0 € ©,h € [0,1]},
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with (z,w) € R x [~1,1], is Buclidean for envelope F (z,w) = M (1+ |z|)", for some
M > 0. The same remains true in the case where h is set equal to zero.

Proof. Denote (z,w) +— It 5,()>c} (0 +wh) by Is ), (z,w) . By Lemma B.4, the class of
functions Iy, (-, -), indexed by (6, h), is Euclidean for the constant envelope equal to one.
Take e > 0 and p such that [ (1 + |2)? diu < co. In particular, 1 is a finite measure. Given

e and u, let <0i, hi> =1, ... N be the points corresponding to a set of approximating

functions for the class of functions Iy (-, -), where N < CeV for some C and V.

Enclose © x [0,1] in a cube S of side [ and partition S in k¢ subcubes of side I/k,
with k to be determined shortly. For each subcube that intersects © x [0, 1] and for any
i, choose arbitrarily a point (6, h) in the intersection such that [ [Ip — 15 7 [du < € [ dp,
when such a point exists. Augment the set of points (51, E) by the points chosen in this
way and denote the augmented set by {(0;,h;) : 7 =1,..., N} . Note that

N<CceV (1 + kd) )
Each (6, h) in © x [0, 1] belongs to at least one of the subcubes. By construction, there
exists a point (6;, h;) belonging to a same subcube as (6, h) such that [ |Ig, — Ip, 5, | dpu <

2¢ [ du. Moreover, (6;, h;) lies necessarily a distance no greater than (I/k) v/d from (6, h) .
We can write

|9 (0,26 + wh) Iy, (z,w) — g (6;,20; + why) Iy, n, (z,w)]
<|g (0,28 +wh) — g (0, 20; + why)| I (z,w) Iy, p; (7, w)
+ (g (0,20 +wh)| + g (05, 20; + why)|) [To (z,w) = Ip, 1, (2, w)]
=: A; + Ao
Since A = Uyeo {t : fo (t) > ¢} is a bounded set (see Lemma B.3), there exist B > 0 and
b € (0,1] (depending only on ¢) such that

b/2
Ay < B (10— 6;1* +1(0,h) — 0, h;) |(z,0)])

< B(0,h) — (0;,h))" [2 + |2[*]
< kb (1 + |2))?,

b/2

for some C; > 0. Deduce that [ Adu < Cie [ (1 + |2|)* dy, provided that k= < e. On
the other hand, there exists a constant C, > 0 such that

sup g (0,20 +wh)| Iy (z,w) < Co, (z,w) € RY x [-1,1].
€O, hel0,1]

Deduce that there exist some constant M (depending only on ¢) such that
A+ Ay < M&?/ (1+ |z’ dpu,

if k is the smallest integer greater than e~/*. This choice of k guarantees that N grows

at a rate that characterize a Euclidean class. m
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The proof of the following lemma is an obvious adaptation of the proof of Lemma B.5
and therefore it will be omitted. See also Lemma 2.13 of Pakes and Pollard (1989).

Lemma B.6 Suppose that Assumption 1.4 holds. Moreover, the function (0,t) — fo(t)
satisfies condition (B.1). Consider a function (6,t,y) — g(6,t,y), with 0 € ©, t € R and
y € Y CR, such that for any compact A C R there exist a real-valued function B(-) and
b€ (0,1] for which

9(0,t,y) — g(0', ¢, y)| < B(y)|(6,8) — (', 1), 6,00 €©, t,t' €A, ye).
Then the family of functions
{(af,w, y) — g(0, 20 + wh,y) . fy)>c (20 + wh) : 0 € ©,h € [0, 1]} ,
with (z,w,y) € RY x [—1,1] x Y, is Buclidean for the envelope
900,20 + wh y) L g5 (00 + wh) + MB(y)(1 + Jal)

for some arbitrary 0, h in © x [0,1] and some function B(-) and M > 0.

Lemma B.7 Suppose that the map (0,t) — fo(t) > 0, 0 € O, t € R, satisfies the
Lipschitz condition (B.1) for some C > 0 and a € (0,1]. Then the family

{(x,w) — f9_1 (x@—l—wh) ]{t:fe(t)ZC} (ZL‘Q—f—wh) :0e0O,he [O, 1]},

¢ > 0, is Euclidean for the envelope C' (1 + |x])*, where C" is some positive constant. The
same remains true when h is fized equal to zero.

Proof. First, note that
o (8) Tr gounzey (8) = [max (fo (£), O T gyanyzep (8.
Next, by little algebra deduce that
|1/ max (fy (t), ) — 1/ max (fo ('), )] < C1[(6,1) — (¢',¢)]",

for some Cy > 0. Finally, apply Lemma B.5 above for g (6,t) = [max (fy (t), ¢)]". =

C Appendix: The expansion of T'(h)

Denote (n), = n(n —1)...(n — k + 1) and recall that H, is the range [n~(/*79) n=¢]
0 < e < 1/2. Let ©, be defined as in Lemmas B.2 and B.3. When X is bounded, see
the remark following Lemma B.3. The following lemma is a refined version of a standard
result for cross-validation in nonparametric regression (e.g., Hardle and Marron (1985)).
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Lemma C.1 Let 71, Z,, ... be independent copies of a random vector Z = (Y, XT)T €
R, Define ro (t) = E(Y|X0 =1t) and vy (t) = var (Y|X0 =t). Suppose that Assump-
tion 1.4 holds, fix some small ¢ > 0 and let A = Jpeo{t : fo(t) > c}. Moreover, suppose
that:

1. E(Y*) < 0o and F[exp (A |X])] < oo for some A > 0.

2. for any 0 € O, the random wvariable X0 admits a density fo with respect to the
Lebesgue measure on R.

3. (0,t) — fo(t), 0 € ©, t € R, satisfies the Lipschitz condition (B.1) for some C > 0
and a € (0,1].

4. (0,t) —1re(t), 0 € O, t R, satisfies Condition L.

5. for any 0 € O, the functions t — ~p(t) = 19 (t) fo (t) and t — fo(t), t € R, are
twice continuously differentiable.

6. (0,t) — fy (t) and (6,t) — 5 (t), 8 € ©, t € R, satisfy Condition L with b= 1.
7. (0,t) — vy (t), 0 € ©, t € R, satisfies Condition L.

Let (y,t) — wy(y,t), 0 € O, be a family of functions for which there exist a real-valued
function B(+) with E[B(Y)**¢] < oo, for some & > 0, and b’ € (0,1] such that, for each y

wo(y, t) —we (y, )| < B)|(6,t) = (¢, 1), 6,0/ €0, t,t' € A.
Moreover, there exist 0 and E() such that supgep|wg(-,t)] < E() and E[E(Y)‘HE] < 0.
Define
1< 2
U(0,h) =~ > w (Yi, Xi0) [7, (Xi6) = 7o (Xi0)]” Iia: pyeoyzey (Xi), 0 €O,h € Hy,
i=1

where 7, (+) denotes the leave-one-out kernel estimator of 4 (-); the kernel is a continuous
probability density function K with the support in [—1,1]. Moreover, K is of bounded
variation and symmetric. Then,

U(0,h) = ~h'Cy () ~ —Ca (0) + p(6.1)
where
C0)= "1 E {—we (v, x6) [ (x.0) + 270 (j; ?X;f) S0 <X>} |
wy (Y, X6
Co(0) =Ky E {— jc;z/—x);)) vo (X0) Lia: fy(a0)=c} (X)} (C.1)

with K1 = [w’K (u)du, Ky = [ K? (u) du and the reminder p (0, h) satisfies

sup  p(0,h) =op (h* + (nh)™").

0cO,hecHy
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Proof. For brevity, assume that, for any 6, the set {t: fy (t) > ¢} is an interval,
necessarily bounded. The extension to the case where {t: fp (t) > ¢} is the union of at
most kg bounded intervals is straight.

First, simplify the notation: when there is no possible confusion, omit the arguments
X0 and z;0 or replace them by V; and v;, respectively. Write 7" = 5%/ fé and r = v/ f
instead of 7, = 7,/ J?;yh and rg = 7/ fo, respectively. Similarly, w is a short for wy.
Moreover, write [; instead of (. 5, 20)>c} (Xi) -

~

By Taylor expansion, 1/f12=1/f2—2[(F)3(f—f)], with fz between fi and f. Thus

1 1

i= =

with @ = wf~2 and b, = 2[(F ) 3(f* — f)]. Clearly, ab,I; = op(1) (see also Lemma B.1).
Using the definition of 7% and f?,

-2 1
U0, h)= n ! Uy (0,h) + — Us (0, h) + {terms of smaller order}
p— n —
with
Uy (0.0) = (n);" > fi(Zi,Zj, 230, h), Uz (0,h) = (n);" Y fa(Zi, Z;;60,h)

i£j#l i#]
fi(zisz5, 210, h) = a(v;) [y; —ro (vi)] [y —re (vi)] Kp (vi —vj) Ky (v; — ) I;
and
fo(2i:25:0,0) = a(vs) [y; —ro (v)]* K3 (vi = v)) L. (C.2)

The order of U (6,h). For any i # j denote by E; and E;; the conditional expecta-
tion operators E (-|Z;) and E (- |Z;, Z;), respectively. By the usual decomposition of a
U —statistics in degenerate U—statistics [see, e.g., Serfling(1980)], write

Ul (07 h’) = Us.fl,?) (') K ';(97 h) + U3f1,2 ('7 ';97 h) + Pﬁfl,l (79a h) + E (fl) 5

where
Ubfis =)z Y {f—[Ey+ Ea+ Egl (f) + [Ei+ B+ Bl () — E(h)}
i#il
U= G (DB + D Ea+ 3B (F) = =[S OE+ 3B + 3B () +3E (1)
2 i#j il G i j l

Py fia= ”_I[Z E; + ZEj +Y E](fi) = 3E(f1).

Using the results of Sherman (1994a) on the rates of uniform convergence for degenerate
U—processes indexed by classes which are Euclidean for a squared integrable envelope,
we show that E (f1) is the dominant term in the decomposition of Uy (6, h). To prove the
Euclidean property we use results from Nolan and Pollard (1987) (hereafter NP87), Pakes
and Pollard (1989) (abbreviated by PP89), Sherman (1994a) and Lemmas B.4 to B.7
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above. Let us simply recall that pointwise addition or pointwise product of two Euclidean
classes as well as integration with respect to one of the arguments of the functions in an
Euclidean class preserve the Euclidean property.

First, note that the family

{(z, 2, 21) — K [(x;0 — x;0) /h] K [(x;60 — x,0) /h] : 0 € ©,h € H,}

is Euclidean for a constant envelope (apply Lemma 22(ii) of NP87). Next, use Lemmas
B.4, B.5 and B.7 above and deduce that the family {h*f15 (-, -, ;6,h)} is Euclidean for a
squared integrable envelope. Apply Corollary 4 of Sherman (1994a) and deduce

Ufis (-, 0,h) = h 20p(n~*?) = Op(h™2n /%), (C.3)

uniformly in § € © and h € H,.
Next, we look for the order of U2 f; . Remark that

Eij (f1) = a (Vi) [Y; —r (V)] Kn(Vi=V;) E{[Yi—r(Vi)] Kn(Vi=Vi)} i
=a (Vi) [Y; —r (V)] K (Vi =V3) E{[r (V)) —r (V)] K (Vi =V))|Vi} 1.
If v is fixed, the symmetry of K, a simple change of variables and Taylor expansion yield

g1 (v;0,h) = E{[re (Vi) — o (v)] Kn(v—V)}
= /79(U)Kh (v—u)du— T@(U)/fg(u)Kh (v—u)du

= /’}/9(’0 — wh) K(w)dw — 1(v) /fg(l) — wh) K (w)dw
= (1/2) bje) = ro0) 5] [ WK () do ()
+/sv(v,w;6’, h) K(w)dw — rg(v)/sf(v,w;ﬁ,h) K(w) dw,

where s, and sy are the reminders under integral form of the Taylor expansions of 7y ()
and fy (), respectively, that is,

51 (v,w: 0, h) = /M (v — wh — 5 [LA(s) — LL(v)] ds, (C.5)

/””h{v—wh—s v—wh’—s]
< —
g 12 2

x [Lg(s) — Ly(v)] ds|

v—wh' /
v—wh' —s
[ ) - L) ds

—wh

with L =~ or f. By Condition 6,
SL (U7w;97h> SL (U,w;97hl>

h? h/ 2

+

<2C (K —h) \w\ +C (h' —h) ]w]?’ /2, (C.6)
for some C' > 0, provided that 0 < h < A’. On the other hand, using again condition 6,

. / RN v—wh' . r
su (v,w 0, 1) s (0,00, 1) g/ W";l—/h%Lg(s)_Lg,(s)\ds

12 B B2
!
‘L” ngl/ |/v wh |U _Sl

gQOUJ |9 o. (C.7)
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The last two displays show that the families of functions
(z,w) — h2sp(x0,w; 0, ) (. 1y (0)>c) (T) (C.8)

(with L = ~ or f) indexed by (6, h), satisfy the Lipschitz condition of Lemma 2.13 of
PP89. Deduce that these families are Euclidean for a constant envelope. The FEuclidean
property is preserved for the last two integrals in (C.4). Finally, apply Lemma B.5 and
deduce that the family of functions

z = [y (@0) = ro(0) f5 (€ O)] L1ar: gy @) 2} ()

is Euclidean for an envelope M (1 + |z|)'*?, for some M > 0 and b € (0,1]. Now, we have
all the ingredients necessary to conclude that the family of functions

T — h_le(x 0:0,h) . py@o)>er (T)

indexed by (6, h) is Euclidean for the envelope C'(1+]|z|)'*?, for some C' > 0 and b € (0, 1].
Consequently, { "' E[ f1 (zi,zj,-;0,h)]} is Euclidean for a squared integrable envelope.
By similar arguments deduce that { h™* E'[ fi (2, -, 2160, h)]} is Euclidean for the corre-
sponding squared integrable envelope.

The last term of U2 f15 (+,-;6, k) to be studied is Ej; (f1). By a change of variable,

Efil (Y5, V5) = (g5, v5), (Y1, Vi) = (y, w0)]
=7 [ ey h) (o5 = o oy + b)) [ = ro (0 + oh)]
X K (w) K[(v; —u)/h+w] Iy ez (v;+wh) fo(v; +wh) dw.
Apply Lemmas B.4 to B.7 and deduce that the family of functions

(w, 24, 21) — ag(z; 0 + wh) [y; —re (x;0 +wh)] [y — re (x;0 + wh)]
XK [(x;0 —2,0) b+ w]| It pyy>ep (20 +wh) fo(x; 0 + wh),

indexed by (6, h), is Euclidean for a squared integrable envelope. Consider the last in-
tegral above as an expectation with respect to the probability defined by K (w)dw and
deduce that the class { h E' [ fi (-, z;, 2136, h)]} indexed by (6, h) is Euclidean for a squared
integrable envelope.

The previous findings indicate that { h fi2(-,-;60,h); 8 € ©,h € H,} is Euclidean for
a squared integrable envelope. Moreover, for any 6 and 7; # i

sup A E (| f12 (21, 236, B)]) — 0. (C.9)

0O, heHy

Since

sup |ag (Xi6) [V — 7o (XiO)] [Yi = 19 (XiO)]| La: py wo)ze) (X2)
0€0,heH,

is integrable, to prove property (C.9) it suffices to show that

sup hE [K (X0 —X;0) K, (X0 —X,0)] — 0, iFjFL
0€0, heH,
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For this note that, for any 6, P (X;0 — X;6 = 0) = 0 and recall that the support of K
is bounded. By the same arguments as used in the proof of Corollary 8(ii) of Sherman
(1994a), deduce that uniformly over © x H,,

Upfiz(-50,h) = op(h'n™h). (C.10)
For the order of P! fi; (+;0,h) let us write

Ei(fi)=a(Ve) E{ E[Y;—r(V)) | Z,V}] E[Yi—r (Vi) | Zi, V]
x Kp(Vi=V;) Kn(Vi=Vi)} I
=a(V)) (Vi 0, W) I, (C.11)

with g(+; 0, h) defined as in (C.4). Deduce that {h~* E[ f1 (z;,-,; h)]} is Euclidean for a
constant envelope. On the other hand, by simple algebra we obtain

Ej (f1) = Ej{Ei;j{a (Vi) [Y; —r (V)] Y —r(Vi)] Kn(Vi—V;) K (Vi=Vi) L;}}
=E{a(V)Y; —r(Vj)] 1(Vi;0,h) Ky (V; =V;) L |Y;,V;}.

Moreover, by a change of variables
E{a(V) [Y; —r (V)] g1(Vis0,h) K, (Vi = V;) L |Y; =y, V; = v}
=/ 91(t:6.1) a(t) by = 1o (O) i (¢ = 0) folt) T gy (8)

:/ g1(uh +v; 0, h)a(uh +v) [y — rg (uh + v)] K (u) fo(uh + U)I{t/:fe(t/)zc} (uh + v) du.

In view of (C.4), write
gi(uh + 10, h) = h* (K, /2) [y — rofy] (uh +v)
+ / sy(uh +v,w;0,h) K(w) dw

—rg(uh + v) /sf(uh +v,w;0,h) K(w) dw,

with s, and sy defined as in (C.5). By the same arguments as used for the families written
in (C.8), the families

(z,u,w) — h2sp(uh + 2.0,w; 0, h) [, fywo)se (T),

(with L = v or f) indexed by (0, h), are Euclidean for a constant envelope. Next, after
integrating out w, deduce that

([L‘, U) — h_291(Uh +x 07 0, h)]{xlsfg(x’G)ZC} ([L‘) ,

is Euclidean for a squared integrable envelope. Finally, after integrating out u, deduce
that the family { A2 E[ f1 (-, z;,-;60,h)]} is Euclidean for a squared integrable envelope.
Similar arguments apply for E; (f1). Use Corollary 4 of Sherman(1994a) to deduce

Py fi1(50,h) = Op (h*n™'?), (C.12)
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uniformly in (6, h) € © x H,,. In view of (C.4), (C.6), (C.7) and (C.11), deduce

2
E; (fi) = h'a (V) % [(rofo)" (Vi) =19 (Vi) £ (VO] Ttas posoyep (X) + W' R (Vis 0, ),

with |Ry(v;0,h)| — 0 as h — 0, uniformly in v and . Thus, uniformly in (0, h) € © x H,,,

E(fi)=E[E;(fi)] = —h'Ci(0) + o (h*).

The order of U, (0,h). Write Uy (0,h) = U2 fao + P} fo1 + E (f2), with

U foz (+10,h) = (n); " [f2(Zi, Z)) — Ei (f2) — Ej (f2) + E (f2)],

i#£]
P, fo1 (50,h) = ”_1[2 E; + ZEj] (f2) =2E(f2)

and fo is defined in (C.2). The order of U, (6, h) is given by E (f2) . Indeed, use the same
arguments as for U2 f; 3 and deduce that uniformly over © x H,,

UZfQ,Q ('7 ) 07 h) = h_2OP (n_l) — OP (h_2n_1) . (C]_?))
For the order of P! fa1 (-, 0, h) write

Ei(f2) =a (Vi) B {E{(Y;—re (V) +1o (V) —ro (VO* | Vi, Vi} K2 (Vi—V))} I
a(Vi) E[ve (V) Ki(Vi=V)) [Vi] I;
+a (Vi) E{lre (V;) — g (V)] K2(V; — V) |Vi} L.

<

Use again a change of variables and arguments as used for E;; (fi) and deduce that
the family {h E'[ fo (2,36, h)]} is Euclidean for a squared integrable envelope (use also
condition 7). Similar arguments apply to the family { h E'[ f> (-, 2;; 0, h)]}. Corollary 4 of
Sherman (1994a) yields P, fo (+;6,h) = Op (h"'n~'/2) . Finally, by simple algebra

E; (f2) = h™' Kz a (Vi) vy (Vi) fo (Vi) + Ra(Vi; 0, h),
with |Ry(v; 0, h)| — 0 as h — 0, uniformly in v and #. Consequently,
E(fo) = E[Ei(f2)] = =h7'Ca () +o (h7}),
uniformly in (0, h) € © x H,. Deduce that
(n—1)"U(0,h) = —n*h'Cy (0) + 0 ('R,
uniformly over © x H,. Now the proof is complete. m

The following lemma indicates, in particular, that the order of 7' (h) is given by
Ty (h) . For this we have to constrain h to the range H, defined in (3.1), that is H,, =
{h cen P <h< czn_ﬂl} , for some fixed 1/8 < 31 < 53 < 1/4 and ¢, ¢y > 0.
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Lemma C.2 Let 71, Z,, ... be independent copies of a random vector Z = (Y, XT)T
R4*1. Assume that conditions 1 to 6 of Lemma C.1 hold. Moreover, consider a kernel K
as in Lemma C.1. Let

Z Oé 1’ 7’9 h X@) — Ty (Xﬂ)} I{x:fgo(:ceo)zc} (X1> 5

with Ela(Z) | X] =0 and E [|oz (Z)[*+ I{x: oy (200) 2} (X)] < 00, for some € > 0. Then,

T(0,h) = op (W) +op (n 0.

uniformly in h € H, and in 6 € O,

Proof. As in the proof of Lemma B.3, we can replace I{x, foo (w00)>c} (X;) by I; =
: oo (260)>

Ita: y(20)>c/2) (Xi) . We use the same simplified notation as in the proof of Lemma C.1.
Moreover, a; = « (Z;) . By Taylor expansion

% %—ﬁ<f _f>+OP<‘f —f‘)zé—%-FOP(’Jﬂ—f‘z)‘

Therefore, we can write

To0.m) = LY (F) (5 - F) 1

i=1

:—Zalf (3 - )I—Eiaiﬁ(ﬁi—rfi)f%ﬁ(h)
- = Ty(0,h) + T5(0, h) + R(h).

It is easy to check that the reminder ﬁ(h) has the order op (h* +n=th1t) for h € H,
(apply Lemma B.3). More precisely,

R(h) = [0 (h?) + Op (A0 /%))
=0 (hG) + Op (hgn_l/z) + Op (n_l) + Op (h_3n_3/2) )
Next,

20,
}j i r (Vi) Kn (Vi = V) I; = U2g (-, 0,h).
Z#J

Since E'[a (Z;) | Xi] = 0, the conditional expectation of g given Z;, denoted E; (g), and
E (g) are null. Hence, the second order U—statistics U2g can be decomposed in degener-
ated U —statistics like

= (n)Q_l Z [g (Zi7 Zj; 0, h) — L (g (Ziv Zj; 0, h))]
i#]

+n ! Z Ei(9(Zi, Z;;0,h)).
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By similar arguments as in Lemma C.1 deduce that the class {hgs (-,;0,h) : h € H,} is
Euclidean for a squared integrable envelope. Moreover, if i # 7,

sup  h E (|g2 (21,230, h)]) — 0,
00y, heHn

(see the arguments following equation (C.9)). Corollary 8(ii) of Sherman (1994a) implies
UZgy (+,;0,h) = op(h~'n~1). On the other hand,

Ei(9) = aif (V)7 E[(r (V;) =7 (Vi) K (Vi = V;) | VI I

and thus the arguments used in Lemma C.1 for the function ¢; in equation (C.4) apply
again. Deduce that the class { h"2 E[g(zi,-;0,h)] : h € H,, 6 € ©,,} is Euclidean for a
squared integrable envelope and Plg (-,-;0,h) = Op(h?>n~'/2). Thus,

ﬁ(@, h) = op (n_lh_l) + Op (hzn_l/Q)

uniformly in h € H,,, 0 € ©,,.
On the other hand,

:(LZ Y, )Kh(V V)Kh(V V)L,
i i

—1 1 Qi 20, — VT,
TRt ; B0 = rV) KRV = V)L,

It remains to study the orders of the two U-statistics on the right-hand side of the last
display using arguments as in Lemma C.1. For the first one, we obtain the order

Op(h’2n73/2) +op(h™tn7t) + Op(h2n’1/2)

(see also the arguments used to obtain the orders in (C.3), (C.10) and (C.12)), while for
the second U—statistics to be analyzed the order is n™' [Op(h™2n~") + Op(h™'n=1/?)] .
Consequently,

T5(0,h) = Op (B 2073 + W20~ 2+ A2 2 + 7 n™32) 4 0p (n'07Y),
uniformly in h € H,,, 0 € ©,,. =

Corollary 3.1 Under the assumptions of Appendiz A,
T(h) = —01h4 — Cg/’flh + OP(h4 + 1/nh)
uniformly in h € H,,, with Cy,Cy defined in equation (4.1).

Proof. By Taylor expansion
T (h) =To+Ti(h) + To(h) + T5(h),

with Ty = n= >, 0 (Y, re, (Xibo)) L4 (X;), Ti(h) and Ty(h) defined in section 3.2, and
T3(h) the reminder. Use Assumption 1.12-1) and Lemma C.2 to deduce that T7(h) =
op(h* 4+ 1/nh). Moreover, by Lemma C.1, To(h) = —C1h* — Cy/nh + op(h* + 1/nh).
Finally, note that the order of T3(h) is given by the cubic terms ’fé,h (X;0) — g (XZ»Q)‘S.
Use Lemma B.3 to deduce that T3(h) = op(h* 4+ 1/nh). =
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D Appendix: The expansion of R(6,h)

Proposition D.1 Let A = {z: fy, (260) > ¢} C R?, for some ¢ > 0. Under the Assump-
tions of Theorem 4.1

n

R(O,h) = %Z [0 (Vi 7 (Xi0)) — 0 (Vi m (X00))] Ta (X3)

2 [0 (b (50)) = (i (5] 1 ()

= |or (1) +0n ( 22) + Oy (3;) +0r (5 )] % 0 8- )
+ {0 (h?) + Op (ﬁ)} x Op (10 — 6o°)

when n — oo, uniformly in h € [n=W279) n=¢] with 0 < & < 1/2, and uniformly in
0 € ©,. Moreover,

R(0,h) = op (n/* |0 — 0]) + op (|0 — 6o|°)
uniformly in h € H,, defined in (3.1) and uniformly in 6 € O,

Proof. We use again the same simplified notation as in the proof of Lemma C.1
whenever is possible. Write

R(0,h) = Ry (6,h) — Ry (6, h) = 01 Ry (6,h) (6—6),

with @ between 6 and 6, where

n

Ry (00 = 37 [0/ (Vo) =0 (Vira)] 14 (X0,

so that

n

1 ‘ .
Oy (9, h) = ﬁ Z [a2w (Y;a 72é,h) a@%,h — Oyt (Yi, 7“9) 397”0} T4 (Xz) .

i=1

Recall that whenever is necessary, modulo arbitrarily small terms, 4 (X;) may be replaced
by Ita: f,(20)>c/2y (Xi) (see the proof of Lemma B.3). Let I; denote any of these indicator
functions. We can write

n

81R1 (9, h) = %Z [821/1 ( ) 82¢ ()/z, 7“)] (807“ — 897“) I;

=1

+% Zl ) (Y1) (067 — Opr) T,

1 — .
+5;<997’ (0o (Yi, ') — 0ot (Y, )] I
= RH ((9, h) —f- R12 (9, h) + R13 (0, h) .
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The order of Ry (6,h). By the mean value theorem, Ry; (6, h) can be written as

Ru (6, 1) Zaw (Yi,7) (7" — 1) (967" — Opr) I

_ %Z&iw (Yior) (7 =r) (0 — dr) T,
1=1

IS R (i) - B (vin)] (7 - 1) (06— Br) T,
=1

3

with 7 between 7 and r. The first term can be handled as in Lemma C.1. It is of order
O (h*) + Op (n"'h™2). Note that the bias term is of the same order h?, since the bias in
estimating the regression function or its derivative, under the assumptions we made, is
the same, namely h?. Only the variance term changes, due to the extra h™! coming from
the derivation of Kj (-). The second term in the decomposition of Rj; is similar to the
reminder term R(h) in the decomposition of T'(h) in Lemma C.2. We then obtain

Ry (0,h) =0 (h4) +Op (n_lh_Z)
+ [0 (h*) + Op (n‘l/zh‘l)}2 x [0 (h?) + Op (n/?h72)]
=0 () +Op (n A2+ n 1 2R2 4 032071
uniformly in h € H, and 0 € ©,,.

The order of Ri;(0,h). We can write

Ris (0, h) Zaﬂp (Y:, 70, (Xib0)) [OaTp (Xi0) — Ogro (Xi0)] I

o ; (020 (Vi (X6)) — 03 (i, v, (Xi6o))]
X [Gg?gﬁ (Xi6) — Ogro (Xi0)] I
=: Ri21 (0,h) + Ry22 (0, h) .
Use Assumption 1.12-1) and mimic the arguments in Lemma C.2 in order to show that
Rio1 = op (n_lh_2) +Op (hgn_l/2 + n_3/2h_4) + O (hG) )

In fact, Ry, which at a first look has the same order as h™'T} (6, h) (we write this
Ris1 &~ h™'T (0, h)), can be written as

oo () 05 s
+O0p (m) +op (#) +Op (\}/L—;)



To (0, h) and T (0, h) denote the first and the second sum in the expression of T (0, h)
appearing in the proof of Lemma C.2. Similarly, Ry;5 stands for the second sum appearing
in the expression of Rq;. For example, the first term in this decomposition is, crudely

speaking, Op (h_l Ty (0, h)) , which would mean to be of order op (n™'h™2)+Op (n~'/?h).

But the Op (n~/2h%) term in T (6, h) is a degenerated U—statistics of order 1 with h?
coming from the bias of a kernel estimator. The corresponding term in R;5; has thus the
same order Op (n~'/2h?), and not only Op (n~'/2h), since it involves a bias term for a
derivative kernel estimator which is still of order hZ2.

Next, use Assumptions 1.6, 1.10 and Lemma B.3 to obtain that

Riaa = [0 () + O (n™212)] On (10— 60])
The order of R13 (6, h) . Write ng (9, h) = R13 (60, h) + [R13 (9, h) — ng (90, h)] . We

show that Ry (6, h) has the same order as T (Ay, h) in Lemma C.2 plus a op (|0 — 6,|)
term, while Ry3 (0, h) — Ri3 (69, h) = op (|0 — 6|). First,

Ris (6o, ) = %Zaereo (Xibo) 029 (i, 75, (Xib0)) — O (i, 7o, (Xi))] I

=1

1< y
= = > ora, (Xiblo) 03,0 (Y, o, (Xibo)) [7, 1 (Xiblo) — 4, (Xibo)] I
i=1

+% > Aoy (Xibo) (0350 (Vi oy (Xib)) — ot (Y, 70, (Xi60))]
i=1

x [féoyh <X100) — To, (ngo)} I;

e . R131 (00, h) + R132 (007 h) ?

where 73, (X;60) is between 7 ,, (X;6) and 74, (X;6). Use Assumption 1.12-2) and argue
as in Lemma C.2 to show that

Rizi (0o, 1) = op (n*h7Y) + Op (P72 +n732073) + O (h°).
Then, use Assumptions 1.6, 1.10 and Lemma B.3 to obtain that
Rizz (60, h) = [O (h*) + Op (W 'n™%)] Op (10 — 6o]) .
It remains to study the order of
1 n
Ri3(0,h) — Rz (00, h) = n 2397’90 (Xifo) 1;

x {[0ut (Vi 7, (Xi6)) — Oot) (Y, 79 (X:0))]
— [0 (Vi 7y (Xi0)) — Ootp (i, 7, (Xif))] }

+ > (00 (X,0) = Oy (o)
x [000 (Yi, 7, (Xi0)) — 000 (Y;, 19 (Xi0))] 1
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This can be done by applying the mean value theorem and using Assumption 1.6 and
1.10 and Lemma B.3, in order to obtain

Rz (0,h) — Rz (0, h) = Op (|0 — 6p]) x [O (k) +Op (n7'/?h72)].

The proof of the first identity for R (0, h) is complete. Now, the order of R (6,h) when
h € H,, is obvious. =

E Appendix: Preliminary estimate for 6,

A preliminary estimator of 6, can be easily obtained using a fixed trimming (see also
Hirdle, Hall and Ichimura (1993)). Fix some small ¢ > 0 and let B be a subset of R? such
that fy (z6) > ¢ >0, z € B,0 € O. Define

1 & :
0, = argmax — Y o (Y, 7, (X)) In(X,), (E.1)
=1

S

with h € H, = [n_(l/Q_g), n_ﬂ for some small 0 < ¢ < 1/2. To ensure consistency for 6,
we have to check that

0o = ar%engaxE [ (Y,rg (X0)) Ip(X)], (E.2)

and 6, is unique with this property. In all examples we have in mind, the SIM condition
that specifies 6, as the unique vector in © satisfying E'[Y | X] = E[Y | X6] implies that,
for any x,
0o = argmax E [¢) (Y, 7 (20))]

0co
and 6, is the unique maximizer. This is a version of the so-called conditional Fisher
consistency assumption (e.g., Kunsch, Stefanski and Carroll (1989)) which, in particular,
implies the identification condition (E.2). The other ingredient for proving consistency is
the convergence in probability of the objective function. Let H, = [n_(l/ 2-e) n_ﬂ , with
some small 0 < ¢ < 1/2. We prove that,

S (Vi (X)) T(X0) — B (Y0 (X0)) In(X), (E:3)

uniformly in 6 € © and h € H,,.

Proposition E.1 (A consistent preliminary estimator) Assume that E[Y?] < oo and
condition (E.2) holds. Let the kernel K (+) be as in Lemma B.1. Moreover, (0,t) — fq (t)
and (0,t) — vy (t) satisfy Condition L. Consider ¢ : Y x R — R, with Y, R C R such
that

i) ¥ (-, ) is twice differentiable in its second arqument.

ii) there exists 6 > 0 such that the set

Dps={r:3(0,z) € © x Bsuch that |r —ry (20)| < 0}
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18 strictly included in R.
iii)
sup  ([¢ (y,7)[ + 1024 (y,7)[) < ¥ (y)

0eDp s

for some 6 > 0 and some squared integrable function W (-) .

Then 6,, — 0q, in probability. If, in addition, for any t € {z0 :x € B,0 € O}, the
function 0 — 1y (t) is twice continuously differentiable and the (d — 1) x (d — 1) matriz
Wo = —E [0 (Yi, re, (Xibh)) Ip (X;)] is positive definite, then 6, — 6 = Op (n%/?).

Proof. Let us write

_Z¢ Y;;reh )) [B<Xi) _E[@b (YJ’O (Xe))IB<X)]
= —Z U (Yi, 7, (Xi0) I (Xi) — o (Yioro (Xi0)) I (X))

+ﬁ Z Y (Yi,re (Xi0)) I (Xi) — E (¢ (Y, 70 (X0)) I (X))
= :5,(0,h)+ 55 (0).
S, (6,h)

By Taylor expansion, is bounded by

n

[max sup |7‘9h (X;0) — (XzH)‘ Ip (Xz):| %Z 020 (Y3, 73)| 15 (X3)

1<i<n
0,heHy, i—1

with 7; somewhere between 7, (X;0) and 74 (X;0). Given the assumptions, the sum in
the last display is bounded in probability. Next, in view of the proofs of Lemmas B.1 and
B.3, deduce that

max sup |75, (Xi0) — 19 (Xi0)| Ip (X;) = Op (n™*).
1<z<n9 heH,
It follows that supyce nem, Sy (6, h) = Op (™).

For the uniform convergence of S, (6), use a uniform law of large numbers (e.g., Pakes
and Pollard (1989)). The family of functions {(z,y) — ¥ (y,r9 (z0)) I (z), 6 € O} admit

the integrable envelope W. Moreover, this family is Euclidean for this envelope (see Lemma
B.6). Deduce that sup, | S («9)’ = op (1). The uniform convergence of S (6, h) + Ss (6)

ensures 0, — 0y = op (1) .
For the second part, use a Taylor expansion and deduce that

—Zw (Vi 75 (Xi0)) T5(X;) = S (0, h) + Zw Yi, e (Xi6)) 15 (X:)

= Op (n™*) + — Z¢ (Y, rg, (Xibo)) 15 (X:)

1 1
+ %(9— 60)" V,, — 5 (0 —600)" Wy (60— 0p) +op (10— 65°)
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uniformly over op (1) neighborhoods of 6y, where

V= = D700 Yo, (KO T (X, War=— = S 03t (Vi (X)) I (X0).

Vi =1 i=1

Use Theorem 1 of Sherman (1994b) and deduce 6, — 6 = Op (n™*/%) . =
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