INSTITUT NATIONAL DE LA STATISTIQUE ET DES ETUDES ECONOMIQUES
Série des Documents de Travail du CREST
(Centre de Recherche en Economie et Statistique)

n°® 2003-14

Market Equilibrium with Insider
Trading and Bid-Ask Prices

G. LASSERRE:

Les documents de travail ne refletent pas la position de I'INSEE et n‘engagent que
leurs auteurs.

Working papers do not reflect the position of INSEE but only the views of the authors.

1 { aboratoire de Probabilités, Paris 6 et Paris 7, and CREST-LFA, 15 Boulevard Gabriel Péri, 92245 Malakoff Cedex,
France. Email : guillaume.lasserre@ensae. fr




Market Equilibrium with Insider Trading
and Bid-Ask Prices

Guillaume Lasserre!

Laboratoire de Probabilités, Paris 6 et Paris 7, and LFA, CREST, 15 bd Gabriel Péri,
92245 Malakoff Cedex, France (e-mail: Guillaume.Lasserre@ensae.fr).

Abstract. Many articles deal with the problem of asymmetric information on
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1 Introduction

What are the effects of asymmetric information on financial markets? Numer-
ous authors have tackled this subject. Many models have been built to study
influence of private information on the bid ask spread, the price formation or the
collapse of financial markets. The purpose of this paper is to show the existence
of an equilibrium where both market maker and insider are strategic agents and
where securities are traded at two different prices depending if it is a buy or a
sell order.

The influence in price formation by a strategic informed trader has been
studied by Kyle (1985). He shows that in a one period model where trades are
organized as auctions, there exists an equilibrium composed by a market price
and an optimal strategy when an agent has private information on the future
liquidative value of a risky asset. In fact, extra information is incorporated into
price through the maximization problem of the insider. However, the equilibrium
price is unique and then he assumes that there is no difference between the ask
and the bid price. One of the main advantage of Kyle’s model is that it is robust
when time becomes continuous. Back (1992) shows that the equilibrium has the
same kind of properties when agents can trade in continuous time.

An other approach with a different kind of models has been proposed by
Glosten and Milgrom (1985). The market is differently structured. Their goal
is to show that private information is a fundamental component of the bid ask
spread. In fact, they focus on the strategic behaviour of the market maker. The
main point of their analysis is the fact that the bid ask spread is a consequence
of a hedging strategy against private information. They assume that the mar-
ket maker knows that there exists an informed trader and he fixes the prices in
such a way that his expected gain is zero. However, the insider’s wealth max-
imization problem is underlying since they suppose that agents can only trade
a fixed quantity of the risky asset and that trades arrive sequentially. Thus
Easley, Kiefer, O’'Hara and Paperman (1996) extend this framework using two
independent Poisson processes to model time arrivals of the informed trader and
the noise trader. It turns out that the insider does not really choose his inter-
vention dates. Hence, his strategy only consists in the decision to buy or sell.
His strategic behaviour is reduced to the simplest one. Back (2002) shows that
this kind of models converges to Kyle’s model types in continuous time when the
frequency of trades goes to zero and when the private signal can be understood
as the knowledge of good or bad news concerning the future liquidative value
of a risky asset. One of the results of this paper is the cancellation of the bid
ask spread at the equilibrium. An other kind of models is the one developed by
Battacharya and Spiegel (1991). The main difference comes from the absence of
the noise trader. They show that the market may collapse if the market maker
thinks that he has a severe informational disadvantage.

In this paper, we present a model where we want to capture several effects of
asymmetric information. Our goal is to study how the strategic behaviour of an
informed trader is reflected into prices when the market maker hedges himself
against private information by fixing a bid and an ask price. In fact, we construct



a model where Kyle’s and Glosten Milgrom’s conclusions live together. Thus, we
consider a one period model where two kinds of agents trade : insider and noise
trader and an other type fixes the prices by clearing the market. One of the
main points of this paper is the choice of equilibrium characteristics. We define
the equilibrium as the realization of two strategic behaviours. We replace the
usual rational prices condition often called market efficiency, by the fact that the
risk neutral market maker has an expected profit reduced to zero. The second
condition, insider’s optimality, is the fact that the informed agent maximizes his
expected wealth knowing his private information. It turns out, that in general,
there does not exist a linear equilibrium (where the insider’s strategy is linear
in the signal) with these two conditions. However, taking weaker conditions,
we are able to show the existence of a linear equilibrium defined by an insider
strategy, an ask and a bid price. The optimal strategy seems very close to the
one obtained by Kyle (1985). On one hand, we keep the idea that its mean has
to be zero which corresponds to the fact that the informed trader wants to hide
his strategy in order to not reveal his private information. On the other hand,
its variance is greater, hence his strategy is more risky which is natural since
by fixing a bid ask spread, the market maker is more aggressive against private
information.

The plan of the rest of this paper is as follows : In section 2, we define our
model with classical equilibrium conditions, and we show that there does not
exist a linear equilibrium. In section 3, we construct a linear equilibrium by
weakening our conditions and we study its properties. Section 4 makes some
concluding comments. Proofs of results are in the Appendix.

2 The Model

We consider a one period model with a single security and a riskless asset which
is normalized to one. The market is defined by the presence of three different
kinds of agent as in Kyle (1985) and Glosten and Milgrom (1985). The first one
is called the insider, he is strategic and has private information. We assume that
he observes the ex post liquidation value of the risky asset, denoted by V', which
is normally distributed with mean py and variance 2. The second type of agent
is the noise trader. His demand, denoted by Z, is exogeneous, independent of V'
and normally distributed with mean zero and variance o2. Finally there exists
a third kind of agent called market makers. We assume that his behaviour is
closer to the one given in Glosten and Milgrom than the one in Kyle. Indeed, we
consider a market maker who is strategic in the sense that he knows that there
exists private information on that market, but he does not know which agent
has it. Hence, he fixes the prices (an ask and a bid price) in such a way that he
does not loose in average. All agents have no initial endowments.

The trading protocol is as follows : the exogeneous values of V and Z are realized
and the insider who observes V, chooses the quantity X (V') he trades. In step
two, the market maker only observes the aggregate demand ¥ = X + Z and
determines an ask price,a(Y), and a bid price, b(Y'), at which he trades to clear



the market. He can not recognize the source of the private information. Finally,
the quantities are traded at the market prices and we denoted by 7(X, a,b) the
insider’s final wealth and by G(Y,a,b) the market maker one. This framework
differs from both Kyle and Glosten-Milgrom. Kyle uses an auction structure
as well, but does not give strategic rule to the market maker. On the other
hand, we take care to the fact that asymmetric information creates a spread as
in Glosten Milgrom but we consider an aggregate demand instead of a protocol
where demands arrive one after an other. This last change comes from the fact
that our protocol is more consistent when we pass to continuous time.

2.1 Equilibrium

Our goal is to study price formation and optimal trading in an equilibrium
theory. However, the definition which follows differs from Kyle’s definition since
his equilibrium is only based on the agent’s behaviour.

Definition 1 An equilibrium is composed by a triplet (X (V),a(Y),b(Y)) which
satisfies the two following conditions :
(C1) Profit maximization : For any insider’s strategy X' and for any realization
vofV :

Er(X,a,b)|[V =v] > E[r(X',a,b)|V = 0]
(C2) Market efficiency : For any realization y of Y E[G(Y,a,b)|]Y =y] =0

We no longer define the market efficiency with respect to stock prices, saying
that the prices are martingale with respect to the market maker filtration under
a certain probability. In fact, our approach is close to the game theory, and
generalizes Glosten and Milgrom’s paper in the sense that we take care of the
strategic behaviour of the insider and we allow him to influence the prices.

Definition 2 An equilibrium (X, a,b) is linear if and only if
J(a,8) €R?:, X(V)=a+pV

2.2 Insider’s Characteristics

We have seen that knowing the realization of the liquidative value of the risky
asset, the insider submit an order, which will be executed, to the market maker.
As there exist two different prices, if we want to compute his profit, we have to
differentiate the case of a sell or a buy order.
We recall that the demand level of the insider is denoted by the random variable
X and his final wealth by «. It follows that :

(X, a,b) = (V —a)X* + (- V)X~ 1)

where 7 = max(z,0) and 2~ = max(—z,0).

We remark that condition (C1) means that the insider is risk neutral with a
linear utility function. For (X, a,b) given, we denote by II(X,v) the quantity
the insider wants to maximize :

(X,v) = E[n(X,a,b)|[V =v] = (v—E[a]V = v) X T +(E[b|]V =v]-v) X~ (2)



Remark 3 The random variable X is adapted to the filtration generated by V'
since the insider submit his order after the realization of V. Hence, E[X|V = v]
is no longer a random variable.

2.3 Consistency and Equilibrium Prices

We now show that condition (C2) implies some conditions on prices. We recall
that the market maker only observes Y on the market. His rule is to fix the prices
in such a way that he first clears the market and secondly his expected gain is
zero. Even if he can only see the aggregate demand, he knows the existence of
asymmetric information and he will fix the bid ask spread to hedge his position.
Hence, his benefit G after he has fixed the prices is :

G(Y,a,b) = (a—=V)YT +(V -b)Y".
Condition (C2) tells us that at the equilibrium, we may have :
Ella—=V)YT+(V-0bY"|Y =y]=0.

Then, using the fact that a, b and Y are adapted to the filtration generated by
Y, we get :

(a—EVIY =y)y" = (- B[VIY =y])y. 3)
It appears that a necessary condition is :
a(Y) = E[V|Y =y]on{Y >0}
bY) = E[V|IY =y]on{Y <0}

In fact, the random variables which really play a rule in price formation are Y+
and Y. Thus, we restrict condition (C2) to :

Definition 4 (C2’) At the equilibrium, the prices have the following form :

{ a(Y) = E[V|IY =y] on{Y >0}
a(Y) = E[V|Y <0] on{Y <0}

bY) = E[V|Y >0 on{Y >0}
{ bY) = E[VIY =y] on{Y <0}

Remark 5 (i) This definition defines a “martingale price” p which can be un-
derstood as the reference price in the model with transaction costs :

p=algyso) +bliy<oy

(i) Condition (C2’) is equivalent to a(Y) = E[V|Y ] and b(Y) = E[V|Y].
(iii) According to (3), we have (C2') = (C2).

We call ¢ the standard Gaussian density and ® the associated cumulative func-
tion. Now, we are able to give the form of the bid and the ask prices in a linear
equilibrium.



Proposition 6 Under (C2’) and if X is linear in V (X(V) = a+ BV ), then

2 _ 2
a(Y) = Po — %A(Tm)1Y<O + %(Y — m)lyzo (4)
2 2

where 6 = \/o? + 3252, m = a+ Bpy and \(.) = % is the Mill’s ratio.

This proposition tells us that the ask price changes linearly with respect to
the market demand when the market is buyer and is completely non elastic when
it is seller. One may think that this constitutes a weakness of this modeling,
however it is quite natural. In fact, when the market is buyer, the ask price
becomes the market price, and the bid price is just a reference price which does
not have vocation to be used.

Using the definition (C2’) of equilibrium bid ask prices, we get the following
result

N

Proposition 7 In a linear equilibrium (C1)-(C2’), we have :
V(z,w) € R* (w,p +w) = (~z,po — w) (6)

This result is not surprising since it says that there exists a symmetry in our
market. In fact, for the insider, his gain will be the same if he has a good
information on the price (v > pg) and he buys or if he has a bad information
(v < po) and he sells. This is natural in a market where there is no short selling
constraints.

By the way, from the previous proposition, we have

Corollary 8 If X(V) = a + SV is optimal, and if prices satisfy (C2’), then
a+ 0Bpo=0

This condition is quite similar to the one in Kyle (1985). This condition means
that in average, the strategy of the insider is zero (E[X] = a+ fpo). In fact, the
insider wants to hide his strategy and does not want to reveal information to the
market maker. If this mean was positive, then the market maker would anticipate
good information for the prices, and then adapts the prices in consequence.
However, the next remark tells us that our equilibrium conditions seem to be
too strong.

Remark 9 In general, there is no linear equilibrium satisfying (C1) and (C2).
We give a quick argument for this. From Corollary 8, we know that if X is
linear, then its mean must be zero. Hence we have to maximize the quantity :



where W (t) = ffoo O(u)du = tP(t) + ¢(t) and © = B(v — pg). Hence we have

to find the maximum of ﬁ(ﬁ) = TI(Bw,v) (w =v — pp) independently of v. For
fixed w > 0, and ¥ =0 =1, we get

~ 2
H(B)1gw>0y = wh (w + \/;\/[%@(—wﬁ) - ﬂ?ﬁﬂw(wm>

Using Mathematica®, we can compute the argument maximum of II. Thus, we

get arg max(I1(3)|y=1) ~ 1.06 and arg max(II(5)|y=0.1) ~ 8.17. The fact that
we used a software to compute the maximum is just for simplicity. Indeed the
form of II is quite complicated, and the maximization of this function is not
really the point, here.

It seems that the definition of our equilibrium, condition (C1) and (C2) (or
(C2) is not well adapted to our modeling. In fact, contrary to Kyle’s model,
the optimal strategy is not linear in the signal V. Its dependence seems more
complex. The next section will give us a linear equilibrium when we change
condition (C1).

3 A Weak Linear Equilibrium

We define a slightly different profit maximization condition for the insider. We
introduce :

F: CRR) —CR,R)
X()  ~—IHIX(),.)
Let us define A = {X eC(R,R),VteR X:t—a+pt (a,0) € R2}. Hence,

for z € A and v € R, we have F(x)(v) = II(«w + Bv,v). Thus, we give the new
profit maximization condition.

Definition 10 (C1’) X*(V) is optimal if X* € A and for any X € A
E[F(X*(V)(V)] =2 EIF(X(V))(V)]

Remark 11 We consider now a two dimensions optimization problem while
(C1) was an infinite dimensions optimization. Moreover, according to Remark
9, if there exists a solution to (C1’), it will not satisty (C1).

Now, we define a new kind of equilibrium.
Definition 12 A triplet (X(V),a(Y),b(Y)) is called a weak linear equilibrium
(WLE) iff it satisfies (C1°) and (C2’)

Remark 13 First, the statement of Corollary 8 is still valid under conditions
(C1') and (C?2'). Hence, we only need to compute the quantity F(5(v — po), v).
Secondly, remarking that (8(v — po))™ = —B(v — po)~ for negative 3, we get

when 5 <0
F(B(v = po))(v) = —F(=f(v —po))(v)



Using Proposition 6, Corollary 8 and (2), we get for positive
_ W w
F(B—po))(v) = puw?+BAw @(;/8) + w*@(—gﬂ))

—BB(Bwwt O(=6) - fuw” d(== ) + olwlé(=5))

2 2
where w = v —pgy, A= /2 \/% and B = % Thus, we can compute

T
the desired quantity :

%E[F(W ~p)(V)]

w

[ wtodn = Bo [ ulag)e( s

g

w

B [ (ot 6(29) - w62 5)6(5du
A [ (0 (EH) + 0 (=2 6)0( )

= [I—-BoJ—-BK+AL

w
b

where I, J, K and L are the corresponding integrals.

Lemma 14 Using the previous notations, we get

I =
J l Y252
T X232 4 o2
1 Xiop 1g 1, 6>
K = ;m"‘iz +;E arctan(7)
1 b
L = 201 _ /8 )

Vs U o e

We have now a closed formula for E[F(8(V — po)(V')]. Let us define the param-

eter d = % After some computations, using the previous lemma, we get

E[F(B(V = po)(V)] = £*fa(5) (7)
where

Full) = = (7 = B = YT+ @) + & arctan(5) = 1)) (8)

Remark 15 The first properties of f; are

(i) fa(0) =0

(i) fa(8) = O(3)

(iii) fa(8) = Bg(B). Hence, we have f'(8) = g(0) = 1.

Those three properties tell us that fy has a global maximum on RT

Proposition 16 f; has a unique maximum for B* = % where ¢ is the unique
solution of f{(z) = 0.



We are able to have a numerical value of ¢ using Mathematica®. It turns out
that ¢ € [1.05,1.06]. Hence, it seems that the equilibrium value of § is not
exactly the same as in Kyle’s paper even if it is very close, (¢ instead of &.
Besides, we can formulate the main result :

Theorem 17 There exists a unique weak linear equilibrium defined by :

where ( is defined in Proposition 16.

Proof: In fact, we have constructed a strategy X which realizes the criterion
(C1") from Proposition 16. However, also by construction, the prices satisfy
(C2'), then the triplet (X, a,b) given in the theorem is an equilibrium. By the
way, the unicity of the equilibrium comes from the fact that the function fy
admits a unique maximum. []

According to the weaker assumption (C1’), we are able to construct a linear
equilibrium. Actually, the strategy of Theorem 17 does not satisfy the criterion
(C1), it is not even sure that this strategy is the best linear approximation of
the optimal strategy satisfying (C1) in a certain sense. We study the properties
of the weak linear equilibrium in the next section.

4 Properties of the Weak Linear Equilibrium

4.1 Influence of Parameters

There are three essential exogeneous data in this model which are the mean
of the signal py, its variance X2 and the variance of noise trader’s demand 2.
First, we observe that the optimal strategy of WLE is very closed to the one of
the Kyle equilibrium. In fact, the volatility of the strategy of the insider is 6%
higher in our model, since { ~ 1.06. Moreover, we still see the importance of
the ratio of the standard deviations & for the strategy and the prices. However,
even if the market price (the ask price when Y > 0 and the bid price when
Y < 0) remains the same, it turns out that the reference price (¢ when ¥ < 0
and b when Y > 0) is only proportional to X.

It appears that this modeling advantages the insider in terms of expected profits.
Indeed, in the WLE, we have E[n(X,a,b)] = 0Xf1({) while in the equilibrium
of Kyle, we have E[r(X,p)] = $0%. Using Mathematica®, we get the following
approximation f;(¢) ~ 0.53 > % Hence, even if this strategy is more risky, its
gain will be larger in this modeling. This shows that the strategic behaviour of
the market maker does not affect the profit of the insider. Hence, the existence



of a bid ask spread due to extra information does not cancel the possible benefits
generated by this asymmetry.

4.2 Bid Ask Spread

A natural question is how the spread is influenced by the exogeneous data. First,
we have to be careful with the usual commentaries on the bid ask spread, since
we have an order driven market. Thus, results of Jouini-Kallal’s paper (1995) do
not apply to our case. In fact, in such models, as the orders are made without
regrets, one can not construct an arbitrage when for example the ask price is
below the bid price because one can not order anymore.

In Jouini-Kallal (1995), a necessary condition for no free lunch is the fact that
the ask price has to be greater than the bid price. It turns out that this is not
the case in our model with a probability strictly between 0 and 1. This result
is a direct consequence of the auction framework. We may hope that in a multi
period model or if the quote are in continuous time, the no free lunch hypothesis
will force the ask to be greater than the bid. However, we can define a martingale
price p which reflects the rationality of the market p(Y') = alyy oy + bl{y<o}-
If we denote the bid ask spread by s = a — b, at the WLE, we get

s(Y) = 1 _’Z_C@ ((i - ﬁm) Liy>oy + <_JY - \/E\/W) 1{Y<O}>

Hence, it becomes

Y ¢ _ 2 X¢
s(Y):;1+<2(Y++Y ) — e

Finally, we get the form of the bid ask spread when the WLE is realized :

PINNG 2 X¢
S(Y):;mﬂq— ;W (9)

Thus we see that for small values of Y, the spread may be negative. But, small
values of Y means that the noise trader demand and the insider demand are
opposed, hence the market maker knows that the insider is against the trend,
hence as he does not know if he is buyer or seller, his hedging becomes extreme
and the spread negative. One may say that in this case, the market collapses as
in Battacharya and Spiegel and the orders are not realized at all.

At the first look, the bid ask spread seems to depend on the ratio % In fact,
the spread only depends on the volatility of the signal V. Indeed, we have
Y=X+7Z= U(%(V—po) +Z). But £ ~ N(0,1), hence 1|Y| does not depend
on o. It turns out that the spread is proportional to ¥, which means that a part
of the extra information is incorporated into the prices.



5 Conclusion

This model tells us that the asymmetric information on financial markets influ-
ences all parameters of the equilibrium. We keep the ideas of Kyle and Glosten
Milgrom and we have shown that they can live together.

As in Kyle’s paper, a natural extension of this model is the multi period

case. We consider, in fact, that there are N trading dates before the reveal of
information. A quick study shows up that it is not as simple as in the classical
auction’s case. The construction is quite similar, however to show the existence
of an equilibrium using the dynamic programming, we need to conjecture a form
for the wealth process (quadratic in V in Kyle’s case). It turns out that this
conjecture is problematic in our model. In fact, it suffices to see the form of
the wealth after the first step of the regression, passing to step N to N — 1,
to understand the difficulty to prove the existence of a maximum (see proof of
Proposition 16) at each step.
Continuous time seems to offer better chance to determine an equilibrium. On
one hand, tools associated to the maximization of utility as Hamilton-Jacobi-
Bellamn equations, are easier to use. On the other hand, to compute the prices,
we should need results on reflected Brownian Motion or Bessel processes to
generalize the notions of Y, Y~ and |Y| present in our model.

Appendix

Proof of Proposition 6:

To compute a = E(V | Y1), we need to determine pVIYT=y" (v). We recall
that V ~ N(po,¥?) and Y = a + BV + Z where Z ~ N(0,0?). Hence, we can
compute PY*Y (v,7) the density of the couple (V,Y).

~ T
1 1 2 5222_’_02 _ﬁZQ
VY _
P (vy) = 2roX eXp <_ 20232 ( 0] ) ( —-px2 32

v\ v — P
where ( §>_ ( yfaf%pg )

Now, we need to find the law of (V,Y ). First, we know that :

@) X

+ Bpo 1 y —a— Bpo
2 y) =9o _ AT ) y) + ) 1r- (y
) /o2 + 52%2 0(v) \/02 + 52%2 \/02 + (2%2 R+( )
where ¢ is the density of A'(0,1), ® is the associated cumulative function and dq
is the Dirac mass in 0. Hence, we can see that Y+ has no density with respect

to the Lebesgues measure.
We can compute the law of couple (V,YT). After some computations, we get :

P (00) = Ty ()PP (00) + g0 (5 ) @ (<2 E2 ) )

10



Now, obviously, we get what we needed :

PV (v,y)

pv|Y+:y _
(’U, y) Py+ (y)

We are able to compute the ask and the bid prices :
=BV |YT=y) = / UPV‘Y+:y(v,y)dv
R

For simplicity, we look to two different cases.
(i) y=0

PV‘Y+:O(1},O) _ 1 l¢ UV — Po ® _Ck-i-ﬁv
b)) )
P (_ a+fBpo ) o
/0-2+5222

Vor+p25?
\/27TC/UPV|Y+:O(U,O>d’U = /xe_ﬁ(gﬂ_p‘)f@ (—OH_ﬁl) dx
R R

For simplicity, we define C' = X (W’)

g

—22/(7_56 20y~ gm0 (—(”ﬁx) dz
R X o

+p0/ G O <a—|—6x> dx
R (&

Using an IPP for the first term on the right hand side, we get :

+oo
\/2’/TC/’UPV|Y+:O('U70)dU = -2 {652(9”7”0)2(1) <_a+ﬁx>}
R —o0

g

+22/( _2ﬁ >e2$2(mp°)26mi2<5x+a>2dx
R xea

-HDO/ e me (@) g <_a—|—ﬁx> dx
R g

2, 5252 352 — o o2
22 1 p2 _o*4B°% <m2+2a/ PO )
I6] —1(2 ol o 20792 ZH5?sT ) 1o
R

M

QN‘Q

V]

= — (& 2
2mo

—+v 27TCp0

The first term of the right hand side of the first equality is zero since ® is
bounded. We remark that the third one is just the marginal probability of Y+
in zero, hence finally, we try to compute the second term by building a square
in the exponential. Then, after some usual computations, we get

2
2 2 o +,6222 _ pgo?—aps?
+_ ﬂE ;4%’) - %2 223252
i O el I
R Y

11



Now, we are able to compute this integral using the density of a Gaussian variable
and we get :

22
BVIYT =0)=po— wiWA (V%) 1)

where A(.) = % is usually called Mill’s ratio.

(i) y >0

In this case, there is no difference with the Gaussian case. It turns out that the
computation are exactly the same. Hence, we directly have :

B2

E(V|Y+:y):po+m

(y — (a+ Ppo)) (11)

We are able to give the expression of b = E(V | Y 7). In fact, let us define
W = —Y. Hence, we remark that Y~ = W*. No more computations are
needed to compute the bid price b since

b=EV|Y )=EV |WT)

where W = —a — BV — Z. Hence, W ~ N(—a — Bpo,0? + %%2). We remark
that the computation are exactly the same except that the correlation between
V and W is —3%? instead of SX2.

- _ — ge? a+Bpo
E(V | Y — 0) - pO + \/0_2_,’_5222A <\/02+ﬁ222>

E(V|Y~=y) = po— s245esz(y+ (o + Bpo))

Proof of Proposition 7:
Using (2) and definition (C2’), we have :

M(z,po+w) = E[(V-EVI|Y"NDXT+(E(V|Y")=V)X |V =p+w]
= (po+w—EEV|YT)|V=p+w)z"
+HEEV |YT) |V =po+w) —po —w)x~
= (w=EEV —po | Y|V —po=w))z"
+HEEV —po | YT |V —po=w) —w)x™
= (w—EEWI[Y")|W=w)z"
+HEEW Y)W =w) —w)z~

where W ~ N(0,02). Using the fact that (—z)* =2~ and (—z)~ = 27 We can
easily compute the other part of the equality of the lemma :

O(—z,po—w) = (—w—EEW[Y")[W=-w)(-z)"
HEEW [YT) [ W = —w) + w)(-z)"
= (w—EEEWI[Y7)|[-W=w))z"
(_

+HEEW YY) | -W =w) —w)z~

12



Now, it remains to show :
E(EWI|YH)|W=w)=EE-W[Y")|-W=u)

Let us recall that we have a relation between x and w : = = a + Bpg + fw.
Hence on {X = —(a + Bpo + fw)} N{W = —w}, we have the fact that :

Y "=(X+2)" = (—a—0po—pw+2)"
= (a+fpo+ pw—2)*

But, we know that Z is Gaussian with mean zero, hence, Z and —Z have the
same law (same thing for W and —W) then the two quantities are exactly the
same. We can have the same kind of arguments for the other part. Finally, we
get : I(—z,pg —w) =1(z,po + w). O

Proof of Proposition 8:
First, we need to compute explicitly the quantity II(z,v). Hence using (2), we
have :

O=@w-FEa|V=v)z"+(Eb|V=0v)—v)z~

Thus we need to compute E[a|V = v]. Using (C2’) and the fact that Z ~
N(0,0?), we get after a few computations :

E(a|V =v) = M® (—g) + (m + px)® <§> +pa¢( )

T
(2

2 2 2
where M = pg — ﬁ%/\(—%), m = py — %m and p = ﬁéEQ

kind of computation we get :

. Using the same
1V =00 (2) o (-2) <o (2

where M’ = py + ZZ\(m).

Let us assume for convenience that x > 0 :

Ds; = T(z,po+w) ; II(—x,pp — w)
= 2epo —a®(—)(M + M) - 2m’x@(§)
= 2o a0 D - AT 4+ D)
“ara(E) -
= 2 — a0 D - AT 4+ AT
21— a(- D)o -
= P D) A -2 2



Using Proposition 7, an equilibrium condition is D3 = 0, hence, this will give us
a condition on m and so on « and 8. We know that 0 < @(—%) < 1. We study
the function f defined by f(v) = g(A(—7y) — A(y) — 27v) + 27 where g € [0,1] is
a parameter.

() ==a\N (=) +XN() +2(1-q)

We recall that X is decreasing, hence knowing that ¢ € [0, 1], we easily get that
f is increasing. Let us remark that f(0) = 0. Thus we get :

D3s=0&m=0&a+Fpy=0 (12)

O

Proof of Lemma 14:

I is just the second moment of a Gaussian variable up to a multiplicative con-
stant, hence % fR wQ(j)(%)dw =%?= é J can be compute easily :

“+ o0
w w w w
Vol =8)d - 2 —)o(—0)d
[ wle@oEaae = 2 [ wago o
2 [to0 4 ex?e?io?
= — we” 2% "% dw
271— 0
1 %202 1 ex2e202]7 1 3252
= _ ¢ 2 »252 - —_———
m X262 4 o2 0 T X262 4 o2

The computation of K is not straightforward :

0

+oo
— 11)2 E g w w2 —g g w
K= [ we@Enei [ we-2aug

o oo o
- 2 (a0 L)
- 0 g by
Using an IPP, we get :

w

w +o0 Tooo w w w
2 [~ " [ @) +uloC)oE)an

K

+o0 +oo
_ 2 W W 2 B o Y
= 0+22/0 @(Uﬂ)¢(z)dw+22/o w=o(—B)o(5)d
“+o0 2 2 2
B 9 w w 4B Yo
- = /0 S 2T, =

The last equality comes from the computation of J. Now, we need the following
lemma to go further :

Lemma 18 Let (a,b) € (R%)?. If ¢ and ® are the density and the cumulative
Junction of X ~ N(0,1), then

“+o00o
/ P(ax)®(bx)dr = %(77 +2 arctan(g))
0

T™a
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Proof: First, we remark that with a change of variable we have :

“+o0 1 “+oo a
¢(ax)®(bx)dr = f/ o(-2)P(x)dx
0 b Jo b
Let o = 2 and f the following function f(a) = 0+°° ¢(Z)P(x)dx. Tt is straight-
forward to show that the function f is continuous and differentiable on R? , using

the dominated convergence theorem. Thus, we can compute [’ :

+oo 2
flo)= [ e

o’’’ N

Hence, we get o f'(a) = f0+oo 22¢(2)®(x)dz. Using an IPP with u = z®(z)
and v' = z¢(£), we have :

X

) +oo T
@re) = [ats@oD] et [ oD@ +av(w)ir

2 “+oo o2
0+a?f(a)+ (;— / ge~ 5r T dx
T Jo

a2 |: a2 a2+1$2:| Foo

o _a2+1€

o’ f(a) +

. . . . . A 1 2
Hence, f satisfies the following differential equation : af’(a) — f(a) = - 5977+
We are going to solve this equation. First, a solution to the homogeneous equa-
2
tion is f,(a) = Ca. Assuming that f(a) = C(a)a, we get a2C’(a) = %agﬂ.
Hence, C(a) = C + 5 arctan(a). Finally, we have to determine the constant C
and with the previous formula, we have f(1) = C + %. We can also compute

f(1) with the general form of f :

= [ o= [;@2(@]:‘” BN

Finally, we get C = i, and f(a) = a(% + % arctan(«)). Replacing a by g, we
get the result of the lemma. [

The computation of K is instantaneous with this lemma. Finally, it remains to
compute L.

+oo w w
D=2 we-2aeg)d

oo 28%2 [T g w
o
0 g 0

Lo 288 o 1,
V2 V2mo 2y/o% + (32X2  \/2m

This ends the proof of this technical lemma.[]

2[-220(-29)e(3)|

B

(1- )
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Proof of Proposition 16
First, let us remark that fd(g) = df1(B). Hence, we are going to study f = % f1.
We see that we can write f(z) = 7559(x) where

1
g(x) =7 —x —2* + 21 + 22 + 2% arctan(~)
x

Hence, we have

1

m((l —2%)g(x) + (1 +2?)g'(x)) (13)

flz) =

We are going to study two cases : first for « € [0,1], and than for z € [1, +o0]
We have g(z) = m+z(zarctan(L) — 1) +2%(,/1 + 5 —1). It is obvious that the
third term is positive, and then for z € [0, 1] we have 0 < zarctan(1) < Z, hence
we have —1 < z(z arctan(+)—1) < T—1, and then, adding 7 to those inequalities
we get m + z(zarctan(2) — 1) > 0. We can conclude that Vz € [0,1] g(x) > 0.
Now, we want to know the sign of ¢’ on [0, 1].

g(x)=(V1+22-1) L+ 2z + Zx(arctan(%) —1)=m(x) + l(x)

1422

Hence, we have m/(z) = W(S\/l + 22 + 22%V/1 + 22 — 2), and thus we
can compute the second derivative : m”(z) = Gz (3V1+a? — 2 + 627).

Comparing the two first terms in the parentheses, we can say that m” > 0

hence m is convex, thus m is above its tangents. On the other side a quicker
222

— [Tt < 0. Hence, [ is concave, and then is

computation leads to I”(z) =
above its cords.
We can remark that Va € [0,cot(1)] ¢'(z) > 0 as a sum of two positive terms.

Now for x € [cot(1),1], we have the two following inequalities

1(1) — I(cot(1)

m(x) > m/(cot(1))(z —cot(1))+m(cot(1)) and I(x) > 1 — cot(1)

(x—cot(1))

Thus we have an inequality of the form ¢'(z) > az + b where acot(l) + b =
m(cot(1)) > 0 and a* 14 b~ 0.107 > 0. Then we can say that

Vo € [cot(1),1] ¢'(z) >0

Finally, we can conclude that Vz €]0,1] ¢'(z) > 0, hence looking at (13), we
directly have :
Vz € [0,1] f'(z)>0 (14)

Now, we study f on [1,+oo[. From properties (1), (2), (3) and what we have
just done, we know that f has at least one maximum on [1,+o0o|. Let us study
the number of solutions of the equation :

f(z) =m where m € [0,+00] (15)
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It turns out that we have to solve : g(z) = m(z + 1) = hy, (). First, we see
that hl,(z) = 23 > 0. Thus, A, is a convex function.

Let us show that g is concave on [1,+00o[. As we have already computed ¢’, we
have :

g’ (x) = ﬁ(:ﬁ/ 1422 —4+422%/1 +22) + Q(arctan(%) -1)

1

TESE: (3+2%(3 4+ 2V 1+ 22) — 64/1 + 22)

Using the conjugate quantity and showing that the polynomial part of the result
is increasing, we show that the parenthesis is increasing and positive on = = 1,
hence ¢ > 0 on [1,4+00[ and thus ¢” is increasing on [1, +oo[. Now, we remark
that wginoo g"(x) =2 -2 =0, hence Vz € [1,+00[ ¢”(z) < 0. Finally, g is

concave on [1, +oo.

We need to show that if on the interval I, we have to solve the equation a(x) =
b(x) with a strictly concave and C?, b strictly convex and C?, then this equation
has at most two solutions.

Let us consider the function ¢ = a — b. This is quite clear that c is strictly
concave since ¢’ = a” — b’ < 0. We need to show that a strictly concave
function reaches any value at most two times. If there exists g and x; in I such
that ¢(xg) = c¢(z1) = m and z¢ < x1, then Va €]xg, z1[ c(x) > m (this directly
comes from the concavity). After that, we use the fact that a concave function
is strictly below its tangents and that ¢’(zg) # 0 and ¢/(z1) # 0 (they cannot be
zero if xg < x1) to show that ¢(z) < m on I\ [zg,x1]. Finally, we have shown
that ¢ reaches at most twice any m € R. Thus, this is the case for 0, and then
we have our result.

To conclude, we need to show the following result : If a continuous function h
admits two local maximums, then there exists a real number m such that the
equation h(z) = m has at least three solutions. We are not going to show this
result which is a application of the intermediate values theorem. However, we
can finally conclude that f has a unique maximum on [0, 400 which is attained
for a ¢ in [1,400[. Using Remark 13, it turns out that for negative 3, the
quantity we want to maximize is negative.

Hence we have %C =argmax(E[F(B(V —po))(V)],8 €R) O
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