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Dxglwlqj srolflhv dqg lqirupdwlrq v|vwhpv lq d

sulqflsdo0djhqw prgho

E| Pdulh0Fìfloh Idjduw dqg Ehuqdug Vlqfodlu0Ghvjdjqì�

Mdqxdu| 5335

Wklv sdshu frqvlghuv wkh lqirupdwlrq v|vwhpv lqgxfhg e| dxglwlqj srolflhv lq d sulqflsdo0djhqw prgho

zlwk prudo kd}dug/ dvvxplqj wkh �uvw0rughu dssurdfk lv ydolg1 Zh srlqw rxw wkdw lq wklv frqwh{w wzr

lqirupdwlrq v|vwhpv D dqg E duh vhogrp frpsdudeoh xvlqj wkh fxvwrpdu| phdq0suhvhuylqj vsuhdg uhodwlrq

ehwzhhq wkhlu uhvshfwlyh olnholkrrg udwlr glvwulexwlrqv1 Zh r�hu d jhqhudo h{whqvlrq ri wklv fulwhulrq/

krzhyhu/ dqg zh xvh lw wr vkrz wkdw/ surylghg wkh vljq ri wkh wklug ghulydwlyh ri wkh djhqw*v lqyhuvh

xwlolw| ixqfwlrq lv frqvwdqw/ lw lv |hw riwhq srvvleoh wr udqn D djdlqvw E ehfdxvh rqh ri wkh fruuhvsrqglqj

olnholkrrg udwlr glvwulexwlrqv grplqdwhv wkh rwkhu lq wkh wklug rughu1

Nh|zrugv= Sulqflsdo0djhqw/ prudo kd}dug/ dxglwv/ olnholkrrg udwlr glvwulexwlrq/ vwrfkdvwlf grpl0

qdqfh/ suxghqfh1

�- Zh duh judwhixo wr Fodxgh Ioxhw/ Grplqltxh Khqulhw dqg/ prvw ri doo/ Orxlv Hhfnkrxgw iru ydoxdeoh

glvfxvvlrqv rq wkh wrslf ri wklv sdshu1 Wkh dxwkruv uhvshfwlyho| wkdqn FLUDQR dqg wkh Oderudwrluh

g*Ìfrqrplh Lqgxvwulhooh +OHL0FUHVW/ Sdulv, iru wkhlu krvslwdolw| dqg vxssruw zkloh wklv sdshu zdv ehlqj

zulwwhq1



41 Lqwurgxfwlrq

Dq lpsruwdqw wrslf lq wkh dqdo|vlv ri sulqflsdo0djhqw uhodwlrqvklsv lv wkh frpsdul0

vrq ri lqirupdwlrq v|vwhpv wkdw lpshuihfwo| fruuhodwh vrph frpprq revhuydeohv zlwk wkh

djhqw*v klgghq dfwlrqv1 Dq| fodvvl�fdwlrq vkrxog �uvw ohdg wr lghqwli| dqg glvfdug lqiru0

pdwlrq v|vwhpv xqghu zklfk wkh sulqflsdo dfklhyhv d uhodwlyho| orzhu h{shfwhg sd|r�1 D

�sudfwlfdo� +l1h1 urexvw, udqnlqj fulwhulrq/ krzhyhu/ zrxog dovr uho| dv olwwoh dv srvvleoh

rq vshfl�f ihdwxuhv ri wkh fxuuhqw uhodwlrqvkls/ vxfk dv wkh djhqw*v xwlolw| ixqfwlrq1

Vwduwlqj zlwk wkh vhplqdo frqwulexwlrq ri Kropvwuùp +4<:<,/ vrph rughulqjv kdyh vxf0

fhvvlyho| ehhq vwxglhg e| Jmhvgdo +4<;5,/ Jurvvpdq dqg Kduw +4<;6,/ Nlp +4<<8,/ Mhzlww

+4<<:,/ dqg Ghprxjlq dqg Ioxhw +5333,1 Rqh vkruwfrplqj ri wkh vxjjhvwhg udqnlqjv lv

wkdw wkh| kdugo| frqyh| wkh dfwxdo frvwv ri jdwkhulqj dqg frppxqlfdwlqj wkh suhvfulehg

revhuydeohv +vhh Ednhu +4<<5,,1 D vhfrqg zhdnqhvv/ zklfk prvw ri wkh olwhudwxuh sulpdu0

lo| dgguhvvhv/ lv wkdw wkh| duh lqfrpsohwh dqg pd| qrw doorz wr ghflgh lq vrph frqwh{wv

ehwzhhq uhohydqw lqirupdwlrq v|vwhpv1

Dprqj wkh dydlodeoh rughulqjv/ wkh �PSV fulwhulrq� lqwurgxfhg e| Nlp +4<<8, 0 zklfk

fodvvl�hv lqirupdwlrq v|vwhpv dffruglqj wr wkh phdq0suhvhuylqj vsuhdg uhodwlrq ehwzhhq

wkhlu uhvshfwlyh olnholkrrg udwlr glvwulexwlrqv 0 lv qrz wkh rqh wkdw ehvw ghdov zlwk wkh odwwhu

fulwlflvp14 Wklv fulwhulrq hperglhv wkrvh wkdw zhuh sursrvhg hduolhu dqg kdv frqvwlwxwhg

4Wkh PSV fulwhulrq vd|v wkdw +dvvxplqj wkh �uvw0rughu dssurdfk wr wkh frqvlghuhg sulqflsdo0djhqw

sureohp lv ydolg, dq lqirupdwlrq v|vwhp D |lhogv d kljkhu h{shfwhg sd|r� wr wkh sulqflsdo wkdq dq

lqirupdwlrq v|vwhp E li wkh olnholkrrg udwlr glvwulexwlrq dvvrfldwhg zlwk D lv d phdq0suhvhuylqj vsuhdg ri

wkh rqh dvvrfldwhg zlwk E/ ru lq rwkhu zrugv li wkh odwwhu grplqdwhv wkh iruphu lq wkh vhqvh ri vhfrqg0rughu

5



lqghhg d udglfdo lpsuryhphqw/ iru lw doorzv frpsdulvrqv ehwzhhq lqirupdwlrq v|vwhpv wkdw

duh qrw qhfhvvdulo| qhvwhg1

Zkloh vwxg|lqj wkh lqirupdwlrq v|vwhpv lqgxfhg e| dxglwlqj srolflhv/ krzhyhu/ zh

irxqg rxw wkdw wklv vljql�fdqw jurxs odujho| hoxghg wkh PSV fulwhulrq1 Dq lqwxlwlyh

h{sodqdwlrq ri wklv idfw zrxog eh wkh iroorzlqj1 Suhylrxv zrun e| Edlpdq dqg Ghpvnl

+4<;3,/ G|h +4<;9,/ Vlqfodlu0Ghvjdjqì +4<<<, dqg rwkhuv kdyh uhyhdohg wkdw rswlpdo +dqg

hfrqrplfdoo| sodxvleoh, dxglwv duh riwhq hlwkhu xsshu0wdlohg ru orzhu0wdlohg/ l1h1 wkh| duh

wuljjhuhg e| wkh revhuydwlrq ri uhvshfwlyho| jrrg ru edg vljqdov15 Lq vhohfwlqj dq dxglwlqj

srolf| wr eulqj derxw d jlyhq dfwlrq e| wkh djhqw/ d udwlrqdo sulqflsdo zloo wkxv w|slfdoo|

eh ohdg wr glvfulplqdwh ehwzhhq frpsrxqg lqirupdwlrq v|vwhpv ri wkh irup

D +xsshu0wdlohg srolf|,= xvh uf n ut li vljqdo f � %�/ dqg uf rwkhuzlvh>

yhuvxv

E +orzhu0wdlohg srolf|,= xvh uf n ut li vljqdo f � %��/ dqg uf rwkhuzlvh>

zkhuh Sure~f � %�� @ Sure~f � %���/ l1h1 wkh wzr srolflhv hqwdlo wkh vdph iuhtxhqf| ri

dxglwv +khqfh wkh vdph frvw,/ dqg uf / ut duh wzr lqghshqghqw olnholkrrg udwlr glvwulex0

vwrfkdvwlf grplqdqfh1 Dowhuqdwlyh fulwhuld zhuh uhfhqwo| lqwurgxfhg dqg glvfxvvhg e| Mhzlww +4<<:, dqg

Ghprxjlq dqg Ioxhw +5333,/ zkr vkrz wkdw wkhvh duh dfwxdoo| htxlydohqw wr wkh PSV fulwhulrq1
5Edlpdq dqg Ghpvnl +4<;3, kdyh vwxglhg dxglwlqj xqghu wkh dvvxpswlrq wkdw wkh djhqw*v xwlolw|

ixqfwlrq ehorqjv wr wkh KDUD +k|shuerolf devroxwh ulvn dyhuvlrq, idplo|1 Lq d pruh jhqhudo vhwwlqj

G|h +4<;9, kdv fkdudfwhul}hg wkh vlwxdwlrqv zkhuh rswlpdo dxglwv duh ghwhuplqlvwlf dqg orzhu0wdlohg1 Lq

d uhfhqw sdshu/ �qdoo|/ Vlqfodlu0Ghvjdjqì +4<<<, kdv vkrzq wkdw xsshu0wdlohg frqwlqjhqw dxglwv pljkw

frqwulexwh wr udlvh wkh srzhu ri lqfhqwlyhv lq d pxowlwdvnlqj frqwh{w1
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wlrqv1 \hw/ D dqg E fohduo| kdyh wkh vdph phdq }hur +vlqfh erwk uf dqg ut kdyh phdq

}hur, dqg wkh vdph yduldqfh/ vr qhlwkhu lv d phdq0suhvhuylqj vsuhdg ri wkh rwkhu1

Wkh remhfwlyh ri wklv sdshu lv wkhuhiruh wr ghyhors d udqnlqj fulwhulrq zklfk vxssoh0

phqwv wkh PSV fulwhulrq dqg doorzv wr pdnh frpsdulvrqv ehwzhhq lqirupdwlrq v|vwhpv

wkdw frpprqo| rffxu lq wkh dqdo|vlv ri dxglwlqj srolflhv1

Wkh xsfrplqj vhfwlrq od|v rxw wkh edvlf sulqflsdo0djhqw prgho dqg lwv pdlq dvvxps0

wlrqv/ zklfk duh phdqw lq sduwlfxodu wr jxdudqwhh wkh ydolglw| ri wkh �uvw0rughu dssurdfk16

Vhfwlrq 6 glvfxvvhv rswlpdo dxglwv dqg irupdol}hv wkh deryh lqwxlwlyh h{sodqdwlrq1 Sursr0

vlwlrq 4 �uvw hvwdeolvkhv wkdw wkh iuhtxhqf| ri rswlpdo dxglwv ghfuhdvhv zlwk wkhlu frvw/ wklv

iuhtxhqf| ehlqj htxdo wr 4 zkhq wkh frvw lv 31 Sursrvlwlrq 5 vkrzv qh{w wkdw/ h{fhsw iru

shfxoldu lqvwdqfhv ri wkh djhqw*v xwlolw| ixqfwlrq/ rswlpdo dxglwv duh qrw mxvw fkdudfwhul}hg

e| dq dssursuldwh iuhtxhqf| exw wkh| duh dovr frqwlqjhqw xsrq revhuylqj wkh ohyho ri vrph

suhgh�qhg vljqdo17 Zkhq zh frpsxwh wkh yduldqfh ri wkh olnholkrrg udwlr glvwulexwlrq dv0

vrfldwhg zlwk dq dxglwlqj srolf|/ krzhyhu/ zh �qg wkdw lw rqo| ghshqgv rq wkh iuhtxhqf|

ri dxglwv dqg rq wkh Ilvkhu lqirupdwlrq lqglfhv dvvrfldwhg zlwk wkh xqghuo|lqj olnholkrrg

udwlr glvwulexwlrqv> khqfh/ wkh PSV fulwhulrq fdqqrw glvwlqjxlvk ehwzhhq wzr frqwlqjhqw

6Wkh �uvw0rughu dssurdfk frxog kdyh ehhq mxvwl�hg lq wkh suhvhqw frqwh{w xvlqj wkh dvvxpswlrqv pdgh

lq Mhzlww +4<;;,1 Exw vlqfh lw lv lpsruwdqw khuh qrw wr uhvwulfw d sulrul wkh udqjh ri srvvleoh djhqw*v xwlolw|

ixqfwlrqv/ rxu dvvxpswlrqv duh �qdoo| dgdswhg iurp Vlqfodlu0Ghvjdjqì +4<<7,1
7Iru lqvwdqfh/ wkh sulqflsdo zrxog udwkhu xvh xsshu0wdlohg dxglwv zkhq wkh djhqw*v frh!flhqw ri de0

vroxwh suxghqfh +dv gh�qhg lq Nlpedoo +4<<3,, lv odujhu wkdw wkuhh wlphv klv frh!flhqw ri devroxwh ulvn

dyhuvlrq1 Wklv nh| uhvxow/ dqg rwkhu uhodwhg rqhv/ zloo eh glvfxvvhg ehorz1
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dxglwlqj srolflhv wkdw ehdu wkh vdph iuhtxhqf|1

Vhfwlrq 7 lv wkhq ghyrwhg wr ghyhorslqj d �qhu udqnlqj wkdw zrxog vwloo eh edvhg rq wkh

frpsdulvrq ri olnholkrrg udwlr glvwulexwlrqv1 D frqyhqlhqw fulwhulrq lv suhvhqwhg wkurxjk

sursrvlwlrq 61 Dffruglqj wr lw/ d udwlrqdo sulqflsdo zrxog djdlq suhihu dq lqirupdwlrq

v|vwhp zklfk olnholkrrg udwlr glvwulexwlrq lv grplqdwhg lq wkh vhqvh ri vhfrqg0rughu vwr0

fkdvwlf grplqdqfh +fruroodu| 4,> wklv qhz fulwhulrq wkxv djuhhv zlwk wkh PSV fulwhulrq1

Surylghg wkh vljq ri wkh wklug ghulydwlyh ri wkh djhqw*v lqyhuvh xwlolw| uhpdlqv frqvwdqw/

ixuwkhupruh/ wkh fulwhulrq |lhogv d �qhu rughulqj ri lqirupdwlrq v|vwhpv edvhg rq wklug0

rughu vwrfkdvwlf grplqdqfh +fruroodu| 5,1 Wklv ihdwxuh lv xvhg lq vhfwlrq 8/ zkhuh zh

vkrz wkdw lw doorzv d udqnlqj ri xsshu0wdlohg dqg orzhu0wdlohg dxglwv zklfk sruwud|v wkh

sulqflsdo*v fkrlfhv +sursrvlwlrq 7,1 Wklv vhfwlrq dqg vhfwlrq 9 �qdoo| frqwdlq vrph frq0

foxglqj uhpdunv= rqh sudfwlfdo phvvdjh wkdw lv frqyh|hg e| wkh suhylrxv uhvxowv lv wkdw

vhhnlqj dq rswlpdo dxglwlqj srolf| riwhq dprxqwv wr frqvlghulqj vxffhvvlyh phdq dqg

yduldqfh0suhvhuylqj wudqvirupdwlrqv ri wkh fxuuhqw lqirupdwlrq v|vwhp1

51 Wkh Prgho

Frqvlghu d rqh0shulrg uhodwlrqvkls ehwzhhq d sulqflsdo dqg dq djhqw1 Dq dprxqw ri

h�ruw @ 5 dfc4� lv h{shfwhg iurp wkh odwwhu1 Wklv h�ruw/ krzhyhu/ lv rqo| lpshuihfwo|

revhuydeoh wkurxjk vrph udqgrp yduldeohv f dqg t 1 Zh dvvxph wkdw f dqg t duh

frqglwlrqdoo| lqghshqghqw/ vr iru d jlyhq h�ruw @ wkh uhdol}dwlrqv % dqg + ri wkh udqgrp

yduldeohv reh| wkh frqglwlrqdo glvwulexwlrqv 8 E%c @� dqg CE+c @� uhvshfwlyho|1 Wkrvh glvwul0

exwlrqv kdyh uhvshfwlyh ghqvlwlhv qrwhg sE%c @� dqg }E+c @� wkdw h{klelw frqvwdqw vxssruw
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+ghqrwhg e| Kf dqg Kt , zlwk uhvshfw wr @ dqg duh wzlfh frqwlqxrxvo| gl�huhqwldeoh lq @

iru hyhu| % dqg +1 Wkurxjkrxw wklv sdshu wkh vxevfulsw @ uhihuv wr wkh sduwldo ghulydwlyh

zlwk uhvshfw wr @1

Wkh olnholkrrg udwlrv dvvrfldwhg zlwk f dqg t zloo qrz eh uhvshfwlyho| ghqrwhg

ufE%c @� '
s@E%c @�

sE%c @�
dqg ut E+c @� '

}@E+c @�

}E+c @�
1 Fohduo|/ wkhvh udwlrv duh wkhpvhoyhv udq0

grp yduldeohv/ dqg wkhlu uhvshfwlyh glvwulexwlrq lv fdoohg d �olnholkrrg udwlr glvwulexwlrq1�

Lw lv zhoo nqrzq wkdw doo olnholkrrg udwlr glvwulexwlrqv kdyh wkh vdph phdq .fduf o '

.t dut o ' f1 Wkh yduldqfh ri/ vd|/ uf lv wkhq jlyhq e| T @oEuf� ' .dEuf�
2o> lw lv riwhq

ghqrwhg Uf dqg fdoohg wkh �Ilvkhu lqirupdwlrq lqgh{� dvvrfldwhg zlwk f�8

Wkh ulvn qhxwudo sulqflsdo urxwlqho| revhuyhv wkh ydoxh ri f1 Edvhg rq wklv/ vkh pd|

hlwkhu frpshqvdwh wkh djhqw lpphgldwho| dffruglqj wr d zdjh vfkhgxoh �Ef�/ ru vkh pd|

dxglw wkh djhqw dw d frqvwdqw frvw g 0 wkhuhe| dovr jdwkhulqj vljqdo t 0 dqg sd| klp

dffruglqj wr d vkdulqj uxoh rEfct �1 Zh vxssrvh wkdw wkh sulqflsdo fdq frpplw wr d

suredelolw| 6E%� ri pdnlqj dq dxglw xsrq revhuylqj f ' %1 Khu h{shfwhg frvw zkhq wkh

djhqw gholyhuv h�ruw @ lv wkhuhiruh jlyhq e|

.� '

]
Kf

]
Kt

iE��6E%���E%� n6E%�rE%c +�j_8 E%c @�_CE+c @� ng

]
Kf

6E%�_8 E%c @�� +4,

Wkh odwwhu lqwhjudo �E@� '
U
Kf

6E%�_8 E%c @� |lhogv wkh �iuhtxhqf|� +ru wkh �lqwhqvlw|�,

8Wkh Ilvkhu lqirupdwlrq lqgh{ lv zhoo0nqrzq wr vwdwlvwlfldqv dqg hfrqrphwulfldqv +vhh Jrxulìurx{ dqg

Prqiruw +4<;<,/ iru h{dpsoh,1 Qrwh wkdw H[ ^+O[,5` @ H[ ^�CO[

Cd
`/ vr wklv lqgh{ surylghv d phdvxuhphqw

ri wkh vhqvlwlylw| ri wkh olnholkrrg udwlr zlwk uhvshfw wr d1 Iru d uhfhqw dffrxqw ri wkh shuydvlyhqhvv dqg

xvhixoqhvv ri wkh Ilvkhu lqirupdwlrq lqgh{ lq sulqflsdo0djhqw dqdo|vlv/ vhh Ghzdwulsrqw hw do1 +4<<<,1
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ri dxglwv xqghu d srolf| 6Ef�/ zkhq wkh djhqw h{shqgv dq h�ruw ohyho @1

Wkh djhqw*v suhihuhqfhv duh dvvxphg wr eh dgglwlyho| vhsdudeoh lq h�ruw dqg zhdowk1

Wkh frvw ri h�ruw lv vfdohg vr wkdw lwv �uvw0rughu ghulydwlyh lv htxdo wr �1 Wkh djhqw*v

dwwlwxgh zlwk uhvshfw wr xqfhuwdlq yduldwlrqv ri klv zhdowk h{klelwv ulvn dyhuvlrq dqg lv

uhsuhvhqwhg e| d srvlwlyh/ vwulfwo| frqfdyh dqg wkuhh0wlphv frqwlqxrxvo| gl�huhqwldeoh Yrq

Qhxpdqq0Prujhqvwhuq xwlolw| lqgh{ �E��1 Wkh djhqw*v h{shfwhg xwlolw| diwhu sxwwlqj dq

h�ruw @ xqghu d frqwudfw d�c rc6o lv wkhq suhflvho|

.L '

]
Kf

]
Kt

iE��6E%���E�E%�� n6E%��ErE%c +��j_8 E%c @�_CE+c @�� @� +5,

Lq wkh xsfrplqj vhfwlrqv/ zh ohw ) ' �3� ghqrwh wkh lqyhuvh ri �E��/ dqg wkh iroorz0

lqj wudqvirupdwlrqv ri wkh djhqw*v xwlolw| lqgh{/ {E�c j� � �E��j � � dqg {WEj� �

�@%�M`i{E�c j�j/ zloo eh txlwh xvhixo1

D udwlrqdo sulqflsdo zloo vhohfw dq dxglwlqj srolf|6Ef� dqg zdjh vfkhgxohv �Ef� dqg

rEfc t � wkdw lpsohphqw d jlyhq h�ruw @ dw d plqlpdo frvw/ surylghg wkh djhqw wkhuhe|

dfklhyhv klv uhvhuydwlrq xwlolw| ohyho L dqg lv dovr zloolqj wr gholyhu wkh h{shfwhg h�ruw

ohyho1 Wklv dprxqwv irupdoo| wr plqlpl}h +4,/ vxemhfw wr sduwlflsdwlrq dqg lqfhqwlyh

frpsdwlelolw| frqvwudlqwv jlyhq uhvshfwlyho| e|

.L '

]
Kf

]
Kt

iE��6��E�� n6�Er�j_8_C� @ � Lc +6,

@ ' @h}4@ 
e

]
Kf

]
Kt

iE��6��E�� n6�Er�j_8 E%c e�_CE+c e�� e� +7,

Wkh odwwhu frqvwudlqw lqyroyhv d frqwlqxxp ri lqhtxdolwlhv dqg lv wkxv qrw jhqhudoo|

wudfwdeoh1 Lq zkdw iroorzv zh uhsodfh lw e| d iulhqgolhu rqh zklfk uhtxluhv wkdw wkh h�ruw
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ohyho @ eh dq lqwhulru vwdwlrqdu| srlqw ri wkh djhqw*v h{shfwhg xwlolw| ixqfwlrq/ wkdw lv=

]
Kf

]
Kt

ds@E%c @�}E+c @� n sE%c @�}@E+c @�oiE��6E%���E�E%� n6E%��ErE%c +��j_%_+ � � � f�

+8,

Zh zdqw wklv vr0fdoohg ��uvw0rughu dssurdfk� wr dozd|v |lhog d vroxwlrq wkdw frqvwlwxwhv

dq lqfhqwlyh frpsdwleoh doorfdwlrq +vr wkdw vroyhv wkh lqlwldo sureohp dv zhoo,1 Lw fdq eh

vkrzq wkdw wklv zloo eh wkh fdvh li wkh iroorzlqj dvvxpswlrqv duh phw1

Prqrwrqh Olnholkrrg Udwlr Surshuw| +POUS,= Iru doo @/ wkh olnholkrrg udwlrv

ufE%c @� '
s@E%c @�

sE%c @�
dqg ut E+c @� '

}@E+c @�

}E+c @�
duh qrqghfuhdvlqj lq % dqg +1

Frqyh{lw| ri wkh Glvwulexwlrq Ixqfwlrq Frqglwlrq +FGIF,= Iru doo %/ +/

dqg @/ 8@@E%� � f dqg C@@E+� � f1

Wkh �uvw dvvxpswlrq lv txlwh frpprq lq vwdwlvwlfv dqg sulqflsdo0djhqw dqdo|vlv1 Lw

lpsolhv +iru xqlyduldwh glvwulexwlrqv rqo|, wkdw 8@E%� � f dqg C@E+� � f iru doo %/ +

dqg @/ vr odujhu uhdol}dwlrqv ri f dqg t pdnh lw pruh olnho| wkdw wkh djhqw*v h�ruw zdv

kljkhu1 Wkh vhfrqg dvvxpswlrq lv riwhq lqyrnhg lq sulqflsdo0djhqw dqdo|vhv wkdw xvh wkh

�uvw0rughu dssurdfk dqg lw fruuhvsrqgv lq wxuq wr vrph +vwrfkdvwlf, ghfuhdvlqj uhwxuqv

wr h�ruw1 Frqglwlrqdo glvwulexwlrqv wkdw vdwlvi| wkrvh wzr dvvxpswlrqv fdq hdvlo| eh

frqvwuxfwhg1 Iru lqvwdqfh/ wdnh d sdlu ri gl�huhqw frqwlqxrxv glvwulexwlrq ixqfwlrqv � E5�

dqg 'E5� zlwk vlplodu vxssruw vxfk wkdw � E5� � 'E5� iru doo 5/ dqg d sdlu ri ixqfwlrqv

k G dfc4� $ dfc �o dqg q G dfc4� $ dfc �o lqfuhdvlqj dqg frqfdyh vxfk wkdw kEf� ' qEf� '

f dqg *�4
@<"

kE@� ' *�4
@<"

qE@� ' �1 Rqh pd| wkhq ohw 8 E%c @� ' kE@�� E%� n E�� kE@��'E%�

dqg CE+c @� ' qE@�� E+� n E�� qE@��'E+�1

;



61 Rswlpdo Dxglwlqj Srolflhv

Ohw \ ghqrwh wkh Odjudqjldq ixqfwlrq dvvrfldwhg zlwk wkh fxuuhqw sulqflsdo0djhqw

sureohp1 Xvlqj wkh qrwdwlrq ri vhfwlrq 5/ zh kdyh wkdw

\ ' �g

]
Kf

6_8 n

]
Kf

E��6�{E�c bn >uf�_8

n

]
Kf

]
Kt

6{Erc b n >Euf n ut ��_8_C� bE@n L�� >c

zkhuh b dqg > duh wkh pxowlsolhuv fruuhvsrqglqj wr wkh sduwlflsdwlrq dqg wkh lqfhqwlyh

frqvwudlqwv uhvshfwlyho|1 Li d�Ef�c rEfc t �c 6Ef�o vroyhv wkh sulqflsdo0djhqw sureohp dqg

frqvwlwxwhv wkhuhe| dq rswlpdo frqwudfw/ wkhq wkh iroorzlqj frqglwlrqv kdyh wr eh vdwlv�hg

iru vrph b � f dqg > � f=

41 li 6E%� 	 �/ wkhq �E%� ' �o}6@%� {E�c bn >ufE%c @��c

51 li 6E%� : f/ wkhq rE%c +� ' �o}6@%� {E�c bn >ufE%c @� n >ut E+c @��c dqg

6E%� ' @h} 4@ 
6Mdfc�o

6i
]
Kt

d�Er�Ebn>ufn>ut ��ro_C�d�E��Ebn>uf���o�gj� +9,

Dqg zkhq wkh ghflvlrq wr dxglw lv udqgrpl}hg/ l1h1 zkhq � : 6E%� : f dw vrph %/ wkh

�uvw dqg vhfrqg frqglwlrqv fdq dovr eh zulwwhq uhvshfwlyho| dv

��E��ibn >ufj ' �c +:,

��Er�ibn >uf n >ut j ' �� +;,

Li 6E%� ' f ru � dw vrph vljqdo %/ krzhyhu/ wkhuh lv d pxowlsolflw| ri rswlpdo frqwudfwv/

vlqfh rE%c t � fdq eh vhw duelwudulo| dw 6E%� ' f dqg dq| �E%� lv dovr d srvvleoh vroxwlrq

<



dw 6E%� ' �1 Lq zkdw iroorzv/ zh vkdoo vxssrvh zlwkrxw orvlqj jhqhudolw| wkdw lq wklv

fdvh rE%c t � dqg �E%� vwloo vdwlvi| frqglwlrqv 4 dqg 5/ dqg vr htxdwlrqv +:, dqg +;,1 Dv d

frqvhtxhqfh/ iru doo %/ 6E%� pd{lpl}hv 6E%� �CEufE%c @�� rq dfc �o/ zkhuh CE�� lv gh�qhg

dv

CE5� � .t d{
WEbn >5 n >ut �o�{WEbn >5��g� +<,

Wrjhwkhu zlwk wkh Prqrwrqh Olnholkrrg Udwlr Surshuw|/ wkh odwwhu wzr htxdwlrqv hqwdlo

wkdw wkh rswlpdo zdjhv �E%� dqg rE%c +� duh qrqghfuhdvlqj lq % dqg +1 Ohw xv qrz wxuq

wr dxglwlqj srolflhv1 Wkh qh{w vwdwhphqw �uvw hvwdeolvkhv wkdw wkh iuhtxhqf| ri dxglwv lv

qdwxudoo| uhodwhg wr wkhlu xqlw frvw g1

Sursrvlwlrq 4= Dq rswlpdo dxglwlqj srolf| lv vxfk wkdw/ iru dq| jlyhq @/ �E@� lv

ghfuhdvlqj zlwk uhvshfw wr g dqg �E@� ' � zkhq g ' f 1

Wkh surri fdq eh irxqg lq wkh Dsshqgl{1 Qrwh wkdw wkh vhfrqg sduw ri wklv sursrvlwlrq

h{whqgv vrphzkdw Kropvwuùp +4<:<,*v fhoheudwhg �vx!flhqw vwdwlvwlf� uhvxow= lw vd|v wkdw

dq| lqirupdwlyh vljqdo derxw wkh djhqw*v h�ruw kdv srvlwlyh ydoxh iru wkh sulqflsdo/ hyhq

zkhq jdwkhulqj vxfk d vljqdo frxog eh d vwudwhjlf ghflvlrq1 Wkh iroorzlqj h{dpsoh qrz

eulqjv xs d vlwxdwlrq zklfk kljkoljkwv ixuwkhu wkh uhodwlrqvkls ehwzhhq dxglw frvw dqg

dxglw lqwhqvlw|1

H{dpsoh= Ohw wkh djhqw*v suhihuhqfhv h{klelw frqvwdqw uhodwlyh ulvn dyhuvlrq +FUUD,

htxdo wr �*2/ vr wkh| fdq eh uhsuhvhqwhg e| d xwlolw| lqgh{ ri wkh irup �E|� ' |�*21 E|

43



htxdwlrqv +:, dqg +;,/ wkh zdjh vfkhgxohv lq wklv fdvh duh jlyhq e|

�Ef� ' E
bn >uf

2
�2 dqg rEfct � ' E

bn >uf n >ut

2
�2�

Pdnlqj vxevwlwxwlrqv lq wkh sduwlflsdwlrq frqvwudlqw +6, dqg wkh lqfhqwlyh frqvwudlqw +8,

wkhq |lhogv wkh iroorzlqj uhodwlrqvklsv=

.L '
b

2
� @ ' L

dqg

.L@ '
>

2
i
]
Kf

Euf�
2_8 n�

]
Kt

Eut �
2_C�j � � '

>

2
iUf n�Ut j � � ' f�

Wkh sulqflsdo*v h{shfwhg frvw fdq wkxv eh zulwwhq dv

.�W ' E
b

2
�2 n E

>

2
�2iUf n�Ut jng� ' E@n L�2 n

�

Uf n�Ut
ng�� +43,

Lw dsshduv wkhuhiruh wkdw wklv frvw ghshqgv h{foxvlyho| rq wkh xqlw frvw ri dq dxglw g dqg

rq wkh lqwhqvlw| �E@� ri wkh fkrvhq dxglwlqj srolf|1 Wkh odwwhu zrxog dfwxdoo| eh vhw vr

wkdw

�E@� ' � zkhq g � Ut
EUf n Ut �2

/

�E@� ' f zkhq g � Ut
EUf�2

/ dqg

�E@� '
�

Ut
iEUt

g
��*2 � Ufj zkhq

Ut
EUf n Ut �2

	 g 	
Ut

EUf�2
1

Revhuyh dovr wkdw wklv srolf| h{klelwv wkh lqwxlwlyh surshuw| wkdw wkh djhqw zrxog eh

dxglwhg ohvv riwhq xqghu d vljqdo f zklfk lv pruh lqirupdwlyh +lq wkh vhqvh ri Ilvkhu,1

Lq wklv h{dpsoh wkh sulqflsdo lv lqgl�huhqw ehwzhhq dxglwlqj srolflhv wkdw zrxog eh

frqwlqjhqw rq wkh revhuyhg ydoxh ri f/ dv orqj dv vxfk srolflhv kdyh wkh vdph lqwhqvlw|1
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Wklv rxwfrph lv reylrxvo| udwkhu shfxoldu1 Lq wkhlu vhplqdo duwlfoh/ iru lqvwdqfh/ Edlpdq

dqg Ghpvnl +4<;4, kdyh lghqwl�hg d vljql�fdqw udqjh ri vlwxdwlrqv zkhuh dq rswlpdo

dxglwlqj srolf| zrxog hlwkhu eh orzhu0wdlohg ru xsshu0wdlohg1 Wkh qh{w sursrvlwlrq lv d

jhqhudol}dwlrq ri wkhlu pdlq wkhruhp1

Sursrvlwlrq 5= Zkhq )���E�� ' fc rswlpdo dxglwlqj lv d pdwwhu ri vhwwlqj wkh ds0

sursuldwh dxglwlqj lqwhqvlw|1 Zkhq )���E�� 	 f +uhvs1 )���E�� : f,/ krzhyhu/ dq rswlpdo

dxglwlqj srolf| suhvfulehv wkdw dxglwv eh dovr wuljjhuhg 0 zlwk suredelolw| htxdo wr 4 0 e| wkh

kljkhu +uhvs1 wkh orzhu, ydoxhv ri f19

Wkh surri lv dovr suhvhqwhg lq wkh Dsshqgl{1 D khxulvwlf ghulydwlrq ri wklv vwdwhphqw

pljkw uxq dv iroorzv1 Iluvw/ gh�qh

�� E%� ' �E�E%��c

��E%� ' .t d�ErE%c t ��o ' �E��E%��c

�ErE%c +�� ' ��E%� n /E%c +� zlwk .t d/E%c t �o ' fc

dqg 4E%� ' .t drE%c t �o� ��E%�c

vr /E%c t � uhsuhvhqwv wkh frqwlqjhqw �orwwhu|� +zlwk sul}hv h{suhvvhg lq wkh xqlwv ri wkh

djhqw*v xwlolw| ixqfwlrq, dvvrfldwhg zlwk dq dxglw wkdw frphv diwhu dq dssudlvdo %/ dqg

��E%�/ 4E%� ghqrwh uhvshfwlyho| wkh �fhuwdlqw| htxlydohqw� dqg wkh �ulvn suhplxp� dvvr0

fldwhg zlwk vxfk d orwwhu|1 D qhz irupxodwlrq ri wkh fxuuhqw rswlpl}dwlrq sureohp lv qrz
9Qrwh wkdw frqwlqjhqw 0 doehlw wzr0wdlohg 0 dxglwv duh dovr rswlpdo zkhq hlwkhu erwk *333+�, � 3 dqg

*333+�, � 3 duh xqwuxh +\rxqj +4<;9, jlyhv vrph h{dpsohv, ru wkh revhuydeohv [ dqg \ duh fruuhodwhg

+Odpehuw +4<;8,,1
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dydlodeoh/ wkdw lv=

.� '

]
Kf

iE��6�)E�� � n6d)E��� n 4oj_8 ng

]
Kf

6_8 +44,

.L '

]
Kf

iE��6��� n6��j_8 � @ � L +45,

.L@ '

]
Kf

iE��6��� n6��j_8@ n
]
Kf

]
Kt

6/_8_C@ � � � f� +46,

Qrwh wkdw wkh ulvn suhplxp 4 fdq lq wxuq eh zulwwhq dv

4E%� ' .t d)E��E%� n /E%c t ��o� )E��E%��� +47,

Uhpdun 4= Wkh sulqflsdo*v sureohp lv wkhuhe| htxlydohqw wr wkdw ri d Yrq0Qhxpdqq0

Prujhqvwhuq ghflvlrq0pdnhu zlwk xwlolw| lqgh{ �)E�� zkr pxvw vhohfw ihdvleoh frqwulex0

wlrqv ��Ef� dqg ��Ef� wrjhwkhu zlwk idlu orwwhulhv ri wkh irup /E%c t � dqg wkhlu frqwlq0

jhqw suredelolwlhv ri rffxuuhqfh 6E%�1

Li )���E�� � f/ wkhq 4 lv lqyduldqw zlwk uhvshfw wr ��1 Lq wklv fdvh wkh ghflvlrq0pdnhu

suhihuv wr vhw ��E%� ' ��E%� zkhqhyhu f 	 6E%� 	 �/ ehfdxvh ) lv d frqyh{ ixqfwlrq1 E|

htxdwlrqv +:, dqg +;,/ pruhryhu/

>ut ' )�E��E%� n /E%c t ��� )�E��E%��c +48,

vr wkh frqwlqjhqw orwwhulhv /E%c t � pxvw eh lghqwlfdo vlqfh )� lv d olqhdu ixqfwlrq1 Wkh

ghflvlrq0pdnhu*v sureohp dprxqwv wkhuhiruh wr plqlpl}h

.� '

]
Kf

)E��E%��_8 n�4ng�
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vxemhfw wr

.L '

]
Kf

��E%�_8 � @ � L

.L@ '

]
Kf

��E%�_8@ n�

]
Kt

/_C@ � � � f�

Fohduo|/ wkh rqo| ihdwxuh ri dxglwv wkdw pdwwhuv khuh lv wkhlu lqwhqvlw| � 1

Qrz/ ohw )��� eh qhjdwlyh +wkh wuhdwphqw ri )��� : f lv v|pphwulf,1: Wklv wlph wkh

ghflvlrq0pdnhu h{klelwv suxghqfh +uhvs lv qrq0suxghqw,1 Zkhq kdylqj wr idfh d phdq0

suhvhuylqj dgglwlrqdo ulvn/ d suxghqw ghflvlrq0pdnhu suhihuv wr vhh lw dwwdfkhg wr wkh ehvw

udwkhu wkdq wkh zruvw rxwfrphv +vhh Hhfnkrxgw hw do1 +4<<8,,1 Dw wkh suhylrxv vroxwlrq

+�� E%� ' ��E%�/ dqg /E%c t � lqyduldqw zlwk uhvshfw wr %,/ vkh zrxog wkxv udwkhu jr iru

6E%� odujhu zkhq % lv kljkhu dqg 6E%� vpdoohu zkhq % lv orzhu1 Wklv vxjjhvwv wkdq dq

rswlpdo dxglw pljkw qrz eh xsshu0wdlohg1

Pruhryhu/ suxghqfh wrjhwkhu zlwk +47, lpsolhv wkdw wkh suhplxp 4 pxvw ghfuhdvh zlwk

�� +vhh Nlpedoo +4<<3,/ dqg Kduwzlfn +4<<<,,/ dqg wkdw

.t d)
�E��E%� n /E%c t ��o� )�E��E%�� 	 f�

Zkhq ehlqj r�huhg d voljkw lqfuhdvh lq ��E%� wkdw nhhsv E��6��� n6�� frqvwdqw wkh

ghflvlrq0pdnhu zrxog wkhuhiruh ghsduw iurp dq| sursrvdo lq zklfk ��E%� � ��E%� dqg

: Wkh vljq ri * lv qhjdwlyh/ srvlwlyh ru }hur zkhq/ iru lqvwdqfh/ wkh djhqw*v xwlolw| ixqfwlrq vkrzv

frqvwdqw uhodwlyh ulvn dyhuvlrq +FUUD, uhvshfwlyho| orzhu wkdq/ juhdwhu wkdq/ ru htxdo +dv lq wkh deryh

h{dpsoh, wr 4@51 Pruh jhqhudoo|/ *333+=, ? +A ru @, 3 li dqg rqo| li S A +? ru @, 6U / zkhuh S @
�x333

x33

lv wkh djhqw*v frh!flhqw ri devroxwh suxghqfh/ dv gh�qhg dqg lqwhusuhwhg lq Nlpedoo +4<<3,/ dqg U @
�x33

x3

wkdw ri devroxwh ulvn dyhuvlrq1
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f 	 6E%� 	 �/ iru wklv dowhuqdwlyh r�hu hqwdlov wkdw

_.�E%� ' E��6�)�E�� �_�� n6d.t d)
�E��E%� n /E%c t ��o_��

' 6i.t d)
�E��E%� n /E%c t ��o� )�E�� �j_�� 	 f�

Wklv vxjjhvwv lq wxuq wkdw rqh vkrxog vhh ��E%� : ��E%� dw wkh rswlpxp/ l1h1 dq dxglw

zrxog dffruglqjo| frqvwlwxwh d fduurw udwkhu wkdq d vwlfn iurp wkh djhqw*v ylhzsrlqw +dqg

frqyhuvho| dxglw zrxog eh shufhlyhg dv d vwlfn zkhq )��� : f,1

Ohw xv qrz frqvlghu wkh lqirupdwlrq v|vwhp jhqhudwhg e| dq dxglwlqj srolf| 6Ef� ri

lqwhqvlw| � 1 Ohw u6 ghqrwh wkh olnholkrrg udwlr dvvrfldwhg zlwk vxfk d srolf|1 Fohduo|/

wkh hyhqw iu6 � ,j lv wkh vdph dv

iufEfc @� � , dqg wkhuh lv qr dxglwj^iufEfc @�nut Etc @� � , dqg dq dxglw rffxuvj 1

Wkh fxpxodwlyh glvwulexwlrq x6E�� ri u6 lv wkhuhiruh jlyhq e|

x6E,� ' �h JKEu6 � ,� '

]
Kf

E��6�BE, � uf�_8 n

]
Kf

]
Kt

6BE, � uf � ut �_8_C / +49,

zkhuh BE5� ' � dv orqj dv 5 � f/ dqg BE5� ' f rwkhuzlvh1 Wkh �uvw dqg vhfrqg prphqwv

ri wklv glvwulexwlrq duh uhvshfwlyho|

.Eu6� ' f dqg T @oEu6� ' UfE@� n�Ut E@� / +4:,

vr wkh yduldqfh ri wkh olnholkrrg udwlr glvwulexwlrq ghshqgv rqo| rq dxglwlqj lqwhqvlw|

dqg wkh Ilvkhu lqirupdwlrq lqglfhv dvvrfldwhg zlwk [ dqg \1 Wklv vxssruwv wkh iroorzlqj

uhpdun1
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Uhpdun 5= Wzr glvwlqfw frqwlqjhqw dxglwlqj srolflhv wkdw kdyh wkh vdph lqwhqvlw|

fdqqrw eh udqnhg dffruglqj wr wkh phdq suhvhuylqj vsuhdg +PSV, uhodwlrq ehwzhhq wkhlu

uhvshfwlyh olnholkrrg glvwulexwlrqv1

Wkh PSV fulwhulrq lv wkxv udwkhu lqh�hfwlyh zkhq rqh ghdov zlwk wkh lqirupdwlrq

v|vwhpv dvvrfldwhg zlwk ydulrxv frqwlqjhqw dxglwlqj srolflhv1 Wkh xsfrplqj vhfwlrq zloo

qrz ghyhors d vxlwdeoh uh�qhphqw ri wklv fulwhulrq1

71 D Jhqhudo Udqnlqj Fulwhulrq

Wkh suhylrxv glvfxvvlrq dqg wkh rxwfrph duulyhg dw lq +4:, vxjjhvw wkdw wkh ghvljq

ri rswlpdo frqwlqjhqw dxglwv pljkw �qdoo| frph wr shuiruplqj vrph phdq dqg yduldqfh0

suhvhuylqj wudqvirupdwlrqv +PYSW, ri olnholkrrg udwlr glvwulexwlrqv1 Dffruglqj wr suhyl0

rxv zrunv rq vxfk pdqlsxodwlrqv ri suredelolw| glvwulexwlrqv +vhh Phqh}hv hw do1 +4<;3,/

iru lqvwdqfh,/ wklv zrxog phdq wkdw lq rughu wr frpsduh wkh rewdlqhg lqirupdwlrq v|vwhpv/

dqg wkhuhe| vxssohphqw wkh PSV fulwhulrq/ rqh vkrxog qrz lqyrnh vwrfkdvwlf grplqdqfh

ri wkh wklug rughu1 Wkh iroorzlqj vxevhfwlrq wkxv uhfdoov eulh | wkh qrwlrqv ri wklug dqg

?|�0rughu vwrfkdvwlf grplqdqfh/ wkhlu uhodwlrqvklsv dqg vrph xvhixo lpsolfdwlrqv1 Vxevhf0

wlrq 715 dqg vhfwlrq 8 zloo qh{w vxevwdqwldwh rxu fxuuhqw lqwxlwlrq1

7141 Vwrfkdvwlf Grplqdqfh Rughulqjv

Ohw f dqg t eh wzr udqgrp yduldeohv; zlwk fruuhvsrqglqj glvwulexwlrqv ixqfwlrqv

8 E%� dqg CE+� dqg ghqvlwlhv sE%� dqg }E+� zklfk duh vwulfwo| srvlwlyh rq wkh lqwhuydo

;Wr dyrlg lqwurgxflqj rwkhuv qrwdwlrqv/ [ dqg \ uhihu lq wklv vhfwlrq wr dq| udqgrp yduldeohv1
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EKc _�1 Wkhvh glvwulexwlrqv duh riwhq frpsduhg dffruglqj wr vrph suredelolw|0zhljkwhg

ixqfwlrq ri ghyldwlrqv ehorz dq duelwudu| wdujhw1 Wklv dssurdfk |lhogv wr wkh iroorzlqj

sduwldo rughulqjv ri suredelolw| glvwulexwlrqv1

Ghilqlwlrq= Zh vd| wkdw f vwrfkdvwlfdoo| grplqdwhv t lq wkh ?|� rughu/ qrwhg

f )? t / li iru doo | 5 dKc _o zh kdyh wkdw
] |

K

E|� 5�?3�isE5�� }E5�j_5 � f/ wkh lqhtxdolw|

ehlqj vwulfw rq d vxevhw ri E@c K� ri srvlwlyh phdvxuh1

Htxlydohqw irupv ri wklv gh�qlwlrq duh riwhq xvhixo1 Lq rughu wr frqflvho| vwdwh rqh

ri wkhp/ ohw xv lqwurgxfh vrph qhz qrwdwlrq1 Iru ~ d udqgrp yduldeoh wdnlqj ydoxhv lq

EKc _� dqg kdylqj d glvwulexwlrq ixqfwlrq M zlwk ghqvlw| �/ ohw xv zulwh MEf�E5� ' �E5�/

ME��E5� ' ME5�/ dqg ME?�E5� '

] 5

K

ME?3��Eo�_o1 Wkh iroorzlqj lghqwlw| fdq qrz eh

ghulyhg +yld vwudljkwiruzdug lqwhjudwlrq e| sduwv,=

|]
K

E|� 5�?3�isE5�� }E5�j_5 ' E?� ��-d8 E?�E|��CE?�E|�o1 +4;,

Lw iroorzv wkdw f )? t li dqg rqo| li 8 E?�E|��CE?�E|� � f/ wkh lqhtxdolw| ehlqj vwulfw rq

d vxevhw ri EKc _� zlwk srvlwlyh phdvxuh1

Lw fdq eh vkrzq wkdw

f )? t lpsolhv wkdw f )?n� t / +4<,

zkhuh wkh frqyhuvh lv reylrxvo| qrw wuxh1 Khqfh/ wklug0rughu vwrfkdvwlf grplqdqfh lq

sduwlfxodu surylghv d �qhu rughulqj wkdq vhfrqg dqg �uvw0rughu vwrfkdvwlf grplqdqfh1

Ixuwkhupruh/ frqvlghu dq lqglylgxdo zlwk Yrq Qhxpdqq0Prujhqvwhuq xwlolw| lqgh{

� G dKc _o $ -1 E| gh�qlwlrq/ vkh suhihuv vwulfwo| d orwwhu| zlwk sul}hv f wr dqrwkhu rqh

4:



zlwk sul}hv jlyhq e| t li
_]
K

�E5�dsE5�� }E5�o_5 : f�

Diwhu lqwhjudwlqj wkh ohiw0kdqg vlgh e| sduwv vxffhvvlyho| wkuhh wlphv/ zh jhw

_]
K

�E%�dsE%�� }E%�o_% ' �
_]
K

��E%�d8 E%��CE%�o_%

' ���E_�d8 E2�E_��CE2�E_�o n

_]
K

�
��

E%�d8 E2�E%��CE2�E%�o_%

' ���E_�d8 E2�E_��CE2�E_�o n �
��

E_�d8 E��E_��CE��E_�o

�
_]
K

�
���

E%�d8 E��E%��CE��E%�o_% 1

Wkh xsfrplqj dvvhuwlrqv zklfk frqfhuq wkh uhodwlrqvkls ehwzhhq vwrfkdvwlf grplqdqfh

dqg ghflvlrq0pdnlqj duh qrz d gluhfw frqvhtxhqfhv ri wkh deryh1<

Uhpdun 6= +l, Li ��E�� : f dqg f )� t / wkhq f lv vwulfwo| suhihuuhg wr t 1 +ll, Li

��E�� : f ru .Ef� ' .Et �/ ���E�� 	 f/ dqg f )2 t / wkhq f lv vwulfwo| suhihuuhg wr t 1 +lll,

Li ���E�� � f/ ����E�� : f/ ��EK�d.Ef��.Et �o � f/ dqg f )� t / wkhq f lv vwulfwo| suhihuuhg

wr t 1

Dv zh lpsolflwo| srlqwhg rxw lq wkh suhylrxv vhfwlrqv/ wkhuh duh dovr vrph lpsruwdqw

olqndjhv ehwzhhq vwrfkdvwlf grplqdqfh dqg wkh qrwlrq ri yduldqfh1 E| gh�qlwlrq/ wkh

gl�huhqfh ehwzhhq wkh yduldqfh ri f dqg wkdw ri t lv jlyhq e|43/

T Ef�� T Et � ' 2d8 E��E_��CE��E_�o n d8 E2�E_��CE2�E_�od8 E2�E_� nCE2�E_�o 1 +53,

<Qrwlfh wkdw H+[, @

] e

d

{i+{,g{ @ e�
] e

d

I +{,g{ @ e� I +5,+e,1
43Wklv h{suhvvlrq frphv vwudljkiruzdugo| iurp wkh gh�qlwlrq ri yduldqfh Y +[, @ H+[5, � +H+[,,5/

dqg wkh idfw wkdw
] g

e

{5i+{, @ g5 � 5gI +5,+g, . 5I +6,+g,=

4;



Rqh fdq qrz gudz wkh iroorzlqj frqfoxvlrqv1

Uhpdun 7= +l, Li f )2 t / wkhq T Ef� 	 T Et �1 +ll, Li f )� t dqg .Ef� � .Et �/

wkhq T Ef� � T Et �1 +lll, Li .Ef� ' .Et �/ T Ef� ' T Et �/ ����E�� : f/ dqg f )� t

+t )� f,/ wkhq f lv vwulfwo| suhihuuhg wr t +t lv vwulfwo| suhihuuhg wr f,1

Ilqdoo|/ dq dsshdolqj fkdudfwhulvwlf ri wkh qrwlrqv ri vhfrqg dqg wklug0rughu vwrfkdvwlf

grplqdqfh lv wkdw wkh| duh �frqvwuxfwlyh� lq wkh vhqvh wkdw/ li wzr glvwulexwlrqv fdq

eh frpsduhg xvlqj wkrvh udqnlqjv/ wkhq rqh fdq eh rewdlqhg iurp wkh rwkhu wkurxjk d

�qlwh qxpehu ri vwudljkwiruzdug pdqlsxodwlrqv lqyroylqj phdq0suhvhuylqj vsuhdgv +l1h1

wudqvihuv ri wkh suredelolw| pdvv iurp wkh fhqwhu wr wkh wdlov zlwkrxw fkdqjlqj wkh phdq,

dqg phdq0suhvhuylqj frqwudfwlrqv +l1h1 wudqvihuv ri wkh suredelolw| pdvv iurp wkh wdlov wr

wkh fhqwhu zlwkrxw fkdqjlqj wkh phdq,1 Rxu odvw uhpdun frqvwlwxwh d irupdo vwdwhphqw

ri wklv sudfwlfdo ihdwxuh1

Uhpdun 8= +l, +Urwkvfklog dqg Vwljolw} +4<:3,, Li .Ef� ' .Et �/ wkhqf )2 t li dqg

rqo| li CE�� fdq eh rewdlqhg iurp 8 E�� yld d phdq0suhvhuylqj vsuhdg +PSV,1 +ll, +Phqh}hv

hw do1 +4<;3,, Li .Ef� ' .Et � dqg T Ef� ' T Et �/ wkhq f )� t li dqg rqo| li CE�� fdq

eh rewdlqhg iurp 8 E�� yld d phdq dqg yduldqfh0suhvhuylqj wudqvirupdwlrq +PYSW,1

Wkh �uvw sduw lv zhoo0nqrzq dqg kdv ehhq zlgho| xvhg wkurxjkrxw wkh hfrqrplfv dqg

ghflvlrq0wkhruhwlf olwhudwxuhv1 Ohvvhu nqrzq dqg dssduhqwo| pxfk ohvv lqwxlwlyh lv wkh

vhfrqg sduw1 Dffruglqj wr Phqh}hv hw do1 +4<;3,/ krzhyhu/ dq PYSW lv dfwxdoo| mxvw d

frpelqdwlrq ri phdq0suhvhuylqj vsuhdgv dqg phdq0suhvhuylqj frqwudfwlrqv1

4<



715 Frpsdulqj Olnholkrrg Udwlr Glvwulexwlrqv

Zlwk wkh suhylrxv edfnjurxqg dqg glvfxvvlrq/ zh duh qrz uhdg| wr vwdwh dqg suryh d

jhqhudo udqnlqj fulwhulrq iru wkh lqirupdwlrq v|vwhpv dulvlqj jhqhudoo| lq sulqflsdo0djhqw

sureohpv1 Wklv fulwhulrq lv dovr edvhg rq olnholkrrg udwlr glvwulexwlrqv1 Wkh PSV fulwhulrq

lv wkhuhdiwhu ghulyhg dv d vshfldo yhuvlrq ri lw1

Sursrvlwlrq 6= Wkh sulqflsdo suhihuv d vljqdo A wr d vljqdo ~ wr lpsohphqw d

jlyhq dfwlrq @ li .A d{
WEbA n >AuA �o � .~ d{

WEbA n >Au~�o/ zkhuh bA dqg >A duh wkh

pxowlsolhuv ri wkh sduwlflsdwlrq dqg wkh lqfhqwlyh frqvwudlqwv zklfk dsshdu lq wkh sulqflsdo0

djhqw sureohp zlwk vljqdo A 1

Surri1 Ohw K� / ME|c @c ��/ �E|c @c ��/ dqg u� ghqrwh wkh vxssruw/ glvwulexwlrq ixqfwlrq/

ghqvlw| ixqfwlrq/ dqg olnholkrrg udwlr dvvrfldwhg zlwk vljqdo � ' Ac ~ 1 Wkh fruuhvsrqglqj

remhfwlyh/ sduwlflsdwlrq frqvwudlqw/ dqg lqfhqwlyh frpsdwlelolw| frqvwudlqw ri wkh sulqflsdo0

djhqw sureohp duh qrz uhvshfwlyho| zulwwhq=

.�� '

]
K�

�E|�_ME|c @c �� +54,

]
K�

�E�E|��_ME|c @c ��� @ � L +55,

]
K�

�E�E|��_M@E|c @c �� � �� +56,

Wkh Odjudqjldq ixqfwlrq dvvrfldwhg zlwk wklv sureohp lv

\� ' �
]
K�

�E|�_ME|c @c ��nb�i
]
K�

�E�E|��_ME|c @c ���@�Ljn>�i
]
K�

�E�E|��_M@E|c @c ����jc
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ru htxlydohqwo|

\� ' .�d{E�c b� n >�u��o� b�E@n L�� >� 1 +57,

Iurp wkh qhfhvvdu| rswlpdolw| frqglwlrqv/ zh nqrz wkdw wkhuh h{lvw vrph qrqqhjdwlyh

pxowlsolhuv b� dqg >� vxfk wkdw wkh zdjh vfkhgxoh ��E�� pd{lpl}hv {E�c b� n >�u�� dqg

wkh iroorzlqj htxdwlrqv duh vdwlv�hg=

b�i
]
K�

�E��E|��_ME|c @c ��� @� Lj ' >�i
]
K�

�E��E|��_ME|c @c ��� �j ' f 1 +58,

Wkh sulqflsdo qrz suhihuv wkh lqirupdwlrq v|vwhp jhqhudwhg e| vljqdo A wr wkh rqh jhq0

hudwhg e| vljqdo ~ li xvlqj wkh iruphu lv fkhdshu/ wkdw lv li .�
W

~ � .�
W

A � f1 Dw dq

rswlpxp/ zh kdyh wkdw

\W� ' .�d{
WEb� n >�u��o� b�E@ n L�� >� � .�d{E��c bn >u��o� bE@n L�� >

iru dq| b � f dqg >/ dqg

\WA � \W~ ' .�
W

~ �.�
W

A 1 +59,

Lw iroorzv wkdw

.�
W

~ � .�
W

A � .A d{
WEbA n >AuA �o�.~ d{E�~ c bA n >Au~�o +5:,

� .A d{
WEbA n >AuA �o�.~ d{

WEbA n >Au~�o 1

Khqfh/ wkh sulqflsdo vhohfwv vljqdo A ryhu vljqdo ~ wr lpsohphqw dq dfwlrq @ zkhqhyhu

.A d{
WEbA n >AuA �o � .~ d{

WEbA n >Au~�o/ dv fodlphg1 +Qrwh wkdw/ lq wklv prgho/ wkh

pxowlsolhu >A lv vwulfwo| srvlwlyh,1
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Wkh iroorzlqj dvvhuwlrq/ zklfk lv d uhvwdwhphqw ri Nlp +4<<8,*v sursrvlwlrq 4/ lv qrz

d gluhfw frqvhtxhqfh ri wkh sursrvlwlrq1

Fruroodu| 4 +PSV fulwhulrq,= Wkh lqirupdwlrq v|vwhp iurp d vljqdo A lv suhihuuhg

e| wkh sulqflsdo wr wkh rqh iurp d vljqdo ~ li wkh olnholkrrg udwlr glvwulexwlrq ri A lv d

phdq0suhvhuylqj vsuhdg ri wkh olnholkrrg udwlr glvwulexwlrq ri ~/ wkdw lv li u~ )2 uA �

SURRI= E| gh�qlwlrq/ {WEj� ' 4@ �M` {E�c j� zkhuh {E�c j� lv d olqhdu ixqfwlrq

ri j� Dv d frqvhtxhqfh/

{WEbjf n E�� b�j�� ' b{E�Ebjf n E�� b�j��c jf� n E�� b�{E�Ebjf n E�� b�j��c j��

� b{WEjf� n E�� b�{WEj�� c

vr {WE�� lv d frqyh{ ixqfwlrq144 Vlqfh

.a d{
WEbA n >Aua�o ' .ua d{

WEbA n >Aua�o/ iru a ' Ac ~/

wkh vwdwhphqw iroorzv iurp Uhpdun 6+ll,1

Xvlqj Uhpdun 6+lll,/ ixuwkhupruh/ dq dgglwlrqdo udqnlqj fulwhulrq lv qrz dovr dydlodeoh/

zklfk lv edvhg rq vwrfkdvwlf grplqdqfh ri wkh wklug rughu1

Fruroodu| 5= Ohw {W��� � E��f1 Wkh lqirupdwlrq v|vwhp iurp A grplqdwhv iurp

wkh sulqflsdo*v ylhzsrlqw wkdw iurp d vljqdo ~ zkhq uA )� u~ Eu~ )� uA �1

Lq sudfwlfh/ wkh vljq ri wkh wklug ghulydwlyh {WE�� frxog eh lqihuuhg iurp wkh vljq ri wkh

wklug ghulydwlyh ri )E��1 E| wkh hqyhorsh wkhruhp {W�Ej� ' �E�Ej��/ zkhuh �Ej� vdwlv�hv

44Wkh uhdghu pljkw kdyh qrwlfhg wkdw �� lv dfwxdoo| wkh pdwkhpdwlfdo frqmxjdwh ri *1 Dqg wkh

frqmxjdwh ixqfwlrq ri d frqyh{ ixqfwlrq lv lwvhoi frqyh{ +Urfndihoodu +4<:3,,1
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��E��j ' � ru htxlydohqwo| )�E�E��� ' j1 Wklv hqwdlov wkdw {W�Ej� ' )�3�Ej�/ dqg vr

)���E�� : f +, {W���

E�� 	 f 1 +5;,

Wkh odwwhu eulqjv Fruroodu| 5 forvhu wr Sursrvlwlrq 5 ri wkh suhfhglqj vhfwlrq/ zklfk shu0

wdlqv wr rswlpdo dxglwlqj srolflhv1 Wkh dfwxdo olqndjh zloo eh vshoohg rxw lq wkh xsfrplqj

vhfwlrq1

81 Frpsdulqj dxglw0jhqhudwhg lqirupdwlrq v|vwhpv

Lq rughu wr xvh rxu jhqhudo udqnlqj fulwhulrq/ zh qhhg d vwdwhphqw wkdw suhflvho| uhodwhv

wkh ghvljq ri dxglwlqj srolflhv wr vrph vwrfkdvwlf rughulqj ri wkh lpsolhg lqirupdwlrq

v|vwhpv1 Wklv lv wkh sxusrvh ri rxu odvw sursrvlwlrq/ zklfk surri fdq eh irxqg lq wkh

Dsshqgl{1

Sursrvlwlrq 7= Ohw 6Ef� dqg e6Ef� eh vrph dxglwlqj srolflhv zlwk wkh vdph lqwhq0

vlw|1 Li iru dq| % 5 Kf zh kdyh wkdw
] %

U?sf

6_8 �
] %

U?sf

e6_8 0 wkh lqhtxdolw| ehlqj

vwulfw iru d vhw ri srvlwlyh phdvxuh/ wkhq ue6 )� u
61

Wkdqnv wr wklv uhvxow/ lw lv qrz srvvleoh wr frpsduh dqg udqn dq| wzr frqwlqjhqw

dxglwlqj srolflhv wkdw kdyh wkh vdph iuhtxhqf|= ue6 )� u
6 li wkh dxglwlqj srolf| lqgxfhg

e| e6 frqwurov pruh lqwhqvlyho| wkdq 6 wkh kljk ydoxhv ri vljqdo [1 Wklv qhz fulwhulrq

lv reylrxvo| qrw frpsohwh/ exw lq rxu frqwh{w lw lv yhu| xvhixo/ iru wzr uhdvrqv1 Iluvw/ ohw

6LA Ef�/ 6uA Ef�/ dqg 6Ef� uhsuhvhqw uhvshfwlyho| dq xsshu0wdlohg/ d orzhu0wdlohg/ dqg

d udqgrp dxglwlqj srolf|1 Wkh sursrvlwlrq vd|v wkdw

u6LA )� u
6 )� u

6uA 1 +5<,
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Dffruglqj wr Fruroodu| 5/ wkh sulqflsdo wkhuhiruh suhihuv 6LA zkhq )��� 	 f dqg 6uA

zkhq )��� : f/ zklfk lv frqvlvwhqw zlwk Uhpdun 7+lll, dqg fruurerudwhv Sursrvlwlrq 51

Ixuwkhupruh/ vwduwlqj iurp d jlyhq dxglwlqj srolf|/ wkh sulqflsdo fdq hqkdqfh wkh

h!flhqf| ri khu lqirupdwlrq v|vwhp e| dxglwlqj pruh lqwhqvlyho| wkh kljkhvw +uhvs1 wkh

orzhvw, ydoxhv ri vljqdo [ dqg ohvv lqwhqvlyho| wkh orzhvw +uhvs1 wkh kljkhvw, rqhv zkhq

)��� 	 f +uhvs1 )��� : f,1

Wklv uhvxow �qdoo| klqwv dw d surfhgxuh iru vhwwlqj xs dq rswlpdo dxglwlqj srolf| +jlyhq/

ri frxuvh/ vrph dxglwlqj whfkqrorj|,1

� Iluvw/ ghwhuplqh wkh dssursuldwh iuhtxhqf| ri dxglwv1 Wklv zrxog lqyroyh vwdqgdug

frqvlghudwlrqv ri ulvn vkdulqj dqg lqfhqwlyhv/ wdnlqj lqwr dffrxqw wkh xqvxqn frvw ri

dxglwlqj1

� Vhfrqgo|/ ghwhuplqh zkdw lqvwdqfhv ri wkh vljqdo f zrxog wuljjhu dq dxglw1 Wkh

djhqw*v suxghqfh +ru wkh zd| klv ulvn dwwlwxgh fkdqjhv zkhq klv zhdowk ydulhv, zrxog qrz

eh uhohydqw/ dqg yld wkh frqvwuxfwlrq srlqwhg rxw lq Uhpdun 8+ll, wkh sulqflsdo pljkw wkhq

frqvlghu pdnlqj wkh djhqw*v frpshqvdwlrq pruh vhqvlwlyh wr wkh revhuydeohv zkhq wkhvh

duh kljkhu ru orzhu1

91 Frqfoxvlrq

Wkh olwhudwxuh rq prudo kd}dug kdv vr idu h{foxvlyho| hpskdvl}hg wkh wudghr� ehwzhhq

lqfhqwlyhv dqg lqvxudqfh1 Wkh deryh dqdo|vlv lqglfdwhv/ krzhyhu/ wkdw wkh ghvljq ri rs0

wlpdo dxglwlqj srolflhv pxvw dovr wdnh lqwr dffrxqw wkh djhqw*v suxghqfh/ iru lw dprxqwv
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�qdoo| wr h{dplqh phdq dqg yduldqfh0suhvhuylqj wudqvirupdwlrqv ri jlyhq lqirupdwlrq

v|vwhpv1

Wklv jhqhudo lqvljkw frxog eh xvhixo lq ydulrxv frqwh{w1 Lq pxowl0wdvnlqj/ iru lqvwdqfh

+surylghg wkh fxuuhqw rqh0glphqvlrqdo dqdo|vlv fdq eh h{whqghg wr wklv frqwh{w,/ vxeplw0

wlqj kdug0wr0dssudlvh dfwlylwlhv wr dxglwv wuljjhuhg e| wkh revhuydwlrq ri kljk shuirupdqfh

rq wkh pruh vwdljkwiruzdug rqhv pljkw doohyldwh lqfhqwlyh sureohpv +Vlqfodlu0Ghvjdjqì

+4<<<,,1 Suxghqfh dqg PYSW vkrxog dovr sod| d uroh lq vhwwlqj rswlpdo frqwudfwv zlwklq

uhshdwhg sulqflsdo0djhqw uhodwlrqvklsv +Urjhuvrq +4<;8,, ru lq djhqflhv vxeplwwhg wr edfn0

jurxqg ulvn +Jroolhu dqg Sudww +4<<8,,1

Xqlyhuvlwì gh Urxhq dqg FUHVW0OHL/ 5; Uxh ghv Vdlqwv0Sëuhv/ :833: Sdulv/ Iudqfh1

FLUDQR dqg Lqvwlwxw g*Ìfrqrplh Dssoltxìh/ KHF Prqwuìdo/ Fdqdgd K6W 5D:1

Dsshqgl{

Surri ri sursrvlwlrq 4= Iru wkh vdnh ri wklv surri/ ohw xv dexvh qrwdwlrq dqg

ghqrwh uhvshfwlyho| .A Eg� dqg �Eg� wkh h{shfwhg rswlpdo wudqvihu dqg wkh lqwhqvlw|

ri dq rswlpdo dxglwlqj srolf| dw d jlyhq h�ruw ohyho @/ zkhq wkh xqlw frvw ri dq dxglw lv

g1 Dw gl�huhqw frvw ohyhov g dqg g �/ wkh sulqflsdo*v remhfwlyh ixqfwlrq zrxog eh vxfk

wkdw .A Eg� n�Eg�g � .A Eg �� n�Eg�g �1 Vlploduo|/ uhyhuvlqj wkh uhvshfwlyh urohv

ri g e| g � dovr jlyhv .A Eg �� n�Eg ��g � � .A Eg� n�Eg ��g1 Wkh vxp ri wkhvh wzr

lqhtxdolwlhv |lhogv Eg�g ��d�Eg���Eg ��o � f� Dffruglqjo|/ wkh lqwhqvlw| ri dq rswlpdo

dxglw pxvw ghfuhdvh zlwk g1
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Wr suryh wkh vhfrqg sduw ri wkh sursrvlwlrq/ revhuyh wkdw dffruglqj wr +<, wkh whup

zlwklq eudfnhwv lq +9, lv suhflvho|

.t d{
WEbn >uf n >ut �o�{WEbn >uf��g�

Vr zh kdyh wkdw

.t d{
WEbn >uf n >ut �o � .t d{E�E%�c bn >uf n >ut �o ' {WEbn >uf�

+wkh lqhtxdolw| ehlqj vwulfw dw dq lqwhulru vroxwlrq,/ dqg wkh eudfnhwhg whup lq +9, lv dozd|v

qrqqhjdwlyh zkhq g ' f1

Surri ri sursrvlwlrq 5= Ohw ��E%� ' �E�E%�� dqg ��E%c +� ' �ErE%c +��1 Iluvw/

htxdwlrqv +:, dqg +;, ehfrph uhvshfwlyho|

)�E�� E%�� ' bn >ufE%c @� dqg )�E��E%c +�� ' bn >ufE%c @� n >ut E+c @�c

zklfk lpsolhv wkdw

.t d)
�E��E%c t ��o ' bn >ufE%c @� ' )�E�� E%��� +63,

Rq wkh rwkhu kdqg/ dsso|lqj wkh Hqyhorsh Wkhruhp jlyhv {W�Ej� ' �E�Ej�� zkhq �Ej� '

�o}4@ �{E�c j�( dqg lw iroorzv wkdw wkh ixqfwlrq CE�� gh�qhg lq +9, kdv d �uvw0rughu

ghulydwlyh dw ufE%c @� zklfk lv jlyhq e|

C�EufE%c @�� ' .t d��E%c t �o� ��E%�� +64,

Wkh frpelqdwlrq ri +63, dqg +64, doorzv xv qrz wr frqfoxgh wkdw=
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� Zkhq )���E�� : f vr )� lv frqyh{/ zh kdyh wkdw )�E�� E%�� ' .t d)
�E��E%c t ��o :

)�E.t Ed��E%c t �o�1 Frqvhtxhqwo|/ �� E%� : .t d��E%c t �o dqgCE�� lv d ghfuhdvlqj ixqfwlrq/

vr wkh rswlpdo dxglwlqj srolf| pxvw eh orzhu0wdlohg1

� Zkhq )���E�� 	 f vr )� lv frqfdyh/ frqyhuvho|/ )�E��E%�� ' .t d)
�E��E%c t ��o 	

)�E.t d��E%c t �o�1 Lq wklv fdvh ��E%� 	 .t d��E%c t �o dqg CE5� lqfuhdvhv zlwk 5/ vr wkh

rswlpdo dxglwlqj srolf| lv xsshu0wdlohg1

� Zkhq )���E�� ' f vr )� lv d olqhdu ixqfwlrq/ �qdoo|/ wkhq )�E��E%�� ' .t d)
�E��E%c t ��o '

)�E.t d��E%c t �o�� Lq wklv fdvh/ ��E%� ' .t d��E%c t �o dqg wkh djhqw lv lqgl�huhqw ehwzhhq

ehlqj dxglwhg ru qrw/ vr wkh sulqflsdo zloo vhohfw dq| dxglwlqj srolf| wkdw kdv wkh dssur0

suldwh lqwhqvlw|1

Surri ri sursrvlwlrq 7= Iluvw qrwh wkdw zh fdq xvh wkh ixqfwlrq BE�� wr h{suhvv

iulhqgo| wkh frqglwlrq derxw wklug rughu vwrfkdvwlf grplqdqfh iru d udqgrp yduldeoh ~ ri

zklfk fxpxodwlyh ixqfwlrq dqg vxssruw duh ghqrwhg e| M dqg K ' EKc _�=

ME2�E|� '

|]
K

ME5�_5 '

]
K

ME5�BE|� 5�_5

ME��Ev� '

v]
K

ME2�E|�_| '

]
K

ME2�E|�BEv � |�_| '

]
K

]
K

ME5�BE|� 5�BEv � |�_5_|

Dsso|lqj Ixelql*v wkhruhp dqg xvlqj d olwwoh dojheud wkhq |lhogv

ME��Ev� '

]
Ku

ME5�i
]
Ku

BE|� 5�BEv � |�_|j_5 '
]
Ku

ME5��@%Ev � 5c f�_5�

Pruhryhu/ ghqrwh dv Ku ' dU?sE
s@
s

n
}@
}
�c 7�RE

s@
s

n
}@
}
�o wkh frpprq vxssruw ri wkh

glvwulexwlrqv x6 dqg x
e6 fruuhvsrqglqj wr wkh olnholkrrg udwlrv u6 dqg ue61E| gh�qlwlrq/
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ue6 )� u
6 phdqv wkdw

lEv� '

]
Ku

dx6E5�� x
e6E5�o�@%Ev � 5c f�_5 � f

iru dq| v 5 K/ wkh lqhtxdolw| ehlqj vwulfw rq d vxevhw ri Ku zlwk srvlwlyh phdvxuh1

Phdqzkloh/ wkh h{suhvvlrq iru x6E5� jlyhq e| +49, jlyhv=

x6E5�� x
e6E5� '

]
Kf

Ee6�6�BE5 � uf�_8 �
]
Kf

]
Kt

Ee6�6�BE5 � uf � ut �_8_C�

Vr zh kdyh wkdw

lEv� ' � �( / zkhuh

� '

]
Ku

]
Kf

�@%Ev � 5c f�Ee6�6�BE5 � uf�_5_8 dqg

( '

]
Ku

]
Kf

]
Kt

�@%Ev � 5c f�Ee6�6�BE5 � uf � ut �_5_8_C 1

Lqyrnlqj Ixelql*v wkhruhp djdlq/ wkh odwwhu fdq eh zulwwhq dv

� '

]
Kf

Ee6�6�i
]
Ku

�@%Ev � 5c f�BE5 � uf�_5j_8

( '

]
Kf

]
Kt

Ee6�6�i
]
Ku

�@%Ev � 5c f�BE5 � uf � ut �_5j_8_C�

Dqg vlqfh
]

5D}
�

�@%Ev � 5c f�_5 ' E�*2�E�@%Ev � }
�
c f�2/ lEv� lv �qdoo| zulwwhq dv

lEv� ' E�*2�i
]
Kf

Ee6�6�d�@%Ev � uf c f�o
2_8

�
]
Kf

]
Kt

Ee6�6�d�@%Ev � uf � ut c f�o
2_8_Cj

' E�*2�

]
Kf

E6� e6�[Ev � uf�_8 / +65,

5;



zkhuh wkh ixqfwlrq [E�� lv gh�qhg dv

[E|� ' .t d�@%E|� ut c f�
2o��@%E|c f�2� +66,

Qrwh wkdw [E�� lv d gl�huhqwldeoh ixqfwlrq ehfdxvh wkh ghulydwlyh ri �@%E�c f�2 h{lvwv dqg

lv htxdo wr 2�@%E�c f�1 Wkhuhiruh/

[�E|� ' 2.t d�@%E|� ut c f�o� 2�@%E|c f� � fc

zklfk hqwdlov wkdw [E�� lv vwulfwo| lqfuhdvlqj rq oU?s
}@
}
c 7�R

}@
}
d dqg lv frqvwdqw hovhzkhuh1

Lq sduwlfxodu/ [�Ef� : f�

Wkh uljkw0kdqg ri +65, fdq qrz eh lqwhjudwhg e| sduwv/ zklfk |lhogv

lEv� '

]
Kf

i
%]

U?sf

E6E5�� e6E5��_8 E5c @�j[�Ev � uf�E
Yuf

Y%
�_% 1 +67,

Zh frqfoxgh wkdw= +l, li
] %

U?sf

6E5�_8 E5c @� �
] %

U?sf

e6E5�_8 E5c @� iru dq| %/ wkhq

lEv� � f / dqg +ll, li
] %

U?sf

6E5�_8 E5c @� :

] %

U?sf

e6E5�_8 E5c @� rq vrph lqwhuydo dSc _o/

wkhq ohwwlqj v ' ufE_c @� zh jhw

lEv� �
_]
S

i
%]

U?sf

E6E5�� e6E5��_8 E5c @�j[�EufE_c @�� ufE%c @��E
Yuf

Y%
�_% : f

lq d qhljkerxukrrg ri ufE_c @�� Lq erwk fdvhv/ li
] %

U?sf

6E5�_8 E5c @� �
] %

U?sf

e6E5�_8 E5c @�

zlwk vwulfw lqhtxdolw| rq d vxevhw ri srvlwlyh phdvxuh/ wkhq lEv� � f/ dv fodlphg1

Uhihuhqfhv
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Edlpdq/ V1/ dqg M1 Ghpvnl +4<;3,= �Hfrqrplfdoo| Rswlpdo Shuirupdqfh Hydoxd0

wlrq dqg Frqwuro V|vwhpv/� Mrxuqdo ri Dffrxqwlqj Uhvhdufk/ 4;/ 4;705531

Ednhu/ J1 S1 +4<<5,= �Lqfhqwlyh Frqwudfwv dqg Shuirupdqfh Phdvxuhphqw/� Mrxuqdo

ri Srolwlfdo Hfrqrp|/ 433/ 8<;09471

Ghprxjlq/ G1/ dqg F1 Ioxhw +5333,= �Udqnlqj ri lqirupdwlrq v|vwhpv lq djhqf|

prghov= dq lqwhjudo frqglwlrq/� Hfrqrplf Wkhru|/ 48/

Ghzdwulsrqw/ P1/ L1 Mhzlww/ dqg M1 Wluroh +4<<<,= �Wkh Hfrqrplfv ri Fduhhu

Frqfhuqv/ Sduw L= Frpsdulqj Lqirupdwlrq Vwuxfwxuhv/� Uhylhz ri Hfrqrplf Vwxglhv/ 99/

4;604<;1

G|h/ U1 D1 +4<;9,= �Rswlpdo prqlwrulqj Srolflhv lq Djhqflhv/� Wkh Udqg Mrxuqdo ri

Hfrqrplfv/ 4:/ 66<06831

Hhfnkrxgw/ O1/ F1 Jroolhu/ dqg W1 Vfkqhlghu +4<<8,= �Ulvn0Dyhuvlrq/ Sux0

ghqfh dqg Whpshudqfh= D Xql�hg Dssurdfk/� Hfrqrplfv Ohwwhuv/ 7</ 66406691

Jmhvgdo/ I1 +4<;5,= �Lqirupdwlrq dqg Lqfhqwlyhv= Wkh Djhqf| Lqirupdwlrq Sure0

ohp/� Uhylhz ri Hfrqrplf Vwxglhv/ 7</ 6:606<31

Jroolhu/ F1/ dqg M1 Z1 Sudww +4<<8,= �Ulvn Yxoqhudelolw| dqg wkh Whpshulqj

H�hfw ri Edfnjurxqg Ulvn/� Hfrqrphwulfd/ 443<044561

Jrxulìurx{/ F1/ dqg D1 Prqiruw +4<;<,= Vwdwlvwltxhv hw Prgëohv Ìfrqrpìwultxhv1

Sdulv= Ìglwlrqv Ìfrqrplfd1

Jurvvpdq/ V/ dqg R1 Kduw +4<;6,= �Dq Dqdo|vlv ri wkh Sulqflsdo0Djhqw Sureohp/�

Hfrqrphwulfd/ 84/ :0781
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Kduwzlfn/ M1 P1 +4<<<,= �Lqvxulqj dqg ����E+�/� Hfrqrplf Ohwwhuv/ 98/ 53805451

Kropvwurp/ E1+4<:<,= �Prudo Kd}dug dqg Revhuydelolw|/� Ehoo Mrxuqdo ri Hfr0

qrplfv/ 43/ :70<41

Mhzlww/ L1 +4<;;,= �Mxvwli|lqj wkh Iluvw0rughu Dssurdfk wr Sulqflsdo0Djhqw Sure0

ohpv/�Hfrqrphwulfd/ 89/ 44::044<31

Mhzlww/ L1 +4<<:,= �Lqirupdwlrq dqg Sulqflsdo0Djhqw Sureohpv/� Plphr/ Xqlyhuvlw|

ri Eulvwro1

Nlp/ V1 N1 +4<<8,= �H!flhqf| ri dq Lqirupdwlrq V|vwhp lq dq Djhqf| Prgho/�

Hfrqrphwulfd/ 96/ ;<04351

Nlpedoo/ P1 V1 +4<<3,= �Suhfdxwlrqdu| Vdylqj lq wkh Vpdoo dqg lq wkh Odujh/�

Hfrqrphwulfd/ 8;/ 860:61

Odpehuw/ U1 D1 +4<;8,= �Yduldqfh Lqyhvwljdwlrq lq Djhqf| Vhwwlqjv/� Mrxuqdo ri

Dffrxqwlqj Uhvhdufk/ 56/ 966097:1

Phqh}hv/ F1/ F1 Jhlvv/ dqg M1 Wuhvvohu +4<;3,= �Lqfuhdvlqj Grzqvlgh Ulvn/�

Dphulfdq Hfrqrplf Uhylhz/ :3/ <540<651

Urwkvfklog/ P1 dqg M1 Vwljolw} +4<:3,= �Lqfuhdvlqj Ulvn= L1 D Gh�qlwlrq/� Mrxu0

qdo ri Hfrqrplf Wkhru|/ 5/ 55805761

Urfndihoodu/ U1 W1 +4<:3,= Frqyh{ Dqdo|vlv1 Sulqfhwrq/ Qhz Mhuvh|= Sulqfhwrq

Xqlyhuvlw| Suhvv1

Urjhuvrq/ Z1 +4<;8,= �Uhshdwhg Prudo Kd}dug/� Hfrqrphwulfd/ 86/ 9<0:91

Vlqfodlu0Ghvjdjqì E1 +4<<<,= �Krz wr Uhvwruh Kljkhu0Srzhuhg Lqfhqwlyhv lq Pxo0
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wlwdvn Djhqflhv/� Mrxuqdo ri Odz/ Hfrqrplfv dqg Rujdql}dwlrq/ 48/ 74;07661

Vlqfodlu0Ghvjdjqì E1 +4<<7,= �Wkh Iluvw0Rughu Dssurdfk wrPxowl0Vljqdo Sulqflsdo0

Djhqw Sureohpv/� Hfrqrphwulfd/ 95/ 78<07981

\rxqj/ U1 D1 +4<;9,= �D Qrwh rq �Hfrqrplfdoo| Rswlpdo Shuirupdqfh Hydoxd0

wlrq dqg Frqwuro V|vwhpv�= Wkh Rswlpdolw| ri Wzr0Wdlohg Lqyhvwljdwlrqv/� Mrxuqdo ri

Dffrxqwlqj Uhvhdufk/ 57/ 56405731
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