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Perturbation approach applied to the asymptotic study of random
operators.

ANDRE MAS? Lupovic MENNETEAUT

Résumé : Nous montrons que, pour les principaux types de theoremes limites
(loi des grands nombres, théoreme central limite, principe de grandes déviations et
loi du logarithme itéré), des résultats asymptotiques pour des opérateurs aléatoires
auto-adjoints conduisent a des résultats du méme type concernant leurs valeurs pro-
pres et les projecteurs qui y sont associés. Quelques applications statistiques sont
mentionnées.

Abstract : We prove that, for the main kind of limit theorems (law of large num-
bers, central limit theorem, large deviation principle, law of the iterated logarithm)
asymptotic results for self-adjoint random operators yield equivalent results for their
eigenvalues and associated projectors. Statistical applications are mentioned.
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1 Introduction and statement of the mains re-
sults

Let H be a separable Hilbert Space (with norm ||-|| and scalar product < .,. >).
Denote by £ (H) the separable Banach space of bounded linear operators from
H to H endowed with the norm

Il 2 € L(H) = sup [lz(h)]],
Ill<t

and define the subspace of £ of Hilbert-Schmidt operators,

S={seL(H):) lls(e)l’ <oop,

peEN

where (e,) oy is any complete orthonormal system in H. It is well known (see
[5]) that if we define the scalar product

(5,005 = D (s (ep) 1 (ep)) (1)

pEN

S becomes a separable Hilbert space.

Let C be a self-adjoint bounded operator and consider a sequence (C,) of
random self-adjoint elements of £ (H) defined on a common probability space
(Q,A,P).

Since C' (resp. C}) is bounded and self-adjoint, its eigen-values (Ay),~, (resp.
(M,n)p>,) are uniformly bounded real numbers. Without loss of generality,
we assume that (Ag);~, and (Arn),, are non-increasing sequences. For every
k > 1, we denote by my, (resp. my ) the multiplicity degree of A, (resp. Ag..)
and by IIj (resp. IIi ) the associated projector of A, (resp. Ag.n)-

In the following, (Ch),,~; will be considered as a sequence of estimators of C' and
our aim is to study how several limit theorems caracterizing the convergence of
C,, to C can be used to infer informations about the convergence of (A p)
to A\x and of (Ily,n),~, to .

Many papers deal with this topic since applications are possible in the area of
principal component or canonical analysis for random vectors or functions. In
particular, when C'is the covariance operator of a process, the estimation of the
empirical eigen-elements of C' is of great interest since it is connected with data
analysis of the observed process (see [12]). The sequence C), is consequently of-
ten the empirical covariance operator of a sample for which several dependence
assumptions have been considered. For instance, in their pioneering work [3],
the authors studied almost sure convergence and central limit theorem in the
case where C), is the empirical covariance operator of a sample of i.i.d. ran-
dom functions (C), then becomes a sum of i.i.d. random operators). In [2], the
hilbertian autoregressive context is investigated by martingale techniques, still
for almost sure convergence and central limit theorem. These results are gen-
eralised in [9] to linear hilbertian processes. In a second time, all these authors

n>1



obtained almost sure and weak convergence theorems for the eigen-elements of
C. In [10] and in [11] moderate deviations principles and compact laws of the
iterated logarithm for hilbertian autoregressive processes are considered. The
main goal of this paper is to provide some general results focussing on the trans-
fert procedure beetween limit theorems caracterising the convergence of C), to
C and the same kind of limit theorems for their eigen-elements. We refer to [13]
for some interesting results in the finite dimensional case (matrices instead of
operators) in the context of the central limit theorem. Note anyway that the
methods of the proof do not rely on an improved version of the ”delta-method”
since we do not use Taylor expansions. The only background needed is very
basic facts in perturbation theory (see [8] or the first chapter of [6]).

The different kind of limit theorems considered are listed below.

Definition 1 Let (E,||-||;) be a Banach space with Borel o-algebra B (E) and
consider a sequence of E-valued random variable (Wy,),,~, defined on a common
probability space (Q, A, P). B

i) (Wh),>, converges almost surely to 0 in (E,||||;) whenever

IWhllg = 0 as.

ii) (W), converges in law in (E,||-||5) to the limit law G whenever for every

AeB(E),
limsupP (W, € A) <G (Z) ,

n—oo

were G is a probability measure on B (E) (here and after, (resp. A) denotes the
closure (resp. interior) of A in E).

iii) (Wy),,>, follows the large deviation principle in (E, ||-|| ;) with rate function
J and speed vy, | 0 whenever for every A € B(E),

—inf{J(x):xeﬁ} < liminf v, logP (W, € A)

< limsupuv,logP (W, € A) < —inf {J(z) : z € 4},

n—0o0

where J : E — [0, +00] is such that for all « >0, {J < a} is compact in E.

i) (Wy),,>, s almost surely relatively compact in (E, ||-|| ) with limit set K C E
whenever
a) K is compact

b)

limsup inf ||[W,, — z||. = 0 a.s.
n—>oopw€K|| n ”E

¢) For all z € K,

lirrln_jgof W, — || = 0 as.



The next lemma contains some well known facts :

Lemma 2 Let (E,||-||p) and (F,||-||r) be two Banach spaces and let ¢ : E — F
be a continuous function. The following hold :

i) If (W,,),,>, converges almost surely to 0 in (E,||-||5) then (¢ (Wy)),~, con-
verges almost surely to 0 in (F,||-|| ) -

i) If (Wy,),,», converges in law in (E,|||| ;) to the limit law G, then (¢ (Why)),,>,
converges in law in (F,||-||z) to the limit law G o ™.

i) If (W), follows the large deviation principle in (E, ||-|| ;) with speed v, | 0
and rate function J, then (¢ (W,)),~, follows the large deviation principle in
(F, || ) with speed vy, and rate function

I:ye Finf{J(z):p(z) =y}

w) If (W,),>, is almost surely relatively compact in (E,||-||5) with limit set
K C E, then (¢ (Wy)),,>, is almost surely relatively compact in (F,||-||z) with
limit set o (K). a

Denote by S}, the bounded linear operator from H to H defined in the basis
of eigenvectors of C' by :

Sk = Z (Ax — /\p)71 I, (2)

pFk
we set
Y8 €S — Spslly +IsSy € S, (3)
and
pr:s €S (Ily,s)g €R (4)

Note for further references that ¢, and pj are continuous and linear. Here are
our main results.

Theorem 3 If (C, — C),,~, converges almost surely to 0 in S, then, for all k,
i) My, — i), converges almost surely to 0 in S.
i) (MpnAkn —;nk)\k)n>1 converges almost surely to 0 in R.

Theorem 4 If for some b, 1 00, (b, (C, — C)),~, converge in law in S to the
limit Ge, then, for all k, B
i) (b (Mg, — 11)),,», converges in law in S to the limit

G, : A€ B(S)— Ge (go,;l (A)) .
i) (bn (Mpk, Ak n — mk)\k))n21 converges in law in R to the limit

Gy, : B€ B(R) = Ge (p, ' (B)) .



Theorem 5 If, for some b, T 0o, (b, (C, — C)),,~, follows the large deviation
principle in S with speed (vy,) and rate function Jo, then, for all k,

i) (bn (g, — M), follows the large deviation principle in S with rate func-
tion B

Ja, st € S inf {Jeo (s) 1, (s) =1t}

i) (bp (M, Ak,n — MrAr)),s, follows the large deviation principle in R with
rate function B

Iy, ta € R inf {Jo (s) 1 pi (s) = a}.

Theorem 6 If, for some b, T 00, (b, (Cp, — C)),,>, is almost surely compact in
S with limit set K¢ then, for oll k, B
i) (b (ILg,, — IIy)),,~, is almost surely relatively compact in S with limit set

K, = ¢y, (KC) :

i) (bn (Me,nAkn — MiAr)),,s, 05 almost surely relatively compact in R with limit
set B

Ky, =i (Kc).

2 Proofs

In the next lemmas we give some results related to perturbation theory for linear
operators useful for our needs.

Definition 7 Let A be a self-adjoint element of L (H), X be an isolated point
of the spectrum of A we call T' an admissible contour for X and A whenever I'
is a contour around \ which contains no other eigenvalues of A.

Lemma 8 i) Let A be a self-adjoint element of L (H) and \ be an isolated
point of the spectrum of A then for every T', admissible contour for A and A,
the mapping

M= L (zldy — A) " dz (5)

o 24w r H ’

where i2 = —1, is the orthogonal projection onto ker (A — Xldr) .
ii) Let A be a self-adjoint element of L (H) and let z € C such that A is not an
eigenvalue of A, then

H(zIdH A7t HL < sup {|z — A" : X eigenvalue of A} . (6)

Proof. i) See e.g. Proposition 6.3 of [7].
ii) See e.g. Theorem 5.8 of [7]. m



Lemma 9 Let A be a self-adjoint element of L(H) with (real) eigenvalues
(Ik)>1 of respective multiplicity degrees (dy),~, and associated projectors (Py);~ -
Then, for all k > 1, - -

(Pr,A)g = dilg.

Proof. For all k > 1, let 3, be an orthonormal basis of the eigen-subspace
associated with [, and let 5 be any orthonormal basis of H such that 5, C 3.
Note that 3, has dj elements. Hence, by (1),

(P, A)s = Z(Pk(e)aA(e)>

e€f

== Z <€,lk6> = dklk.

eEBy,

Set

5k = inf |>\k — )\p| = min (/\k — )\k+1, )\k,1 — )\k) .
pFk

Let Ty, be the oriented circle with center A, and radius p;, = d5/2. Note that
I’y is an admissible contour for A and C.
Moreover, define the event

Ok = {lICy = Clls < dx/4}. (7)
Since

sup [Ap.n — Ap| < [|Cn = Clls (8)
peEN

(see e.g. [6] p.99), we can prove :

Lemma 10 i) For all w € Oy, pn, T'y is an admissible contour for A, (w) and

Z}z (w).
sup {H(zIdH - cn)—luﬁ} 1o, <46, 9)
iii)
sup {H(zIdH - 0)—1H£} <25, (10)
Proof. i) Set w € Oy . By (7) and (8),
[Akn (W) = Akl < 0k /4 < py (11)



and
inf Ay, (W) — A > inf (A, — A\ —sup [\ (W) — A
pk|p,() k|_pk|p k|p2|p,() p|

> 0 — 619/4

= 30,/4 > py. (12)
Hence, the result holds by (11) and (12).
ii) Set w € O, . By (6),

ngllti {H(zIdH - Cy (w))leE} < sup {|z — X W) ':peNze Fk} . (13)

Moreover, for all z € Ty,

|2 =M (W) 2 |2 = M| = [A = Akn ()]
> pr—O0k/4=10k/4,
and
Il)gf]; |2 = Apin (W) = Il)ggc [(Ap = Ak) + (A = 2) + (Apn (W) = Ap)|
> inf | Ay — M| — | Ak — 2| —sup | Ap,n (w) — Ap|
p#k p#£k
> Ok —pp — O0/4=0r/4
Therefore,

inf inf [z — A > 6;./4
Jdnf Inf |2 = Xpn (W) 2 0k /4,

which, combined with (13), give the result.
iii) Note that, for all z € Ty,

|>\k —Z| = 5k/2,
and

inf |\, —z| > inf [\, — Mg — |\ — 2
ity =2 2 inf Py Ml e 2]

\Y

Sk — 01/2 = 01 /2.

Therefore, using (6), we get,

ap {fiaas -0

z€Ty

IN

sup{|z—/\p|71 peNze Fk}

IN

267"

]
Now, we can state the main tools used in the proof of our theorems.



Proposition 11 For all k,
i) There ezists a S-valued random variable Ry, n, such that, for every n > 1,

Wi — i = ¢4 (Cn = C) + Ripn, (14)
and
1R,nlls 1o, <8532 (1Cn = Cl5 - (15)
ii) There ezists a real valued random variable 1, such that, for every n > 1,
M Akn — MiAe = Pr (Cn — C) + i, (16)
and, for some T >0 and v, > 0,
Irknl 10w, < TaCn = Clls + 74 [ICn = Clis - (17)

Proof. i) Set w € O,,. Since, by the first part of Lemma 10, I'y, is an
admissible contour for Ay and C), (w) (and also for C'), (6) implies that

My () — T, = % [ (@ - Cuw) - el - 0) Mz (1)

For convenience, set

a=z2Idyg — C, (w) and b= zIdyg — C.

Note that
al=bt = atb-a)b?
= b'b-a)b '+ (@' =b")(b-a)b!
= blthb-a)bt+bt(b—a)at(b—a)bt (19)

Therefore, if we set

1

Ui = +o / (2Tdy — €)1 (C = C) (21dy — C) ™ (C = C) (21dpg — C) " 2,
Iy

we get, by (18) and (19),

M, (w) — I 1 (/F (zIdg — C) " (C, (w) = C) (zIdy — C) ! dz> + Upn (W)

= 2in
Now, in [3] p.145, it is shown that

1 _ -
cpk:seSHT</ (zIdH—C)ls(ZIdH—C) 1dz>.
Iy

1T



Hence, if we define

Rin = Uk + (W — g — 0, (Cn = €)) 1o,

(14) holds. Moreover, following [3] p.142 (lines 2 and 3), we obtain, using (9)
and (10), that

1Uk.nlls

< pg sup

2€T

(H(zIdH — )N (Cp = C) (21dgg — C) " (Cr — C) (21dgr — C)_IHS) 1o,

< % pen -t s { i1t - 0[] an - e Jo,

< 88, %(|Ch - Cll.

ii) Observe that, by lemma 9,

Furthermore,

Mp Ak — ME Ak

(Og,ny Cn)g — (Mg, C s

(Og, Cr — C) g + (Mg — g, Cr) g

(Mg, Cp = C) g + Mgy — My, O) g + (Mg — Mg, Cr, — C) g

P (Cn — C) + (¢, (Cn — C) ,C) g (20)
+ (Riomy C g + (I — I, G — O g -

let (ep),s, be an orthonormal basis of H such that ey is an eigen-

vector of C' associated with A;. Then, by (1), (3) and (2), for all s € S,

(00 (5),0)s

= Z (Sksllk (ep) , C (ep)) + Z (IS (ep) , C (ep))

= ulSuntea) ) + 3 T (M ) )

- 0 (21)

Hence, if we combine (20) and (21), we get

where

satisfies

I7knl 1oy,

M Akn — MiAe = P (Cn — C) + i,

Tkn = <Rk7n: C)s + <Hk,n — I, Cp — C>S

A

ICls IRk nls 104, + 1Cn = Cls M — ellg 1o,
(822 1C1s + lleilleqs) ) ICn = Cl% + 86,2 1ICn = O,

IN



where ||-[|;(s) is the usual norm on the space £ (S) of bounded linear S-valued
operators. m

Remark 12 [t is clear that the proof of (14) may be easily adapted when the
norm ||-||g is replaced by the weaker norm ||-||.. Hence, if C,, converges to C
only in L, all the conclusions of theorems 3, 4, 5§ and 6 remains valid with the
norm |||, for the projectors I , —IIj,. On the opposite, this is not the case for
the eigen-values since the proof of (16) depends strongly of the Hilbert-Schmidt
norm via Lemma 9.

Remark 13 Note also that (14) and (16) may be used to get informations on
the global behaviour of the random variables

{Mgp — g : k> 1} and {mgpAin — meA; 1 k> 1}.
In particular,

max [T}, — IIi||g and max |mg Ak, — meAel,
k<kn k<kn

can be studied, where (ky) is a well-chosen sequence increasing to oo (see Chap-
ter 4 of Bosq [2] for related applications). This will be done elsewhere.

Using Lemma 11, the proofs of our theorems are now simple exercises.
Proof of Theorem 3 :
i) The law of large numbers for (C,, — C'), the continuity of ¢, and (15) give,

limsup ||y, (Cpp = C) + Rinlo,., ”s =0 a.s.
n—o0
Hence, by (14), we just need to show that

lim sup HR’“’”IOE H =0 a.s.,
s

n—0o0

which is obvious since for all

wE {limsup ICn —Cllg = 0}

n—o0

and all large n,
log, (W) = HYionr-cigzaa} = O (22)
ii) The law of large numbers for (C,, — C), the continuity of p;, and (17) give,

lim sup |pk (Cn—C)+ Tk,nlok,n| =0a.s.

n—0o0



Hence, by (14), we just need to show that

lim sup |rg,n1lo¢ ‘ =0 a.s.
n—00 o

which is clear using (22). m
Proof of Theorem 4 :
i) The linearity of ¢, and (14) entail
bn (Hk,n — Hk) =y, [bn (Cn — C)] + b, R . (23)

Therefore, by Lemma 2 and Theorem 4.1 of Bilingsley [1], we just have to show
that, for all > 0,

nll)Héo]P (bn ||Rk:7n||§ > 77) = 0.
To this aim, observe that, for all « > 0, (15) leads to, for n large enough,

P (bn “Rk,n“g > 77)

52
< P(bnncn—cn?g ) 4 p(05,)
2 1/2
< P(bn||0n—0||52<n5§b> )m(z) G~ Clls = %)
< 2P (ba]|Cn—Clls > a). (24)

Hence, using the convergence in law of b, (C,, — C) we get
limsupP (b, ||Rinllg >n) < 2limsuplimsupP (b, |C, — Cllg > @)
n—oo a—>00 n—oo
< 2limsupGe ({s € S:||sl|lg > a})
a— 00

= 0.

ii) The linearity of py and (16) give

bn (mkm)\k,n — mk)\k) = Pk [bn (Cn - C)] + bnrkm. (25)

Therefore, by Lemma 2 and Theorem 4.1 of Billingsley [1], we just have to show
that, for all n > 0,

lim P (by, |re,n| >n) =0.
n— 00
But, for all & > 0, (15) entails, for all large n,

P (by |7k,n| > 1)

< B(B1C = Cllg > i 5ba)
+P (63 1Cn — CI% > v,:l"ff) +P(0f,)
< 3P (bnl|Cp—Cllg > a). (26)

10



Hence,
lim supP (by, [rk,n| > 1) < 3limsuplimsupP (b, [|C, — Cllg > @)
n—oo a—00 n—oo

= 0.

]
Proof of Theorem 5 :

i) By (23), Lemma 2 and Theorem 4.2.13 of Dembo and Zeitouni [4], we just
have to show that, for all n > 0,

lim sup vy, 10g P (by, [| Rinllg > 1) = —oo.
n—o0

But, (24) and the large deviation principle of b, (C), — C) give

lim sup v, log P (bn |1 Rknllg > 77)
n—00

< limsup limsup v, logP (b, ||C,, — C||g > a)
a— 00 n—0o0

< limsup —inf {J¢ (s) : [|s]|g > a} = —o0.
a— 00

ii) Using (25), Lemma 2 and Theorem 4.2.13 of Dembo and Zeitouni [4], we
just have to show that, for all n > 0,

lim sup vy, log P (by, |7k, | > 1) = —00.

n—o0

But, (26) and the large deviation principle of b, (C), — C) give

lim sup vy, log P (by, [re.n| > 1)

n—o0

< limsup limsup v, logP (b, ||C,, — C||g > a)
a— 00 n—0o0

< limsup —inf {Je (s) : ||s|lg > a} = —oo.
a—r00

]
Proof of Theorem 6 :
i) By (23) and Lemma 2, it is enough to show that

limsup by, ||Re,n|lg = 0 a.s.
n— o0

Now, since (b, (Cp, — C)) is almost surely relatively compact
limsupb, ||Cr —C|lg = sup{||s||g:s€ K} as.

n—o0

< o0 as. (27)

11



Hence,

limsup [|C, — Cl|lg =0 a.s. (28)
n—o0

and

limsup by, ||Cp, — C||% = 0 a.s. (29)
n—oo

using (15) and (22), we get
limsupby, [|Renlls < 86 *limsupb, ||Cy, — Cl%
n—oo n—oo

+lim sup by, [| Ryl s 1oy

n—oo
= Oa.s.

ii) By (25) and Lemma 2, we just have to show that

lim sup by, |rk,n| = 0 a.s.
n—oo

But (17) and (27), we get

limsup by, |ri,,| < 7¢limsupb, ||C, — C“Z‘ + v, limsup by, [|C, — C||?g
n— 00

n—0o0 n— o0

+limsup by, [| Renlls 1o

n—odo
= Oa.s.

References

[1] P. Billingsley, ” Convergence of Probability measures”, Wiley, 1968.

[2] D. Bosq, ”Linear processes in function spaces”, Lecture Notes, Springer-
Verlag, 2000.

[3] J. Dauxois, A. Pousse and Y. Romain, Asymptotic theory for the principal
component analysis of a vector random function : some applications to
statistical inference. J. Multivar. Anal. 12 (1982) 136-154.

[4] A. Dembo and O. Zeitouni, ”Large Deviations Techniques and Applica-
tions”, Jones and Bartlett, Boston and London, 1993.

[5] N. Dunford and J.T. Schwartz, ”Linear Operators” Vol II, Wiley Classics
Library, 1988.

[6] I. Gohberg, S. Goldberg and M.A. Kaashoek, ” Classes of Linear Operators”
Vol 1. Operator Theory : Advances and Applications Vol 49. Birkhaiiser
Verlag, 1990.

12



[7]

P.D. Hislop, I.M. Sigal, ”Introduction to Spectral Theory”, Applied Math-
ematical Sciences, 113, Springer, 1996.

T. Kato, ” Perturbation theory for linear operators”, Grundlehren der math-
ematischen Wissenschaften. 132, Springer-Verlag, 1976.

A. Mas, Weak convergence for covariance operators of a linear Hilbertian
process, to appear in Stochastic Processes and their Applications, 2001.

A. Mas, L. Menneteau, Large and moderate deviations for infinite dimen-
sional autoregressive processes, submitted.

L. Menneteau, Some laws of the iterated logarithm in hilbertian autore-
gressive models, submitted.

J.0. Ramsay and B.W. Silverman, ”Functional data analysis”, Springer
Series in Statistics, Springer-Verlag, 1997.

F.H. Ruymgaart and S. Yang, Some applications of Watson’s perturbation
appraoch to random matrices. J. Multivar. Anal. 60 (1997), 48-60.

13



