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Abstract

We propose a new method of effective dimension reduction for a multi-index model
which is based on iterative improvement of the family of average derivative estimates.
The procedure is computationally straightforward and does not require any prior in-
formation about the structure of the underlying model. We show that in the case
when the effective dimension m of the index space does not exceed 3, this space can
be estimated with the rate n~'/2 under rather mild assumptions on the model.

Résumé

Nous proposons une nouvelle méthode d’estimation de la dimension effective d’un
modele de régression a directions révélatrices, basée sur une amélioration itérative
d’un estimateur de la dérivée moyenne. La procédure est simple & implémenter et ne
nécessite aucune information a priori sur la structure du modele. Nous montrons que
dans le cas ou la dimension effective m de ’espace des directions révélatrices n’est pas
supérieure & 3, cet espace peut étre estimé & la vitesse n~1/2 sous des conditions trés
générales sur le modele.

Keywords: dimension-reduction, multi-index model, index space, average derivative
estimation, structural adaptation.
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1 Introduction

Suppose that the observations (Yj, X;), ¢ = 1,...,n, are generated by the regression
model
Yi=f(Xi) +ei (1)

where Y; is a scalar response variables, X; € [—1,1]d are d-dimensional explanatory
variables, ¢; are random errors and f(-) is an unknown d-dimensional function f :
R - R.

We assume that f(z) has the specific structure:

f(z) = go(Tz). (2)

Here go(-) is an unknown m -dimensional link function and 7T is a linear orthogonal
mapping from the high-dimensional space IR? onto the space IR™ with an essentially
smaller dimension m , satisfying the condition TT'T = I,,, where T stands for the
transpose of T'. In the statistical literature relations as in (1) and (2) are referred to as
multi-index regression models. Model (2) is a rather general expression of the hypothesis
that all the information about f(z) is “concentrated” in a low-dimensional projection
Tz . If we adopt such a model, our intention can be both to find the effective dimension
m and to describe the index space T = ImT' which is also referred to as the effective
dimension space or the space of effective dimension reduction in Li (1991, 1992, 2000)
and Cook (1998). In the present paper we propose an algorithm to estimate the index
space when the effective dimension m is known a priori. Some extensions are discussed in
Section 6.

Note first that the representation (2) is not unique. For instance, if O,, is an orthog-
onal transform in IR™ , then the function f can be rewritten in the form f(z) = g1(Tix)
with g1(2) = go(Omz) and Ty = O} T. Nevertheless, the index space T is defined
uniquely by (2) and it contains very important information about the model. As soon as
the operator 7" which maps IR? onto IR™ is fixed, the link function gy can be estimated
in a nonparametric way.

Various methods for dimension reduction have been proposed in the literature. Clas-
sical theory of principal component analysis considers mostly the case of multiple linear
regression. Brillinger (1983) extended the method to the so called “generalized linear
model” with normally distributed regressors. The underlying idea is to make some data
transformation and then to proceed as if the model were linear. Under a similar as-
sumption on the distribution of regressors, Li (1991) offered the so called “sliced inverse
regression” approach. A modification of this method (principal Hessian directions) is ex-
plored in Li (1992) and Cook (1998). Samarov (1993) discussed an approach relying on
average derivative estimation of some linear functionals of the gradient of the regression
function f. However, the conditions for this method to work appear to be quite restric-
tive in application to real data. The main problem here is that, for large d, the data
in the high dimensional space IR? is very sparse (the so called “curse of dimensionality”
problem).

Our approach can be seen as an iterative improvement of the average derivative estima-
tor and can be used under weak assumptions on the model. The proposed procedure can
be regarded as an extension of the method developed in Hristache, Juditsky and Spokoiny
(2001) for the single-index model to the multi-index situation. In the sequel the latter
paper is referred to as HJSO1.

The paper is organized as follows: in the next section we discuss the heuristics behind
the proposed approach. Then in Section 3 the estimation procedure is presented. The



performance of the method is tested for some simulated datasets in Section 4. The theoretic
properties of procedure are discussed in Section 5. In particular, it is shown that the
procedure leads to root-n consistent estimation of the index space if m < 3. Section 6
shortly summarizes main results and discusses possible extensions and open problems.
Finally, the proofs are collected in the appendix.

2 Basic ideas

Since the gradient F(X;) = Vf(X;) of the regression function f at every point X;
belongs to the index space Z, it seems quite natural to apply the principal component
analysis for estimating this space: one can compute the matrix M* = Y"1 | F(X;)FT(X;)
and then use the eigenvalue decomposition of M*, M* = O;AOd. Here O, is an or-
thonormal matrix and A is a diagonal matrix with decreasing eigenvalues. These matrices
deliver a valuable important information about model (2): the first m columns of Oy (i.e.
the first m eigenvectors of M™* ) provide an orthonormal basis of the index space Z; the
corresponding eigenvalues show how fast the function f varies in each direction. In par-
ticular, the first eigenvector of M* is the direction in which f varies most (cf. Samarov
(1993)). This leads to the natural idea, to first estimate M* from the data Yi,...,Y),
and then to recover the index space Z using this estimate. Note that the matrix M*
is a quadratic functional of the gradient of the regression function f. There exists some
literature on estimation of such functionals in the framework of nonparametric regression.
Various estimation algorithms and results on their optimality can be found in Ibragimov,
Nemirovskii and Khasmiskii (1986), Donoho and Nussbaum (1990), Fan (1991). The esti-
mators in Samarov (1993) and Doksum and Samarov (1995) are based on kernel estimators
of the regression function f, Huang and Fan (1998) applied the local polynomial fit, the
procedure from Ibragimov, Nemirovskii and Khasmiskii (1986) is based on the Fourier
expansion of the gradient F' of the function f. Let us see how this latter idea applies to
our problem.

Suppose that we are given a collection {1,, £ =1,...,L} of functions v, : R% — IR
which satisfy

> o (Xi)pp (X;) = Spe
=1

where dp =1 and dyp =0 for £ # ¢ . Now, let 3},
Br =Y F(Xi)p(Xi), (3)
i=1

be the /-th Fourier coefficient of F with respect to the basis system {1,}. Note that
each d-vector (; is a linear functional of the gradient and hence belongs to Z. Thus if
the dimension of the space spanned by f7,..., ] equals m, this set of vectors completely
characterizes the index space Z, and one can identify the space Z by looking for the first
m principal components of the set 5,...,08; .

In order to estimate M™, one can first construct an estimate /ﬁ\[ of each Fourier
coefficient 3, e.g.

By = Zﬁ(Xz')W(Xz‘) (4)
i=1



on the basis of a pilot estimate F of the gradient, and then compose the estimate
L
~ ~ ~T
M= BBy
=1

of M*. Note that in order to ensure M\L to be a consistent estimate of the matrix //\\/l*
the number L of basis functions 1, should be taken growing with n. Otherwise M,
estimates the matrix M7 with

L
Mi =" BB
(=1
On the other hand, recall that it is the index space Z we are interested in, and not the
estimation of M*. Tt would be sufficient for our purposes to point out a fixed (possibly
small) number of “test functions” 1, such that rank(M7 ) = m and the value | M*—M7||
(that is, the maximal eigenvalue of M* — M} ) is not too large. The choice of a proper
set of test functions ¢,, £ =1,...,L is discussed in more details in Section 3.4.

2.1 Equivalent representation

As we have already noticed, the model representation (2) is not unique. It is more conve-
nient for our purposes to work with another one, which is distinctly defined by the set of
test functions v¢,, £=1,...,L and the regression function f.

Let us denote B* the d x L matrix with the columns 3;, ¢ =1,...,L, where the
vectors (; are as in (3). Obviously, each vector 3; belongs to Z and hence rank(B*) <
m . We additionally suppose that rank(B*) = m which means that this matrix completely
describes the index space 7.

Let A1 > A9 > ... > )y be the ordered set of eigenvalues of the symmetric dxd-matrix

¥ = B*(B*)T. Since rank(M3%) = m, only the first m of them are positive and the

remaining are equal to zero. Without loss of generality we assume that all eigenvalues are
different, i.e. Ay > Ao > ... > A, which ensures that the corresponding eigenvectors of
unit length eq,..., e, are uniquely defined (up to a sign). These vectors belong to the
index space Z and can be used as a natural basis in it. We also denote 0, = \/Xkek,
k=1,...,m. Since A\y =0 for k£ > m, it also holds 8; =0 for those k.

We now represent the model (1), (2) in the form

f(z)=g(0],....007) (5)
where the new link function ¢ is uniquely defined as soon as the vectors 0q,...,0,, are
fixed. Usually a similar representation with vectors ey = 0y /|0x| in place of 6} is used:

f(@) = g1 (elz, . eme). (6)

However, the value )\, characterizes a variability of the function f in the direction ey .
Thus the function g; in (6) inherits the inhomogeneity of f in different directions. The
benefit of using (5) is that the corresponding link function ¢ is homogeneous w.r.t. its
variables.

Let R* be a m xd-matrix such that its transpose (R*)" = (61,...,6,,) has vectors
01,...,0, as columns. Then (5) can be rewritten as f(z) = g(R*z). The matrix R*
maps IRY onto IR™ and determines the required effective dimension space. In what
follows we refer to R* as the effective dimension reduction matriz, or simply the e.d.r.

The following well known matrix result offers an explicit representation of the matrix
R* via the orthogonal decomposition of the symmetric L x L-matrix (B8*)'B*.



Lemma 2.1 Let (B*)"B* = OALOT be the orthogonal decomposition of (B*)TB* where
O is an orthogonal LxL -matriz and Ay is a diagonal matriz with non-increasing eigen-
values N| > Xy > ... > X . Let also Oy, be the block of the first m columns of O. Then

=X for k<d and
R* = (B*Op) . (7)

Due to this lemma, the model (5) can be now rewritten in the form
f(z) = g(R*z) = g ((B*Om) ) (8)

which is used in the sequel.

2.2 Gradient estimation

Next we discuss the problem of estimating each linear functional /; using a nonparametric
estimate F' of the gradient F, see (4). A standard way to estimate both f(X;) and F(X;)
is to apply the local linear least squares approach:

F&x) ST T val? e (X = Xl
(13()(2,))—0;1;?;;2;;[% c—b' (X Xz)] K( s ) (9)

where a kernel K(-) is positive and supported on [0, 1], so that the weights of all points X ;
outside a spherical neighborhood Up(X;) of diameter h around X; vanish. The solution
to this quadratic optimization problem can be represented as

(20) =150 G ) w () S () w ()

j=1

where X;; = X; — X;. As many other nonparametric estimates, the estimate (9) suffers
from the data sparseness for large d. This phenomenon is often referred to as curse
of dimensionality. Indeed, one has to select the bandwidth A in a way to provide at
least d+ 1 design points in every (or almost every) spherical neighborhood Up(X;). For
the case of a random design with a positive density, this implies that a bandwidth h of
order n~1/% or even larger should be taken. For large d this leads to a very poor rate
n~/% in estimation of F, and the same applies to the estimation of the vectors B; (see
Proposition 5.1 below).

At the same time, suppose for a moment that we know the mapping T : IR — R™.
Then we could use this information for estimating the m -dimensional link function g
and its gradient Vgo. This also provides an estimate of the gradient F(z) = T Vgo(Tx)
of much better accuracy, which corresponds to an m -dimensional nonparametric problem
on the “true” index space, instead of the original d-dimensional nonparametric estimate
F(z). More specifically, a function f(z) of the form (8) remains constant when z varies
in any direction orthogonal to the m -dimensional subspace Z. The above considerations
leads to another estimate:

(g,:((?z))) = arginf Z[ Yi—c—b' Xj—XZ-)]ZKCT(th;Xi)P)

c€IR, bEIRY 7

- 120 () (55

j=1
n
1 T X35
XJZIYJ <Xz'j> K( h?

-1




The latter estimate of F'(X;) is based on averaging over a narrow cylinder {z : |T(z —
X;)| < h}, centered at X;, which spans Z'. This allows to use an essentially smaller
bandwidth A and still have enough design points in every such neighborhood. On the
other hand, the smaller bandwidth would decrease drastically the bias of estimation. Un-
fortunately this “ideal” estimate cannot be implemented in practice since it requires the
explicit knowledge of the target index space Z. A natural idea is to substitute the map-
ping T by its pilot estimate. This leads to the following structural adaptation approach.
We proceed iteratively starting with the estimates /ﬁ\l =3, ﬁ(Xi)¢l(Xi) ,¢=1,...,L
based on the fully nonparametric gradient estimate F with some h = hi, see (9). Al-
though this estimate is very rough, it contains some information about the structure of
the model function f and, in particular, about the mapping T': all vectors Be up to the
estimation error, belong to the index space Z. This information can be used for produc-
ing another, more careful estimate of the gradient function and hence, of the vectors 37 .
More precisely, let gl be the matrix composed from the vectors /ﬁ\e, £=1,...,L. We
define the gradient estimate ﬁQ(XZ) at X; by a local linear fit using the elliptic neigh-
borhood {z : |S2(z — X;)| < ho}, with Sy = (I+,02_2[3\15’~1'—)1/2 for some p, < 1 and
hg > hy (instead of the spherical windows {z : |z — X;| < hi}). In other words, we shrink
the original windows in all the directions 3, (since p, < 1) and stretch them in all the
orthogonal directions (since ho > hy):
(X, a 2 So(X; — X;)2
( 1%(())2)) ) =  arginf Z [Y] —c— bT(X]- _ Xz)} K <M)

c€IR, beIR? j—=1 h2

B R
>K

Jj=1
& 1
X E Y,
’ < Xij

i=1

This leads to the estimates BZ,Z =15, ﬁQ(XZ')’(/J[(XZ‘) of ; producing the matrix B;.
We continue this way each time compressing the averaging windows in the direction of the
current estimate Ek and expanding them in orthogonal directions.

The results presented below show that this procedure allows to estimate the index
space Z at the rate n~'/2 provided that m < 4.

3 Estimation procedure

We now present the description of the method. The whole estimation procedure is carried
out in two basic steps : estimation of the vectors 7 and estimation of the e.d.r. matrix
R*. Below we discuss each step separately.

3.1 Estimation of ;s

The procedure involves input parameters h; < hpax and p.;, < pq, so that p decreases
geometrically from p; to p.,;, by the factor a, <1 and h increases geometrically from
h1 to hpmax by the factor a; > 1 during iterations. The choice of these parameters as well
as the set of basis functions {v,} will be discussed in the next section. The algorithm
reads as follows :



1 Initialization: specify parameters p;, Pmin, @p, P1, hmax, ap and the set of
functions {¢,}; set k=1, By =0;

N 1/2
2 Compute Sy = (I—i—p;ZBk_ﬂ%;r,l) ;

3 For every i=1,...,n, compute ﬁk(XZ) from the expression:

(Rl ) oo (s, ) (55)

T 2
where X;; = X; — X; and Vj(X;) =7 1(;3_ ) ( Xi) K<7|Skh2j| ):
7 7 k

4 Compute the vectors ﬁké = %EZ le( i) Y(X;), £=1,...,L and compose the
matrix Bk with columns ﬁk 1,...,ﬁk’L,

5 Set hgy1 = aphg, prr1 = appr- If ppiy > P, then set £ = k + 1 and
continue with Step 2; otherwise terminate.

By k(n) we denote the total number of iterations. The estimates ,/B\k(n),g from the last
iteration are used as the final estimates of /.

3.2 Modified estimator

In the above algorithm, at each step, we use a linear combination of the estimated gradient
vectors ﬁ(XZ) as the estimate of the vector B;. To guarantee some useful properties of
this procedure, the estimates F (X;) should be well defined, which in turn requires some
local regularity of the design in the corresponding neighborhood of the point Xj; see
Assumption 5 in Section 5. If such a condition is not satisfied even at a few points, then
the corresponding gradient estimates would have a very large standard deviation which
may deteriorate the quality of the index estimates BZ. We can avoid this problem by
weighting each summand in the expression for ,/B\k,g with some coefficients which express
the degree of local regularity of the design.
Define w as the square root of the minimal eigenvalue of the matrix V with

g #(1)(1) e

where ¢ is random and uniformly distributed over the ball B; = {z € R¢ : |z| < 1}:
w2 :)\min(V) ;set k=1, gg =0.

Let also C,, be a positive number. The steps 2-4 of the above algorithm are modified
as follows :

2’ Compute M) = gk,ll/')’;r - If ||M\k|| > 1, then normalize it by its maximal
eigenvalue : My = My/|My|. Set S = (I—i—pk Mk>1/2.
3’ For every i=1,...,n, compute the matrix Vi(X;) with
e () (uL) sl
( Isz’j,k) j=1 ok ok ,

i],




where Wi = h,;lSk(Xj — X;) and define w; as the square root of the
minimal eigenvalue of Vi(X;) : w? = Amin (9/9(XZ)> If the condition

n"Hwy + ...+ wy,) > CuW

is fulfilled then compute

otherwise increase h; by the factor aj, that is, hi:=aphg. If hg >
hmaxs then terminate, otherwise repeat this step.

4’ For every ¢=1,...,L, compute the vector [,

n -1 n
Biop = (Z wz‘) N F(X3) o(Xi) wi
=1 =1

with the previously obtained w;’s. Compose the matrix gk with columns
Bk,é’ gzl,,L

3.3 Computing the effective dimension reduction matrix

Let B be an estimate of the matrix B* obtained by the previously described iterative
procedure. We will see (Theorem 5.3) that this matrix estimates the target matrix B*
with a reasonable accuracy, but it is typically of the rank d and hence, it does not provide
any dimension reduction. We estimate the effective dimension reduction matrix R* using
the singular value decomposition of B in place of B*, cf. (7). Namely, the product BB ,
being symmetric and non-negative, can be represented in the form/\l’)’ﬁ— B = OAOT with
the orthogonal Lx L -matrix 9) and the diagonal matrix A= diag{A1,..., Az} with non-
increasing eigenvalues A1 > ... > A\ > 0 (the squared singular values of g) The estimate
Ry of the true e.d.r. matrix R* from (7) is defined by

o \T
R = (Bom) (10)
where 6m is the submatrix of O composed of its first m columns.

3.4 Choice of parameters of the algorithm

It is obvious that the quality of estimation by the proposed method strongly depends on the
rule for changing the parameters h and p, and, in particular, on their values at the initial
and final iteration. Some related discussion about this choice can be found in HJSO01. The
general approach is to provide that at every iteration k there exist enough design points
in every or almost every local ellipsoidal neighborhoods Ej(X;) = {z : |Sp(z—X;)| < hi} .

Note also that assuming the structure of the matrix gk_lg;—_l to follow the structure
of the target matrix M*, neighborhood Fj(X;) is stretched at each iteration step by
factor ap in all directions and is shrunk by factor a, in directions of the m -dimensional
index space Z. Therefore, the Lebesgue measure of every such neighborhood is changed
each time by the factor agaZ‘. This leads to the constraint agaZ‘ > 1, cf. Assumption 4



in Section 5 below. Under the assumption of a random design with a positive density, this
would result in an increase of the mean number of design points inside each Ej(X;).

The main constraint on the set {1,} is that the matrix B* is of the same rank as T
and that the function g from the equivalent representation (8) is sufficiently smooth, see
Assumption 3 below. It can be easily shown that the “ideal” choice of the set {1,} can
be obtained by orthogonalization of the components F; = 0f/0x;, j = 1,...,d of the
gradient F. This “ideal” collection of functions 1, would contain only m elements. Of
course, this choice cannot be realized since it involves the unknown regression function f.

Note next that the functions (vectors) 4,,...,1; form an orthonormal system in IR"
and 3, is the scalar product of the gradient F' and the basis function ,. The sum

L
FL=>Y Bty

(=1

is the projection of the gradient F' on the linear subspace in IR™ spanned by {,}.
One can easily check that M3 = >, Fr(X;)Fr(X;) . Thus, to prevent the loss of
information due to the substitution of M* for M , the set {t,} should be selected rich
enough. Our proposals is to define {1,} by orthogonalizing the set of all polynomials
Ty, ...y, of the coordinate functions for some ¢ > 1 and all 1 < /¢ < ... < {;. The
procedure from HJSO1 corresponds to the family of all linear coordinate functions (i.e.
g = 1). The simulation results are overall in favour of a larger ¢, e.g. ¢ = 2.

A suitable alternative, especially for large d, is a basis system constructed by ortho-
gonalizing a fully nonparametric estimate of the gradient.

4 Implementation and simulated results

In this section we illustrate the performance of the proposed algorithm on some simulated
examples. In our simulation study we apply the modified procedure with the following
parameter setting:

1/6

/7 G, =€ )

P = ]-7 Pmin = T .
1 1
hi =n %vd, Amax = 2\/8, ap = e2@vd) |

Since em_% > 1 for all m <3 and d > m, the condition aza;” > 1 is fulfilled; see
Section 3.4 or Assumption 4 in Section 5 below.

We also set C,, = 271. In case of high dimensionality, i.e. d > 20, a smaller value of
Cy was necessary to guarantee the existence of valid bandwidths hi. The basis system
{#,} is obtained by orthogonalization of the set of functions {1,z;,z;zk, j,k =1,...,d}.

This setting leads to the number of iterations k(n) ~ % = 2logn.

The performance of the method is illustrated by means of the following examples.
We consider the model Y; = g(X, 01,...,X, 0,,) for m between 1 and 3. The design
X1,...,X, is modeled randomly with independent components so that every component
of (X;+1)/2 follows B(1,7)-distribution. The parameter 7 controls the skewness of the

beta-distribution with 7 = 1 corresponding to the uniform design. We also set
m=1: g(u) = usin(vbu) and 0 = (1,2,0,...,0)" //5;

m=2: g(u,us) = (u +uz)(us —ud) and 6 = (1,1,0,...,0) " /V/2,
02: (17_1707"'70)T/\/§;



m=3: g(uy,ug,uz) = (ud+uy)(uy —ud) +usz and 6; = (1,1,1,0,...,0)T /V/3,
6 = (1,-1,0,...,00T /2, 5 =(1,1,-2,...,0) T /\/6.

The first situation corresponds essentially to example 8.2 from Li (1992). The pro-
cedure utilizes the biweight kernel K(|z|?) = (1 — |z|?)2. The quality of estimation is
measured using the criterion ||R*(I — Pp,)|l2 with [|A||2 = tr AAT, where P,, is the
projector on the estimated index space f; see Section 5.2 for more details.

Our objective is to illustrate the following features of the procedure :

How the quality of estimation improves during iteration;

Dependence on the sample size n and the dimensionality d.

How the results depend on skewness of the design and on the error variance o2.
Relative performance of the method.

For the latter, we compare the performance of our iterative procedure to sliced inverse
regression II (SIR II), principal Hessian directions (PHD) (see, for example, Li (1991,
1992, 2000)), and our first step estimate which is actually the version of the usual average
derivative estimator (ADE), cf. King (1997). The parameters of all the competitors were
selected to optimize the criterion at hand while our procedure was implemented with the
default parameter choice. Note that for our examples SIR I, which is based on means over
different slices fails to recover the dimension reduction space. We do not report results
for SIR and PHD for the tuird case (m = 3) since both methods only recover a two
dimensional subspace.

Figure 1 illustrates the quality of estimation of the index space for m = 1, d = 10,
n = 200 and o = .1, providing the view obtained by a one step estimate with the optimized
bandwidth (left) and the view gained from our procedure (right). Simulation results for
different dimensionality d and sample size n are given in Tables 1, 2 and 3.

best one step estimate final estimate
- T - T
s ] s
g < 8 <
> i > _
N N
N N
I I I I I I I I I I
1 1 1. 1
m m

Figure 1: Best view for a one step estimate (left) and view from the last iteration (right) for
g(u) = u sin(v/5u), m = 1, d = 10, n = 400 and ¢ = .1. Values of y and f(z) are indicated by o
and e respectively.

All results show a considerable gain using the proposed iterative method. This gain



Table 1: Case m = 1: mean loss ||R*(I — 757,1)”2/”72*”2 for the “best” one step estimate (ADE)

and the first, second, fourth, eighth and final iteration, SIR IT and PHD. Results are obtained from

N = 250 simulations. The interquartile range of the losses is given in parentheses.

d n o T ADE 1st 2nd 4th 8th final SIR II PHD
200 0.1 1 0.0442 0.0508 0.0419 0.0359 0.0271 0.0236 0.106 0.113

: (0.032) (0.038) (0.031) (0.026) (0.019) (0.014) (0.050) (0.072)

4 200 0.1 1 0.0558 0.0606 0.0484 0.0417 0.0339 0.0309 0.121 0.122
: (0.034) (0.033) (0.024) (0.025) (0.02) (0.018) (0.061) (0.066)

6 200 0.1 1 0.0807 0.0829 0.0631 0.0536 0.0437 0.0389 0.150 0.159
: (0.036) (0.034) (0.024) (0.024) (0.02) (0.018) (0.059) (0.066)

10 100 0.1 1 0.343 0.341 0.208 0.146 0.105 0.0903 0.283 0.323
: (0.14) (0.14) (0.083) (0.067) (0.047) (0.04) (0.107) (0.121)

10 200 0.1 1 0.172 0.173 0.109 0.0854 0.0646 0.0537 0.205 0.220
: (0.066) (0.065) (0.036) (0.026) (0.02) (0.017) (0.058) (0.067)

10 400 0.1 1 0.101 0.103 0.0698 0.0573 0.0438 0.0369 0.150 0.158
: (0.029) (0.031) (0.024) (0.019) (0.015) (0.012) (0.045) (0.046)

10 800 0.1 1 0.0619 0.0642 0.0479 0.0409 0.032 0.0271 0.122 0.122
: (0.019) (0.019) (0.015) (0.013) (0.011) (0.0084) (0.031) (0.033)

increases drastically as the dimensionality d grows. The results from Table 2 for d = 10
and different o-values clearly illustrate the bias-variance trade-off. For the first step
estimate as well as for the “best” one-step estimate the bias dominates and the quality of
estimation only weakly depends on the noise variance while for our procedure the bias is
essentially reduced during iteration and the final quality of estimation is proportional to
the standard deviation o. We also observe a very stable performance of the procedure in
case of moderate error variance and design asymmetry.

d 10 m 2 n 200 d 10 m2 n 00 d 10 m2 n 00

o
L]
; 8
' -
1 ! 1
| ' L] | ' .
1 ! | 1 .
~ o | ! ~ [ § ~ :
- 1 o o 1
o - T =N
1
_— = — 8
E - E : : : g_
a=N - =N
= B . : -1 T B
Lo . il ==
' . \ ! =R . ' !
- | T . =3 o o E e
- _:_ o =
—_ L
T T T T T T T T T T T T T T T T T T
SI Il initial  step2 step4 step final s initial step2 step4 step final SI Il initial step2 step4 step final

Figure 2: Simulation results in terms of /n||R*(I — 75m)||2/||R*||2 for m = 2, d = 10 and
n = 200,400,800 for the estimates obtained by SIR II, initial estimate, 2nd, 4th, 8th and final
iteration

The box-plots in Figure 2 provide some information about the distribution of the crite-
rion v/n||R*(I—Pp,)||2 for the “best” one step estimate and after the first, second, fourth,
eighth and final iteration for d = 10, m = 2 and different sample size n. Results displayed
are obtained from N = 250 simulations. The results confirm the root-n consistence of the
final estimate as claimed by Theorem 5.1 from Section 5. Note that the losses even being
multiplied by /n are still slightly improved with growing n.
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Table 2: Case m = 2: mean loss ||R*(I — 75m)||2/||R*||2 for the “best” one step estimate (ADE),
the first, second, fourth, eighth and final iteration, SIR Il and PHD. Results are obtained from
250 simulations (100 for d > 10). The interquartile range of the losses is given in parentheses.

d n o T ADE 1st 2nd 4th 8th final SIR2 PHD
3 9200 0.1 0.0203 0.0207 0.0142 0.0124 0.0116 0.0114 0.0647 0.0728
: (0.015) (0.016) (0.01) (0.0085) (0.0074) (0.0076) (0.042) (0.056)

4 200 0.1 1 0.0398 0.0398 0.0273 0.0224 0.0203 0.0208 0.102 0.11
: (0.019) (0.019) (0.013) (0.011) (0.01) (0.0099) (0.045) (0.055)

6 200 0.1 1 0.0832 0.0837 0.058 0.048 0.037 0.0313 0.14 0.162
: (0.033) (0.034) (0.021) (0.019) (0.016) (0.014) (0.049) (0.052)

10 100 0.1 1 0.327 0.33 0.223 0.189 0.181 0.182 0.315 0.37
: (0.092) (0.095) (0.072) (0.062) (0.08) (0.087) (0.083) (0.093)

10 200 0.1 1 0.18 0.18 0.11 0.0897 0.0616 0.0472 0.209 0.246
: (0.046) (0.046) (0.033) (0.027) (0.019) (0.016) (0.051) (0.06)

10 400 0.1 1 0.109 0.109 0.0617 0.0484 0.0289 0.0216 0.146 0.169
: (0.025) (0.025) (0.016) (0.014) (0.009) (0.0062) (0.038) (0.039)

10 800 0.1 1 0.0636 0.0636 0.0404 0.0325 0.0192 0.012 0.105 0.114
: (0.014) (0.014) (0.0092) (0.0083) (0.0056) (0.0033) (0.023) (0.026)

20 800 0.1 1 0.162 0.166 0.107 0.0821 0.0462 0.0227 0.157 0.18
: (0.022) (0.021) (0.013) (0.014) (0.0088) (0.0047) (0.027) (0.03)

50 800 0.1 1 0.617 0.617 0.349 0.252 0.146 0.0623 0.265 0.324
: (0.15) (0.15) (0.056) (0.03) (0.033) (0.011) (0.031) (0.033)

10 400 0.05 1 0.107 0.107 0.0577 0.0444 0.0237 0.0141 0.141 0.168
: (0.024) (0.024) (0.015) (0.014) (0.0075) (0.004) (0.036) (0.037)

10 400 0.2 1 0.117 0.117 0.0766 0.0622 0.0444 0.0397 0.161 0.172
: (0.028) (0.028) (0.02) (0.016) (0.012) (0.01) (0.04) (0.041)

0.102 0.102 0.0628 0.0531 0.0306 0.0191 0.153 0.165

10 400 0.1 0.75 (0.023) (0.025) (0.019) (0.018) (0.012) (0.0054) (0.037) (0.039)
10 400 0.1 1.5 0.11 0.115 0.0784 0.0789 0.0662 0.0424 0.19 0.197
: : (0.029) (0.027) (0.024) (0.031) (0.039) (0.018) (0.048) (0.055)

Table 3: Case m = 3: mean loss |[R*(I — Pp)|a/||R*||> for the “best” one step estimate and
the first, second, fourth, eighth and final iteration, SIR IT and PHD. Results are obtained from
N = 250 simulations (N = 100 in case of d > 10). The interquartile range of the losses is given in

parentheses.

d n o T ADE 1st 2nd 4th 8th final STIR2 PHD
10 800 0.1 1 0.0614 0.0614 0.0454 0.036 0.0229 0.017 0.499 0.471

: (0.013) (0.013) (0.01) (0.0084) (0.0061) (0.0036) (0.14) (0.19)

0.0677 0.0677 0.054 0.0476 0.0345 0.018 0.535 0.467

10 80 0.1 0.75 (0.015) (0.015) (0.013) (0.012) (0.011) (0.0054) (0.075) (0.19)
10 800 0.1 1.5 0.0701 0.0701 0.0571 0.0532 0.0472 0.0293 0.416 0.229

: : (0.016) (0.016) (0.013) (0.011) (0.013) (0.0093) (0.2) (0.065)

5 Main results

In this section we present some results describing the properties of the previously intro-
duced basic procedure. The modified procedure can be considered similarly.
5.1 Assumptions

We consider the following assumptions:

Assumption 1. (Kernel) The kernel K (-) is continuously differentiable, monotonously
decreasing function on IR, with K(0) =1 and K(z) =0 for all |z| > 1.

Assumption 2. (Errors) The random variables ¢; in (1) are independent and normally

distributed with zero mean and variance o2 .
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Assumption 3. (Link function) The function g from (8) is two times differentiable
with a bounded second derivative, so that, for some constants Cj, and for all u,v €
IR™ | it holds

l9(v) = g(u) = (v = u) g'(u)] < Cylu —vf*;

Assumption 4. (Range of parameters hg, p,) The parameters of the procedure
fulfill p, =1, pyiy =n~ Y3, hy = Con @ with a constant Cy > 1, hmax > 1 and
aham > 1.

Our last assumption concerns the design properties. In what follows we assume de-
terministic design, that is, Xi,..., X, are non-random points in IR?. Note however that
the case of a random design can be considered as well, supposing Xi,..., X, ii.d. ran-
dom points in IR? with a design density p(z). Then all the result should be understood
conditionally on the design.

In order the algorithm to work, we have to suppose that the design points (X;) are
“well diffused” and, as a consequence, all the matrices Vi (X;) are well defined.

The estimation procedure utilizes the matrices S; with S,% =1+ pflg’k_ll?,;[l where
l’;’k,l is the estimate of the matrix B* constructed at the preceding iteration step. We

also introduce an ‘ideal’ matrix S; = (I + p,flS”"(B'*)T)l/2 and define the matrix
U = (Sp) ™ Sk(Sp) ™"

This matrix Uy characterizes the accuracy of estimating the matrix B* by Bj_i. If
Br_1 = B*, then U, = I. We shall see that these matrices Uy are typically close to I.
Define now, given a matrix U and k < k(n),

n
Nip(U) = ZK(ZJ’kUZi]-,O, i=1....n,

=1
Vir(U) = K( U Z ) i=1,...,n.
z,k( ) ;( Zij,k > < Zz'j,k: > 17,k i,k

Our design assumption means in particular that the (d+1)x(d+ 1)-matrices V;;(U) are
well defined for all U close to I and for all ¢ < n.
We use below the notation ||A| for the sup-norm of A : ||A|| = sup, |[AX|/|A].

Assumption 5. (Design) There exist constants Cy, Ck, Cgr and some a > 0, such
that for all matrices U satisfying ||U — I|| < o and for all £ < k(n) the following
conditions hold :

—1 are well defined and

(1) the inverse matrices V;(U)
U) V@)Y <Cv,  i=1,...,m
(2) For j=1,...,n

n

> v K (U 25s) < o
i=1 ’
n
(Z”,CUZW,CM < COx.
i:l

Here K’ means the derivative of the kernel K.
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Remark 5.1 One can easily checked that for the case of a random design with a con-
tinuous positive density, one can fix some constant Cy, Cx and Cgr depending on the
dimension d and design density only and such that the conditions from Assumption 5 are
fulfilled with a high probability converging exponentially fast to 1 as n grows.

In what follows by C,C},C5,... we denote generic constants depending on d, C,,
Cv, Ck, Ckr, ¥y, L and o only.

5.2 Loss of information caused by estimated e.d.r.

An important characteristic of the estimated e.d.r. R, is the loss of information caused
by this reduction. Due to the representation (8), the information contained in a unit vector
v € R? can be measured by the value |R*v|. A loss of information occurs if |R*v| > 0
but |R,,v| = 0. Let IT* be the projector in IR? onto the true index space I and similarly,
FP,, denote the projector in IR onto the estimated index space 7 corresponding to the
e.dr. Ry, that is 7 =Im R, . Then the total loss of information by e.d.r. R,, can be
measured by the value
IR (T = Pl

where ||All, means the Euclidean norm of the matrix A, that is, [|A[|3 = tr AAT =
tr AT A. In the sequel we use the following obvious inequalities: ||A| < [|All, < v/m [|A]],
where m is the rank of A.

The next result claims that the loss of information caused by the e.d.r. R,, is of order
—1/2
n .

Theorem 5.1 Let R, be defined by (10). For m < 3, there exists a sequence ¢, — 0
as n — oo such that under Assumptions 1 through 5, it holds for sufficiently large n and
every z > 1:

2zH 3k
P (llRm(I — )|, > ffl +Ctan 2/3> <ze D24 %

P (un*(f [ — B otgnw) < et/ 3h)

n(l — 5¢,) n
with t, = (1 + 2logn + 2loglogn)1/2 and

H1 = \/500{/0[(7:0\/_
0

— 11
erp)fnln;%lw( i)l (11)

5.3 Estimation of the index space

By construction, R* is an orthogonal mapping from IR¢ to IR™, that is, R*(R*)"
diagonal m xm -matrix with the diagonal elements Aq,...,\;,. Moreover, the product

*=(RY)T (R”‘(R"‘)T)*1 R* is the projector in IR? onto the corresponding index space
I. Similarly P,, = R} (R,R,)"'R,, is the projector onto the estimated e.d.r. space.
Thus the quality of the identification of the true index space can be qualified with the
error of estimating II* with F,,. We encounter the following identifiability problem : if,
for instance, the last eigenvalue A, is (close to) zero, then the corresponding eigenvector
em 18 not uniquely defined. The next result states that if the eigenvalue )\, is separated
away from zero, the estimated projector P,, recovers II* at the rate n=/2.
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Theorem 5.2 Let m < 3 and Assumptions 1 through 5 hold. For n sufficiently large,

—1/2
P (HH* — Pully > MA— + Ctin—Q/?’) < ze @-D/2 L 3k(n)

n(l — 5¢,) n '

with », and Hy from Theorem 5.1.

Remark 5.2 Since ), is the mth eigenvalue of the matrix Mj, the condition A, > 0
rely both on the model function f and on the basis system ,... 9. If A7, is the mth
eigenvalue of M*, then the ratio A, /A, characterizes the quality of the basis {t,}. This
value typically approaches one as L grows. Our numerical examples are also in favour of
a larger L.

5.4 Estimation of the matrix B*

In this section we present some results describing the quality of estimating the vectors S}
by the proposed estimation procedure. The first result describes the accuracy of the first
step estimate, and the next result describes the quality of the final estimate.

5.4.1 The first-step approximation

Let BI,E’ ¢ =1,...,L be the family of the estimates obtained at the first step of the
iterative procedure with p; =1, §; = I and some h;.

Proposition 5.1 Under Assumptions 1 through &, it holds for every £ < L

1,
hiy/n’

where Chy is a constant and & y is a zero mean normal random vector in R? satisfying

Bie—Bi=Crehi +

IN

El¢, )2 < 20°C% O} 4.

Remark 5.3 The bandwidth A; should be at least of order n~'/¢ to provide at least
d+ 1 in almost every spherical neighborhood of radius hi. The optimization of the risk
of the first step estimate under the constralnt hi > Const.h=/? leads to the followmg
rule for the choice of hy : hy = Const. n™ | Hence, we get the accuracy for ﬁl E

|B1,z — /7] < Const. n-(Ging).

5.4.2 Accuracy of the final estimate

Let 54 s be the estimates of 37 ’s obtained at the last iteration, £ =1,..., L. As previ-
ously, B denotes the matrix composed by the vectors ﬁ ¢ It turns out that the quality of
estimation delivered by B is not homogeneous w.r.t. to the orientation in the space IR®.
This heterogeneity is caused by application of elliptic windows for estimating the gradient
vectors F'(X;). To mimic this property, we introduce for every k < k(n) an operator
(dxd-matrix) P; = (I+p;28*(8*)T)71/2 = (S;)~! which, roughly speaking, multi-
ply by the factor p, within the index space I while, being restricted to the orthogonal
subspace I, it coincides with the identity mapping.
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Theorem 5.3 Let m < 3 and Assumptions 1 through 5 hold. There exist a Gaussian
zero mean random dx L -matriz £ € IR such that, with p = Prny and n large enough

e » Cuga) < )1

Pi(B - BY) - %

2

and ,
E |[¢*]|5 < 20%49° LCY C} = HY.

Corollary 5.1 Under the conditions of Theorem 5.3, for every z > 1

p <HP;(B — BY)

z Hy 2, —2/3 —(22-1)/2 3k(n) — 1
< S
‘2> NG + Cityn <ze + -

6 Conclusions and outlook

We introduce a new method of dimension reduction based on the idea of structural adap-
tation. The method applies for a very broad class of regression models under mild as-
sumptions on the underlying regression function and the regression design. The procedure
is fully adaptive and does not require any prior information. The results claim that the
proposed procedure delivers the optimal rate n~2/2 of estimating the index space pro-
vided that the effective dimensionality of the model is not larger than 3. The simulation
results demonstrate an excellent performance of the procedure for all considered situa-
tions. An important feature of the method is that it is very stable with respect to high
dimensionality and for a non-regular design.

If the effective dimension m exceeds 3, then the procedure still applies and allows to
estimate the index space but the corresponding accuracy would be worse than n~Y2. A
detailed study for this situation is an important topic of further research.

The procedure can be easily extended to the situation with a multivariate response
variable Y € IRP with p > 1. The underlying multi-index assumption remains of the same
functional form : E(Y | X) = f(z) = ¢(X"601,...,X"6,,) where g is a vector function
on IR™ with values in JRP. This means that the gradient F; = V f; of each component
fj of f belongs to the index space spanned by vectors 61,...,60,, and one can utilize the
same ideas as previously for estimating the index space I. The only difference is that the
basis functions {1,} should also be vectors in IRP. A reasonable example corresponds
to the procedure which estimates for every component f;, j = 1,...,p, of the regression
function f € IRP the vectors f7 ;,...,87 ; with

Bii =Y Fi(Xp(X), £=1,...,L,
i=1

and the same 1,’s and then utilizes the total collections of the vectors {j3 ¢} with £ =
1,...,L and j =1,...,p for estimating the index space I.

One more open question corresponds to the case of an unknown effective dimension.
This immediately leads to the following two problems: estimation of m and testing a
m -index hypothesis. An important feature of the proposed iterative procedure is that it
does not rely on the specific value of m. One can therefore expect that the matrix B from
the last step of the algorithm, can be used for answering the above mentioned problems.

Another interesting issue arises when considering multiple time series and especially
financial data. We regard such extensions as topics for further research.
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One more important question is semiparametric efficiency. Our procedure is shown to
be rate optimal. In the single-index situation there are several methods which are also
asymptotically efficient in the semiparametric sense, see e.g. Carroll et al. (1997). For
our procedure this issue needs to be studied further.

7 Appendix A: Proofs

Here we collect the proofs of the assertions formulated previously. All our results are based
on the following technical assertion describing an improvement of the estimate B at each
iteration step.

7.1 One-step improvement

Suppose that we are given some fixed numbers h and p (which mean the current values
hi and p; ) and a fixed dx L-matrix B which can be viewed as an approximation By 1
of B* obtained at the previous step. Set also

Sp = (I+p*QBBT)1/2,
(R ) = v () (B505). o
=
Bpy = %iFB(Xi)T/’Z(Xi)a (13)

where, recall, X;; = X; — Xj, and define the matrix Bp with columns ,BB,E, ¢t=1,...,L.
We aim to evaluate the estimation errors Bg — B*. To describe the results, we introduce
the matrix (linear operator) P; = (I+ p*QB*(B*)T)flﬂ. Define also for some positive
d < p/4, the set B; , by

By, ={B:||P; (B-B)],<0}.

Proposition 7.1 Let Assumptions 1 through 5 hold. Then there exists Gaussian random
dx L -matriz & such that it holds with o =2§/p + (52/,02

5 . ¢ \/ﬁCgCVﬂJ\/E 5 0YVLCypa 2
P| su P;(Bg — B") — > hp” + : < —,
(Beé;,p P B =B =y T, Ty M h/n n
where
1 (V2Cv Ok | 220 O Ok
Com =3 ( Toar t T oay (2+ V(3 +dL) log(4n)) (14)
and

E||¢|? < 20%C2C% ¢ L. (15)

Before prove this statement, we present one straightforward corollary.
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Corollary 7.1 It holds under Assumptions I through 5 for every z > 1

\/_C Cvhp? 2v20CyCk o Cona
>¢\/_(( ot +h\/ﬁ>>

P sup HP (Bg — B*)
BE‘BM

: 2
—(22-1)/2 + 2.
n

Indeed, the Gaussian vector ¢ € R fulfills with every z > 1

P <||§||2 >z\E ||£||§> < e (D2,

see Lemma 9 in HJS01, and the assertion follows from Proposition 7.1.
Proof of Proposition 7.1 : We follow the line of the proof of Proposition 2 in HJS01
and focus here only on the essential points omitting technical details.

It is useful to define

w=p'PyB,  U=P;(I+p2BBT) By = (P)? +uu’,

< ze

and similarly
w=p' BB, U =P (T4 (B)) Py =1,

so that u, u* are dx L-matrices and U, U* are dxd symmetric matrices. Clearly
B = B* implies U = I and the condition ||B — B*(|, < implies ||u —u*||, < J/p, that
is, the inclusion B € B; , is equivalent to u € {u : [ju — u*||, < §/p}. Due to Lemma 7.7
from Appendix B it also follows ||U — U*|| = Juu' — u*(u*)"|| < a = 2§/p + 6?/p? for
all such wu.

Next, for every 4,7 < n, define

Zij = ] (P X - X)),
Vi(U) = ;(le><21”> K (25U Z;j),
s5U) = o)y 3 <Zl )YKZTUZ)

j=
. . h=! fp(Xi)
It is easy to check that s;(U) = " and hence,
' () ( Py Fp(X))

n

PiBpe==En Y &i(U)(Xi),

=1

where E,; denotes the projector from IR?! onto IR? keeping the last d coordinates.
The model equation (2) implies

5(U) = s(U) + ¢;(U)
with



so that

% () * 1 - * - -
Pr(Bpy—Br) = ™ > {asi(U) = PyF(Xi) } po(Xi) + Ean™" D G(U)4he(X5).
i=1 i=1
Clearly &,(U) = Egn= ">, ¢;(U),(X;) is for every U a linear combination of the
Gaussian errors &; and therefore it is also a Gaussian vector in IRY. We define ¢(U) as
dx L matrix with columns £,(U) and set & = &(U*). It is easy to see that the following
three statements imply the desirable result :

2
swp NeasU) - PFO < 29 e
w lu—u||2<68/p (1 -a)
oCune 2
P sup 1EU) = Ul > —2= | < =, (17)
<u:|uu*|2<5/p 7 hyn n

with U:(P;‘)2+uuT and U*=1T,and forall £=1,...,L

202C2 C%4p;
h?n ’

To check these statements, the following lemma will be useful.

E[¢,(U*) <

Lemma 7.1 Let ||U —I|| < a < 1. Then for all i,j with ZZ-;UZZ-]- < 1, it holds
Zii]? < (1 —a) .

Proof. Note that the inequalities Z;; U Z;; <1 and [|U — I|| < o imply

Zij U Zij — IZz'jIZ‘ =

Zig(U = 1) Zij| < | Zij?
12 N 7T 7
and hence |Z;|° < (1 —a) " Z;; U Z;j. []

First we evaluate the “bias” term Eys;(U) — P,y F(X;). Since
PrF(X;) ) " — \ Z; Zij Py F(X;) o

= h‘IVi(U)_1i< th) {f(Xz')vL(Xj—Xi)TF(Xi)} K(Z;;U Z)

where in view of (8)

rij = g(R*X;) — g(R*X;) — (R*X; — R*X:) T ¢'(R*X;).
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The use of P;B*(B*)TP; = p*(I — (P;)?) and ||[I — (P;)?|| <1 provide
(BY)TX; - (BT Xil* = (X; - X;)"B(B)"(X; - X))
(P~ (X; — X2) | Py B (BY)T Y (P (X, — X,)
= W p°Z§ (I - (P))?) Z
< h?p?|ZyP?

which also implies
IR*Xj = R*Xi| = |(B*Om) T Xj — (B*Om) " Xi|? < 1? p | Zi*.
This yields by Lemma 7.1 and Assumption 3 for every pair (i,7) with ZJ UZj <1:

Cy h? p? 1 2
< 29 < — <
|Tz]|_ 11—’ 1+|Zz]| 1+1 a-1—a

and using Assumptions 5 we bound

\ - (1
Easi(U) — PrF(X;)] < h ' Wi(0) IZ( 7 > rij K(23; U Zij)
j=1 >

Chp e 1/2
< VOIS (1 +12P%) P K (25 U Ziy)
7=1
< V2(1—a) 320, Cyhp?

and (16) follows.
Further we study the stochastic components £,(U). It follows directly from the defi-
nition that there are vector coefficients ¢; ¢(U) such that

Zczé

=1

We now apply the following two technical results from HJSO1 (see Lemmas 3, 10 there)
for a particular case with L = 1 and ¢, = 1. Extension to general L and ,’s is
straightforward.

Lemma 7.2 It holds

" 202 C2. 1),

. . (2 VYK YL,

(i) 2; lei (U] < —5 =
n 202 C2. 1),
(ii) sup cip(U))F < VKL,
U:|U—I||§a;| | (1 —a)h?n

(iii) For every unit vector e € IRY

d T
— <
dUe Czl(U)H >

Hoﬂw_bé
nh

sup
U:|U-I||<c

with
Ko = V2(1 — ) 20y Crr +2V2 (1 — ) 2CEC O
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(iv) For every unit vector e € IR

d
—eTcz-,z(U)H <

sup

ws lJu—us|2<5/p || AU

with U =U, = (P})? +uu' and
KL= ka(l—a) 2 =v2(1 — a)2CyCrr +2V2 (1 — ) 3C2 Cxi Ck.
Lemma 7.3 Let v >0 and let vector-functions a;(u) with u € IRP obey the conditions

—a;i(u)| < K, i1=1,...,n.

sup du

|lu—u*|<r

If €; are independent N(0,02) -distributed random variables, then

2
n

> {ai(u) —ai(u*)}e;
i=1

1
P sup —— > okt (24 +/(3+p)log(dn <
Lemma 7.2, (i) implies (18). The statement (17) follows from Lemma 7.2, (iv), and

Lemma 7.3 applied to the matrix ¢(U) € IR with columns ¢,(U) and with U = U, =
(P;‘)2 +uu', for details see again HISO1.

7.2 Proof of Theorem 5.3

To be able to apply Proposition 7.1 to the estimates Bk,l at step k, we need that the
matrix B = By_; coming as the result of the preceding iteration belongs to the set 9B, ;
with p = p, and some 0 < p/4. Since the matrix Bj_1 is random, we have to check that
the probability of the event {B;_; € B, s =1{B: HPP*(B — B*)H2 < p} is sufficiently
large. Further we show that this property is fulfilled if n is large enough.

Let the numbers hy and p, be shown in the algorithm description, k = 1,...,k(n).
Define successively values 0y and «f, k=1,...,k(n) by a1 =0 and

- \/50 CV ﬁUCVcKt oC (677
_ 7 g 2 n ag,n
Ok HV'L (7(1 ~ o) hi pi + T/ + S )
gyl = ,0;;%1 (26105, + 67,

where ¢, = (1 + 2logn + 210g10gn)1/2.

Lemma 7.4 For m <3 and n sufficiently large, the values «y ’s fulfill kml?(x) ap < 1/4.
<k(n

In addition, for the last iteration k(n), it holds

- V2o, C 0Cayyn Qk(n B
= <(1 e BT k0 Py );i/ﬁ( ) <t
n n

Proof. See Lemma 5 in HJSO1. [ |

Next, successive application of the results of Propositions 7.1 and Corollary 7.1 with
t, = (14 2logn + 2loglog n)l/2 leads to the following
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Lemma 7.5 Let n be sufficiently large. There exists random sets Ay 2 ... D Ay(,) such

that 3k
P(Ag) 21— —

and it holds on Ay

(By — *)HQS(sk, k=1,...,k(n) - 1.

H Pk+1

Proof. See Lemma 6 in HJSO1. [ |
Now the result of Theorem 5.3 can be proved by one more apphcatlon of Proposition 7.1
to the last step estimate B = Bk( y with h = hypy > 1 and p = py,) = n~1/3; see again

HJSO01 for the detailed derivation.

7.3 Proof of Theorem 5.1

Let B be the last step estimate of the matrix B*. We know from Theorem 5.3 that, with
probability close to one, B fulfills the conditions

<, (19)

|7s8 -],

with p = py(,) and some small 7. This implies by Lemma 7.7 from Appendix B

BH2 <7 (20)

where II* denotes the projector on the index space I.
Recall that B approximates the dxL-matrix B* of rank m. However, it is typically of
rank d. It is useful to introduce another dxL -matrix B,, of rank m which minimizes the

expression ‘l’;’ — BmH2 over all such matrices. The solution to this optimization problem

can be described explicitly via the diagonal decomposition of the matrix BTB=0A,0T
with an orthogonal matrix O and a diagonal matrix A; with non increasing eigenvalues,
cf. Lemma 2.1. We use the notation I,, for the diagonal L x L-matrix with the first m
diagonal elements equal to 1 and the remaining ones equal to zero.

Lemma 7.6 (cf. Harville (1997, Theorem 21.12.4)) The dx L -matriz B,, = BOI,,OT

minimizes the norm HB — BH2 over all dx L -matrices B of rank m :

B, = BOI,O" = arginf Hl’;’ —BH (21)
BeB, 2

where B, denotes the set of dx L -matrices of rank m.
Proof. Let B'B = OALOT. Then it holds for the dx L-matrix B = BO
B'B=0"B"BO=0TOALOT0O = A

that is, the columns of the matrix B are orthogonal and they are ranged in a way that
their norms decrease. This clearly implies

arginf Hl’;’ — BH = BI,
BEBm 2
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and the assertion of the lemma follows by usual change-of-basis argument. [ |

Recall that we define the e.d.r. matrix R,, by Rm = (BO,)T, see (10). It follows
from the last lemma that R,, = (BmOp)". Also, (20) and the definition of B, (see (21))
imply

|8~ 5., <

‘Z’S’—H*BH2 <

and, since [|Py| <1,

|Ps (B — B, < HB - BmH2 + HP;(B -8 <2r. (22)
This implies by Lemma 7.8 from Appendix B
1Pn (B, — B)|, < 27(1 — 5) 71/ (23)

where P, = (I + p*QBmBJ,;)*l/Q and s = 47/p+47%/p?. Now the result of Theorem 5.1
is a straightforward application of Theorem 5.3 and Lemma 7.9 from Appendix B.

7.4 Proof of Theorem 5.2

Let B be the last step estimate of the matrix B*. We know from Theorem 5.3 that, with
probability close to one, B fulfills the condition (19) with p = pj(,) and some small 7.

Next, let the matrices B, , and R, of rank m be defined as in the proof of Theorem 5.1
so that the condition (22) is fulfilled. The projectors II* and P,, are defined as

= (RYT (R*(R*)T)AR*,

Pm = R (RmR;) R,

The use of Lemma 7.11 of Appendix B provides
ITT* = Pully < V2A,727(1 = d7/p — 477 [p?) 71 /?

and we end up as in the proof of Theorem 5.1.

Appendix B: Some matrix inequalities

Let B and B; be two dx L-matrices and p be some positive number. Define the dxd-
matrix P, as

—-1/2
P, = (1+p72BBT) .
Here we collect some facts which can be obtained from the inequality
|1P5(Br — Bl < 6 (24)

with some small 6 > 0. Here and in what follows ||Al|2 denotes the Lg-norm of the
matrix A, i.e. ||A|2=tr AAT, and ||A] is the sup-norm: ||A| = sup,cpra |Av|/|v]-

Lemma 7.7 The condition (24) implies

|Po (BBT = BiBI) P, | <205 + 82
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Proof. Since

-1
1P,B|* = HPPBBTPpH - H (I + p_QBBT) BBT

(24) yields

HP,, (BiB! - BB) P,,H < 2 HPp(Bl - B)BTP,,H + HPp(Bl _B)(B; - B)TP,,H
< 2 ||P)(B1 - B)ll, [IP,B| + |P,(B: - B)|;
< 20p + 62
as required. [

Define also 12
Pp,l = (I + p_2B1BIr>

Lemma 7.8 Let B and By fulfill (24) for some 6 < p/4. Then
)
\/1 —20/p— 0/

Proof. Let o =25§/p+ 6%/p?. By Lemma 7.7

| P,1 (B —By)ll, <

O ] L e I

and hence,
2
inl = [l
1P PP = H (P,P;2P,) H <(-a)l
Now
IPpa(B =Bl = PP Po(B - B,
< ||PoaPy " I1P,(B = By)lly < | Py Py U6 <o(l—a)” 1/2.

Next we consider the situation when both matrices B and B; are of rank m with
some m < d. By II we denote the projector in IR? onto the subspace L = ImB.
Similarly II; is the projector in IR onto the subspace L; = Im B;.

Lemma 7.9 Let dxL-matrices B and By of rank m fulfill ||P,(B — By)||, < 6. Then
it holds
(I = IDByl, < 6.

Proof. Since P, is the unity operator within the subspace L+ = Im(I — 1), it easily
follows (I — )P, =1 —TI (this fact is obvious when BBT and hence P, is a diagonal
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matrix, and the general case can be reduced to that one by an orthogonal transform).
Since also (I —II)B = 0, we derive

B = (I+I-MO)B
= By + (I -)(B1 — B)
= TIB; + (I - )P,(B; — B)

so that [[(I— By, < [By(By — B)|, < 6. .

Lemma 7.10 Let T and II; be two projectors in IR® of rank m < d. Then
I — 1|, = V2 I =L,
Proof. Note first that since IT and I — IT are orthogonal, it holds
Ty = T3 = ([T (7 = TT) = (1 = D)5 = [T (1 = TD)|3 + | (1 = ).

Now, since [|TT||3 = ||TT;||3 = m, we derive
I (7 =15 = Tl - TS = m — LT,
I(7 =TI = |5 — [TLIT)S = m — T,
so that ||ILI; (I —II)||, = ||({ — II;)II||, and the assertion follows. |

Let now B'B = OAOT be the single value decomposition (SVD) of the matrix B
where O is the unitary L x L-matrix and A is the diagonal matrix with non-increasing
eigenvalues. Let then m xd-matrix R be constructed due to (7) on the base of B, that
is, R = (BO,,)" where O,, is the block of the first m columns of O. Clearly it holds
|Rv| = [v" B| for every v € IR%. Similarly we define R; via the SVD of Bj.

The projector II in IR? onto the value space of B can be represented in the form
I=R" (RRT)f1 R. Similarly Ty = RI (RlRI)fl R,. Let )\, denotes the smallest
eigenvalue of RR'.

Lemma 7.11 Let the matrices B,B; of rank m fulfill (24) with some 6 < p/4. Then
the associated projectors 11 and Iy fulfill

1T~ ], < V2X,/%61,
where 8, = 0(1 —28/p — 62 /p?)~1/2.

Proof. The condition (24) implies by Lemma 7.8 || P, 1(B — By)||, < §1 which yields by
Lemma 7.9
1B (I = TD)ly = [[(I = ) Byl < b1

This and Lemma 7.10 provide
T -, = v2 |07 ),
-1
V2 HRT (RRT)  R(-m)

2

IN

V2 HRT (RRT)IH IRy (T =T,

IN

512 ‘ RT (RRT>_1
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It remains to note that

RT (RRT) i

- H (rRT) "' RRT (rET) 1H - H (RRT)A

and the assertion follows. |

References

1]

2]

3]

[4]

[6]

[7]

[9]

[10]

[11]

[12]

[14]

[15]

Brillinger, D.R. (1983). A generalized linear model with “Gaussian” regressor vari-
ables. In A Festschrift for E.H.Lehmann (Bickel, Doksum and Hodges eds.) 97-114.
Wadsworth.

Carroll, R.J., Fan, J., Gijbels, I. and Wand, M.P. (1997). Generalized partially linear
single-index models. J. Amer. Stat. Assoc. 92 477-489.

Cook, D. (1998). Principal Hessian Directions Revisited. J. Amer. Stat. Assoc. 93,
84-93.

Doksum, K. and Samarov, A. (1995). Nonparametric estimation of global functionals
and a measure of explanatory power of covariates in regression. Ann. Statist. 23
1443-1473.

Donoho, D.L. and Nussbaum, M. (1990). Minimax quadratic estimation of a quadratic
functional. J. of Complexity, 6 290-323.

Fan, J. (1991). On the estimation of quadratic functionals. Ann. Statist. 19 1273—
1294.

Horn, R.A., Johnson, C.R., Matrix Analysis, Cambridge University Press, N.Y, 1985.
Harville, A.A., Matrix Analysis from a Statistitian Perspective, Springer, N.Y., 1997.

Hristache, M., Juditsky, A. and Spokoiny, V. (2001). Direct estimation of the index
coefficients in a single-index model. Ann. Statist. to appear.

Huang,L.-S. and Fan, J. (1998). Nonparametric estimation of quadratic regression
functionals. Bernoulli 5 927-949.

Ibragimov, I., Nemirovskii, A. and Khasminski, R. (1986). Some Problems on nopara-
metric estimation in Gaussian white noise. Theory Probab. Appl., 31 391-406.

King, Martine S. (1997). Local likelihood and local partial likelihood in hazard re-
gression. PhD, University of North Caroline.

Li, K.-C. and Duan, N. (1989). Regression analysis under link violation. Ann. Statist.,
17, 1009-1052.

Li, K.-C. (1991). Sliced inverse regression for dimension reduction. (With discussion).
J. Amer. Statist. Ass. 86, 316-342.

Li, K.-C. (1992). On principal Hessian directions for data visualization and dimenstion
reduction: Another application of Stein’s lemma. J. Amer. Statist. Ass. 87, 1025—
1039.

25



[16] Li, K.-C. (2000). High dimensional data analysis via the SIR/PHD approach. Lecture
Notes Manuscript, http://www.stat.ucla.edu/ kcli/sir-PHD.ps.gz .

[17] Samarov, A. (1993). Exploring regression structure using nonparametric functional
estimation. J. Amer. Statist. Ass. 88, 836-847.

26



